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[2-theory of singular perturbation of hyperbolic equations I
A priori estimates with parameter ¢

By Kobichi UCHIYAMA

Abstract. We consider Cauchy problems for a linear strictly hyperbolic
equation of order ! with a small parameter ¢:

(1.1) (se)="L(t, z, D,, D,)+M(t, , D,, D,)u(t, x; ¢)=f(t, x) € (0, T) X R,"
(1.2) DJu(0, z; e)=g;(x) j=0,1,2,---1-1

where L and M are linear strictly hyperbolic operators of order I and
m (l=m+1 or m+2). The aim of this paper is to give L? theoretical
foundation of asymptotic expansion of solutions to singularly perturbed
Cauchy problems of this type. We investigate a priori L? and higher
order Sobolev estimates of the solution to (1.1) and (1.2) under various
separation conditions of characteristic roots of L and M.

The point is to make explicit the contribution of ¢ in L? estimate
of the solution and to make clear the role of the separation conditions.
We prove the classical Leray-Garding inequality for pseudo-differential
operators (§2 Theorem 2.1 and 2.2), transplanting the Euclidian algo-
rithm between symbols of L and M into pseudo-differential operators.
Then, the separation conditions assure L? estimates (Theorem 3.1 and
its variation Theorems 3.2, 3.4, 3.6). They lead to higher order esti-
mates (Theorem 3.3, 3.5, 3.7).

§1. Introduction.

There are many works on singular perturbation of linear partial
differential equations from various points of view. It seems, however,
that there are few general results, in case a hyperbolic equation with
small parameter ¢ in the highest term reduces to another hyperbolic
equation of inferior order, as ¢ tends to 0. This type is called hyper-
bolic-hyperbolic (in [Li]) and is related to some mathematical model
equations of wave phenomena (e.g. G.B. Whitham [Wh2]).

The aim of this series of papers is to give a mathematical founda-
tion of linear theory of singularly perturbed Cauchy problems of hyper-
bolic-hyperbolic type.

We consider Cauchy problems for linear strictly hyperbolic equations
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of order [:

(1.1) ((ie)'~"L(t, %, D,, D.)+M(t, ®, D,, D,))u(t, © ; &) =f(t, %) (t, ) € (0, T) X R"
(1.2) Du(0,; e)=g,(x) j=0,1,2, ---,1—1

where L and M are linear strictly hyperbolic operators of order ! and
m (I>m). When we fix the positive parameter ¢, we know well a priori
estimates for the equations (1.1) and (1.2), from which we have existence,

uniqueness and regularity of the solution.
When ¢ tends to 40, the equation is reduced to

(1.3) M(t, x, D, D.)vyt, x)=f(t, ).
We impose to (1.3) initial conditions
(1.4) Dijv,(0, 2)=g,(x) 7=0,1,2, ---, m—1.

Roughly speaking, w,(t, ) is an approximate solution of (1.1) for small
¢ with Cauchy data up to order m—1 under a certain condition on the
pair L and M. In order to construct an approximate solution satisfying
the Cauchy data approximately up to order m, we add a so called
boundary layer term (or rather initial layer term) eow,(t, x; ¢) such that

(1.5) (%) "L+ M) (vo+e"owo) (¢, @; e)=f(t, %)+O0(e)
(1.6) Di(vo+e"wo) (0, x; e)=g,(x)+O0(e)

where &+l DjD*w,(t, x; ¢) is bounded or decreasing in a function space
on (0, T]XR: as ¢ tends to +0.

In a forthcoming paper, we construct a formal expansion of u(t, x; )
in the form

(1.7) ult, z; )~ Zo eon(t, @)+ ;ie"wn(t, x; €)
where

(1.8) ((ie)”"‘L-}—M)( f; e, (t, x)>~f(t, %),
(1.9) ((ze)l‘”‘L+M)< 5 et 5)>~0,

(1.10) D’,’( S et @)+ 3 et wlt, @ s)>~g,-(x) j=0,1,2, -~ 1—1.
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We will show that for any fixed Sobolev norm on the half space with
the initial plane, a partial sum up to a sufficiently late term of the
right hand side of (1.7) converges in the sense of the Sobolev norm to
the true solution u(t, x; ¢) as ¢ tend to +0.

To give remainder estimate of the expansion, we need the separa-
tion conditions on L and M.

We investigate in this paper a priori L? and higher order Sobolev
estimates of the solution to (1.1) and (1.2).
Assumptions. We assume the following conditions on the operators L
and M.
(HO) L(t, =, D, D,)=D;+--- is a regularly hyperbolic operator with
respect to ¢t of order [,
(H1) M(t, x, D,, D,)=M,(t, x)D7+--- is a regularly hyperbolic operator
with respect to ¢ of order m.

We also assume that
(S) the characteristic roots {¢;(t, x E) -, 1} of the principal symbol
a(L)(t, x, =, & and {¢,¢, x, &); j=1 m} of the principal symbol
on.(M)(t, x, 7, &) satisfy one of the followmg separation conditions from
(S1) to (S4).
(81) (D1) I=m+1,

(E)  Re M,(t, x)=d>0
(50)  @u(t, m, E)<(t, x, &)<, x, §)<
<¢a(t, @, §)<Pnult, 2, &);

(S82) (D1) Il=m+1,
(S*) Re M,(t, x)=0 identically and there exists a positive constant ¢
such that
Im M,(t, )=6>0,

(WS*) o, 2, §)<{i(t, x, &), @uft, =, §)}<
<{¢"m—1(tv xv 8)! SDm(t, x: E)}<{¢m(t’ w’ 5)' ¢m+1(tr x7 S)}a

(83) (D1) Il=m+1,
(S7) Re M,(t, x)=0 identically and there exists a positive constant o
such that

Im M,(t, v)<—0<0

(WS™) {d(t, =, &), oult, = E)}<{gu(t, x, &), @ult, , &)}<
<{¢(t, x, &), @ult, x, E}<- -
<{¢u(t, ®, &), ult, ®, E)}<@mnlt, x, §);
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(S4) (D2) l=m-2,

(P) Myt x)=6>0,
(WS) ou(t, @, &)<{h(t, x, &), @ult, m, E}<---
<{¢M(t’ x, E)» ¢M+1(tr x, &)}<¢m+2(t7 x, E)v

where {a, b}<{e, d} means max {a, b}<min {¢, d} and inequalities in the
above conditions are assumed to hold uniformly with respect to
(t, x, &) €[0, TIXR:X{|§|=1}.

REMARK. We will call the condition (S1) dissipative and the others
(82), (S8), (S4) dispersive. This is due to the difference of nature of
correction terms w,(¢, x; ¢). In fact, the magnitude of w,(t, x; ¢) is ex-
ponentially decaying in the dissipative case and highly oscillating in the
dispersive cases as ¢ tends to +0. In the following estimates, the dif-
ference of the cases appears as loss of the power of e.

