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On convergence and rates of the convergence of motions
of incompressible fluids in R2 as wviscosity goes to 0

By Ryfiichi MiZUMACHI

§1. Introduction

Let T>0 be arbitrarily fixed. In this paper we study certain prop-
erties of solutions u®(zx,t) :=(u(x,t), u$’(x, t)) of the following equations
with a parameter v>0:

aa_tu(u) _vAu(u) + (u(u) ,V)u(u) +Vp(u) ____0’ sz (0’ T),
(1.1), divu® =0, R*X(0, T),

u® |0 =y, R
On u*, we impose an asymptotic condition
(1.2) u”(x,t) >0 as |x|—>o0, 0LKE<LT.

We assume a compatibility condition: u,(x)—0 as |x|—>oco. By a suit-
able reduction, equations (1.1), can be solved solely for z*. Then p®
can be found using this «® so that {«®, p"'} satisfies the first equality
of (1.1),. Hence we call #* “a solution of (1.1),”. The parameter v is
called viscosity. If »>0 then (1.1), is the Navier-Stokes equations, de-
seribing motions of incompressible viscous fluids. If v=0 then (1.1), is
the Euler equations, describing motions of ideal fluids. In both of these
cases, the existence and uniqueness of solutions «® of (1.1),, (1.2) are
proved under various conditions on the initial value u,. See [5],[6], [10],
[12], and also see [1],[3],[4],[8], which deal with equations (1.1), in
bounded domains of R? or on 2-dim. manifolds under suitable boundary
conditions. The convergence of the solutions #® as v—0 is also studied
in many papers under various assumptions on u,:[1], [2], [5], [9] and [10].
One of the aims of this paper is to prove the convergence under weaker
assumptions on u,: u,€ C'**(R? and rot u, € L'(R?). Another aim is to give
as good rates of the convergence as possible. In [11], the author re-
ported some results on these subjects without proof. This paper improves
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them and gives the proofs.

We state our results after introducing some notations. We use the
following norms and semi-norms of functions on R* or R*X[0, T). Let
S R*—R, j=1 or 2. Then,

I.£l,= sup | (z)] 1f12=]],, 1@,

I715= sup, LEIZHL 0<p<t, 1 fls=191 0<8<1,

¥y I

[/1ls.10c = sup, If([z) fl(ﬁy”, 0<p<L,
oSt -
Ao = L o+ 1A 12, 1 1ss= 17 lls+ 1/ o+ 11A 1 22, 0<B<T.

Let g: R*X[0, T)—>R’, j=1,2. Then,

lgllsr= Sup lg(-,t)ls 0<B<L2,
lgllzs,r= Sup lg(-, t)llss, 0<B<1.

We use the following function spaces. For 0<p5<1, B? and B% are
Banach spaces of scalar valued continuous functions with norms |-|[zs
and | -|zsr respectively. We also use the following spaces.

V={ve (C(R")*: divo=0, [lv],+]|v],<oo}

Vi={a € (C(R*X[0, T))): u(-, t) €V, 0<t<T, [luflo,r+ur<oo}
VE=VN(CHRY),  0<B<1,

Vi={ue Vriu(-, t)e VA, 0<t<T},  0<B<L

THEOREM 1. Let 0<a<l. Suppose u,€V, uy(x)—0 as |x| — co, and
rot u,€ B>. Then there are constants v,>0 and M depending only on «,
T, and |rotu,|s« such that there exists a solution u® of (1.1),, (1.2) in
Ve with |rot u®|pe <M for each 0<v<y,.

THEOREM 2. Under the same assumptions of Theorem 1, a solution
u® of (1.1),, (1.2) is untque in the space U V% for each v>0.
0<A<1

THEOREM 3. Under the same assumptions of Theorem 1, the family
of solutions u® converges to u® in the space (C([0, T'): C**7(R%))? for any
0<y<a. Moreover, there is a constant C depending only on «, T, and
lrot u,| s« such that the following estimates hold for v €0, v,]:
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(1.3) a(-, 8) —u® (-, 1) o< Clt)o*or,  0<t<T,
(1.4) Irot u®(-, t) —rot u®(-, )| ,<Cwt) P2, 0<t<T,

where 0<f<a 1s arbitrary and v, 18 a constant given in Theorem 1.

REMARK 1. The existence and the uniform boundedness for v € [e, o),
where ¢>0 is arbitrary, follow with standard arguments. We can, there-
fore, conclude the existence of solutions u® of (1.1),, (1.2) with
[rot u®| pe,r < M’, v€[0, o), choosing M’ suitably. Furthermore, we can
show (1.3) and (1.4) for v€[0, ), taking another value of C. We omit
the details.

REMARK 2. The asymptotic condition (1.2) can be generalized. We
can consider the following asymptotic condition and give Theorem 4.
(1.5) lim & (x, ) = u(t), 0<t<T.

| x| —o0

THEOREM 4. Let a>0. Suppose u,€¢V and rotu,€ B®. Let u.€
(C0, T))* be given and u,,(O):lllim uy(x). Then for equations (1.1),, (1.5),

the same conclusions as those of Theorem 1-8 hold.

Theorem 4 can be shown by using Proposition 2.1 given in §2. But
we omit the detailed proof.

REMARK 3. Let us compare our results with those of preceding
works. Golovkin [5] first proved the convergence and Kato [9] refined
it: he showed, if u,c H'(R?) with s>2, then #* converges to #© in
L*=(0, T, H*(R?*). McGrath [10] assumed rot u, € L'(R*) N C***(R?) with some
a>0 and showed rotu™ converges to rotu® in L=(0, T;CR?). Not
only showing the convergence, Beale and Majda [2] also gave a rate of
the convergence assuming high regularity on #,. Our theorems obviously
improve the results of [10]. Our class of initial value is essentially
wider than those of [2],[5] and [9]. Indeed, they all assume u,€ H'(R?
with s>2. This implies u,€ B*, 0<a<s—2, owing to the Sobolev im-
bedding theorem. Besides, the condition u,€ L*R* induces a restriction

on uo:H rot u(x)d*r must vanish if rotu, has a compact support. The

rates of convergence given by (1.3) and (1.4) seem to be optimal.

