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§1. Introduction.

Consider the time-periodic Schrodinger equation with period w>0

(L.1) i‘aa?“(t’ B)=(— 4+ Vi, a)ult, @), ult, ) LR,

(1.2) Vit+ow, 2)=V(E, 2), teR, xr=R",

where 4=3X7%_,0%0x% Under suitable conditions on V(t,z) ([16]), Eq. (1.1)
generates a unique unitary propagator {U(t, s) : —oo <t, s<oo} in L*(R™) and
the solution u(¢) of (1.1) with the initial condition u(s) =u,= L} R") is given
as u(t)=U(, s)u,, By virtue of (1.2) U(t,s) satisfies the periodicity
Ult+w, s+w)=U(t, s) so that the large time behavior of U(t, s)u, is closely
related to the spectral property of the Floquet operator U(s+w, s). On the
other hand the spectral property of U(s+w, s) may be studied by means of
an explicit operator —id/ot—d+V(t, x): If we let KX=LXT)QL*R"),
T=R|wZ, and K be the natural selfadjoint realization of —id/ot— 4+ V(t, x)
on K, then via the unitary operator

(U @)=Ult, s)f(t) for s<t<s+ow
we have

e K= (1R U(s+o, s)U*.

In this paper we study the behavior of the resolvent R()=(K—¢) ! of K

near the real axis and prove the so-called limiting absorption principle for

K, the existence of the boundary values lim R(1+1e) for 2 R in certain
clo

weighted spaces. As a byproduct, it will be also shown that any of the
eigenfunctions of K is smooth and all its derivatives are rapidly decreas-
ing with respect to x. The application of this result for the scattering
theory for (1.1) will be the theme of a forthcoming paper.

We assume that the potential V(¢, x) satisfies the following assumption.
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D,=—10/0t and D,=(—10/0x,, —10/0%s, -, —10/0%x,).

ASSUMPTION (V). V{(t, x) can be written as V(¢, x)= Vi(t, x)+ V(¢ z)
where VX(t,x) and V5(¢, %) are real-valued functions periodic in ¢ with
period w>0, and satisfy the following properties:

(1) V¢, 2)eC~(R™*") and for any multi-indices @ and B,

(1.3) |DEDEVE(E, @)| S Cap(1+a) ™8, (¢, ®) e R™,
where m(j) is the sequence defined by

m(7) =20 when j=0,

m(j)=14+6j  when j=1, 0<d<1.

(2) When n=3, (1+|z))'"°VS(t, ) L=(T, L>(R")+ L>(Tx R") for some
p>n. When n=2, (1+|x)***V5(t, x)(H,+1) 7 is a bounded operator in X
for some 0<y<1, where H,=—4. Whenn=1, (1+|z|)**°V5(t, x) € L*(TX R").

We note that if we let K, be the unique selfadjoint extention of
—10/0t— d|¢2rvrny on K and V be the multiplication operator by V(t, ),
then V is Kybounded with Ky bound 0 under Assumption (V), and K=
K,+V with domain D(K)=9D(K,) is selfadjoint.

For stating our theorems we need some of the notation. The space
B=B(R", L*(T)) is the Banach space defined by

B=luek: lul,= §1<Rjg [t x)l"’dtdx>1/2<oo}

X

where
ROZO, Rj:?.j_l when J>0, X]:{x ) Rj_1<|x|<Rj}.

Its dual space B* is given as

7] 1/2
B*:{ueLfoc: IIuIIB*:sgp<R;1S SO |u(t, x)|2dtdoc> <00}.
>0

-Xj
B* is defined by

é*:{ueLfoc : R"S (wlu(t, x)|’dtdx—0 as R—»oo} .

1ZIKR .0

It is well known that C5(TxX R") is dense in B and that B* is the closure
of Cy(TXxR™ in B*. We note that
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14 3= sup B~ (" tutt, o) dtde < auls..
R>1 RJo ‘

1r1<

For se R, L?=L?(Tx R") is the Hilbert space defined by
1; ={ueLi.: ”“H?:S:S @, o) Pitdn <o)
R

where <x>=(1+|z|’"%. For a Banach space X, .L(X) is the Banach space
of all bounded linear operators on X. For operators A and B, [A, B]=
AB—BA. We introduce the following Hormander’s notation. For 061
and [, meR,

S({@>HKEN+ )™, Gs)

