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On the Stokes operator in exterior domains
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§1. Introduction

We consider the Stokes approximation of a stationary viscous incom-
pressible flow past a body. The region 2 occupied by the fluid is assumed
to be an exterior domain in R™ with n=3, 1.e., a domain whose comple-
ment is compact. The velocity field w=(u',---, ") and the pressure p
solve the Stokes system in 2

(1.1) —Au+Vp=f, divu=0, ulp=0

with some external force f, where the boundary 082 is supposed to be of
class C**#* with 0<pg<1. We consider this problem in the Lebesgue space
L7(2) with 1<r<oco. This imposes a decay condition on u at infinity.

It is convenient to eliminate the pressure term Vp by introducing the
Stokes operator. Let L5(2) denote the closure in L7(£2)" of all solenoidal
vector fields with compact support, where L'(£2)® denotes the correspond-
ing space of L™ vector fields in 2. There is a bounded projection P, from
L(2)" to L,(2) such that P,(Yp)=0 (cf. [9,19]). The Stokes operator A,
is defined by A,=—P,A with domain

D(A)={ucLy(2);0,0,ucL(2)", 1<1, <0, ul;0=0}

which is dense in Lj}(2), where 0;,=0d/dx; and A=2>7_,0?. Applying P, to
the first equation in (1.1) yields

(1.2) Au=P,f.

This is equivalent to the Stokes system (1.1) provided that u is in D(A4,).
Our main goal is to prove a local bound on pure imaginary powers
AY of the Stokes operator A..

THEOREM A. Assume that n=3 and 1<r<co. Then, for every y>0
there s a constant C such that
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(1.3) IAYfI < Ce™' I £,

holds for all feL,(R) and y= R, where |fl, denotes the norm of f in
L ().

When r=2, it is easy to see A, is a nonnegative self-adjoint operator (cf.
[19, p.122]). So (1.3) holds with C=1, since AY is unitary. The estimate
(1.3) is useful to compare the norm |[A%u),, 0<a<1 with other norms.
Let D* be the completion of D(A,) in the norm | A%ul,. Since A, has no
bounded inverse, D¢ is larger than the domain D(A%) of the fractional
power A% Applying Theorem A, we shall prove:

THEOREM B. Assume that n=3 and 1<r<oco. Then, DF agrees with
the complex interpolation space [L,(2), D}]., 0<a<1 as Banach spaces.

By an a priori estimate |Vul,<CllA.ul, (1<r<n/2) for (1.2) [6, 21], Theo-
rem B yields a comparison of two norms |A!2u|, and ||[Vu|,. We shall

prove
(1.4) (Vul,<ClAY?ull, 1<r<max(n/2,2) or r=2

holds for all we D}* with C independent of u. Combining the Sobolev in-
equality in 2, we also prove

(1.5) lul, <CllA%ul,, 1/o=1|r—2aln

when 1<r<n/2, 0<a<1 or 1<r<2, 0Za<s1/2.

Estimates like (1.4) and (1.5) are useful to study existence, regularity
and large time behavior of solutions of the nonstationary Navier-Stokes
system. Although this was noticed by Kato and Fujita [15] long time ago
(cf. [12,24]), so far Theorem A was proved only when £ is a bounded
domain [11] or a half space [5]. When £ is an exterior domain, recently
Borchers and Sohr [6] proved a resolvent estimate

(1.6) 12+ A)7fl, =Cfl./12],

with C. independent of 1 and f, where A is a complex number with |arg A|
Sn—e, 470, 0<e<z/2. Such estimate is known by [10, 21] for large 2,
so they studied the behavior of the resolvent near 1=0, which corresponds
to the large time behavior of the semigroup e '4" generated by A,. When
2 is bounded, estimate (1.6) for small 2 is clear since A;! is bounded. The
estimate (1.6) means that e *4" is a bounded analytic semigroup on L}(2),
so for «=0 we have decay estimates
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[Age fI, =CIfI [t t>0.
Applying (1.4) and (1.5) yields L*—L" decay estimates

(17) le 4 fl,<CIfIL I, Ve 4rfll,<CIf L[t e,
a=(1/r—1/p)n/2,

where 1<r<n/2, 0Sa<1 or 1<r<2, 0<a<1/2. Such estimates are use-
ful to study the large time behavior of solutions of the nonstationary
Navier-Stokes system in exterior domains (cf. [14] for R"). For recent
progress we refer to [4]. We note that the estimate (1.6) for small 2
remains unproved when the space dimension 7 is two unless @ is a half
plane [5].

Although (1.6) is enough to define fractional powers A% for all complex
numbers z according to Komatsu [16], more analysis for the resolvent is
necessary to prove Theorem A. In this paper we approximate the resolvent
(A+A,)"* with the resolvent of the Stokes operator in the entire space R".
The error is well studied for large 1 in [11]. The crucial step is to show that
the error is actually minor compared with the behavior of both resolvents
when 2 is small. We study behaviors near space infinity and near 92
separately by usual cutting-off procedures. However, div #=0 is not com-
patible with cutting-off procedures. We use a priori estimates for the
Stokes system with div u#0, which is essentially proved in [6] by apply-
ing Bogovski’s results [3] to divu=g. Once Theorem A is proved, Theo-
rem B follows from an abstract theory. On our way to prove Theorem A,
we give in §8 a proof of (1.6) which simplifies that of [6].

This paper is organized as follows. In § 2 we review Bogovski’'s results
on divu=g and, as an application, the Sobolev type inequalities in the
exterior domains. We show higher regularity properties of the projection
P, for later use. §3 is devoted to deriving a priori estimates for the
Stokes system with div w#0, which is essentially known in [6]. We give
here a.simpler proof. We also show that A, is injective, <.e., the solution
of (1.2) is unique. §4 estimates the difference of (1+A4,)"! and the resol-
vent of the Stokes operator in R". Here we use estimates in §3. In §5
we prove Theorem A. Since A, does not have bounded inverse, we are
forced to use Komatsu’s general theory [16] of fractional powers of opera-
tors. We compare A¥ with the corresponding powers of the Stokes opera-
tor in R", using results in §4. The final section is devoted to proofs of
Theorem B and its corollaries (1.4) and (1.5). We prepare a new abstract
interpolation theorem so that we can also calculate complex interpolation
spaces of homogeneous Sobolev spaces in R™ which often appear in this



106 Yoshikazu GiGA and Hermann SoHR

paper.

After we completed this work, we learned that Borchers and Miyakawa
[4] show that (1.4) holds for all », 1<r<m. We also learned that Iwashita
[18] proves (1.7) without using (1.8).

The most part of this work was done while the first author visited
the University of Paderborn. Its hospitality and support are gratefully
acknowledged.

§ 2. Preliminaries

This section establishes conventions of notation, reviews some properties
of the equation divu=f with zero boundary condition and derives some
calculus inequalities on an exterior domain. This section also reviews the
Helmholtz decomposition on an exterior domain.