REMARK 4. There are some errors and ambiguities in the preceding
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paper [11]. In the statement of Theorem 2 of [11], the conclusion
“u® —u®” is an error and the correct one is “w* —w®”. In Theorem
3 of [11], k is arbitrary, but » must satisfy 0<h<B. In addition, the
asymptotic condition (1.2) of this paper must be assumed in both of these
theorems. On the other hand, assumptions (3) and (4) in [11] are elimi-
nated in this paper. We also note that the notations used here differ
slightly from those in [11].

REMARK 5. It is interesting to know the existence and uniqueness
of weak solutions of the Euler equations under assumptions of less reg-
ularity on initial values. The problem of the convergence under such
assumptions is also interesting. On these subjects, [1] and [6] give partial
answers and important suggestions.

The plan of this paper is as follows. We prove Theorem 1 in §2,
Theorem 2 in § 3, and Theorem 3 in §4. In Appendix we prove a lemma
used in §4.

Before proceeding to §2, we prepare some notational conventions.
We use the same ¢ to denote fixed constants of various values. On the
other hand we use the same C to denote various constants depending

on certain quantities like 7', |rot u,z, ete.. By signs SS -d*x, we denote

an integral over RZ

§2. Proof of Theorem 1

In this section, we first reduce equations (1.1),, (1.2) to equations
for vorticity in Proposition 2.1. To solve the vorticity equations, we
prepare Propositions 2.2-2.4 and use the Schauder fixed point theorem.
Then Theorem 1 will follow immediately.

We introduce some operators to give the reduction stated above.
We define F1:0<E’)<IB"—> V, by

2.1) P =([ke—ufmiay.  ser,

for any f€ U B? where k(z)=(2x)'z*/|z|?, *:=(—=, %). We define
0<p<1
Fir: U Bi—Vy, by Fidgl(@ t)=Fig(-, t)](®), 0<t <T, for any gekydB'%.

0<p<1

For each v>0, we define F: V,;—B°’, by F{’lul=w for uec V; where
 is the solution of the equation
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_%w—mwﬂ.vw:o in R*x (0, T),

(2.2),

®|ime=wy in R%

Here w,=rotu, Finally we put F* :=F{oF,;, v>0. We note that
the operators defined here are introduced in [10]. The following lemma
is due to [10] and [8].

LEMMA 2.1. Let 0<p'<B<], 0<B. Then F, is continuous as an
operator B?— V*. Furthermore, the following estimate holds:

(2.3) IFALS Tl < Ifllze,  f€ B~

__°c

B-1—ppP

PROPOSITION 2.1. Let v>0 be arbitrarily fixed. Let u® be a clas-

sical solution of (1.1), with u® € V; and rotu™ € Bf for some 0<B<1.

Then u.(t):= lim u®(x,t), 0<t<T, exists and moreover, u, € (C[0, T'))*N
|z] —c0

(CY0, T')). Furthermore, o :=rotu™ satisfies the following equation:
(2.4) o=FP[F, [o]+u.).

Conversely, let u.€ (C[0, T))2N(C*0, T))?* be given and let w € B% satisfy
(2.4). Then u® :=F, [o]+u. is a solution of the equation (1.1),, satisfy-
ing the asymptotic condition (1.5).

PrOOF. Put w:=u—F,[rotu™]. Then we easily get divw=
rotw=0. Hence w(-,t) is harmonic in R®. Since w is bounded, w(-,t)
is a constant; we put u.(t):=w(x, t). On the other hand, we get
lim F, ;[rot u®}(x, t)=0, since rotu" € B}. Hence we have lim u«"“(x, t)=

|z | >0 |x| >0

u.(t) and u” =F, ;[rot u’]+u,.. Taking the rotation of (1.1), we conclude
rot u” =F[u*]. This implies (2.4). The regularity of u. follows from
the identity w.—=u"“ —F,[rotu"]. Thus we complete the proof of the
first half. The latter half of Proposition 2.1 can be shown with a similar
argument to that of the proof of Lemma 3.3 in [8]. Q.E.D.

Henceforth, we assume u,=0, corresponding to the asymptotic condi-
tion (1.2), although the general case can be treated in a similar man-
ner. Now, we define S, :={C€ B%: ||[{|sr<|@olls0 [E]la.r< M} for given
0<B<1 and M>0. In the following propositions we assume that the
same assumptions of Theorem 1 hold.
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PROPOSITION 2.2. There are constants v,>0, 0<B<a, and M>0 de-
pending on a, T and |wy| s« such that F@[Ssy]CSpu for ve[o, v

PROPOSITION 2.3. For any constantsv,>0, >0and M>0, U F“[S;u]

. . 0wy
28 bounded in B3.

PROPOSITION 2.4. Let >0 and M>0 be arbitrary. Then, for each
v>0, F'“ s continuous as an operator B%— C([0, T') X R?) and moreover,
F»[S,.u] ts relatively compact in C([0, T') X R?).

Before proving these propositions, we prove Theorem 1 using Proposi-
tions 2.1-2.4.

Proor oF THEOREM 1. Let B, M and v, be as in Proposition 2.2.
We can apply the Schauder fixed point theorem to the operators F*,
v€[0,,], in the space C([0, T') X R?), by virtue of Propositions 2.2 and 2.4.
Hence there is a fixed point w® of F® in S,x for each v€[0,v,]. In

addition, it follows from Proposition 2.3 that U {0"’} is bounded in
OsuSyl

B%. This, together with the latter half of Proposition 2.1, implies Theo-
rem 1. Q.E.D.

