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1. Introduction

The purpose of this note is to introduce a uniform version of
Lusternik-Schnirelmann category (see [12]) and use it to prove

THEOREM (1.1). Let M be a complete connected C* Finsler manifold,
without boundary, and suppose that M is mot compact. Let ¢ be a C*~
real-valued fumction on M which satisfies the Palais-Smale condition and
18 bounded above and below. Then the critical set of ¢ is imfinite.

The ordinary Lusternik-Schnirelmann theorem is more general, of
course, but it gives less information about the critical set. For example,
take M to be the real line. When ¢ satisfies the above conditions the
ordinary theorem tells us only that the critical set is non-empty. Of
course the ordinary theorem also applies to functions which are unbound-
ed above or below; for these the conclusion of (1.1) is obviously false.

2. Uniform homotopy

For simplicity we work in terms of metric spaces throughout, although
some of the discussion applies just as well to uniform spaces generally.
The term uniform homotopy is used in two different senses in the litera-
ture. Isbell [10], Gutiérrez-Burzaco [9] and others use it in the sense of
uniformly continuous homotopy between uniformly continuous functions.
However, Dowker [7] also Eilenberg and Steenrod [8], use it in a dif-
ferent sense, as follows, and in this article we follow Dowker, not Isbell.

DEFINITION (2.1). A homotopy f,: X—Y (0<t<1), where X and Y
are metric spaces, is uniform if for each >0 there exists a >0 such
that |s—t|<d implies po(f.(x),f.(x))<e for all x€ X.

Here p denotes the metric on Y. The condition is automatically
satisfied when X is compact since then the eylinder X x[0, 1] is compact
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and so the homotopy, regarded as a continuous function on the cylinder,
is uniformly continuous.

Uniform homotopy is obviously an equivalence relation between con-
tinuous functions. The equivalence classes are called uniform homotopy
classes. The concepts of uniform homotopy equivalence and wuniform
homotopy type are defined in the usual way, using uniform homotopy
instead of ordinary homotopy.

A metric space X is said to be uniformly contractible if X has the
same uniform homotopy type as a point-space. Clearly X is uniformly
contractible if and only if the identity function idy is uniformly homoto-
pic to a constant function.

DEFINITION (2.2). The subset A of the metric space X is uniformly
categorical if the inclusion function A—X is uniformly homotopic to a
constant function.

Uniform homotopy, in the sense of Dowker, arises naturally in the
study of Cech cohomology based on finite covers. This cohomology theory
is an invariant of uniform homotopy type, but not of ordinary homotopy
type. Uniform homotopy theory has been studied by Calder [3], [4] and
by Calder and Siegel [5], [6].

3. Uniform category

We now modify the well-known definition of topological category by
substituting uniform homotopy for ordinary homotopy, as follows.

DEFINITION (8.1). The uniform category of the metric space X is
the least cardinal number %k such that X can be covered by k uniformly
categorical closed subsets.

The number % is written unicat(X). Clearly unicat(X)=1 if and
only if X is uniformly contractible. Also unicat(X)>cat(X), the topolog-
ical category of X, and equality holds when X is compact.

PROPOSITION (3.2). If the uniform category of the metric space X is
finite then X is bounded.

For let A be a uniformly categorical subset of X. Let f,: A—X be
a uniform deformation of the inclusion into the constant function at z,,
say. Given >0 choose ¢ so that |s—t|<d implies o(f.(x),f:(x))<e for
all x€¢ A. Then if no>1 there exists an e-chain
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T=Ty, * 0, =%

with n links, and so A is of finite diameter less than 2ne. Thus A is
bounded and hence X is bounded if unicat(X) is finite.

In particular take X=R*, with the euclidean metric. The uniformly
categorical subsets of X are precisely the compact subsets, and so
unicat(R*) is infinite.

Recall that a metric space X is said to be totally bounded, or pre-
compact, if for each ¢>0 there exists a finite subset SC X such that
xz € X implies p(z, &)<e for some £€ S. Here, again, p denotes the metric.
Also recall that X is uniformly locally compact if X admits a uniform
covering by compact subsets. In that case, by (1.14) of [10], every uni-
form cover admits a star-finite uniform refinement. We prove

ProPOSITION (3.3). Let X be a wuniformly locally compact metric
space. If unicat(X) is fintte then X 1is totally bounded. If, further,
X is complete then X is compact.

In fact the argument used to prove (3.2) shows that X is finitely
chainable, in the sense of Atsuji [1], and this implies that every star-
finite uniform covering must be finite.

The properties of uniform category are similar to those of topological
category. For example

PRrOPOSITION (3.4). The uniform category of a metric space is an
mvariant of uniform homotopy type.

For let ¢: Y—X and ¢: X—Y be continuous functions, where X and
Y are metric spaces. Suppose that ¢¢ is uniformly homotopic to id,.
If A is a closed uniformly categorical subset of X then its preimage
¢7'A is a closed uniformly categorical subset of Y, and similarly with
coverings. Hence unicat(X)>unicat(Y). The opposite inequality holds
when ¢¢ is uniformly homotopic to idy, therefore equality holds when
¢ is a uniform homotopy equivalence.

Other elementary results concerning uniform category, for example
the product inequality, can be proved by similar straightforward modi-
fications of the arguments used in the topological case.