Main results. Under these assumptions, there exist positive constants 7,
and ¢, such that for any solution wu(t, x; ¢) to (1.1) and (1.2), any ¢ € (0,5,
any r>r, and any natural number p, we have in case

(S1)

(1.11) 0{5: o-trt & Df (1) |*de
+e 35 I Dmu0) [3+7 2, ¢ Du(0) 5,
oS HIDF0) 47 £ @10 0))
27, e el Do wlt)P -+ D7 we) e
e (el D (T [P+ | D=+ w(T) ).
We have in case (S2) or (S3)

(L.12) o2, et & @rrinsoliar+ 10 w0l s

+7{e 5 SID O+ 2 D" u(0)]3-us
p-1 . . p-1 . .
+e 3 HIDFO+ X HID0) )
T
0

27|, ot 5 (el D ule) 1D i) )t
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e S (@D T+ D () )
We have in case (S4)

(113) of 1, e & eriprras

+7 (1D + £ D" ul0) [+ 5, I DFO) 1)
27, et & @D ult) P+ 1D w(e))de
P ,-Zio ()3 (| D™+ u(T) [P+ 7 D™ u(T) ).

k
(In the left hand side of inequalities, |[|[D*u(0)|3= Z}o llg;lli-i+e by the

difinition in §2).

The point is to make explicit the contribution of ¢ in L* estimate
of the solution and to make clear the role of the separation conditions.
We prove the classical Leray-Garding inequality for pseudo-differential
operators (§2 Theorem 2.1 and 2.2). We translate the Euclidian algo-
rithm between the symbols of L and M into that of pseudo-differential
operators (R. Sakamoto [Sa]). Then, the separation conditions assure L?
estimates (Theorem 3.1 and its variation Theorems 3.2 for (S1), Theorem
3.4 for (S2) and (S3), and Theorem 3.6 for (S4)). They lead to higher
order estimates Theorem 3.3, for (S1), Theorem 3.5 for (S2) and (S3),
and Theorem 3.7 for (S4). The main results except the higher order
estimates were announced in [U]. Construction of the asymptotic ex-
pansions and the error estimates of the remainder will be treated in a
forthcoming paper.

We will give some historical remarks. The separation condition (S0)
was introduced by J. Leray (e.g. in [Le]) in the study of L? energy
integral method for strictly hyperbolic differential operators. In different
context, G.B. Whitham pointed out the condition (S0) for 2-dimensional
constant coeffificient operators and T.T. Wu completed the other three
(WS*), (WS-) and (WS). They derived them through the stability of
plane wave solutions as e¢ tends to 0. Singular perturbation of general
hyperbolic operators with constant coefficients in distribution category
is studied by J. Chaillou in [Ch]. R. Ashino recently analysed singular
perturbation of Cauchy problems in view point of Cauchy-Kowalevskaya
theorem and explained the separation conditions ([As]).
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L? estimate of singularly perturbed hyperbolic equation with variable
coefficients in a higher dimensional space for (S1) was given by M.G.
Dzavadov ([Dz]). R.X. Gao gave L? estimates and asymptotic expansion
of the solutions for the cases (S1) and (S4) under the assumption M,(¢, )
=M,(t). Both of them used directly the classical result of Leray-Gard-
ing for differential operators. Our method by pseudo-differential oper-
ators will be useful for the boundary value problems for singular pertur-
bation of hyperbolic equations.

In 2-dimensional (¢, x)-space, L* and maximum norm estimates are
given by E.-W. de Jager ([deJa]). Linear and nonlinear hyperbolic singular
perturbation problems for second order equations in 2-dimensional space
are systematically studied by R. Geel ([Ge]).

Various types of singular perturbation including hyperbolic-hyperbolic
type are studied in higher dimensional spaces in [Li].

After this work was done, a comprehensive book on singular pertur-
bation [Fr] has appeared, where elliptic coercive problems are mainly
studied by pseudo-differential operators.

§2. Basic inequality.

. In this section, we will give a pseudo-differential operator version
of the classical Leray-Garding’s inequality. Our method of the proof is
inspired by R. Sakamoto’s work on hyperbolic boudary value problems
[Sal.

We will introduce pseudo-differential operators on R* with smooth
parameters (¢, &) €[0, +oo) X[0, &), where ¢, is a fixed positive constant.

DEFINITION 2.1. Let m be a real number. S™ is the set of all C*
functions a(t, x, & &) in RXR"XR"X[0, ¢] such that for all 7, &, «, 8 the
derivative 079¢0/0%a has the bound

(2.1) sup {|97020f 22 a(t, x, & ¢)|; 0<e<e, t=0, xER", §CR"}
<C(1+g)me

where C depends on j, k, «, 8. We will call S the space of symbols
of order m. af(t, x, & ¢)€S™ is said to be uniformly positive, if there
esist positive constants C and ¢ such that it has the bound

(2.2) inf {a(t, =, & &); 0<e<Ze¢, t=20, x € R*}=c|é|"
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when |&|=>C. The homogeneous symbols of order m are defined as usual
and the total set is denoted by S"/S™~*. We restrict ourselves to the
symbols having the homogeneous principal part in S™/S™~%.

DEFINITION 2.2. L™ is the set of pseudo-differential operators on R}
with parameters ¢, ¢ associated to the symbols a(t, z, & ¢) €S™

alt, z, D.; e)'v(x):(Zn'}'"S et alt, 3, & &)(E)de

where ¢(¢) is the Fourier transform Se""év(oc)dx for v€CyP(R:). For

Pe L~ its principal symbol is denoted by o,.(P)(t, z, 7, & ¢). PEL™is
said uniformly positive when its symbol is so.

DEFINITION 2.8. S(m; r) is the set of polynomials in ¢ of degree m
whose coefficient at ¢/ is a symbol in S™i*". Let L(m;r) be the set of
operators of the form:

Pt, @, D, D.. &)= 3 Py(t, v, Dj; ¢)Dr-i
=0
where P;(t, z, D,; ¢) € L.
We consider two operators L€ L(l; 0) and M€ L(m; 7):

(2.3) L(t, 3, D, D; =D+ ¥ Ly(t, @, D; D}

(24) Mt % D, D &)=Myt, v, D.; eDr+ 3, My(t, @, Dy; €)Dp~
with their prinecipal symbols

(2.5) It o, 7, & o=t+ XLt @ & )

26)  mlt, @ 7 & d=milt, @ & &+ Xomylt, @ & o)

where [;€ S’ and m; € S
We assume the following assumptions:
(HO0) Regular Hyperbolicity of L: I(t, x, 7, & ¢) has the decomposition

(2.7) lt, z, 7, & ¢)= J_Ii (r—oi(t, 2, & ¢))

where ¢;(t, x, & ¢) are real distinct elements in S'/S° such that

(2.8) ot x, & e)<pult, =, & &)< -<@it, x, & ) uniformly:
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that is, ¢,..(t, 2, & ) —¢;(t, x, & ¢) is uniformly positive for j=1, ---,
1-1.

(PO) Positivity: The operator M,(t, x, D,; ¢) € L" is formally self-adjoint
in L*R:) and uniformly positive, having the inverse M;'€ L-". (The
setting M,(t, z, D,; ) € L" is made for generality of Theorem 2.1 itself.
In later application, we consider the only case where M,(t, z, D,; &)=
M,(t, x; €).)