Here we use the Lagrangian coordinates U, .[u]: R®— R?, 0<t,s<T,
uc Vy, given by the following: U, [u](x), x € R?, are the solutions of the
ordinary differential equations

d
(2.5) dt
U, [u](z)=2.

U..[u](x)=u(U.,[u](2), t)

We write simply U,,. for U, [u], if no confusion occurs. Then, as is well
known, it follows from u € V, that the maps U,, are volume preserving
diffeomorphisms on R? and U;.=U,, Using Gronwall’s inequality, we
get the following lemma.

LEMMA 2.2. Let 0<B<1 and let uc V4. Then,
(2.6) 10l s<c(1+T)(1+ |u]1sp,r) expleT|ullyz), 0Lt s<T.
The following lemma is proved in [10].

LEMMA 2.3. Let R>0. Then there exist constants 6>0 and M, >0
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depending only on R and T such that for any (€ By with |C|»-<R,
the following estimate holds:

(2.7) MU LFL2[E10] 5, 10e < M, 0<s,t<T.

Let us introduce some operators. Let 2 be a parameter taking every
value in (0, ). Let h; be h;(o)=(74)""exp(—p*2), pER. Given veV,
let ¢;., be functions on R*XR® given by ¢;.(x, y)=22""(z—y) (v(y)—
v(x))h;(|x—yl|), x,yE€R. We define operators I, and J,,: B°— B° by

(28) LLf 1) = [ [matle—yDrwidey,

(2.9) Tl £10)= | [pale. wirwidey,

for any fe B’. Given u€ V;, we define operators @,, and ¥, ,: By — B
for v>0 by

(210 0.ulo)e, )= Lo lo(UZ( ). s)](@)ds,

211) 7,005, )= Ju oacolg(Ua(), 8))ds,

for any ge B}. From a classical theorem given by Il'in-Kalashnikov-
Oleinik [7:8§4], we get the following identities:

(2.12) (@0/ot —vd+u-V) L[ foU 1= w0l foUrLl,
(2.13) @/ot—vd+u-V)0, [9]=9+7, .[9]

PROPOSITION 2.5. Let u€ Vy. If v>0, then F{[u] is given by
214 FP=Lew U+ S (— 100l W
=

where W, .: R*X[0, T)—R, given by Wv,u(xvt):J4ut,u(~,tJ[w0°Ut—,(1)](x)‘ If
v=0, then F[u] is given by

(2.15) FPlu](x, t) =wo(Uss()).

For the proof, see [7:section 4] (v>0) and see [10] (v=0). Using Prop-
osition 2.5 we give some estimates for F§.
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LEMMA 2.4. Let 0<B<1 and ve V. Then ¢, satisfies the follow-
ings:

2.16) Br.(0, Y) | Lol l5—v]),
2.17) § . ulsuida=0, >0,
2.18) § . dulaudy=0,  0>0,
219)  |§  @—ugule v)ds| <clolum 2 bz —y)), >0,

(2.20) |<§h_w=p(x—y)¢a,v(x, y)dy| <elollpot* 2 hullz—yl), 0>0.

Here y€R® (x € R?) s arbitrarily fired in (2.17) and (2.19) (in (2.18) and
(2.20), respectively).

PrOOF. The inequality (2.16) clearly holds. To prove (2.17), change
the variables z—2, z=x—y. Then, the Gauss theorem yields

§Iz_w=p¢a,u(x, y)dx=22#1hl(‘o)“
=0,

pdivo(z+y)d*z
<p

|z

since ve V. The equality (2.18) can be shown similarly. By the mean
value theorem, we not v(z)—v(y)=(x—y)-Vov(y)+r(x, y), where r satisfies
lr(z, ¥)| < ||vli+slz—y|?. Hence, changing the variables z:=x—y, we get

(2.21) §M_y|=p (T —y)dao(®, y)dx:Z}“hl(p)§ exz-(2-V)oly)dz

lz|l=p

+2z~1hx(p)§

. zXz-r(z+y, y)dz.
zl=p

The first term of the right-hand side of (2.21) vanishes since the inte-
grand is a homogeneous polynomial of degree three. It is easy to show

! 22’%(9){? zXz-r(@, y)do I <c|vll+s0* P27 ha(0).

lzl=p

Hence we have (2.19). The inequality (2.20) can be shown similarly.
QE.D.

LEMMA 2.5. Let 0<B/'<B<1, 8#0. Letve V. Then, for any f€ B,
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LIf] and J, . [f] satisfy the following estimates:

(2.22) ILLA < IS Nle,
(2.23) ILLS M .10e < NS Nlgitoc,
(2.24) 12, [f T8 < eAE=2 0]yl £ || .

Proor. The inequalities (2.22) and (2.23) clearly hold. We prove
(2.24) for f’=0 and B’=p. Then the case 0<pf’ <8 follows from inter-
polation. First we show the case §’=0. Using (2.16), (2.18) and the
Holder continuity of f, we get

(2.25) Tl 1) = || [rnle. 0 0 sy

<ell £ lallolh| hato)o?*'do
<l f lalol2*",

which gives (2.24) for p'=0. To prove (2.24) for /=8, fix z and 2’
arbitrarily. Then

226) LA 1)~ Tl 10)= | [rule’ y)f(y)dZy—SSm,u(x, W) w)doy.

Put z:=2"—y in the first term of the right-hand side and z:=z—y in
the second, and change the variables y —2z in the both. We get:

227) Tl £ 1) = T2l £ 10
= [[#rae’, 2+ e o)~ fle+) 2

+§ § (Bl 2+2) — §r.0(@, 2+ 2)} flo+0)d%
(:J1+Jz)-

Using (2.16) and the assumption f¢€ B, we have

228)  \LI<ololllf Lol —o 1| [hullzldz<cloll £l s
From (2.18) we obtain the following identity:

(2.29) Jzzgg{qh,u(x’, 24+2) =iz, 2+ 2)H{ 2+ 2x) — flzx)}d%=.

