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Some remarks on group actions in symplectic geometry

By Kaoru ONoO

(Communicated by A. Hattori)

Introduction

In the previous paper [11], we proved the symplectic analogues of
some results in Kihler geometry. In this note we discuss other phenom-
ena, i.e. non-existence of non-trivial compact group actions on closed
symplectic manifolds. We consider compact group actions mainly, because
there are many non-trivial R-actions on any symplectic manifolds. Our
results are the following theorems.

THEOREM 1. Let (M, w) be a 2n-dimensional closed symplectic mani-
fold with c,(Ky)r=[w] where Kuz;\T*M as defined in §1. Then there
c

are no mon-trivial compact connected Lie group actions preserving the
symplectic form w.

THEOREM 2. Let (M, w) be a 2n-dimensional closed symplectic mani-
fold with c¢,(Ky)r=0. Then there are mo mon-trivial connected compact
semi-simple Lie group actions preserving the symplectic form o.

THEOREM 3. Let (M, ®) be a 2n-dimensional closed symplectic mani-
Sfold such that there is a symplectic immersion f: (M, o)—(X, 2) where
(X, 2) s a compact quotient of bounded Hermitian symmetric domain.
Then there are mo non-trivial compact connected Lie group actions on M.

These theorems are symplectic analogues of the following results in
Kihler or complex geometry.

THEOREM (Kobayashi [5]). Let M be a compact Kahler manifold with
negative first Chern class. Then there are mo mon-trivial holomorphic
vector fields. In particular, there are no non-trivial holomorphic actions
of conmected Lie groups on M.

THEOREM (Lichnerowicz [8]). Let M be a compact Kdihler manifold
with semi-negative first Chern class. Then every mon-trivial holomorphic
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vector field is mowhere vanishing.

REMARK. From the above theorem we can deduce that there are
no non-trivial holomorphic actions of connected semi-simple Lie groups
on M. The proof roughly goes as follows. Let G be a connected semi-
simple Lie group acting on M holomorphically and g the Lie algebra of
G. We may assume that G acts on M effectively. As g is a semi-simple
Lie algebra, there are two element X and Y of g such that [X, Y]+0.
By direct calculation we can easily see that i([X, Y])o is cohomologous
to zero in H'(M,(). Applying a result of Carrell and Lieberman [1], the
holomorphic vector field [X, Y] has zeros. The above theorem of
Lichnerowicz implies that [X, Y] is everywhere vanishing vector field
on M, and by the assumption that G acts on M effectively, [X, Y]=0
in g, which contradicts the assumption that [X, Y]+0 in g.

THEOREM (Kobayashi [6]). Let M be a complex manifold and N a
complex hyperbolic manifold in the sense of Kobayashi [6]. If there is
a holomorphic immersion f: M—— N, then there are no holomorphic actions
of complex Lie groups on M.

For the proof of Theorem 1 and Theorem 2 we use the existence
theorem of moment maps and observe the weights of lifted actions on
line bundles at fixed points. For the proof of Theorem 3 we use the
Gromov norm which seems the counterpart of Kobayashi’s pseudo-distance
[6].

The author is very grateful to Professor Akio Hattori for his advice
and encouragement. He also thanks H. Moriyoshi for the beginning of
this work is discussion with him, and Professor Dusa McDuff for pointing
out some errors in the manuseript.

§1. Proof of Theorem 1 and Theorem 2

For a symplectic manifold (M, ) there exists an almost complex
structure, unique up to homotopy, because U(n) is a maximal compact
subgroup of Sp(n; R). More precisely there is a polar decomposition of
the symplectic form as follows:

w(x, y)=g(Jx,y) where g is a Riemannian metric and J is an almost
complex structure.

If a compact Lie group G acts on (M, ») symplectically, we choose a
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G-invariant Riemannian metric g and a G-invariant almost complex struc-
ture J such that o(x, y)=g(Jz, y). Especially the cotangent bundle T*M
becomes a complex vector bundle and we define the canonical line bundle

of M as KM:/ﬂ\T*M. We call a cohomology class ¢ in H*M, R) (semi-)
(4

positive, or (semi-)negative, if there is a 2-form ¢ representing ¢ such
that o(x, Jx) is positive (or zero) or negative (or zero) for any tangent
vector x respectively.

Now we prove the following

ProOPOSITION (1.1). Let (M, w) be a closed symplectic manifold and
G a compact connected Lie group acting (M, w) non-trivially and sym-
plectically. If there is a moment map p: M——g¥*, then the first Chern
class of K, 1is mot semi-positive.

Proor. Without loss of generality, we can assume that G=S' a
circle group. Since S'acts on M preserving the almost complex structure
J, the action is lifted to K, as automorphisms of complex line bundle.
On the other hand there exists a moment map g, so the fixed point set
M is not empty. More precisely the moment map for the S'-action is
a real valued function g such that dg+i(v)w=0 where v is the vector
field determined by the S'-action. The critical point set of p is exactly
same as the fixed point set M5, so there are two connected components
F, and F., of M5 where g attains its minimum and maximum respec-
tively, especially the weights m,; of the S'-action on the normal bundle
of F, is positive and the weights m, ; of the S'-action on the normal
bundle of F', is negative.