Throughout, 2 is a domain in R"® with compact boundary 2. As
usual, Cg(2) denotes the space of smooth functions defined in £ with com-
pact support and L7(£2) is the Lebesgue space equipped with norm

171, =17 ko=({ lr@laz)”

We shall denote |Ifll, by |f|, if 2=R". Usual Sobolev space H*7(2) is the
space of functions f such that 9°feL’(Q) for all |a|<k; the norm of f in
H*"(Q) is

Ur
(= o), ae=am-apm,

where 6,=0d/dx, (1<j<n) denotes the distribution derivative and |a|=2,.,a;.
The completion of Cg(2) in H*"(R) is written by H{™(2). We often use
homogeneous Sobolev spaces H:"(2) defined as the completion of Cg(2) in
the norm

1951 =( 3, 10es1:)

We shall use this space only when £ is unbounded, since otherwise it fol-
lows from the Poincaré inequality that this space AE7(Q) agrees with
HE™(Q) as Banach spaces. We also see the element fe HE7(Q) is identified
with some f in L},(2) with |V*f|,<co provided that £ has the boundary,
where feL..(2) means that fe L (2NB) for every ball BCR"; 2 is the
closure of 2 in R®. Throughout, we assume that 1<r<oo and that k is
a nonnegative integer. All spaces are considered to be complex vector
spaces. The space Cg(2)™, L (2)™, HEr(2)™, .-+ denote the corresponding
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space of m-vector valued functions.
We consider

2.1) divu=f in Q, #=0 on 092,

where divu=X%_,0,4° and uw=(u',:--,u"). The solution # is not unique
but one can choose a good representative such that the mapping f—u is
bounded linear in appropriate Banach spaces. Such results are due to
Bogovski [3]; see also [7] for recent progress. We shall only use the fol-
lowing special cases.

LEMMA 2.1 (Bogovski [3]). (i) Let 2 be an exterior domain, i.e. a
domain whose complement in R™ 1s compact in R™. Assume that 02 is
C!' and n=2. Then, there is a bounded linear operator f—u from L’(2)

to Hy" (@)™ such that (2.1) holds.
(ii) Let D be a bounded domain in R™ (n=2) with C' boundary.

There 1s a bounded linear operator f—u from

{rerw); | fwis=o}

D

to Hy"(D) such that (2.1) holds with 2=D. Moreover, fe Hy"(D) implies
weHZ(D)" and

(2.2) [V2ul, <CIVfl.
with C independent of f.

Outline of the proof. We first discuss (ii). Suppose that D is starlike
with respect to some open ball B with BCcD. We take heCy(B) with

S h(z)dx=1. Using this h, Bogovski [38] gave an explicit formula for u:
B

) __x=y (" LY \in-1
w) = K, fwdy,  Kon=10205 0" a(yre =)t
where |x[?=37_,2?. A direct calculation shows that « solves (2.1). Apply-
ing the Calder6n-Zygmund inequality [23,§2.2], we have |[Vul,.ZCIf],.
Similarly, one can show that ue Hy"(D)" and (2.2) if feH}"(D) at least
when D is starlike with respect to B. For general D, (ii) follows from a

localization procedure.
It remains to prove (i). We first show the corresponding property

when £ is the entire or half space. By a localization, (i) for general 2
can be reduced to these special cases and (ii). O
As an simple application of Lemma 2.1, we have the Poincaré-Sobolev
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and the Gagliardo-Nirenberg inequalities in exterior domains. This fact
is pointed out by [6]. We give them below for the reader’s convenience
and completeness.

Let HA'"(2) denote the dual of H!"(2) with 1/r+1/r'=1. When 2
has the boundary, H'"(Q) is a space of distributions » on 2 such that

lwll -1, = sup [<u, p>|/IIVel, <o,
<pEC°(;’(!))
1V glp#0
where (u, ¢> denotes the value of u at ¢. When u is locally integrable on
2, <u, @>=Sougodx. We shall also use the notation <u,¢)> even if ue
H7(Q)™ by understanding <u, o>=27<u, ¢’>, where u=(u', -+, u™), o=
(¢}, -+, ¢™ and eCT(2)™

COROLLARY 2.2. Let 2 be an exterior domain in R® (n=2) with C!
boundary.

(i) Suppose that weH ()" satisfies <w,v>=0 for all ve Hi™(Q)
with dive=0. Then, there is a wnique u<L”(R) such that w=grad u
(=Vu) and

(2.3) lull . <ClIVul -y

with C wndependent of u. _
(ii) Assume that 1<r<n and that w€ Li,(2) and Vus L' (2)". Then,
there is a constant K, such that u+K,=LY(Q) with 1/n+1/q=1/r and

(2.4) ' lu+ Kol =ClIVul,

with C independent of u.
(i) Assume that 1<r<n/2 and that we L' (2) with |Vul,<oo. Then
ues LYR2) and YJus LY2)™ with 2/n+1/s=1/r and 1/n+1/s=1/q, and

(2.5) lull CillVull, < ol VPl -
Moreover, we LA(2) with a/s+(1—a)lr=1/p and 0<a<1, and
(2.6) lwlle < Csll VPull sl
Here C; (=1,2,8) is a positive constant independent of u.
PROOF. (i) From Lemma 2.1 (i) it follows that the operator
div: Hy"(Q)" — L'(Q)

is surjective. Applying the closed range theorem [25] to the dual operator,
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divi=—V: L"(Q)— H Q)"

we see —V has the closed range. Since —V is injective, the closed graph
theorem [25] yields the desired results.
(ii) By the Holder inequality we have

[<Vu, o> = [Vul, el , peCy(Q)".
The Sobolev inequality in R™ [8, p.24]:

lel. <CiVel,
now yields VuesH 19(2)" and

IVul 1, <CIVul, .

Applying (i), we now obtain (2.4).

(iii) It suffices to prove (2.5) and (2.6). The estimate (2.5) follows
directly from (2.4). The estimate (2.6) follows from (2.5) and the inter-
polation inequality :

lull, < lwl&luli—«. O

The rest of this section is devoted to the regularity property for the
projection P to divergence free vector fields. Let L;(£2) denote the closure
of C3,(2) in L7(2)", where

v ={ueCy(@)"; divu=0;}.
Each vector field fe L’(2)" is decomposed as

(2.7 f=f+9p
with some f,eL,(Q), p€ Li.(2) and Ype L'(2)" and

(2.8) IVpl,.=CIfl. and Dol e =CIfI.

where B is an open ball in R™ and C is a constant independent of f. This
decomposition is unique and called the Helmholtz decomposition. The
mapping f—f, defines a continuous projection P, from L7(£2)* to L,(Q).
Since P, is independent of » on C§,(£2), we often supress subscript ». Re-
sults (2.7) and (2.8) are proved by [9] when Q is bounded and by [19] when
2 is an exterior domain when n=3; the proof works for n=3. For
regularity of 92 we only need to assume C!, although they do not mention
explicitly. We shall prove that P is bounded in Sobolev spaces. This is
proved by [12] when 2 is a smoothly bounded domain.