We shall give estimates for J, the cases |x'—x|>2"* and |2/ —x| <22
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separately. When |2'—2x|> "%, using (2.16) we get

(2:30 Tl <elollf o l21#hast 202
<ol £ 152 <cloll £ lsla’ "

The remained case: By the mean value theorem, we note

[@:,0(%", 2+ ") —Ba(x, 2+2)| =[227"2 - {v(2') —v(2+2) —v(x) +v(2+2)} ha((2])
<edY|v|s|a’ —||2|hi(|2]).
Thus we get

2:31) Il <ea ollaf —al 1. o] [ 11+ 2ha |2 a2

<clpll ]| £ (a2 2" —2|
<c|ofl:]| £ llsle" ==l

since |#'—z|<A'®. Thus we have |J,|<c||v|]|fllsl2’—=|® in both cases.
This, together with (2.27) and (2.28), yields

(2.32) 2,0l 1a") = o, [ 1(@) | < cllo]lu]| £ 1] al2” — 2],
which shows (2.24) for p’=p. This completes the proof. Q.E.D.
From -this lemma and Lemma 2.2, we obtain the following corollary.

COROLLARY 1. Let u€ Vrand let 0<p'<p<1. Then, for any g€ B%
and for v>0, the following estimates hold for 0<s<t<T:

233 [Luealo(Ua), s1<IU 1A )
234)  [2..0)(-, 6)1+< exp(eBTluln)| lo(-, o)l ds

235) [ Tuemnc o[0T, 811 <elolt—s) 20
Xl exp(eBTluls.)lg(-5) s
236)  [Z.lg)-, )l s<elul. exp(eBTul,n)| lo(-. 5)luds.

The following corollary also holds.

COROLLARY 2. Let u€ Vy. Let 0<B<a. Then, for v>0, the follow-
ing estimates hold for t€[0, T).
i+l
231) (100 Waal-, 8)|a< 0 (08) P a0y —— 2
( 12, Wl ll<elot) P e~
xexp(caTlullz){clul.rexp(cpT|ul. )}, 5=0,1,2,---,
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(288) (T Wiu(-, )l s<e(ut) P 0ol %
X {c|ull,rexp(cBT ulls,2)}*, §=0,1,2, .
Proor. Using (2.36) j times repeatedly and (2.34), we get
2.39)  [9,u(T...) W,ulls< exp(efTuluz){clull.r exp(cB Tllull,r)}
[ds] dsie [T 1wt sl
sexp(0§zllullm){0||u||1,rexp(CﬂTllulll,r)}"

° —1
XW os;}g | sss,uc., [ @00 Us o]l -

Using (2.35) and (2.6), we get
(240)  sup [|Fue,uc mlone sollla<e(wt)“ PP wollallull,r explea T|u]1,z).

From (2.39) and (2.40) we get (2.37). The inequality (2.38) can be shown

similarly. Q.E.D.

Using these lemmas and corollaries, we obtain a certain estimate
for the operator F'{.

PROPOSITION 2.6. Let 0<y<l. Let u€ Vy. Then, for v>0, F'[u]
satisfies the following estimate:

(2.41) IIFé”’[u]Har,TSg}gllwwUzéllar+c(vT)‘““"”’2llwolla
X exp(ca T ul,r){exp(cT|ull,rexp(cT|ul,r))—1}.

ProoF. From (2.14), (2.15), (2.22) and (2.37), we get
(2.42) ||F§”)["]”ar,Tgoi1¢1<pT||w0°Ut_,tl>”ar+C(VT)(a-a7)12||wo|la

X 3~y epleaTlulo)(elulus explear Tlal )

for v>0. Computing the series, we have (2.41). Q.E.D.

PrOOF OF PROPOSITION 2.2. First we use Lemma 2.8 setting R=
loollze. Let 6 and M; be the constants given in this lemma. Then we

have

(2.43) 10 [FralCTlloi0e< My 0<¢,s<T,



236 Ryfiichi Mi1zuMACHI

for any (€ B} with ||{|sr<|wo)s0. We take f=ad and M=2(M;+1)
X |wollso. Let € Ssu be fixed arbitrarily and put w:=F,.[¢]. The B°
norm of solutions of the equations (2.2),, v>0, does not increase in time:

(2.44) I F L] 80,2 < [| o) 20

We show ||[F”[{]|l.s<M for small v. Using Proposition 2.6 and (2.43)
and noting [ U:3]las< | Usd|l§ 0cll @olla+2[@oflo, we have

(245) [ F[a]lles,r < M| qlla+ 2l @oflo+ (0 T) 0|y ]| g (c2 Tl al]1,2),

where q(o)=e{e** —1}, p€R, and ¢;, j=1,2, are fixed constants. From
Lemma 2.1, we get |lul,r<cs(M+ | wo|z)/ad, where ¢, is a fixed constant.
Thus we have

(2.46) | Fe ]l r < (M +2) || 0o ]| 52 +1(0 T) ™ |

X q(cocs T(M+ ||, || 50) /xd).
Let v, =T (c,q(cocs T(M+ || @, 50) [ad) " M5} «=«®, Then we get, for 0<v<y,,
(2.47) I1F5 (1]l a0, 7 < (M3 +2) ||y ]| 2 4+ M| 05|« < M.

From (2.44) and (2.47) we conclude F'[u]€ S, » for v€[0,y,]. Since u=
F.7[¢] and €S, is arbitrary, we get F[S, x]CSsu, v€[O, vi].
Q.E.D.

PRrROOF OF PROPOSITION 2.3. Proposition 2.3 follows from Proposition
2.6, (241) with y=1, and Lemmas 2.1-2.2. Q.E.D.