(H1) Regular Hyperbolicity of M: m(t, x, 7, & ¢) has the decomposition

m

(2.9) m(t, x, 7, & e)=my(t, =, & €) II (r—¢;(t, z, & €))

j=1

where ¢;(t, x, &) are real distinct elements in S!/S° such that
(2.10)  u(t, @, & ) <nlt, x, & €)<---<¢u(t, ®, & &) uniformly.

If k& is a nonnegative integer and ¢ is real, we define for u(t, x)¢€
Ce(R™)

k
1D* u(®)lle= 2 ID%ult, ) lisa-s
where || - ||, in the right hand side is the Sobolev norm in R?.

THEOREM 2.1. (Basic inequality). Let L€ L(m+1;0) and M€ L(m; r).
Assume (HO), (P0), (H1), and
(S0) Separation: The roots {¢;(t, =, & €)} uniformly separate {p;(t, x,
&; ¢)}, that is by definition,

(2.11) ou(t, @, & e)<Pi(t, x, & ) <pult, x, & )<+
<Pu(t, x, & &) <@Puult, x, & ) uniformly.

Then, there exist positive constants ¢, and C such that for any
positive s and any u(t) € C=([0, s]; CT(RY))

(2.12) -—ImS; (Lul(t), Mu(t))dt
=6/ D™ u(s) {IE,Z—C{{HD""‘ w(s) |22+ D™ w(0) 1%
+ [ 1D ity at)
Proor. We put
(2.13) a9 (c)=0nn(L)(t, @, 7, & ¢
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=t e’ (t, o, & &)t 4+ +aRa(t, x, & e,
where a(®(t, x, & ¢) is the principal symbol of L;,(¢, x, D,; ¢) of (2.3), and
(2.14) aV(t)=0n (M), @, 7, & €)

=ai’(t, @, & e)t"+---+ai'(t, x, & ),

where a(t, x, &; ¢) is the principal symbol of M;(t, «, D,; ¢) of (2.4).
Dividing a®(r) by a®(r) as polynomials of r, we define the homo-
geneous symbols

(2.15) V() =g"(¢, =, & e)r+a’(t =, & €

and

(2.16) a®(t)=aP(t, x, & e)r™ '+ +aP,(¢t, 2, & ¢)
such that

(2.17) a®(t)=q"(c)a®(r) —a (7).

We claim that

(i) q§"(t, =, & €) is a real and uniformly positive homogeneous symbol
of order —r, and ¢{"(¢, =, &; ¢) is a real homogeneous symbol of order
1—n,

(i) a®(t, x, & €) is a real and uniformly positive homogeneous
symbol of order 2 and

(iii) the equation a®(r)=0 has m—1 real distinet roots {r{®} such
that

(2.18)  TP(t, =, & )<TtP(L, x, & )<+ -<7tHL (¢, x, & ¢€) uniformly,

which uniformly separate {z{"}(={¢;})-
We shall check carefully uniform positivity in (ii) and (iii), since the
rest is easy. In fact, omitting the variables (¢, x, & ¢), we have

a = (@ — (a") "af") (@) ai” — (@i — af") "as")
m

j=1 i=1 k=1
—< . PiPr— E ¢f¢'k>
1Si<k<m+1 1€5<ksm
m+1 m m
= A& Soiﬁl’k—MZ:l Pih— 1s5<%m+1 PiPr
+ X i

1gk<jsm
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Ed

m—1
= 4 ¢?_ Z¢j¢j+1—”'—¢l¢m
Jj=1 i=1
m m—1
- ,Z=:1 PiPi+1— jz;l PiPjive— " —P1Pmy1
m m—1
+ ;:Zl (Pipi+¢ipin) + ;‘:1 (51105 PiPiee) + - -

s (P P Pme)
=—{ Z 6= 0) =0+ T (0= 0) drn—prd 4

A B— ) )

Therefore, a® has an estimate from below such that
(2.19) a®(t, x, & e)=¢c,>0 for |&=1

by virtue of the separation condition (S0). The rest of (ii) is clear. We
shall show (iii). By the condition (S0), a®(c{") changes the signature
alternatively, when j goes from 1 to m. Hence, there exist m —1 roots
{z{?} separating roots {r{"}. To show that the separation is uniform, we
claim that

R(a®(z), a®(c)=(~1)"(a" V(@ (F), a®(x))

where R(f(c), g(z)) is the resultant of two polynomials f(zr) and g¢(z).
In fact, '

0 0 0 0
al” ai” - - - al aPy
0
af” . apkh
0 0 0
a” a” - - - aph
R(a®(z), a®(z))=
(@®(@), a®(@)=[gw g . . . gw




(by (2.17))

=(~1)"af®

= (o)’
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(1 1 1
@’ e - - el aR
1
as®  a® . . ald
— 1)\2 2
=@H-1 e .. a2,
(2 2) 2
ao) a{ . . a;,,)_l

= (@' (~1)"R(a(z), a®(2).
Combining this with the definition of the resultant, we have

I (e —7)=(—a®fa’)" TT (0 —<{).
s %,

Therefore, uniform separation in (iii) follows from uniform positivity of
ai®(t, x, & ¢) and the condition (S0).
Repeating inductively the division (2.17), we define

(2.20) () =q"(t, =z, & e)t+ai’(t, %, & ¢
for j=2,---,m+1
and »
a?(r)=ai’(t, ®, & et 4. tadli (L, @, & ¢
(2.21) for 7=8,---,m
a™(t)=ai™*(t, ®, & ¢)
such that
W(r)=q% Y (t)a¥ "V (t)—a¥P(r) for =8, --.,m+1,
(2.22) {g:(q()m “?(T)a((mi,,_afm? o (e) for J *

By induction, we have

(i); q§(t, =, & e) is a real and uniformly positive homogeneous symbol
of order

r—2, if 7 is even
—r, if 7 is odd;

ai’(t, x, & ¢) is a real homogeneous symbol of order
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{7‘—1, if 7 is even
—r+1, if 5 is odd.
(ii); a@(t, =, & e€) is a real homogeneous symbol of order
{j+k, if 7 is even
r4j—1+k, if 7 is odd,

moreover, ay’(t, x, & ¢) is uniformly positive.
(iii); a“(r)=0 has m+1—j real distinct roots {r{’} such that

(2.23) i (t, ®, & &)<+ -<t@i_;(t, z, & e) uniformly,

which uniformly separate {c¥ "}, 1 ..,mi2 ;-
Changing notations for (2.3) and (2.4), we define operators

224) Av=L="§, ApDr,

k=0
that is, Aéo)_:l, A;CO):Lk(t, z, D,; 8) for kgl and
(2.25) AN =M= i AP Drk,

i=o

that is, AP =M.,(¢t, x, D,; &) for k=0.

Starting from (2.24) and (2.25), we shall construct operators associated
with (2.20), (2.21) and (2.22). First of all, there exist Q"¢ L~ and
QY e L~ such that

(2.26) QWAY -~ AY¢c Lim—1,2),
where we define
(2.27) QV=Q"(t, =, D,; ¢)D,+Q"(t, x, D,; ).