110 Yoshikazu GIGA and Hermann SOHR

LEMMA 2.3. Let k be a positive integer and let £ be an exterior
domain in R* (n=3) with C*** boundary, where 0<u<l. Assume that
1<rgq<oco. Then

(2.9) IV*PAIL < CUINELIL+ A1)
with C independent of fe Li(2)™.
PROOF. We may assume that [V*f],<oo. Since feL4(£2)", (2.7) holds
with pe L. (2). By (2.7) we see
(2.10) Ap=divf in @,  N-Vélso=N-flag

where N is the normal vector to 02 and - denotes the standard inner
product in R™ The estimate (2.9) will follow from L? regularity theory
for the elliptic boundary value problem (2.10). When 2 is bounded, (2.9)
follows directly (cf. [12]). However, since £ is unbounded, we shall reduce
our problems to cases when 2 is bounded and 2=R" by multiplying cut-
off functions p=C~(R") with p. By (2.10) we have

(2.11) Alpp)=F=¢ div f+29p-Vo+pAp in 2.
We assume that Vo=0 for large |x| so that (2.8) implies
(2.12) IFILZCAUYAl+1F1), r=q,

with C, ({=1,2,---) independent of f.

For a given open ball B(R) of radius R with center zero we take
¢=¢z such that =1 on B(R) and supp ¢pxCB(R+1). Taking R large, we
may assume B(R)D02. Applying LP? theory for (2.11) on a bounded domain
QR+1)=B(R+1)N2 with boundary conditions

N-V(pp)lag=N-floe and ¢p=0 on dB(R+1),
we obtain, by (2.12),

120l oy S CAF 1L ZCo(IV LI+ 1) -
This yields
INE N =CIVF I+ 9L+ 1) S CUVEL L+ 11 -

Repeating this argument with ¢=¢s ,,; (j=2,8,-:,k) successively, we
have

(2.13) 197 plock- 5+ S ClIVIf 141 1lg) 17k

for sufficiently large R ; at this stage C, may depend on R.
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It remains to estimate 9°p near infinity. We take ¢&C~*(R") such
that ¢=0 near 92 and ¢=1 for large |x|. This time (2.11) becomes an
equation of distribution on R”

(2.14) AU=F in R* with U=¢p.
For this equation we have a priori estimates:
(2.15) [V« U|,<Clo*F|,,

with C independent of F, where |f|. denotes the norm of f in L"(R").
Indeed, for ¢=C7(R™), we see

(aza,U, A¢>:<Aa a;a;¢>:<F, ala]¢> .
Using the Holder and the Calderdon-Zygmund inequality [23, §2.2] yields
[<F,0,0;0>| <|F,10:0,¢|,.<C|F|,|Ad],.

with 1/r+1/r'=1. Since {A¢; ¢=C5(R™)} is dense in L™ (R"), we obtain
(2.15) for |a@|=0. Differentiating (2.14) now yields (2.15) for general a. By
(2.13) we have

VAR L S CUVE LA 1AL -

Applying (2.15) yields
V5 o) I, < Cs(IVEFIL 41 ,) -

The estimate (2.9) follows from this and (2.13). O

COROLLARY 2.4. Let Q be an exterior domain in R™ (n=3) with C***
boundary (0<pu<l). We have

(2.16) IVPAI.=Civfl,, 1<r<n
(2.17) IV2PfIL = CIVEfl,, 1<r<m/2
for all fe L"(2)* with C independent of f.

PROOF. If |Vfl,<o and feL'(2)", it follows from (2.4) that || fl,<
CIVfl, with 1/n+1/s=1/r. Applying (2.9) with k=1 and gq=s yields (2.16).
The proof of (2.17) is similar to that of (2.16), so is omitted. O

§3. A priori estimates for the Stokes equations
We consider the Stokes equations

(3.1) Au—Au+Vp=f, divu=g in 2,
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(3~2) u|,39=0,

where 2 is an exterior domain in R with C*** boundary (0<x<1) and 2
is a complex number. When ¢g=0, we have

THEOREM 3.1 ([6]). Assume that n=3, 1<r<n/2 and 0<e<z/2. Sup-
pose that we H*"(2)" and p<E Li(2) with IYpe L (2)" solve (3.1) and (3.2)
with g=0. Then

(3.3) 211wl + V2l + 1Vl <CIFI

for |larg A|Sr—e with C depending only on n, 7, ¢, and 2. (We may take
2=0.)

This section gives a proof which is a simplified version of that in [6].
As is pointed out in [6], one can extend Theorem 3.1 for some g+0. This
is useful in the next section.

THEOREM 3.2. Assume that n=3, 1<r<n/2 and 0<e<=z/2. Suppose
that we H*"(2)" and p< Li,(2) with Ype L' (2)" solve (3.1) and (3.2) with

(3.4) Sog(x)dazzo, supp gCB and ¢|;0=0,

where B 1s an open ball in R™ with BDoLR2. Then
(3.5) [Awl,+ 1Vl + 1Vpl. <CUfIL+ Vgl + 1211 gll)
for larg A|<z—e with C depending only on n,r,e, B and £.

Proof that Theorem 3.1 implies Theorem 3.2. We may assume that
[Vgl,<o. By (3.4) we can apply Lemma 2.1 (ii) with D=BN& and get a
function v HZ7(D) which solves divv=g and satisfies

(3.6) IV*ll,,<ClIVgll.p, ol =C VoI, =CC lgllrp

with C and C’ independent of g. Defining v=0 outside D we extend v to
function v H2"(2). The difference w=u—7v solves

A=A)w+Vp=F=f—(1—A), divw=0 in 2, w|;0=0.

The estimates (3.3) and (3.6) yields (3.5) since |v|.p,=Iv|. and [V]|,=
V201l . O

It is well known that (3.3) holds for large A (cf. [10,21]) for all 1<r<<oo
and n=2 so the crucial step is to prove (3.3) for small 2. This problem
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is related to the behavior of solutions near space infinity. Since (3.1) and
(8.2) is an elliptic system ([2, II]), a general a priori estimate yields (3.3)
with adding extra terms

CUIvull, + Nl +lpl.)

in the right hand side. As is pointed out in [2, I, pp.668-669], when Q
is bounded one can delete these extra terms if solution of (8.1) and (3.2) is
unique for given f and g. Indeed, one can prove (3.3) for small 2 when
2 is bounded. Since £ is unbounded, this idea does not apply directly to
our problem, although we still reduce our problem to uniqueness of solu-
tions of (3.1) and (3.2).