LEMMA 26. Let v>0 be arbitrarily fived. Let 0<B<1 and M>O0.
Then sup |F®[](x,t)|—>0 as L—oo, uniformly im t€[0,T) and in
|zl 2L

CeSon

PROOF. Let {€Ssx and u=F,,[{]. Then, by (2.34), (2.35), (2.36) and
Lemma 2.1, there is a constant C depending only on 8. T, M and |w,| s
such that

o . . © Cj-H.
. -1, (T, )V W,uller<C Y —2—r, =0,1,2,---.
(2.43) | j/;"( | VP u(¥o k' Woallor<C 2 Gior "

Hence we have

(2.49) | i (=1, (¥,.) W, ullo,s—0 as n— oo, uniformly in € Spu.
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We note lim w,(x)=0 since o,€ B’. We also note |ul,<c|/{» and
|z| >0

suI%]Ugé(x)—xlgcTHCHBo. Thus we deduce
2€

(2.50) | I, [weoUisl(x, t)|— 0 as |x|— oo, uniformly in t€[0, T')
and in € Spu,

and

(2.51) 1D, o(¥,..) W, ..z, t)| >0 as |x]— oo, uniformly in t€[0, T)

and in C(SLSAM& j=0,1,2, .- -.

Combining (2.49), (2.50) and (2.51) with Proposition 2.5, we get the con-
clusion. Q.E.D.

ProOF OF PROPOSITION 2.4. The continuity of F* for fixed v>0
follows from a classical theory of continuous dependence of solutions of
(2.2), on its coefficients. The relative compactness of F*[S; ] for fixed
v>0 follows from Lemma 2.6 and (2.44), (2.45) (see [10], Lemma 2.2).

Q.E.D.

§3. Proof of Theorem 2

We show the uniqueness of fixed point of F* for each v>0. Under
the assumptions of Theorem 1, the following propositions hold.

PrOPOSITION 3.1. The fixred point of F® in U B% is unique for

0<A<1
each v>0.

PRrROPOSITION 8.2. The fixed point of F® in U B2 is unique.
0<A<1

PRrROOF OF THEOREM 2. Let 0<p<1. Given v>0, let »®, v¥ ¢ V%
be solutions of (1.1),, (1.2) with rot«®, rotv® € B4. Then Proposition 2.1
implies that rot«* and rotv® are fixed points of F*>. Hence rotu™ =
rotv® follows from Propositions 3.1 and 8.2. Then, by Proposition 2.1,
we get u”=F, ;[rot u®]=F, ;[rotv®]=0v". Q.E.D.

To prove Proposition 3.1, we use L' estimate for solutions of inhomo-
geneous parabolic equation:
0
—w—vdo+u-Vo=g,
(3.1) ot
©|,mo=f.
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We know by [7:section 4],

LEMMA 81. Let v>0, u€ Vy be fizred arbitrarily. If g=0and f€ B,
then the solution w of (3.1) satisfies

(3.2) [Vo(-, )| o< CE | f |10,

where C depends only on v, |uler and |ulir. While, if f=0 and
g€ LY 0, T; B) then

33) o, Ow<C| lg(- 5) s,

where C depends only on v, |ulor and ||ul.z.

PrOOF OF PROPOSITION 8.1. Let 0<B<1. Let ¢ and ¢ be fixed
points of F* in Bf. Put v:=F,,[{]. Then {, satisfies (3/ot—vd+
v-V){;=0. Hence by Lemma 3.1, we get ||V{y(-, t)||5<C| w,| Bsot */* where
C depends only on v, 8 and ||&,|/zs.r. Put u:=F,;[¢] and w:={ —¢, Then
o satisfies (0/0t—vd+u-V)o={v—u)-VE, w|,-,=0. Hence from Lemma 3.1
and (2.44) we get

(34 ol Olw<C[ 1 tu—0)- V& 5) s
<[ IVl sl a—o)(-, 9)lds

ﬁC“wonBOSt s |w(-, s)| sods,

0

where C depends only on v, 8 and |&|ss,r, =1,2. With standard argu-
ments, we conclude w=0 from (3.4). Thus we have {;={,. Q.E.D.

Let 9 be the set of all volume preserving diffeomorphisms U: R — R®
with |U|,+ U, <oo. Given f€ B°, we define an operator A,: 9 x P —
(C(R")* by

(3.5) 40, V)@ =|[s0s-vorway,  ser,

for any U, Ve 9. Here and in what follows, we write Uz for Ulx).

LEMMA 3.2. Let >0 and f€ Bf. Then A, is Lipschitz continuous
in the sense

(3.6) 1As(U, V) =AW, V)[o<C|l fllzs(L+ [ VNI T— W],
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(3.7) |AA(U, V)= AU, W) [[o<C|l fllss@+ [ V)V — Wl
hold for any U, V, We 9, where C depends only on B.

Proor. First we note AU, V]x)=F[foV*](Uz). Hence from
Lemma 2.1 we get |A,[U Vi&)—AJ[W, V](x)IS%[lfOV‘IIIBﬁ[Ux—Wx[.
Since || fo Vs | f o+ 1 Il VAL A lss(1+ [ V74), we have (3.6).

Put d:=||V—W|, Since |A,(U, V)|,<c| fl|lz holds, we may assume d <
1/4 without loss of generality. Using volume preserving property of V

and W, and using SSI _k)dy=0, we get
<1

(3.8)
AU, V(@) — 4,0, W)= KUz — Vo) f () —f (V- U)ld™y

|Uz-Vyl<1

+SS|V:—VV|21k(Ux_ Vy)f(y)dz’_ll
—Sglvx_WyIQk(Ux_ Wy){f(y)—f( VﬂlUx)}dZy
—HwVWulzxk(Ux_ Wy)f(y)d*y.