Since A" is invertible, @ and Q® are uniquely determined by the con-
dition (2.26) Notice that Q"= (A{")'=M;*, which is also formally self-
adjoint. We put

(2.28) AP =QWAY - A® = mf AP Dr-1-k,
k=0

Then,
0k+2(A;¢2)):a;62)(t: x, 5; 6) k:()y 1y DR m_lv

o (@) =qP(t, x, & ¢) k=0, 1.
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We use a known fact in the theory of pseudo-differential operators that
there exists an invertible pseudo-differential operator A§ whose principal
symbol is a§(t, 2, & &) (2<j<m+1), since it is uniformly positive (See
e.g. D. Fujiwara [Fu] or H. Kumano-go[Ku]).’

We define operators uniquely

(2.29) QY=Q(t, x, D,; ¢)D,+QP(t, x, D,; ¢

and

(2.30) A= 4G @ Dy o Drit,
k=0

succesively for j=2, ---, m+1 as follows:

Modifying AY by
A9=ApDr-iy "5 AP, @, Dy o Dpri,
k=1
we define
(2.31) AU = QW A6 AG-D §j=2, -, m+1,

by the condition that AY+Y is in L(m—j, j+1) if 7+1 is even and in
Lim—j, j+7r) if 741 is odd and that A™*?® is zero.

If we take the principal symbols in (2.831), we obtain (2.22). In the
sequel, C stands for various constants.

8

—2 ImS (Lu(t), Mu(t)dt

.
—_2 ImS; QW ADU(E), ADu(t))dt—2 ImS; (ADu(t), A®u(t))dt.
The first integral of the right hand side is
— 2 ImS: QO D,AVu(t), AVu(t))dt—2 ImS: QO AYu(t), AVu(t))dt
=i/ (D.ADu(), QP A» () —(@*A”, DAV}t
+i) (@ —@pmanule), Avu(b)dr

2[(QPADu(t), AVu(t)]iz—

S: (ADu(t), (DQP)AVu(t))dt
—C | 1D u(t) |t

2[(Q AV u(t), A™u(t) i —C ||| D*u(®)Zdt.
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For 1§j§m—1,

_2 Img“ (ADu(t), A*Du(t))dt

=—2 Imgg (QU+V AU+vu(t), A9 Du(t))de
0
_9 Irngx (ASHOu(t), AT+u(t))dt.
0
We integrate by parts the first term of the right hand side.

-2 Img (Q(j+1)A(j+1)u(t)! A(”“u(t))dt

8
0

v

-9 Imy4 (Qé"*”D,A"’“’u(t), A““’u(t))dt
— gs ((Q{“’l)*—Q{Hl))A”“)u(t), A(i+1)u(t))dt | —C Se ”Dmu(t)”E/zdt
0 0
Re [(Qi AU+ u(t), A u(t)]=:
— |1 [} (@ — Qe A, DAt at|
0

v

~ |1 (4, (D@E AUl

~ |[} v@urs Qe aseuge), asouendt] —C | IDmute) 2t
=Re [(@9*0 A% u(t), AT ult)zi—C | | D u(t) Fudt

At last, in the same way, we have
—2 ImS: (A™u(t), A™yu(t)dt

=—2Im| @=A=u(t), Amu(t)ds
-2 ImS: (Qm+D (Am+b — Amtb)y(t), A™+Dy(t))de
=Re[(@i*" A= ult), A™*u(t)=i—C || IDu(®)|udt.
Combining these results, we obtain
2.32) -2 ImS: (Lu(t), Mu(t))dt

23 Re (@ Au(t), AVu(t)}=—C | D u(t)|%udt
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m+1 8
= Z=3 Re (Q? A9 u(s), Au(s))—C|ID™u(0)]3— L [ D™u(8) 7 2dt.
Applying Garding’s inequality for 7=2, we have
(2.33) 2_) Re (@ A9 u(s), A u(s))

+1 . m+1 .
=06 Z 1A% u($) 12,2 —C 2 1AL U(S) e -1

where g¢; denotes deg (@§’). ¢q; is r—2 or —r according to the parity of
J. The second term of the right hand side is estimated by

m+1 X
(2.34) JZQZ [ A9%(8) |17 121 S CII.D™ " u(s) |17 2.
On the other hand, the first term is estimated from below as follows.
Since A{® has its inverse E’¢€ L~" and A{’ (j=2) has a parametrix
Eg-f’eL‘d““‘ABj)), we have succesively EY ¢ L*i-%s4™) such that

Dr=EPAY+EPA®+ ...+ EP LA™ mod L(m—1, 0),

D:n J:E‘(il_‘_lil)A(J+l)+E‘(i.7+'|él)A(j+2)+ e +E’§:‘:11)A(m+l) mOd L(m—], _1)
for j=1,2,---,m
Hence, we have for j=1,2, ---,m,

D7 =5%(8) [|54r12

S| ESE ATDU(S) [ re+ | EGE AP U(8) |42

+ o BT A™OU(S) |51+ ClLD™U(8) o1 v

<Gl AP u(s) 17, 2+ 1A Duls) [, e

e AT uS) 5, 2) HCID™u(s) |17,
and we have

[ Dru(s) |17 | EfP ADu(s) |12+ | B A®u(s) |17

+ - HER AT US) 1704+ ClLD™ u(s) |12
<Co [ ADu(s) |52+ | ADu(s) |52+ - -
+ | A0 u(s) [y, ,,2) +ClL D™ uls )Hr/z-

Using a parametrix of A™*Y, we have

[l ()[]m+,,ZSco||A"”+”u(s)HﬁmH,Z—I—CHu (8) stz

Therefore, we have

(2.85) [ D"u(s)|%= Zo D7~ %(8) 542
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<C¥ JIAPu(s) [fu+ CILD™uls) [
Combining (2.32), (2.33), (2.34) and (2.35), we obtain
—ZImS (Lu(t), Mu(t))dt
=c| D™ u(s)[|2.—ClID™u(0) |2, —Cl| D™ u(s)[|7e— S:HD’"“(t)Hf/zdt-
QED.

REMARK. The conclusion of the theorem is true for m=0. In fact,
if we assume (HO) and (P0) for L and M when m=0, then we have
more directly

_ ImS: (Lau(t), Mu(t))dt
2 calu(s) = C{ 10) 2+ | u(t) 12t
for u(t, -) € C=([0, s; C7(Rz)).

THEOREM 2.2. Let L and M satisfy the conditions (HO), (P0), (H1)
and (S0). Let m be a positive integer.

Then, there exist positive constants c,, C, 7, such that for any positive
T, any r=r, and u(t) € C=([0, TICF(R))

(2.36) — ImST e (Lut), Mu(t))dt
=Gy ST e~ || D™u(t) |7t
0

+ e | D™u(T) |7 — C| D u(0) |7 2.

LEMMA 2.1. Let m be a positive integer and j be an integer in
{0,1,---,m—1}. Then, for any positive constants T and 7.

231) [ e IDiue) s S ] DD 2t

1

+%HD:‘ (0)]21_s— L e Diu(T) 2 for we CR(RLY).