={peC>(R""'X R"): for j=0,|pl’= max sup

la+B+r+ni=j %, EeRn+1
CaytOBUCEY + (kD) T TR D DEDLDIp(t, w, k, )| < o0},

where #=(t,2) and €=(k,&). For peSKaD'(<&>*+<k>)™ G;), the pseudo-
differential operator (Ps.D.Op.) P with symbol p(%, €) is defined by

PiE)=p(@, Df@=@x) | etipe, H7@d,

JRNF1

where f() is the Fourier transform of f:

o~

F@O=@nooe| o i,

The symbol p(&,€) of P is denoted by o(P). We write the set of all Ps.
D. Op.’s with symbols in S(<x>*(<&>*+ kD)™, G5) by Op S(Ka> (<& +<k))™, Gy).
When p(%,£) is periodic in ¢, P maps periodic functions into periodic func-
tions. Thus P is considered as linear operators on function spaces over
TXxR". D=(D'+<D Y is the Ps.D.Op. with symbol (<&)*+ kD'
H, , is the weighted Sobolev space :

H,,=ueS  Julle,=IKad Dul x < o} .

For xR, [x] is the greatest integer not greater than . C*={{eC:
Im{=0}, Ci={{eC*: p<Rel=<1—yp}, 0<pu<1/2. R*={zeR: x>0}
Now we can state our main theorems.

THEOREM 1.1. Let V(t, x) satisfy Assumption (V). Then:
(1) The eigenvalues A€ R\2r/w)Z of K are of finite multiplicity,
and form a set A which ts discrete in R\(2r|w)Z.
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(2) The corresponding eigenfunctions belong to Hyp, for every yeR.

(8) For every A€R\(AUQ@2rlw)Z) and feB, lim DVRQf=
DUR(A+I0)f ewists as @ weak* limit in B. oree

(4) For every feB, DV’R(A+10)f 1s continuous in A in the weak*
topology of B*.

(5) u=R(A*10)f 1s a unique solution of (—id/ot—Ad+V(t, x)—ANu=f
which satisfies D"ueB* and afzx, D)ue]ci’* for every a(x,k,§)e
S((KE Lk, G))  wanishing on N.QQ)={(x,k, &) e R*": x=21¢ [=0,
&+ 2nklw=2, and ke (wi/2x], [(wi/27)+1])}.

THEOREM 1.2. Assume that VS(t,x)=0 in addition to Assumption
(V). Then every eigenfunction ¢ of K corresponding to the eigenvalue
A€ R\(Q2rxlw)Z is smooth and

(1.5) | DEDéo(t, 2)| < Cppy<ad ™"

or all multi-indices a, B and for every yeR.

It is needless to say that the limiting absorption principle (LAP) plays
important roles in the scattering theory. Up to middle 1970s this was
the most powerful tool for proving the asymptotic completeness (AC). In-
deed Agmon [1] and Kuroda [9] (resp. Kitada [8] and Ikebe-Isozaki [5]) have
settled the AC problem for short-range (resp. long-range) potentials using
the LAP at the crucial steps of their proofs. Though its role for the AC
problem became less eminent after the appearence of the time-dependent
method (Enss [3]), the LAP is still indispensable for studying properties
of, for example, the scattering matrix.

The LAP for Schridinger operators with long-range potentials was
first proved by Ikebe-Saito [6] and independently by Lavine [10]. These
results were subsequently extended to general elliptic operators by Agmon
[2] (cf. also Hormander [4]) and to some non-elliptic operators (cf. Tamura
[18], Iwashita [7] and Mochizuki-Uchiyama [11]). We should also mention
Mourre [12] which elaborated the Lavine’s commutator method.

Our operator differs from the ones previously studied in the respect
that K, is not elliptic and the energy surface £2+42rk/w=2 is not compact,
and that the space TX R" is compact in ¢t-direction. We shall show, none-
theless, that the standard method for elliptic operators summarized in
Hormander’s monograph [4] still applies to our operator with a few modifica-
tions. Note that when V=0, our operator (K,—{) '= @i _o(—4—2zklo—{)™*
and we can control (K,—{)™' once we establish estimates for (—4—¢)
which is uniform in {=C. Thus we need keep track of the Ai-dependence
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of various estimates for elliptic operators. .

The organization of our paper is as follows: In Section 2 we briefly
review some of the properties of Ps.D.Op.’s and prepare several lemmas
needed in the next section. In Section 8 we establish a priori estimates under
the assumption that V=0 and obtain Theorem 1.2 as a corollary. In
Section 4 we take a short-range perturbation into consideration and prove
Theorem 1.1.