Using this, we give a decomposition of AU, V1(x)—AJ[U, Wl(x), x € R
arbitrarily fixed. Let D,, j=1,2, ---, 5, be the following subsets of R*: D,=
{y :min(|Ux— Vy|, |Us—Wy|)<2d}, D,={y:2d<|Uxr—Vy|<1, 2d<|Ux—
Wy| <1}, D={y:|Uz—Vy|<1, |Uz—Wy|>1}, D={|Us—Vy|>1, |Ur—
Wy| <1} and D=1y : |Ux— Vy|>1, |Ux— Wy|>1}. Then the decomposition
is

39 AU, Vi) - AU, W)= X K,
where
810)  Ho=(| tk(Us— Vi)~ kU — Wy fw) —A(V T,

(3812)  Hi=\\ {(k(Uz—Vy)(fly) —f(V'Uz)) —k({Us— Wy)f(y)}d*,

(3.13) K=

)
81 Ho=|(|, #(Us— Vo) KUz~ Wy FW)-A VT,
)
([, tee— W (f0) —A(V-U) — k(U= Vi) W)y,



240 Rytichi M1zuMACHI

(3.14) J<5=HD (o(Un— V) — k(U — Wy)} fy)d.

Let us give estimates for K,,j=1,2, ---,5. Since |k(z)|<c|x|™’, we have
(3.15) | K| <Zell £ld-
Since
(3.16) () —k(y) =1 12=YL e,
2 |=z||y

and since |f(y) —f(V'Uz)| <[ f sl V7' Vy— VU < || Flloll V71| Vy — Ux|?,
we get

(3.17) | Kl <ell £ 116l V|5 /8.

Since |Uz— Vy|>|Ux— Wy|—|Vy— Wy|>1—d>3/4 in D, the integrand
of K, is estimated by c| f|,. Furthermore, since 14+d>|Uz— Wy|>1 in
D,, Lebesgue measure of D, is less than cd. Hence we deduce

(3.18) | Kl <ell £ 1lod.
Similarly we have

(3.19) | K el f1ld.

Using (3.16) we easily see

(3.20) | Kl <ell £ 1d.
Combining (3.15), (3.17)-(8.20) with (3.9), we have

(3.21) |AAU, V() - AU, W](x)lé%!lfllsﬂ(H 1V=1h)d.

Since d=| V—W]||, and z is arbitrary, we get (3.7) from (3.21). Q.E.D.

ProOF OF PROPOSITION 3.2. Let { € B}, i=1,2, be fixed points of
F®. Put w:=F ;] and v:=F,;(]. We write U,:=U,JJu] and
V.:=U.lv], 0<t<T. Note that {,=w,cU;"' and {,=w,° V;!, by Proposi-
tion 2.5. Hence it suffices to show U,=V, 0<t<T. Let d*/dt be the
right upper derivative. We get
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d+ d
7d—t—” Uz_ Vt”og “-dt_(Ut_ Vt)”O

= ”Amo[Utv Ut]—Amo[ V., V:]Ho
<Clloy zell U= Villo,

by Lemma 3.2, where C depends only on «, 8 and “CiHBﬁT, 1=1,2. Hence,
from Gronwall’s inequality, we obtain ||U,— V.||=0, 0<t<T. Q.E.D.

§4. Proof of Theorem 3

Let ), v€[0,v,], be the unique solution of (1.1),, (1.2). Put o®:=
rotu®, and U :=U, . [a*], 0<s,t<T. The following proposition is the
key to the proof of Theorem 3.

PROPOSITION 4.1. There 1s a constant C depending only on «a, T,
lwgllsa and v, such that for 0<v<uy,

(4.1) U3 — US| Ct(vt)+r, 0<t<T.

We shall give the proof of Proposition 4.1 after showing some lemmas
and a proposition.

LEMMA 4.1. There is a constant C depending on «, |w,| s, T and v,
such that for 0<v<y,,

(4.2) 4| 14a,r<C,
(4.3) [U14.<C,  0<s,t<T.

Proor. The estimate (4.2) follows from Theorems 1, 2, and Lemma
2.1. Then (4.3) follows from (4.2) and Lemma 2.2. Q.E.D.

LEMMA 4.2. Let Uc 9. Then,
(4.4) “Ix—Uyl"h;(ly—zl)dzyéc(llUHI+IIU“Ih)Iz—U“wI‘l, *, 2 € R
Proor. First we note

(4.5) 1Tz —U | <|Uz—x|<|Ulhlz—=U""x|, =, z€R".

Fix x and z arbitrarily and put D:={yeR*:|x—Uy|>@2|U.) X
|z—U'z|}. Then by simple calculations we get



242 Rytiichi M1zUMACHI

46)  |], lo=UyI"hilly—2hdy< sup lo—Ty [y —2l)ary
<c|U7|:|z2—U 2|

For ycR\D, we have |y—z|>|z—U'z|—|y—U'z|>|2—U"'%|/2 using

(4.5). This implies

40 (], = by —2Ddt< sup hatly—2D ([, lo— Uy~ dy
R*\D ¥¢D R“\D

Schy(|lz=U""a)|U| 2= U
<c|Ulhlz—U"x|.

Then combining (4.6) with (4.7), we get (4.4). Q.E.D.

LEMMA 4.3. Let 0<pB<l. Suppose that UE D, |U|s<0 and
veE V',  Then, for any f€ B,

(48) |[§{[eto—v0g.0t0. Az | <Cl £ asta 2200,

where C depends only on B, |vly, |0lws 1Uln |Ulls and U,

Proof of Lemma 4.3 is given in Appendix. The following corollary is
an immediate consequence of Lemma 4.3.

COROLLARY. Under the same assumptions of Lemma 4.3, there exists
a constant C depending only on B, |[vly, 10liws Ul |Ulliss and U,
such that for any f¢€ B,

(4.9) IFALT oL f 1 U< CI f | 26(2+ 244P77).