Below we shall prove (3.5) when 2=R". The assumption (3.4) is neces-
sary because (3.5) does not hold even if f=0 and 2=R" without (3.4). We
next prove a priori estimate near space infinity. Applying this estimate,
we prove that solution of (3.1) and (3.2) is unique even if 2=0. This and
a priori estimates near space infinity and for bounded domain yield Theo-
rem 3.1. We pay attention on decay assumptions for u« so that we get a
good uniqueness result.

Let us recall the Stokes operator A,=—P.A with domain

D(A)={we (H*(2)"NLy Q) ; wls0=0}

(dense in L:(R)), where P, is the continuous projection from L7(2)" to
L (2) associated with the Helmholtz decomposition (2.7); we assume n=3
for exterior 2. The Stokes equations (3.1), (3.2) with g=0 and

(8.7 weH*(Q), pELi(2) and VpsL'(Q)
are equivalent to
(A+A)u=P.f, u€D(4,)

where the operator of multiplication with constant 2 is simply denoted by
A We say (u, p)eE"(2) (resp. Ei,.(2)) if w and p satisfy (3.7) (with re-
placing 2 by 2N\B where B is an arbitrary open ball in R?).

When 2=R", we denote A, and P, by A, and P,, respectively. These
operators are expressed explicitly :

(3.8) P=P,=F"'LF, h&)=0"—6£,/18is0sen, A=—P,A

where F' is the Fourier transformation defined by

(Fw)(é):S e tw)dy, e R

RT
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For 2, |arga|#x and A#0 it is well-known (cf. [10, 11]) that 2+ A, has the
bounded inverse and

(8.9) (A+A4A,)'=@a—A)'P

since~ A commutes with P. Let us rewrite estimates for the resolvent
(A+A4,)"' in a form slightly different from [10].

LEMMA 3.3. Assume that n=2, 1<r<oo and 0<e<z/2. Suppose that
ue L) (R™)", YpeLY(R™™ with (u, p)EEL(R™) for some 1<q<s<oo and
that (u, p) solves (3.1) with g=0 wn R". Then

(3.10) [2l1w], + V2], +[Vpl, ZC| £,

Jor larg 2|<z—e with C depending only on n, r and .

PROOF. We first assume that (u, p)€ E*(R"). This implies that u<
D(A,) and solves

(2+A)u=P,f,
which yields
(A—A)u=P.,f.

Avpplying a multiplier theorem [23, §2.2] to V{(1—A)"' (=0, 2) yields
[Allul,+1V?ul.=C|fl,  (cf. [10]).

provided that A#0; even if 1=0, this holds because of (2.15). This yields
(3.10) for (u,p)eE*(R™) since
Ip=f—(G—A)u .
For general (w,p) we consider mollified functions ws;=wux¢; and p;=
prp; where ¢;€CF(R™) is a mollifier ¢;(x)=¢(2/d)0""=0 with ggodle.

By estimating the convolution, we see (us ps)€E*(R™), >0 since s=q.
Since (u;, ps) solves (3.1) with f=f; ¢=0, (3.10) is valid for (us, ps). Let-
ting 0 tend to zero leads to (3.10) for general (u, p). O

LEMMA 3.4. Assume that n=2, 1<r<oo and 0<e<n/2. Suppose that
we L*(R™), YpeLY(R™")" with (u,p)EEL(R") for some 1<q<s<oco and
that (u, p) solves (3.1) in R™ with (3.4). Then

(3.11) (2wl + 1Vl +19pl. < CU fI+ Vgl +121g],)

for larg 2|<z—e with C depending only on n,r, B in (3.4) and ..
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PROOF. The estimate (3.11) is reduced to (3.10). The proof is almost
the same as the proof that (8.3) implies (3.5), so is omitted. O

REMARK. When (u,p)eE"(R™), (3.11) is proved by [6]. We assume
that (u, p) belongs to a function class so that w decays at space infinity.
We may weaken this assumption in Lemmas 3.3 and 3.4. For example,
we only need to assume that we L(R") and Vpe LY(R")" with 1<q=<s<oco.

LEMMA 3.5 (Estimates near space infinity). Assume that n=2, 1<r<oo
and 0<e<n/2. Let Q2 be an exterior domain in R™ such that £ contains
Q’'=R"—B, where B is an open ball. Suppose that we L(2)*, Ype LY(2)"
with (u, p)€ EL(2) for some 1<q<s<o and that (u,p) solves (3.1) in 2
with (3.4). Then

(3.12) (Al o + 1Vl 0.+ VDl e
<CUfI+1Vgl+12gll, +lwl, o+ 1Vul, o+ Ipl.5), D=2NB
for |larg 2| <n—¢ with C depending only on m,r,e, B and 2.

PROOF. We just cut off space infinity. Multiplying o= C*(R") with
fand ¢ in (3.1) yields

(2—A)(pu) +V(pp) = of —2Vu-Vo—uldp+pVe
(3.13)
div pu=uVe+oeg .

If supp pC £, (8.13) is regarded as equations in R*. We take ¢ such that
=1 on Q' and ¢=0 on Q. Since div(pu) satisfies (3.4), applying (3.11)
to (3.13) now yields (3.12). O

COROLLARY 3.6. Assume that n=2 and 1<r, g<oo and that A s not
negative real. Assume that 2 is an exterior domawn in R™ with C**¢#
(0< <) boundary or R™ itself.

(i) _(Uniqueness) Suppose that ws L (2)" and Ype L1(2)" with (u, p)
e Ef,.(2) for some 1<q<s<oo and that (u, p) solves (3.1), (3.2) on 8 with
f=9=0. Then u=0. In particular, (A+A)u=0 tmplies u=0 (n=3).

(ii) The range R(A,) is dense in L,(Q) when n=3.

PROOF. (i) B_y elliptic regularity theory for (3.1) and (3.2) we see u
is at least C? on Q. (cf. [2, II]). We now apply (3.12) with Q'=R"—B(R')
for large R’ and conclude that

[All2ell + 172, + 1 Vpll, < oo
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for all r,1<r<o. (even if 2=0). Applying (2.4) with u= L (2)" yields
IVulg+lp+ell,<oo

for all ¢, 1/¢<1—1/n with some constant ¢. Since ue L’ (2)", we thus
obtain

(3.14) oVl o+ lulpte)l, <oco

with 1/n+1/n’=1. This justifies integration by parts

(3.15) Sga-Audx: — IV, Sga-vmx:o,

where # denotes the complex conjugate. Indeed, there are cut-off func-
tions ¢r=C7(R") such that supp ¢,CB(2R) and ¢rz=1 on B(R) and that

|Vor(x)| <C/R, 0<¢r=1
with C independent of R, x. Integrating by parts yields
Sogo,za Audr=— SQ<pRIVu|2dx — SpVnga -Vudx

since w=0 on 02. By the Holder inequality we have

\ SQV(,QRE . Vudx

< IVsoRIn(S

since |Vogl, is bounded and (3.14) holds. This leads to the first identity
in (3.15) ; the proof of the second one is the same.