Proof of Lemma 2.1. We put
T
I=So _ZNHDH-1 ”m (J+1)
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s (e"*Daw(t), e-Dovl(t))dt

where w(t)=(1—A)™?2Djy(t). Introducing v(t)=e "w(t), we have
e "' Daw(t)= (D, —1y)v(t).

Thus, we have

:S: (D, —y)v(t), (D.—1y)v(t))dt

~

= [, Ipoteratr [ ottt [T (Do), o) — (o), Do)t

2 || loerde+r [, Lot ar

—; guv Ede+7(lo(T) = [(0)][)

| e D) st e DT oo [ DEO) ),

Q.E.D.

ProOF of the Theorem 2.2. Multiplying by e%* both sides of the
basic inequality (2.12), we integrate them with respect to s from 0 to 7.

(2.38) - L.H.S.:—S: e‘zfxdsImS: (La(t), Mul(t))dt

e~ T T 1 T
- Img (Lu(t), Mu(t))dt——ImS e~ (Lu(s), Mu(s))ds.
2r 0 2r 0
(2.39) R.H.S.zcoS: e[| D u(s)||?ds
. i}
_C{L ¢ D~ tu(s) ,zds+——1||D'" (012

_ =T [T
g | I u0 it o oD o) s
7‘ 0

By the interpolation lemma 2.1, we have

240) | e D=tuls)[uds

grlj o | D u(s) 2 ,zds+_”Dm1 2O p—

Replacing the both sides of the basic inequality (2.12) by (2.38) and (2.39),
we obtain, through (2.40),
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e—ZrT

(2.41) Ims (Lu(t), Mu(t))dt—gl—ImS:e—ZT‘(Lu(t), Mu(t))dt

r
S et Dmu(t) |2 dt

{ |, e IDu(t e+ DO

u( )|[3/2+—2——HD’” (0) 1712
T

—e~uT (T - N .
+=g i deg [ eI uO )

On the other hand, multiplying by%— the basic inequality (2.12) with
T

s=T, we have
—29T

2r
—27T
22 T DTt C{

242) 2%

ImS: (Lult), Mul(t))dt

e’ D™ (T2
m=ly, 2
DTl

e L CIER R

Adding the inequalities (2.41) and (2.42), we have

i S " et (Lult), Mul(t))dt
2r 0

2 | eI D) i+ D" T)

—C{ [, e ID )t di+ DO

( )llilz+—llD'"u( B

| e D2 dt
zr 0 r/2 .

Changing the constants ¢, and C if necessary, we have for sufficiently
large 7 the desired inequality: ‘

—Imsj e (Lu(t), Mul(t))dt
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T
= Coy So e~ | D™ u(t) |7 edt +coe " D™u(T) |2 — C| D™u(0) 72
Q.E.D.

REMARK. If m=0, the conclusion of Theorem 2.2 is true under the
assumptions (HO) and (P0). The proof is parallel and more direct, since
we need not the interpolation lemma.

By choosing M suitable for L, we reproduce a well-known result.

COROLLARY 2.1. Let L satisfy the condition (HO). Then, for any
real r there exist positive constants c,, C, 7, such that for any T positive
and r=7,,

(2.43) ST o=t Lua(t) |t

;co;’zs e~ [ D™u(t) |74t +core™" | D™u(T) |7 — C | D" u(0) |7 o-

§3. A priori estimates for Cauchy problems with small parameter ¢
We shall study the Cauchy problem in R**!

(8.1) (ze)'-"L(t, =, D, D,; eyu+M(t, x, D, D,; eju=f, 0<t<T;
u(0, x; €), ---, Di7'u(0, x; ) are given.

We assume that L is of type (2.3) and M of (2.4) satisfying a separation
condition to be specified later. The aim of this section is to establish
a priori estimates of the solution u to (3.1), which are applicable for an
asymptotic expansion of the solution u with respect to e We divide
the problems into two cases. One is called dissipative ({=m+1) and the
other dispersive (I=m+1 or m+2). This classification is based on the
work by G.B. Whitham [Whl1] and T.T. Wu [Wu] for the constant coef-
ficient operators (See also R. Ashino [As]). This is related to conditions
that each characteristic root of the principal symbol of an e-pseudo-
differential operator has its nonnegative real part.

3.1. Dissipative case.
We consider two operators L ¢ L(m+1; 0) and M€ L(m; r):

m+41
82) Lt @ D, D oD+ 'S Ly(t, %, D.; ¢)Di+'=
i=1

33)  M(t, v D, D.; &)=Mit, z, De)Df+ 3 Mjt, x, D,; &)Dr~
i=1
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with their principal symbols

m+1
It, =, z, & e)=t™"+ é L(t, x, & €)™

m(t, x, t, & e)=m(t, x, & €)™+ ilm,-(t, x, & e

where 1,€ S and m,; € St
We assume the following assumptions (HO0), (E), (H1) and (S0).
(HO) Regular hyperbolicity of L: I(t, =, 7, & ¢) has the decomposition
m+1
e, z, 7, & e)=II (t—o;(t, =, & ¢€))

=1

where ¢,(t, x, & ¢) are real distinct elements in S'/S° such that
(3.4) oi(t, @, & €)<@y(t,x,&6) <+ <@Pma(t, @, & ¢) uniformly.
(E) Strong ellipticity of M, (M,)*€L~" and

(3.5) Re (Myu, u)=p|u|?. for ue Cy(R?),

where g is a positive constant independent of e.
(H1) Regular hyperbolicity of M: m(t, x, r, & ¢) has the decomposition

m

m(t’ z, T, Ea 5)=m0(tr Z, 5, 5) H (T—¢i(tr x, Ea E))

j=1
where ¢,(t, x, &; ¢) are real distinct elements in S'/S° such that

hi(t, =, & e)<h(t, =, & &)< <¢alt, x, & €) uniformly.

(S0) Separation: The roots {¢;(t, z, & €)} uniformly separate {¢,(t, «, &; ¢)}.
(See the definition (2.11) in Theorem 2.1.)
We consider the equation under these assumptions

(3.6) Pu=(ie)Lu+Mu=f
for u(t), f(t) € C=([0, T];, C¥(R)).

REMARK. If >0 and Re m(t, z, & ¢)=co|&|", then, M,(t, x, D,; ¢)+2
satisfies (E) for sufficiently large positive constant 2. If M, is a multi-
plication operator m,(t, x; ¢) with uniformly positive real part, M, satisfies
(E) with »=0. This is the case we consider later in the application to
the asymtotic expansion of the solutions.

THEOREM 3.1. We assume (HO), (E), (H1), and (S0). Then, there
exist [posttive constants C, y, such that for any y=y, and for u(t)cC®
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([0, TT; C5(R%))
87)  O{[] e IPUI it el Dowl0) 4 LD u(0) )
27|, e eI D ult) P+ 71 Du(e) 1)t
+e7 " (e| D™u(T)[I* 47| D™ 'u(T) %)
ProorF. We have from Theorem 2.2 and (3.5),
Re g: e~ (Pu(t), My'Mu(t))dt
— e S: et Tm (Lu(t), M;lMu(t))dHSTe-Zrt Re(Mul(t), M Mu(t))dt

Zanr|, et D ult) | dt-+ et "e| D™u( )|~ o Du(O)

T
] e ¢ bt 1t
From Schwarz’s inequality and Corollary 2.1, we have

T
o=, e I Pult) [t + Cof el D7u(0) |+ T D u(0) 24
2p o 2

T
zoy |, e {el Dt + T2 1D u(t)| %)t

-7 m 2 T m=ly
+eer{e|D w(D)]+ 22| D W)} QED.