LEMMA 4.4. There exists a constant C depending only on a such
that for any f€ B°,

(4.10) IFLLL M= FLA W< OIS [l5ad 7%,
PROOF. Since ”h;(lzndzz:l, we get

41 FILLANE) — P = | [ea—o {{ [ray—2) @ —ranae)aw.

We put n:=y—2z, and change the variables (y,z)— (9,2). Then from
Fubini’s theorem we get
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412) FILL @)~ FiL 1)
=[[matia0{ [ [ree—z =) () rla-+ e}y

={ [t F L Yo =0~ Fil Y.
Using the mean value theorem and Lemma 2.1, we have
(4.13) |FALf 1@ —n) —F\[f (@) + - VELF1(@)| <C| f || sl 7]

where C depends only on «. Noting that SShZ(h;]);y-a d*p=0, for any
ac R?, we get

14) [ [l L 1w =)~ Pl Yy
=|[[ratiaDFLr V=)~ FiLF V) +7- VLS Yy

<Ol £ e {171+ <R 91)

ZC| f | gad®Fr,
where C depends only on a. Combining (4.14) and (4.12), we establish
(4.10). QED.

Using these lemmas, we get following Proposition 4.2.

PROPOSITION 4.2. Let v€[0,v,]. Then there is a constant C depend-
ing only on a, T, v, and |w| s« such that

(4.15) la® (-, 8) —a® (-, ) [, <Ce) 2+ Cl U = U],

Proor. By Proposition 2.1, #® =F, ([rot u”] and rot «® =F“[rot u™]
for each v€[0,v,]. Hence Proposition 2.5 yields

4.16)  w® (-, t)=F\[I.[ow ?”‘]]—E[Z(—1)"“@»(%)"W»(-,t)]

J

for v>0, where ¢,=0 ., 7.=¥ . and W,=W . For v=0,

(4.17) 2O (-, t) =F[w o U® ).

Hence using Lebesgue’s theorem, we have
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(418)  u( ) =u(-, ) = FLufoeUP "1~ Filops U ]
—FOW.( 01+ F| 0.8, £ (~F)W.] 0]

=0

for v€(0,»,]. We evaluate the right-hand side of (4.18). Using the
triangle inequality, and using Lemma 4.4 (4.10) and Lemma 3.2, (3.7),
we get

(4-19) “Fl[Im[wo°Ugu)ﬁl]]_Fl[wo"Ugo)_l]”o
<|IF ol U 11— Filow U o+ | Filow U™ 1— Floe U ],
L C @yl 5a(vt) 24 C |y | 5ol U — TP o,

where C depends only on «, T, |||z« and v,. Repeating the arguments
used to deduce (4.12) from (4.11), we have

(4.20) F[O.W,(-, t)]:FIUZIM_”[ WU (), S)]ds]
:S:IM,_”[FI[ W.(U27(+), s)]lds.

Using the volume preserving property of Ui,“,,’“l, we get

421)  FIW,U 8)])= j j ”k(x— U0 denald) o (4, 20U 2)d22d?y.
Hence by Lemma 4.3 we have

(4.22) | FLWLU ™, )10 <Cllww U ™ a(4vs) tor
SC(US) ata)z

where C depends only on a, T, v; and ||wo||z«. Integrating the both sides
with respect to s, we get

(4.23) I[P, W, (-, )]l gStC(us)‘”a’/stgCt(ut)<‘+a>/2,
0

where C depends only on a, T, |wo||z« and v,. Similarly, from (2.38) we
deduce

(4.24) IR0, 5 (—T)W.( )]l <Crpt) s+,

where C depends only on a, T, |w)z« and v,. Combining (4.19), (4.28)
and (4.24) with (4.18), we conclude that (4.15) holds. Q.E.D.
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Proor oF ProrosITON 4.1. Using the triangle inequality, we get
(4.25) d/dt*|US—U% o< a (-, t) —u® (-, ) o+ [a® (-, OLITE = Ushllo-
By Proposition 4.2 and Lemma 4.1 (4.2), we get
4.26)  djdtt|| U —UD [, <Ct)* o+ C| UL —US%ll, 0<t<T,

where C depends only on «, T, ||z« and v,. Using Gronwall’s inequality,
we conclude

(4.27) U —UP |, L Ct(wt) 12
for 0<v<y,, where C depends only on a, T, |w,|. and v,. Q.E.D.
Proor OoF THEOREM 3. The inequality (1.3) is an immediate conse-

quence of Propositions 4.1 and 4.2. Let us prove the inequality (1.4) for
B=0. Since 0 =F{[u*], Proposition 2.5 yields

428) 0¥, 0) =0 (-, ) ={Lulow TP 1—wew U )
HowlUo " 0o U0 7+ 3 (170, W,

for v>0. Using (2.3) and Lemma 4.1 (4.3), we get
(4.29) | Ly dwo U ™ =0 UP ™ [y < ellwpo UP ™ [|a(vt) 2L C ()

for 0<v<y,, where C depends only on a, T, ||w,|. and v,. Using Proposi-
tion 4.1 and Lemma 4.1 (4.3), we have

(4.30) lww U ™ — e UL o< llolla U = U0 ™5
=@l TP T (UO —UP) UL
<@l T 2| TP —T
SC(Dt)a(Ha)/z

for 0<v<y, where C depends only on «, T, ||w. and v;,. By (2.37) with
p=0 and Lemma 4.1, we get

(4.31) [ 2 (=10, W) W,(-, t) o <C(vt)*?
for 0<v<y, where C depends only on a, T, |w s and v,. Combining
(4.29), (4.30) and (4.31) with (4.28) we get

(4.32) l@® (-, 1) —0@(-, ) o< C(ut)*
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for 0<y<y, where C depends only on «, T, |||« and v, Thus we have
proved (1.4) for =0. For B=a, (1.4) is a consequence of Theorems 1
and 2. For the case 0<S<a, (1.4) follows from interpolation. The con-
vergence of «* in (C([0, T); C**7(R?%))? follows from (1.4) and Lemma 2.1.