We now multiply # with (8.1), and integrate over £ and apply (3.15)
to get

Un'
|u-Vu|"'dx> —>0 as R—>
RM-B(R)

Alulz+IVull;=0.

Since 1 is not negative real, this implies Vu=0 so u=0 since uwe L (2)".
(ii) Since the dual operator A*=A, with 1/r+1/'=11[9, 19], (i) im-
plies that R(A4,) is dense in Lj(Q). O

PROOF OF THEOREM 3.1. We first observe that for M>0

(3.16) 2wl + 192l + 19pl, <CULFIL+ lull o+ 1 Vullo+121:0)

is valid for |A|<M and D=2NB, where B is an open ball. Indeed, we
take p=Cg(R") with ¢=1 on B’ and supp ¢C B, when B’CB, where B’ is
another ball with 62cB’. Then ¢u solves (3.13) in D'=QNB" with
oulsp.=0. We know (3.3) holds for bounded domain D with n=2 and
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1<r<oo (cf. [10, 21]), so does (3.5) by applying a result of Bogovski
(Lemma 2.1(i1)) (cf. [6]). Applying (3.5) to (3.13) in D’ and (3.12) with B’
instead of B yields (3.16).

It suffices to prove (3.3) for |A| <M since (3.3) holds for large 2 [10, 21].
Suppose that (3.3) for |A|<M were false. Then there would exist a se-
quence (Am, Um, Pn) such that

[Rnllwnl, + 1V A+ 1 Vpnll=1, [2xl=M, larg inl<z—e
(3.17)
“fm”r-)o,- fm:('z_A)um_i—vpm-

Since 1<r<n/2, applying the Sobolev inequality (2.5) in 2 now yields
lmlls < Cill Vi [l = Col VUumll» < Gy
with 2/n+1/s=1/r, 1/n+1/s=1/q. It follows from (2.4)
| Pm+ Kl Csll V0 ll, = Cs

with some constant K, ; we may assume that K,=0 since p, are deter-
mined up to constants. We may assume that there are 1, usL’(Q2)",
pe LY(RQ) with 1,— 4, such that

(a) Um—u in L(Q)"

(b) 0jUm—0;u, Pn—p in LYL2)" resp. LU2)

() 0,0;um—03;0,u, 0;Pn— 0,;p in L), 1<, j<n
weakly by taking a subsequence, where A, is not negative real. Since D

is bounded, by compactness strong convergence replaces weak one in (a)
and (b) provided that £ is replaced by D. Since (3.16) and (3.17) imply

1=Clwnlly o+ 1Vunllr o+ 1V 0wl -p)

and since L7(D)DLYD)DL*(D), this strong convergence yields

(3.18) 1=Clulp+1Vull.o+ 2l )

with C>0. From (a), (b), (c) it follows that we L}(2)", Vpes L (2)" with
(u, p) € Ejoe(2) and that (u, p) solves (3.1) and (3.2) with f=¢g=0 and 1=2,
Corollary 3.6 (i) now implies ©=0 so we obtain p=0. This contradicts to
(3.18) so the proof is now complete. O

REMARK. We may weaken the assumption (u, p)€E7(£2) in Theorems
3.1 and 3.2. Indeed, we only need to assume uwes L’ (2) and Vpe LY(R2) with
(u, p) € Ejoo(2) for some 1<q<s<oo since (3.16) implies (u, p)=E"(2).
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§4. Asymptotic behavior of the resolvent (1+4,)! near 1=0

We showed in Theorem 3.1 that 21+ A, has the bounded inverse unless
A is negative real or zero, and that for 0<e<m/2

(4.1) 1212+ A4) I, =CIfll,, larg A/ <m—e, 2%0

with C independent of f and A provided that 1<r<m/2. A simple duality
and interpolation argument [6] shows that (4.1) holds for every 1<r<co.
Here and hereafter we assume that £ is an exterior domain in R™ with
C**# boundary (0<p<1) and n=3, unless otherwise claimed. The estimate
(4.1) gives a behavior of (1+A,)! near 2=0 in a coarse term. We shall
prove that (14 A4,)"! behaves like P, res(A+A4,)™! ext near 2=0, where 4,
is the Stokes operator on R™. Here res denotes the restriction of func-
tions on £ and ext denotes the operator of extension of functions in £ by
defining zero outside 2. In what follows we suppress both res and ext.

THEOREM 4.1. Assume that 1<r<oco and 0<e<xn/2, and set
(4.2) Wi=P,(2+4,)"'—+A)".
Then there are positive constants a and C with a<l such that
(4.3) Wl <Cla* M fl.
holds for all feL,(2), larg A|<m—e, 2#0.

PROOF. We may assume that 0<|2|< M for some M >0 since (3.3) and
(3.10) imply |IW.fI,<ClAl7Mf)l, for [Al=M. We may also assume that
el (2) since C3,(R) is dense in Lj(2). We set #;=(1+A4,)"'f and see
%i; solves (3.1) in 2 with p=p, and g=0 and that (%, p,)€E(2). So for
u,=Pii; we see u, solves (3.1) in £ with g=0, where p=q; is given by

Vg; =P+ (2—A)(1—P,)i,.

Lemma 2.3 implies (us, ¢;)€ E"(2). The function w,=W,f now solves (3.1)
with g=0 for some p=p, where (w,; p,)EE™(2). Since ucL;(£2) implies
#-N=0 on 92 [19], we have

(4.4) wy-N=u,;N=0 on 02

although w; may not be identically zero on 2. We set v;=w;—¢u; where
peCy7(R™) with ¢=1 in a neighborhood of 02 so that v;=0 on 62. A
direct calculation shows that v; solves
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(4.5) (A=A, +Ip,= — dpua+Alpu;) in Q
(46) div V= —’LLI'V(,D———Q in Q
(4~7) 1)1‘3920 .

We first assume that 1<r<mn/2, and choose a and p such that 0<a<
n(1—1/r)/2, 1<p<r and l/p=1/r+2a/n. We may apply (3.5) to (4.5)-(4.7)
with o instead of ». Indeed, we take ball B such that supp VoCB. Since

¢=1 in a neighborhood of 02, we see glsp=0. The property Sgg(x)dx:O

follows from (4.4) by integration by parts, so (3.4) holds for g= —wu;-Ve.
The estimate (3.5) with (4.5)-(4.7) yields

|21 lwallp+ 1 92wall,
< Cull Al lpuallo+ 1V (@ua) o+ 1V (ua- Vo) o+ 21 2 Tepllo)
< Col| 2l el 4 Nl e+ 1 T2l g+ 1 VP22l,)

where s, g=r since supp ¢ is bounded; C; (j=1,2, ---) represents a positive
constant depending only on 7,e,7,8,9, ¢, and £2. We now apply the
Sobolev inequality (2.5) and obtain

[A]liwallo+ 11V, < Co(| 2l 1wl 4 Vsl )

by taking 2/n+1/s=1/r, 1/n+1/s=1[/q, where the constant C; depends only
on r,m,e and 2. Since P, is bounded in L}(2) and satisfies (2.17), apply-
ing Lemma 3.3 to #%; now yields

[2[lwillo+ 1 VPwall, = Cll £ -
Applying (2.6) we see

[21"* Jwall, SC5[ 21" Nwall g~ VP31
SCillalhwallo+ 17%0all,) = Coll £l

where C; is independent of f and A. This proves (4.3) when 1<r<mn/2.