We give a variation, when M, satisfies (P0).

THEOREM 3.2. We assume (HO), (E), (H1) and (P0). Then, there
exist positive constants C, y, such that for any yr=y, and for ue C3([0,

T) X R:)
38 C{[ eI Putt)rdt+ ) Dou(0) " +e| D*u(0) 271 D" u(0) 2

T
ero e ey | D u(t)|* +e| D u(t) |7+ 7| D™ ult) |7} de
+ e~y | D u(t)[*+el| D u(T)II7 e+ 7| D™ u(T) I}

PROOF.
[l ety par=e[ e Lo it
0 0
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+S: o1t Mu(t) ||2dt—255: e Tm (Lu(t), Mu(t))dt.

Since M, satisfies (P0), the right hand side is estimated by Theorem 2.2
and its Corollary 2.1. Q.E.D.

We will give the higher order estimates. In the following, we as-
sume r=0 and denote Pu(t) by f(t).

LEMMA 3.1. There exists C>0 such that for any matural number p
39 1DulORSC{ £ e ID U0t Z DO

where
(3.10) (ie) Lu+ Mu=f.

Proor. It follows easily from (3.10) that
| D7+ u(0) ;= C{I D™ u(0) 134,472 D™u(0) |7+ £(0) 1 3}-

This implies (3.9) for p=1. Suppose that (3.9) is true for p=1,2, ---, k.
We have from (3.10) that

Dty — — D¥(L — D™ u) —-,l—Di‘(Mu) +—.1—D’§f-
1€ 2

Then, we have
D (o))
< ¢{ % (1D"Diu(0) [ty & D*Deu(0)]2) + <" DEAO)
SCUD O+ D w0 i+ DO
+ 5, 0( £ e ID" O srat X 1D O )

+ 2, C( £ e Dm O+ T DO

<C{ T D O 2insrt e IDHFO)]
Noticing that
[ D™+ u(0) ||3= [| DT+ u(0) |7+ | D™ **u(0) | 341,

we have the desired inequality (3.9). Q.E.D.

LEMMA 3.2. Under the assumptions of Lemma 3.1, there exist C>0
and 7,>0 such that for any integer p=1, any =0 and any =7,
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(3.11) (€7) (el D™ u(0) |*+0]|. D™+ "' u(0) [17)}

i

<Cple X S ID"u(O0)[5+8 2 1 D™u(0) 31,4
+e 5 SIDAO)I+0 T D10} 3} +Col D=ul0)

(Convention: the sum means 0, if the initial index in the sum 1is greater
than the final one.)

Proor. By Lemma 3.1, we have, at first, (8.11) for p=1.
Let p=2. We will estimate the rest as follows:

e

.
[}
[S)

() (el D™ u(0) |+ 8[| D™+~ *u(0) ")

< 5 @ {e(Z D5+ e ID A1)

j=2

+3(E D O somst T D))

Changing the index variables in the double sum by r= J—k, we see that
the right hand side is estimated by the left hand side of (3.11). Q.E.D.
We will give a higher order estimate corresponding to Theorem 3.1.

PROPOSITION 3.1. We assume the same assumptions as in Theorem
3.1. For sufficiently small >0, there exist positive constants C, y, and
& such that for any y=y, any positive eZe, and any p=0

312)  {[ e Def)dt+el D=ul0) 471D 0) 1)

27|, e D () + 71D (et
0
e D™ u(T) [ | D™ u( D))

ProoF. When p=0, (3.12) is given by Theorem 3.1. Suppose that
(3.12) is true for p=0,1,2,---,k. From the equation (3.10), we have

(te) LDyw+ MDwu=D, f+ (ie)[ L, DJu+[M, D.Ju
and
(te) LAu+MAu=A f+ (2e)[L, AJu+[M, A]u,

for A=(1—A)"
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Noticing that
| (i) DM L, D,Ju(t)|*+ || () DX L, ATu(t)|*
<C&|D™**u(t)|i,

and that
| DM, D.Ju(t)|*+ | DM, ATu(?)|*
<C|D"+*u(t)|*

we have

o [[ e D pte) P+ Dt i+ D™l ) e

+el| D+ u(0) [*+7 (| D™ *u(0) “2}
27 e el D () P4 7| Do) ) de
+e—27:(el|Dm+k+lu( T) ||2+T” Dm+ku(T) “2)

The term &|| D™+ u(t)|i+ || D™**u(t)|® in the left hand side is directly ab-
sorbed in the right hand side. Thus, we obtain (3.12) for p=k+1.

Q.E.D.
Estimating the higher order traces of w in (3.12) by Lemma 3.1, we
have finally

THEOREM 3.3. Assume the same conditions as in Theorem 3.1 with
r=0 there exist C>0, 7, and &>0 such that for any positive e<e, any
r=7, and for any wu(t)€C>([0, T], CF(R:)), we have for any mnatural
number p

(3.13) C {S: o1t ¢8| Dof (1) |dt
e 3 D w03+ 3 1Du(0) -
'S SIDFO)+7 S 1D 0) )

T
27|, ererel Dmou) 71 Do w1 de
et e Dm4ou(T) [P+ 7| D™+~ u( T) ).
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3.2. Dispersive case.
3.2a. Degeneration of order 1.

Let Le L(m+1; 0) and M€ L(m; r) satisfy the conditions (HO0), (H1)
and (E). If we also assume that M, is skew-adjoint (i.e. M,=— M the
case we call dispersive), we have a weaker estimate for the operator P
under the separation condition (S0).

In this subsection 3.2a, dividing the equation (3.6) by the imaginary
unit 4, we consider equations

(3.14) Pu=cLu+Mu=f or Pu=eLu—Mu=f.

We assume a weak separation condition:
(WS*) the roots {¢;(t, =, & ¢)} uniformly separate {p,(t, =, & ¢)} from
above in a weak sense such that

oi(t, ®, & e)<min {gy(t, =, & ¢), ¢i(t, =, & ¢€)} uniformly
and that

max {SDf—l(tr X, E» 6), ¢i—2(t7 X, Es 5)}<Inin {SDJ(tr X, 85 5),
¢;4(t, xz, & €)} uniformly for j=38, ---, m+1.

We denote this condition by
01 <{@a, 1}<lps, Pa}<++-<{Pm41, Pu} uniformly.

Alternatively, we assume by the same notation

(WS-) {o1, i} <{opo, o} <-- - <{Pm, P} <Pms1 uniformly.
We set

(3.15) P=c¢L(t, x, D, D,; ¢)+M(t, x, D,, D,; ¢)
when (WS*) is assumed. Alternatively, we set

(3.16) P=cL(t, %, D, D,; e)—M(t, =, D,, D,; ¢)

when (WS-) is assumed.