For a point p of M, we define a subset M(p) as téjslt(C,,) where C,

is the integral curve of the gradient flow of g passing through p, and
M(p) denotes the closure of M(p) in M with the orientation defined by
the almost complex structure J. For a generic point p, M(p) intersects
F, and F., at the points which we shall denote by ¢, and q. respectively.
We consider the S'-complex line bundle K, restricted to M(p), which is

homeomorphic to S®. Let the weights of the S' action on fibers over

¢, and q.. be m, and m,, respectively. As Ky= /n\ T*M, q, € F, and q.€ F.,
c

My=),—My,; is negative and m.=3 —m,; is positive. On the other

hand the following equality holds (see Lemma (1.2) below)
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My—Mo=1-c,(Ky)[M(p)], where I is the order of the isotropy sub-
group at p.

Therefore c¢,(Ky)[M(p)]<0. As the gradient vector field Vu¢ equals to
JX where X is the vector field defined by the S-action, ¢,(Ky) is not
represented by semi positive 2-forms with respect to J. /!

The following lemma is well known.

LEMMA (1.2). Let L be a complex line bundle on S* with a fixed
orientation, and S' acts on S* by rotations fixing two points P and @
with rotation numbers m and —m respectively. We denote by tr and t,
the weights of some lifted action on the fibers Lp and Lg respectively.
Then the following formula holds

tp—to=m-c,(L)[S?].
For the proof of Theorem 1 we show the following

LEMMA (1.8). Let (M,w) be a closed symplectic manifold, and G a
compact Lie group acting (M, w) preserving w. If there exists a complex
line bundle L such that

1) a(L)=—[«]
and

2) the G-action 1is lifted to L as automorphisms of a complex line
bundle.

Then there is a moment map p: M—g*.

Proor. By the equivariant projective imbedding theorem [11], M
can be G-equivariantly imbedded to CPY symplectically for sufficiently
large N and a linear action on CP¥. It is well known that for a linear
action on CPY, there exists a moment map ¢ [4, 2.5 Lemma). Let p: G
——U(N+1) be the representation which gives the G-action on CP¥

above. Then the composition of M——>CP¥, CP”L»u(N +1)*, and
u(N+1)*—i’ig* gives a moment map for the G-action on (M, w). /]

Theorem 1 is a direct consequence of Proposition (1.1) and Lemma
(1.3). Theorem 2 is derived from Proposition (1.1) and the existence

theorem of moment maps for semi-simple Lie group actions [10]. We can
also prove the following
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ProprosITION (1.4). Let (M, ) be a closed symplectic manifold with
semi-positive ¢,(Ky). If (M, w) satisfies the following condition

(1.5) A"t H(M; R)—H* '(M; R) 1s isomorphic

then for any symplectic action on (M, w) of a compact Lie group G, every
vector field defined by the G-action has mo zeros.

For the proof of this proposition we use the existence theorem for
moment maps for compact Lie group actions [11]. For a general con-
nected compact Lie group G, we can assume that G is a product of a
compact semi-simple Lie group H and a toral group T by taking some
covering group of G. If H is not a trivial group, then there exists a
moment map for H-action [10]. Therefore it contradicts Proposition (1.1).
If a vector field v, corresponding to v € t has zeros, the existence theorem
of moment maps [11] asserts that there exists a moment map for the
closed subgroup of T generated by v €t under condition (1.5), which con-
tradicts Proposition (1.1).

§2. Proof of Theorem 3

Gromov [3] and Yano [13] proved that the Gromov invariant of closed
manifold is an obstruction to S'-actions. Recently Domic and Toledo [2]
extended the Kneser type inequality by using the Gromov norm of K#hler
class. For the proof of Theorem 3 we review some properties of Gromov
norms.

|-, and |-l denotes pseudo-norms on homology groups and coho-
mology groups respectively. They satisfy the following conditions.

1) Ke, ey| < llello- [le]ly for « € H*(M; R) and ¢ € Hy(M; R).
2) | f«cl:= |e|l, for a continuous map f: M—X.

3) laUBle=lale-Bl- for a, g€ H*(M; R).

3) is easily seen from the definition of cup product.

Proor oF THEOREM 3. Let (X,£2) be as in Theorem 3. Then the
Gromov norm of [2]€ H*(M, R) is finite [2]. As (M, w) is a closed sym-
plectic manifold,

0<([o]", [M])
=<[QT, f{[M])
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<21 M- I/ 5LM]]l (3.1)

<27 |- LM (3.2)
From (3.3) and the fact ||[2]|.<oo, we see that |[M]|,#0. There-
fore M does not admit non-trivial compact Lie group actions. //

§3. Conformal vector fields

For closed symplectic manifolds of dimension greater than 2, every
conformal symplectic vector field is a symplectic vector field [7, Chap 1.
Theorem 6.5]. There is the Kahler analogue of this result.

PROPOSITION 4. Let M be a compact Kdihler manifold of dim ,M=2.
Then every conformal vector field is a Killing vector field.

Proposition 4 is a direct consequence of the following facts.

FAct (Lichnerowiez [9]). Let M and N be compact Kahler manifolds
and f: M——N a smooth map. Then we have E'(f)—E"(f) depends only
on the homotopy class of f where

B'(£) = 107 v
E'(f)=, | ' dva.

In particular, holomorphic maps are stable harmonic maps.

FACT (Smith [12]). Let M be a closed Riemannian manifold of
dim M=3. Then we have

index(id.) =dim(c/7)

where ¢ and © are the Lie algebras of conformal vector fields and Killing
vector fields respectively, and index(id.) 4s the index of the Hessian of
the energy functional at the identity map. In particular, if dim(c/i)=1,
the identity map 18 an unstable harmonic map.
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