We write W; by W; when W; acts on L,(£2). Taking dual of W;,
yields

Wi=W., 1lr+1/r'=1

since A¥=A,, and P¥=P, [9, 19]. We thus see (4.3) for 1<r<mn/2 implies
(4.3) for n/(n—2)<r<oo. Interpolating these two results by the Riesz-
Thorin theorem [20, p.40], we obtain (4.3) for arbitrary », 1<r<oo. This
completes the proof. O
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§5. The complex powers A: of the Stokes operator A

r

Our main goal in this section is to prove Theorem A, i.e., a local
bound on pure imaginary powers A of the Stokes operator A, in the
space of bounded linear operators from L;(2) into itself, where £ is an
exterior domain in R™ (n=3).

To get a bound on A{ we shall use an integral representation of frac-
tional powers A; for Re2<0. Such a formula is found in standard text-
books [17, 22] if the operator has the bounded inverse. Since the Stokes
operator on an exterior domain does not have the bounded inverse, a more
general theory is necessary. A unified theory of fractional powers was
established by Komatsu [16]. We first recall some of his general theory.
Let A be a closed linear operator in a Banach space X equipped with norm
I-1l. Suppose that the resolvent set of A contains the negative real ray
(—o0,0) and that

(5.1) RiA+A)FISM)fl, feX, 2>0

with M independent of A and f. Komatsu [16] gave a definition of frac-
tional powers A° for all complex numbers z by integral formulas and showed
that his definition is consistent with other definitions. For example, the
operator A® for z=x-+1y, —1<x=Rez<1 is a smallest closed extension of
Aj defined by

s sinmz/(m . - m*t!
5.2) Asf=— 20T (Soz (— 2+ A)gda+ g
z z-1 oo
— o M ape (A At Afar)

for feD(A)NR(A) with Ag=f, where m is an arbitrary fixed positive
number (cf.[16, p.305]). This is well-defined since (5.1) guarantees that all
integrals in (5.2) converge absolutely in X, 1.e., the norm of integrands is
integrable. The value Aj;f does not depend on m and g. This definition
looks slightly different from (4.11) of [16] since the class of f is smaller
than his. However, by a density theorem [16, Theorem 3.6] and relation
among D(A), R(A) and his spaces, we see that above definition agrees with
his. We shall simply write A by A°.

For later applications we shall always assume that D(A) and R(A) is
dense in X (cf. [16, Lemma 3.5, Theorem 3.6], Lemma 6.2 in §6). By
(5.2) we now observe that A® is a densely defined closed linear operator in
X at least for 2z, —1<Rez<1; this property holds for arbitrary zeC
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according to Komatsu [16]. For —1<Rez<0 or 0<Rez<1 the expression
of A’ becomes simpler than (5.2) and agrees with standard definitions
(17, 22].

PROPOSITION 5.1. (i) For feD(A)NR(A), z—A*f 1is analytic on the
strip —1<Rez<1 with value in X.
(i) For feR(A) and —1<Rez<0, we have

(5.3) Af=— MS:zf(HA)-lfcu.
(iii) For feD(A) and 0<Rez<1, we have
(5.4) Affz%fzgsz-*(HA)-lAﬁu.

(Both integrals in (5.3) and (5.4) converge absolutely im X.)

PROOF. (i) As is pointed out in [16, p.805], this is clear from the
expression (5.2).
(ii) Since
(A+A)TF=2" -2+ 2P AQ+ A) AL,

the sum of last three terms of (5.2) equals
e WS ARIUE

this integral converges absolutely in X even for feX since Rez<0 and
(5.1) holds. Since

(5.5) A+ A) =+ A "Ag=g—2(2+A)'g with f=Ag,

-

(5.1) implies that the integral

sin 7z

S:ZZ(Z—I-A)‘lfd,Z

converges absolutely in X provided that —1<Rez and feR(A). Then a
direct calculation shows that this integral equals the sum of first two
terms of (5.2), so (5.3) equals (5.2).

(iii) The proof is similar to (ii) and is in [16], so is omitted. See
Proposition 4.12 and (4.2) in [16]. O

If the resolvent set of —A contains some sector and there (5.1) holds,
one can move the line of integration in (5.3) into the complex plane.
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PROPOSITION 5.2. Suppose that the resolvent set of —A includes a
sector {AC; larg 2| <rm—e, 270} and that
(5.6) [ANA+A)FISM|fIl, larg A|Sz—e

with M depending only on ¢, 0<e<n. Let I'=TI. denote the path which
consists of two rays from e'“"™ to zero and zero to c0e'™® in C. Then
for feR(A) and —1<Re2<0, it holds

5.7) Arf= ﬁgr(—- D+ A)-fda

where (—A)* means the principal branch.
PROOF. By (5.5) and (5.6) the integrals

\, CoG+arar and | (-pa+A L, esi<a
om

Tom
converge absolutely for fe R(A), —1<Rez and for f€X, Rez<0, where
Isn=I;N{a€C; |2|2zm} and I's—I;n=1I";n., respectively. We now apply
Cauchy’s integral theorem with (5.6) and modify the path of integration
to obtain (5.7) from (5.3). O

We now go back to the Stokes operators. By (3.10), (4.1) and Corol-
lary 3.6 (ii), we see A, and A, satisfy all assumptions on A of Propositions
5.1 and 5.2 with X=L},(R") and L}(£2) respectively. We first prove that
assertions in Theorem A hold if 2=R".

LEMMA 5.3. Assume that n=2. Then for every y>0, there is a con-
stant C such that
(5.8) |Atvf|, <Cer'| f|,

holds for feL,(R") and yE R.

PROOF. By (3.8) and (3.9) a direct calculation of (5.2) shows that
Af=F7¢*FP,.f, feD(A,)NR(A,
at least for —1<Rez<1. Since D(A,)N\R(A4,) is dense in L,(R") and
102181 Saq(y)|C[*Res 1!

with a polynomial a, of degree |a|, applying a multiplier theorem [23, § 2.2]
yields (5.8). a
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For technical reasons we need to show that R(A4,) contains “good func-
tions” when ¢ is large.

LEMMA 5.4. Assume that n=3 and q>n/(n—2). Assume that 2 1is
ar exterior domain in R™ or R™ itself. Then R(A,) contains LL(2)NL™(2)"
for 1/r=2[n+1/q. In particular, R(A,) contains Cy7,(2).

PROOF. We observe that for 1<s<o
(5.9) hm 22+ A) Y fl,=0  for fELL(Q).