THEOREM 3.4. Under the assumptions (HO0), (H1), (P0) and one of
(WS*), there exist positive constants C, y, and ¢, such that for any posi-
tive e<e,, for any y=y, and for any u(t, -) € C=([0, T, CF(R:))

1) {1 e LU P+ el DO+ 1D O o
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T
27(, el D ut) P+ 1D (D)l st
+ e (e D™w(T) [+ | D™ u(T) | trrre),
where P 1s defined by (3.15) or (3.16).

Proor. We assume (WS*). Using the partition of unity, we can
construct a set of homogeneous symbols {x;(t, z, &; ¢) € SY/S" j=1, - -+, m}
such that {y,} separates {¢;} uniformly:

(3.18) 0 <<+ <Yn<Pm41 Uniformly
and separates {¢;} uniformly from below:

(3.19) 1< <+ <Y< uniformly.

Let B(t, @, D, D.: )= 3. Bi(t, %, D,; ¢)Di"~ be of the class L(m; 0) such
j=0

that its principal symbol has the decomposition

m

(3-20) ou(B)(t, @, 7, & &)= I (c—x;(t, =, & ¢))

i=1
and that B,(t, z, D,; e)=1. B is a regularly hyperbolic operator of order
m. Then, we set

(3.21) N=M,B_M,
where
(3.22) N=N(t, z, D, D &)= ¥ Nj{t, v, D,; ¢) Dy~

Its principal symbol has the decomposition

nid Nt @, 7, & €) =0, (Nt =, & e)’ﬁj: (c—r,(t, @, & ¢))
where

¢i(ty X, Es 5)<'fj(t, xy 5, e)<xj+l(t’ Zz, 67 5), j__—l: "',m_l'

N satisfies the condition of regular hyperbolicity of order m—1. It
follows as in the proof of Theorem 2.1 in §2 that {«,} separates {y,}
uniformly.

We consider the case where

(3.23) N():MOBI—MI 6 LT+1

satisfies the same assumption as (P0) for M, in §2. If it is not the
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case, we will modify the lower part of B later. By Theorem 2.2 for
the pairs (L, B) and (B, N), we have

- Imj: e (Pult), Bul(t))dt

— _¢Im ST e~ (Lul(t), Bu(t))dt—ImLT e*(M,Bul(t), Bu(t))dt

0

—Im S: e (Bul(t), Nul(t))dt
=cey LT e~ | D™u(t)||*dt + cee™*" | D"u(T)||*— Ce| D™u(0) | ?

T
+er L e [ D" MU(t) sy e+ e T | DU T) [ 2 — C L D™ (0) |21y

Therefore, we obtain

c{ﬂ “ort L Puft) 'dt+¢| DO+ | D"0(0) )

2 ofr|. e el D a1+ 1D ult)

e (e D*u(T) [+ | D™ u(T) ) |

We have only to check the assumption (P0) for N, in the general case.
Since
0,11(No) =0, (M,)o.(B,) —0, (M)

=mift, =, & o { = Sult, 5 & )+ Tt 5 & o),
we have Nf—N,e€ L. Then, putting

R=M;(N{—N,)/2¢€ L
B/=R+B,cL'
=M,B—M,,

we have Re L® and N{=(B¥M,+M,B,)|2— (M¥+ M,)/2, which is self-ad-
joint. Since B{—M;'M, is uniformly positive of order 1, B/ — M;'M, is
invertible as pseudo-differential operator, where B!=B)+1 with suf-
cicently large positive constant 2. Then, N} =M,(BY— M;*M,) satisfies
the assumption (P0). Thus, we have only to replace B, by BY.

The alternative case (WS-) is treated in the same way. In fact,
there exists {y;(t, =, & ¢) €SS’ j=1, ---, m} such that
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(3.24) 0, <1<+ + + <Ym < Pm+1 uniformly
and
(3.25) 0 << v+ <Pn<yn uniformly.

Let B be defined by (3.20) as before. The rest is similar, if we put
M=M,B+ N instead of (3.21). Q.E.D.

REMARK. The separation condition (S0) is equivalent to both con-
ditions (WS*) and (WS-). For differential operators the weak condition
(WS*) for any & with |£§|=1 means (WS~) and vice versa. Hence, the
separation conditons (WS*) are meaningful for pseudo-differential op-
erators P.

We will give a higher order estimate of the solutions to (3.14) for
the case r=0.

PROPOSITION 3.2. Under the same assumptions as in Theorem 3.4 with
r=0, there exist C>0, 7, and >0 such that for any positive e<e, any
770, we have for any integer p=0.

(3.26) c {%X: e-”% L (@ 1D e

+ £ @1 Do)+ 1D+ u(0)]3) )

J

27| e 3 (@)lel D sult) P+ | D*5-ru(e) )t

N o

e 3 ()l D (T[4 | D™+ (T )

ProOF. Theorem 3.4 implies the inequality (3.26) for p=0. Assume
(3.26) for p=0,1, ---, k. We consider the case under the condition (WS+).
From the equation, we have

eLDu+MDu=D,f+¢[L, DJu+[M, D,Ju
and
eLAuw+MAu=Af+¢[L, Alu+[M, Alu,
for A=(1—4)".
Noticing that for 7=0,1, ---, k

(3.27) leD’[L, DJu(t)|*+ |eDL, Alu(t)|?
=Ce’| D™ u (b5,
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and that
(3.28)

we have

(3.29)

Koichi UcHiYAMA

IDLM, D.Ju(®)|*+ | D1M, Alu(t)|?
=C|D™+u(t)|?,

(L[l = @rrupmroe
rdt r =

| D= u(t) 3+ | D*u(e) e

+ 3 el D u(0) [+ [ D=+5u(0) 1))

27, e 5 @rel D)1+ D= () |5 de

+6‘2’sz20 (7) (e D™+ u(T) [P+ | D™+ u(T) [111)-

Multiplying (3.29) by &’y to add the result to the inequality (8.26) for

p=k, we have

cff (L Errunmsar

D" ult) |2+ | D" ult) )+ 5 ()LD ) ) de

k

+ 2 (@ el D™ u(0) P+ LD u(0) [e)

+ 3 (€71 D™ u(0) [+ | D+ u(0) )
27, e X @ el D) I+ D) 1)
+ 3 ErPEID )+ 1D u)2) )t

e 3 (@)l D T+ D"l T )

£ 5 @ D T+ | DT )

Since the terms ye®**||D™*+u(t)||} and ye®*+'|D™+u(t)||* are absorbed in
the right hand side, we obtain the desired result. Q.E.D.
From Lemma 3.2 with d=1 and ¢=1/2, we have

THEOREM 3.5. Under the same assumptions as in Theorem 3.4, there
exist C>0, 7, and &>0 such that for any positive e<e, any y=y. and
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for any u(t) € C=([0, T C¥(R:)) we have for any natural number p

(330) o2 el £ @rriDsdt+ DOl

+77{e £ D O+ 3, 1D 8(0) e

¢S D)+ 5, 1D O e

27(, e @rPEID™ult) it 1D (o))

+e 7 5 (P DT+ D ().
3.2b. Degeneration of order 2.