Q.E.D.

Appendix. Proof of Lemma 4.3
Let J be the integral in the right-hand side of (4.8):
(4.33) Jg :H‘Hk(x—Uy)qﬂl,v(y, 2)f(2)d*ydsz.

Put K=(|U|,|U ). Let D;, 5=0,1, --.,5 be subsets of R®XR? given
by

Dy= U D;={(y,2): |z2—U2|<1, |y—2z|<K/2},
2):|z=U|<V 2, |ly— z]<K/2}
Dz:{( 2 VA< |e—Uz| <1, |y— z|<—|z U- xl}

{(y, 2): VA< |e—U"z| <1, —[z—U“xlg[y~z|<K/2},

Di={(y,2):|z=U""2| =1, |y—2|<K[2},
Di={(y,2): ly—2|=K/2}.

Let J,, j=0,1, ---,5, be given by

(4.34) J,= f(U“x)HSSDOIc(x _Uy)droly, 2)dPyd

w3s)  I=|[l[, o—vnginty. A s0—rU )y, G=1,2.3

use)  I=([(], va-vngw.ar@dvan =45
Then we have
(4.37) g= é g

Let us give estimates for J;, j=0,1,2, --.,5.
Estimate for J, Put Df:={(y.2):(2,y)€D}. Since ¢;.(y,2)=
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$1,.0(2, ¥), we get
438) = (U“x)HHDOk(x—Uy)gzﬁ;,v(y, 2)deydz
wrwen([f], =00 —ka—Ua) gty Az

By virtue of (2.18), the first term of the right-hand side vanishes.
To evaluate the second term, we first note |(k(x—Uy)—k(x—Uz))|<
c|URIUIlly—2| in D\D§. Put &:=y+2—2U"'2 and 5:=y—2. We
change the variables (y,z2)— (&, 7). The image of D,\D§ by this trans-
formation is included in D*:={(&, n): 2—|9|<|€|<2+|7]|, |9|<1/2}. Hence
using (2.16) we get

(4.39) \ Smpo\% (klw—Uy) — k(@ —Uz) .oy, 2)dyd’z
< ({1, 1o 10910l s )2
Zc[| U3 Ullllvll 4.
Thus we have
(4.40) |Jol K| UENUlllvll]l £ loa.
Estimate for J,. Using the estimate (2.16) and Lemma 4.2, we get

wa) SI<I|f e UepdE [ {lo—ul gty 2la)

el flelol: (1A INT ) 200
Estimates for J, and J,, We expand v at y=z:
(4.42) v(y) —v(2)=((y—2)-V)v(z) +r(y, 2),
where r satisfies
(4.43) r(y, 2) | <I[vllye- [y —2]".
We also expand k(x—Uy) at y==z2:

(4.44) k(x—Uy)
=k(z—Uz)—{((y—2) - V)Uz+1.(y, 2)} - {VEk(x — Uz) +74(; ¥, 2)},

where r;, j=1, 2, satisfy

(4.45) |7 (v, 2)| <|Ullipsly—21"*%,  y,2z€ R,
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(4.46)  |n(w; v, 2) | <UL U ily—2llz—U"2|™",  x€R’, (y,2) €D,

(4.47) Ima(@; 9, 2) | <c| UL U lily—2], ®€R (y,2) € D
Using the expansions (4.42) and (4.44), we have
(4.48) J:Sm k@ —U2) b0y, 2)(f () —F(U ) d2yd

M Uz}Vk(x—Uz)(z—y) -{((y—2)) - Vv(2)}

X227 (|y 2|)(f(2) —f(U ")) d*yd*2

S SSDZ V)Uz+71,(y, 2) {VEk(x —Uz) +15(x; ¥, 2)}
SS

gl

(z y) (Y, 2)227 b (ly —2]) (f(2) —f (U 'x))d*yd’%
V)Uz+1.(y, 2)}r:(z; ¥, 2) +71(y, 2)VE(x—

y) {((y 2)-V)v(2)}227 ha(ly —21) (f(2) —f(U ")) d*yd .

The first term vanishes owing to (2.18). The second term also vanishes
since the integrand is a homogeneous polynomial of y—=z of order three
for fixed z. We give estimates for the last two terms using (4.43), (4.5)

and (4.46), concluding
(4.49) || <C f[|,2+27,

where C depends only on 8, [[v],, [vlls (Ul [Ullise, and [T

similar manner, we can evaluate J, using (4.47), obtaining

(4.50) | I <CIf @+ 20420,

where C depends only on 8, [v]s, [[vlls Ul [|Ullis and U,

Estimate for J,. In D, ¢,, satisfies

2y TT-1m|2
W5 a2l <elolhay—a) exp( - EIEZT2E),
Thus, using Lemma 4.2, we get
ws2)  1Sd<elolil £ ([[, 12 =00 hally—2Dle—Utale
_Kz—=U"2*\ 2,2
xexp( )

e[l F s UlLA T ) K- +220 00,

In a
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Estimate for J,. In D;, ¢,, satisfies
(4.53) 162,04, 2) | <cllvllsha(ly —2])e .

Thus, using Lemma 4.2, we get

w54 | S<elol|[[], o UvI hully =2 e dydz < Clol £ 122

Combining (4.40), (4.41), (4.49), (4.50), (4.52) and (4.54) with (4.37), we get
(4.55) |II<C| f || e(a420+21),

where C depends only on 8, [[v]l,, [0]i+s Ul [|Uli4s and U,
QE.D.
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