This follows from (4.1) (or (5.1)) and R(4,)= Lf,(.Q) (Corollary 3.6 (ii)) by
a standard argument (cf. [16]). Indeed for fe R(A,) we see by resolvent
equations that A(A+A,)'f—0 in Li(£2) as 11 0. For general feLi(Q2) we
approximate by elements of R(A;). The uniform estimate (4.1) now yields
(5.9).

Suppose that feL(2)NLIL). We set u;=(1+A4,)"'f. We observe
that {u;} is Cauchy in L%(£2) and that A,u; converges to f in L%(2) as 1] 0.
Indeed for 0<p<2, applying (2.5) and (3.3) yields,

lua—uulle=I(pe—D(e+A) 2+ A4) S,
S22V e+ A) A4+ A) 7S
<|AQAR+A)7 .
By (6.9) we see {u;} is Cauchy in L(2). Since
”Aqul—f"q:”X(X+Aq)_lf”q

applying (5.9) yields that A,u,—f as 210 in L%(£2). Since A, is closed
there is ueD(A,) such that Au=f so feR(4,). This completes the
proof. O

PROOF OF THEOREM A. We approximate A2 by A;. We first prove
that for every y>0

(5.10) lA:f—P. A fl,<Ce"'||fl,, fER(A,), —a<Rez<0

with C and @, 0<a<1 independent of f and y=Imz. By (4.2) and (5.7)
we have

1 L )2
Arf=—o Sr(— P2+ A) " fid— SI‘E( W, fda

€
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e 1 2z
Y %Sh(—n W.fda,  fER(A,).

For large 4, |2|=m >0, applying Theorem 4 in [11] yields that
(5.11) ng (=2 Wifda| SCer*Ifl, —1<-a<Rez<0

with C depending only on 7,m, 2,e,m and a. In [11] boundedness of 2 is
assumed. However, this is not necessary to get (5.11). In [11, p.264], the
boundedness is only needed to conclude that W, is uniformly bounded for
|[A]£m. Even when £ is an exterior domain, as shown in Theorem 4.1
the estimate (4.3) for W, is available. From (4.3) and (5.11) it follows
that

HSFS(—Z)EWLdeH,.éCe”m“f“,», —a<Rez<0

with ¢=a in (4.8). This leads to (5.10).

We next prove (5.10) for 2=ty and f=C7,(£2). For technical reasons
we restrict »>n/(n—2). Lemma 5.4 shows that Cg,(£2) is contained both
in R(A,) and R(A,). Applying Proposition 5.1 (i) now yields that z— A:f,
2—A:f is analytic in —1<Rez<1 provided f€C5,(2). Letting Rez10 in
(5.10), we have

IAZf—P,AYf|,<Ce" | fl,, fECF.(R)

where r>n/(n—2).
This and Lemma 5.3 yield

(5.12) IASfI.<Ce I fN,,  feLy(82)

for r>n/(n—2), since Cg,(2) is dense in L3(2). Estimates for other r
follows from a duality and interpolation argument. Indeed, from Theorem
13.4 of [16] it follows that (AX)*=(A¥) holds for the dual (transposed)
operator A¥. Using A¥=A, in [19] with 1/r+1/r'=1 we see (A¥)*=AY
and therefore we have

TAZN = I(AM)*]|,. = | A, < Ce'

for all »’ such that r>n/(n—2), where || ||, denotes the operator norm in
L. Thus we have (5.12) for 1<r<mn/2. By the Riesz-Thorin interpolation
theorem [20, p.40], we see (5.12) holds for all 1<r<oco. This completes
the proof of Theorem 1. O
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§6. Applications

This section, as an application of Theorem A, proves Theorem B and
compares [A%ull, with various norms when 0<a<1, where A? are the
fractional powers of the Stokes operator A, on the exterior domain £ in
R™ with n=3 and 1<r<oo. We shall compare || A}%u|, with [|[Vul,.

We begin with an abstract interpolation theorem. Let A be a densely
defined closed linear operator in a Banach space X equipped with || . Sup-
pose that A is injective and that the range R(A) is dense in X. We as-
sume that A satisfies (5.1). Let D3 denote the completion of D(A) in the
norm | A%u|, where 0<a<1. This is well-defined. Indeed (5.4) shows that
D(A®) contains D(A) and |A%ul, is a norm on D(A) since A%u=0 implies
that Au=0 so u=0. Although D%=X may not include D}, we see two
norms |u| and |Awu| are consistent ([20, p.35]) on D(A) since 4 is closed,
so we may define the complex interpolation spaces [D%, D%]..

PROPOSITION 6.1. Suppose that
(6.1) A <Ce™'IIfl, yeR, feX

holds with some C, y>0 independent of y and f. Assume that 0<e<r<1
and 0<a<1. Then D{=[D3, D3], as Banach spaces with f=(l1—a)o+ar.
In particular D5=[DY, D}]..

The space D% includes D(A®) since D(A%) is the completion of D(A) in
the norm [|u|+|Awnl. Although D% may be larger than D(A4%), we still
have a density result.

LEMMA 6.2. (i) [A(2+A4)"'f1-0 as 210 for feX.
(il) D(AYNR(A) 1s dense in DA.

PROOF. (i) The proof is the same as that of (5.9).

(ii) For feD(A) we take fi=(A+A)'Af, 2>0. Since |A*(f,—f)l=
[2(2+A)*A=f|, applying (i) yields f,—f in DS as 21 0. Since f,eD(A)N
R(A) and D(A) is dense in D%, this completes the proof. 0

PROOF OF PROPOSITION 6.1. We may assume 0<a<1, and a=7r—0¢>0.
For fe D(A)NR(A) we consider

F(Z) .__e(z—a)2‘4a({\‘ —z)f

for zeS={zeC:0<Rez=<1}. Since e“ %' is bounded on S for >0,
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Rez=y and since A **=A""WA**"® Rez=g, applying (6.1) yields
(6.2) IA’F(2)| <CllAP-**f|, z€8, 0=<z<]1,
(6.3) IATFR)| =CIAP*=2f|,  z€S, 1-(1-pla<z<1

with C independent of f and z. By (6.2) and Proposition 5.1 (i) we see I
is analytic in S° the interior of S, and is continuous on S with value in
Dj. Let [fl; denote the norm in [D%, Dj]l,. Since F(a)=f the estimate
(6.2), (6.3) yields

[£1s gmax(sgpnmmy)u, supl A°F (1+iy) u)gcuAﬁfn.

By Lemma 6.2, we see this holds for all fe D5.

It remains to prove the converse inequality. We consider an arbitrary
function G(z) expressed as a finite linear combination of functions of the
form exp(dz®402)b, >0, s R and beD(A) with G(a)=fD(A)NR(A).
By Proposition 5.1(i) and (6.1), A“"****G(z) is analytic in S° and bounded
continuous in S with value in D4. The three-line theorem yields

1A fI=11APG(a)I =C max(sgpll A’Gay)l, sngATG(l +1y) ll) .