Let Le L(m+2; 0) and M€ L(m; r). We assume (HO) for L, (HI)
for M and (P0) for M,, We assume a weak separation condition

(WS) 0, <{s, )< <{Pm+1, Pn}<Pumse uniformly.
Setting
(3.31) P(t, z, D, D,; ¢)=¢€'L(t, x, D,, D,; ) —M(t, x, D, D.; ¢),

we have the following

THEOREM 3.6. Under the above assumptions (HO0), (H1), (P0) and
(WS), there exist positive constants C, y, and & such that for any posi-
tive e<Ze, for any y=r. and for any u(t) € C([0, T]; C7(R:)), we have
for any matural number p

32 O{2[ e IPutd D O DO
27, e D ue) I+ D u (e dt
@ D)+ | D u(T) ).

Proor. Using the partition of unity, we can construct through (WS)
a set of homogeneous symbols {y;(¢, x, &;¢) €SS’ j=1, ---, m+1} such
that {x;} separates {¢,} uniformly i.e.

901< X1<§02< te <Xm+1<(}7m+z uniformly

and that {¢,} separates {y;} uniformly i.e.
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<D< Yol e - < Pn<YAm4+1 uniformly.

m+1
Let B(t,z, D, D,; )= _):()Bj(t, z, D,; e)D?*'=7 be an operator of the same
=

type as in the proof of Theorem 3.4. Then, we have
—Im ST o (Pu(t), Bu(t))dt
0
T
— —&Im L e-(Lu(t), Bu(t))dt—Im ST e*(Bu(t), Mu(t))dt
0

Zoe'r || &7 D u(t) 'dt-+octe | D+ u(T)
—Ce| D~ u(0)]?
+ o7 [[ e D)2t +e | Du(T) s
—CIID"u(0)]

Since
—Im(Pu(t), Bu(t))<|Pu(t)|l]|Bu(t)ll
<ELID~"u(t)|'+ o,
we obtain the desired inequality (3.32). Q.E.D.
We will give a higher order estimate for the equation
(3.33) Pu=eLu—Mu=f.

PRrOPOSITION 3.3. Under the same assumptions as in the Theorem
3.6 with r=0, there exist positive constants C, y, and e, such that for
any positive eZe, Y7, we have for p=0

a3 {1 e E erriprer

);,(e 7V (&l D™ (0)II2+IID"‘+"M(0)||2)}

A

+677" 35 (VD™ u(T) [+ [ D™ u(T)]).

=

7 35 (@ PEID () [+ | D+ () [Pt

Proor. Theorem 3.6 implies the inequality (3.34) for p=0. Assume
(8.34) for p=0,1, ---,k. From the equation (3.33), we have
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(3.35) eLDuw—MDu=D,f+{L, DJu—[M, DJu
and
(8.36) ELAu—MAu=Af+[L, Alu—[M, AJu

Noticing that
le*DI[L, D Ju(t)|*+ || D[ L, ATu(t)||*
<Ce!|| D™+ (b,
and that
|D'[M, D, Ju(t) |+ || DILM, A]u(t)|*
<C|ID"*u(t)|’,
we have, substituting (3.35) and (3.36) into the assumption of the indue-
tion,
T k X
a3 o[ e BEeranmror
+e [ D u(t) [T+ [ D™ u(t)||F)de

+ 3 @D () | D u(0)]F) )
27, e 2 @D ult)] + 1D u(e) ) de

+e T E () (D™ *2u(T) [P+ | D™++ u(T) 9.

Multiplying (3.37) by ¢*r to add it to the inequality (3.34) for p=Fk, we
obtain the desired result as in the proof of Proposition 3.2. Q.E.D.

We will estimate the initial derivatives of higher order in (3.34) by
the Cauchy data of u.

LEMMA 3.3. Under the assumptions of the Proposition 3.3, there
exists a positive constant C such that for any natural number p

(3.38)  [Dr*u(0)*<C Z “ND™ U (0) [12p—25-1 4~ [ D" (0) |

+ X eI
(3.39) |DE e u(O)P<C { 3 eI D" u(0)

+ 3 e ID A 0) )
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where &Lu— Mu=f.
PRrOOF. Since
D= (D — L)Yu+¢*Mu+¢7%f,
we have
(3.40) I DF**u(0) ]| < C{I D™+ 'u(0) | i+¢~*[| D™u(0) | *4&~*|| F(0)[|}.
This implies (3.38) for p=1. In the same way, from the relation
Dr+*uw=D,(Dy+*— L)u+¢*D,(Mu) +¢72D, f,
we have, using (3.40),

I DF*+*u(0)|*< C{l| DI *+*u(0) |1+ . D™**u(0) |12
e D™ (0) [+ D f(0) 11}
< C{| D™+ u(0) (I3 4&*[| D™+ u(0) |*+&~*| Df(0) |-
This implies (3.39) for p=1.
Suppose that the system of the inequalities (3.38) and (3.39) is true
for p=1,2,---, k. Since
Dp+thy = D¥(Dr*? — L)u +e 2D (Mu) + e *Di*f,
and
Dp+etethtly — Dy Dmt? [y +e 2D+ Mu) +e 2D,

induction gives us firstly

| Dr+2*+ 0 (0) | < C{LDF**+ u (0) [T+ | D™+ (0) |1
+e7 D™+ u (0) (" 4| DI (0) 1%}

(k+1)—1

§C{ > e D™ U(0) [lasn—osa + e D u(0) |

i=0
k+1 . )
+ L e ID )
=1

and secondly
| D 104(0) |2 < O DP++u(0) [+ | D™+ u(0)
+e7!| D+ (0) |1 44| DFA(0) 11}

k+1 . k+1 . X

< O{ 3 D (0) fas o 2 DB O
i=0 j=1

‘ Q.E.D.
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LEMMA 3.4. Under the assumptions of Proposition 3.3, there exists
a positive constant C such that for any natural number p and for any
r=1

(3.41)

-,
i~
(=3

(&) (| D™+ u(0)[*+ | D™+ u(0) (%)
<Cp{IDw(O)|*+ £ &+ Du(0)|:
+ & D01}
k=0
PrOOF. The estimate (3.41) for p=1 follows from (3.40). Assume
(3.41) is true for p=1, ---,2k—1. Then, we have from Lemma 3.3
(7)™ (| D™+ u(0) [|*+ | D™ **u (0) %)
2k
<Cr{IDm O+ T &+ D u(0)]}

2k—1 X .
+ 2 DS}
Alternatively, assume (3.41) is true for p=1, ---,2k. Then, we have

(D™ (0) [+ | D™+ u(0) )
scwﬂ{nm(m I+ 3, &5 D" u(0)

+ 3 SIDFO))

By the induction, we obtain the desired result. Q.E.D.
We finally obtain from Proposition 3.3 and Lemma 3.4

THEOREM 3.7. Under the same assumptions as in Theorem 3.6 with
r=0, there exist positive constants C, y, and e, such that for any positive

e<e, for any y=r., for any u(t, -) € C=([0, T]; C3(RY), we have for any
natural number p.

(3.42) {2 e L e
+77 (ID(0) [+ & e+ D+ u(0)]

k=0

+5 D 0)F))
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