An important lower bound (see [11]) for the topological category is
provided by the index of nilpotency of the reduced cohomology ring of
the space in question. In the case of uniform category the Cech coho-
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mology based on finite covers provides an analogous lower bound which
might, a priori, be an improvement on that provided by ordinary Cech
cohomology. However it should be noted that Calder [3] has shown that
for finite-dimensional CW complexes the natural functor from the finite
Cech groups to the ordinary Cech groups is an isomorphism in all dimen-
sions greater than one, so that no improvement is obtained for this class
of spaces.

It might be thought that a more natural concept than uniform
category would be compact category, i.e. the least number of topologically
categorical compact subsets required to form a covering. Compact cate-
gory is easily shown to be an invariant of proper homotopy type. How-
ever it is not at all clear whether there is a “proper” version of the
Lusternik-Schnirelmann theorem involving compact category. Browder
refers briefly to compact category in §8 of [2] but he uses the term in
a different, although not unrelated, sense.

4. Relative uniform category

It is a routine exercise to relativize the notion of uniform category
(indeed a functional version can be defined in a similar fashion).

DEFINITION (4.1). The relative uniform category unicaty(4) of a
subspace A of the metric space X is the least cardinal number %k such
that A can be covered by k uniformly categorical closed subsets of X.

Now consider, for each positive integer k, the family

S.={A| unicaty(A) >k}

of subsets of X. Thus §,58,D-.--DS5,D---. Note that if f,: X—>X is
a uniform deformation of idy then A €S, implies f;A€S,. From now on
let us suppose that X is complete and non-compact so that unicat(X) is
infinite and S, is non-empty for each positive integer k.

Given a continuous real-valued function ¢ on X we write ¢~*(—oo, r]=
X, in the usual way for all real r. Suppose that ¢ is bounded both
above and below. By the (compact) minimax values of ¢ we mean the
monotone non-decreasing sequence of real numbers

m,(¢) = inf sup(gA),

Aes,

where k=1,2, --.. The basic Lusternik-Schnirelmann theorem concerns
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the relation between ¢ and a given subset K of X. Under certain con-
ditions it can be shown first that each of the minimax values is achieved
on K and secondly that if two minimax values are equal, say m,(¢)=
My (@) =7, then KN¢~(r) is infinite. That being so we can conclude
that K is infinite in any case, since if no two minimax values coincide
then the number of minimax values is infinite, and so the number of
points of K, at which these values are achieved, is also infinite.

5. Applications

In the applications we follow Palais [13], which is based on Schwartz
[14], rather than Browder [2], since the arguments of the latter do not
seem to be readily susceptible to the necessary modifications. Some
familiarity with [13] is assumed, especially §5.

So let X be a Finsler manifold and let ¢ be a C' real-valued func-
tion on X, bounded above and below. Recall that such a function is said
to satisfy the Palais-Smale condition if for every subset A of X either
|ldé|l is bounded away from zero on A or the closure of A contains a
critical point of ¢. The condition implies that for each critical value ¢
the corresponding critical set is compact. Obviously some condition is
necessary if our main result is to be true since, for example, the uniform
category of the real line is infinite while the function ¢ given by ¢(x)=
(1+2%7! has only one ecritical point.

The proof of our main theorem is based on

LEMMA (5.1). Let X be a complete connected C* Finsler manifold,
without boundary. Let ¢ be a C*~ bounded real-valued function on X,
satisfying the Palats-Smale condition. Let K be the critical set of ¢ and
let U be a meighbourhood of K.=KN¢'(c) for any ¢. Then for some
e>0 there exists a uniform isotopy f: of idx such that fi(X,,.—U)CX,_..

In fact an isotopy f, satisfying the last condition is constructed in
(5.9) of [13]. Moreover by (5.12) of [18] the isotopy satisfies the condi-
tion

o(f (@), fo,(x)) <2(k+1)[8,—1,,

where k<e ' for all x€ X, and so is uniform.
From this we can deduce that the minimax values of ¢ are achieved
on the critical set K, as follows. Suppose to obtain a contradiction, that
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m,(¢)eEdK for some k. Then c=m,(¢) is regular and so, by the lemma
(with U empty), there exists an ¢>0 and a uniform isotopy f, of idy
such that f,X,,.cX,_.. Since ¢ is the infimum of the set of numbers
sup(pA) for A€ S,, there exists a member A of S, such that

c<sup(pA)<c+e.
Thus fLACX,_,, since AcX,,., and so
sup(gfid)<c—e<e.

But f,A€S,, and so we have our contradiction.

Now let ¢ be critical. I assert that K, is infinite when two minimax
values are equal to ¢. For suppose, to obtain a contradiction, that K, is
a finite set. Since X is locally uniformly contractible each point x; of
K, admits a uniformly contractible neighbourhood V; in X. Since each
V; can be shrunk while remaining uniformly contractible we may assume
that the neighbourhoods V, are pairwise disjoint. Since the union V of
these neighbourhoods is a neighbourhood of K, itself there exists a uni-
form isotopy f. of idy such that fi(X,,.—V)cX._.. Then f,X,, . cUUX._.
where U=f,V is uniformly categorical since f,V; is uniformly contract-
ible for each j.

Suppose then that m,(¢)=m;,,(¢)=c for some value of k. Then
unicaty(A)>k+1 and sup(¢A)<c+e for some subset A of X. We have
unicaty(f,4)>k+1. However, since ACX,,. we also have fLACUUX,_.
and so

unicaty(f;4) <unicaty(U)+unicaty(X,_.)=1+unicaty(X,_,) <k,

by subadditivity. Thus we have our contradiction and the proof of the
theorem is complete.
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