Since D(A) is dense in D% and D, it follows from the Theorem in [23,
§1.9.1] that |APfI<C[f]s for f€[D3%, Dil. so the proof is complete. O

We take A=A, with X=L7(2), when A, is the Stokes operator and
2 is an exterior domain in R® with n=3. By Corollary 3.6 and (4.1) one
can define D§ which simply denoted by D¢, the completion of D(4,) in
the norm [|4A%ul,.

Theorem A and Proposition 6.1 yield a stronger result than Theorem B.

THEOREM 6.3. For every 0<a<l and 1<r<oco, Df=[DZ D?), as
Banach spaces with f=(1—a)o+ar, 0=e<z=1. In particular Df=[DY}, D}],,
D2?=[D?, D?),, where D?=L(2).

REMARK. When £ is bounded this is known by [11, Theorem 2] with
Ds=D(A%). TFor exterior domains in R? when »=2 this is essentially
known by Miyakawa [19, Theorem 2.4]. When r=2, Theorem A is trivial
so he deduced the characterization following an argument in [23, p.103-
104]. Our proof of Proposition 6.1 follows their argument; when A has
the bounded inverse, Proposition 6.1 is found in [23, p.103-104].

Using Proposition 6.1 we shall study H*"(R"), the completion of Cg(R")
in the norm |V*u|,., We set A=—A with domain D(—A)={feL(R");
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|V2f|, < oo} in X=L'(R"). Since A is injective, a duality argument shows
that R(—A) is dense in L7(R™). Since

A=A f=FTQA+EDFSf, (—AVf=FE>Ff

applying a multiplier theorem [23, §2.2], we see A= —A satisfies all as-
sumptions of Proposition 6.1 including (6.1). Let H**"(R") be the comple-
tion of Cy(R™) in the norm |(—A)%ul|,, a=0. This definition is consistent
with previous definition of H*"(R"), k=0,1,2,-- since two norms |[V*ul,
and |(—A)*2y|, are equivalent on C7(R") by a multiplier theorem [23, §2.2]
(cf. [18, p.9)).

LEMMA 6.4. (i) For every r and a with 1<r<oo, 0=Za<],

I—AP“"(R"):[L’(R"),EV'*(R")],, as Banach spaces.
(i) Assume that 1<r<nlk. Then
A (R*)={uc LYR"), |V*|, < o0}, k=0,1,2,:-

with kin+1/q=1]r.

PROOF. (i) Proposition 6.1 implies that two norms |(—A)%u|, and [u].
i.e. the norm in [D%,, Dl,]., are equivalent on D(—A). Since Cy(R") is
dense in D(—A) in the norm |V*u|, we see H*"(R")=D., and L (R")=D?,
so D%, agrees with the completion of C5(R") in the norm [u], or |(—A)*?u,.

This completes the proof of (i).
(ii) This follows from the Sobolev inequality in R™ ([8, p.24]):

[v][,=C|7*],, veCF(R"), kln+llqg=1/r. O

The rest of this section is devoted to comparison of two norms [ A?u],
and [[Vull,.

THEOREM 6.5. Assume that 1<r<max(n/2,2) or r=2. Then
(6.4) [Vul,. <CllAM*ull,
holds for we DY (DD(A!®) with C independent of .

To prove this theorem we need some properties of extension operators
which will be proved in the last part of this section.

LEMMA 6.6. There 1s a bounded linear operator E: H* (Q)—H?*"(R")
such that Eu=u tm 2 and that for k=0,1,2 the estimate
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(6.5) [V*Eu|, <CIIV*ul,  for 1<r<nlk
holds with C independent of wu.

PROOF OF THEOREM 6.5. Since (3.3) implies that
V2 Eul, <C\|Aull,, ueD(4), 1<r<n/2,
Lemma 6.6 yields
|VEu|, <C.ll Aull,, |Eul, <Csllul,, weD(A4,)

with C, (=1,2,---) independent of w.

By the Calderdon-Lions interpolation theorem [20, p.37], we see E is
bounded linear from [D? D!']. to [L"(R™)", H*"(R™)"],. Theorem 6.3 and
Lemma 6.4 yield

V|, < |[VEu|, <Cll A, for we D!?

provided that 1<r<m/2.

It remains to prove (6.4) for 1<r<2. We consider 0;4;" on R(A,),
where 1<j<n. When r=2, it holds |Vul,=IA*ul,, so 9,A;'* extends to
a bounded linear operator form L5(Q) to L'(2)" with »=2. The estimate
(6.4) shows that 9;A4;® is bounded when 1<r<n/2. By the Riesz-Thorin
interpolation theorem we see

IVAS2fIL,<ClfllL,,  feELy(2), 1<r<2
with C independent of f. This leads to (6.4) when 1<r<2 by setting
f=A;"y, since we may assume w<D(A,) in (6.4).
COROLLARY 6.7. Assume that 1<r<n/2 and 0=<a<1 or that 1<r<2,
0=a<1/2. Then
(6.6) lwl, <ClA%ull., 1/p=1/r—2aln

holds for we D& with C independent of u.

PROOF. The estimates (2.5) and (3.3) yield
lull, C IVl £ClAul,, uwsD(A,)

with 1/s=1/r—2n. Applying the Calderdon-Lions interpolation theorem, we
see the inclusion I: Ly(Q)—L7(2)" is bounded linear from [D? D!], to
[L7(2), L*(2)"],. Since [L7(Q),L*(D)].=Lr(2), lp=als+(1—a)lr, [20,
p.38]. Theorem 6.3 yields (6.6) for 1<r<m/2 and 0<a<1.
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For 1<r<2, (2.4) and (6.4) yields
lull, £CslVul, <CllAPul,, ueD(A)

with 1/g=1/r—1/n. As above, the inclusion I is bounded linear from
[D?, D2, to [L'(2)", L9(2)*)... Theorem 6.3 now yields (6.6) for 1<r<2.
Od

REMARK. For the entire space and the half space, (6.4) holds for all
r with 1<r<oo (cf. [5]). Recently, Borchers and Miyakawa [4] proves
(6.4) for 1<r<m when £ is an exterior domain. In the half space (6.6) is
still valid for all », a with 1/r>2a/n, 1<r<oco, 0<a<1. (cf. [5]).

PROOF OF LEMMA 6.6. We use the following well-known extension
operator [1]. Let B be an open ball with R*—QcCB. Then there is a
bounded linear operator E: H?*"(2)"— H*"(R™)™ with Eu=wu in £ and

|[V*Eul|, <CUIV*ull,+llul,n), D=BNL.
If 1<r<m/k, then from (2.4) and (2.5) it follows that
lul.o=Clull, <C'IV*ul,, 1llg=1/r—kin.

We thus obtain (6.5) and the proof is now complete. O
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