§2. Preliminaries.

In this section we review some basic facts about function spaces and
Ps.D.Op.’s, and prepare some lemmas which will be needed in what follows.

The function spaces B, B* and L? are as in the introduction. We have
the following interpolation theorem.

THEOREM 2.1. Let a linear operator T satisfy that |Tf|_.<Alfll-;
and that |TfI,<A|fls for some s>1/2. Then there is a constant C; such
that || Tfl < C,Allfl 5.

PROOF. The proof of Theorem 14.1.4 in Hoérmander [4] obviously ap-
plies to vector-valued functions and yields the theorem.

The space of symbols S(<x> (<€)% + k)™, G;s) with the topology defined
by the seminorms |-|} is a Fréchet space. When AC R* and ce R, we say
{a}ica is bounded in S(A°<xd'(<EX*+<k>)™ Gs) with respect to ied if
{A °a;}1e4 1s bounded in the Fréchet space S(<ax)(<ED2+<ED)™, Gy).

THEOREM 2.2. (1) Let P;€0pSKax> (K& +<k>)™, Gs), 7=1,2. Then
P,P,e0p S({a>r*2((E>*+<kd)™* ™2, Gy) and
o(P.P,) — §N (i<Dy, D;>)?a(P) (%, 7)0(P)(#, &)l 5-2.5-4/7!
J

ES(<x>ll+lg—aN(<e>9+<k>)ml+m2—N/2} G&) , N: O, 1’ 2, cee

(2) Let PeOpS(axd>'(K&*+<ky)™ G;). Then P* belongs to the same
class and

o(P*) = X (iKDs, De>)’a(P)(x, §)]5! € S(Cxdt "M (K€Y +<kX)™ ™", Ga)

<N

N=0,1,2, .

(8) Let peS(1,Gs) and plt+w, x,k &)=p, x k &. Then p&, D)e
L(K) and ||l s 15 @ continuous seminorm in S(1, Gs).
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(4) (The sharp Garding inequality) Let 0<peS(<x)’(<&>2+ kD), Gy)
and p(tt+o,x,k, §)=p@, x,k&). Then

(2.1) Re(p(z, D)u, w)x= —Cllul’%, ueCHTXR").
PROOF. See Appendix.
By virtue of Theorem 2.1 and 2.2, one easily proves the following

THEOREM 23. Let PeOpS(1,Gs) and let oP)(t+o,x,k, &)=
a(P)(t,x,k,&). Then P is bounded im B and in B*.

We shall use the following symbols in Section 3. §(s)eCq(—1/4,1/4) is
a decreasing function of s* such that 0<5<1 and g(s)=1 when |s|<1/8.
For 0<e<1/2, %.(s)eC7(c/4,1—¢/4) is a function such that 0<%.<1 and
Z.(s)=1 when ¢/2<s<1—¢/2. Set y.(k,&; A=5((*+k—2)/e<k—2)) and
xelk, § 5 A=y.(k, & ; )(1—%(k)). The following lemma is easy to prove.

LEMMA 2.4. (1) For each 0<e<1/2, y. and y. are bounded in S(1,Gs)
with respect to A when e<A<1—e. -

(2) There exists a positive constantic such that |&|>c in suppy..

(3) If Viz)eC=(R") is such that sup|Vi(x)|<e/32 and |D2Vi(x)|

zERM

SCul> ™20 then for {e{zeC;c<Rez=<1—¢},
(2.2) ec(x, k,8)=(&+k+Vi(@)—0)'A—y(k,&; ), A=Re(,

18 bounded in S((<&)*+<k>) 7Y, Gy).

(4) Set E,(k, &)=p((KEM+ kXN and Li(x)=p(x]/l). Then for every
=0, {8,— 1} and {,—1}., are bounded in S(I°(<&X*+<k))?, G, and
S(l- <z, Gy), respectively.

Hoérmander [4, pp. 287 and 290 of vol. 4] shows the following

LEMMA 2.5. There exist functions ¥,(x,y) and yz,y) which satisfy
the following properties:
(1) T,;eC~(R™X(R™\{0})).
(2) Tz, in)=",(z,y), 2#0.
(B) Tz, y)=0 and ¥i(x,y)=0 for ¥i(x,y) =<y, o¥ (x, y)/ox>.
(4) |DIDEV (x, )| S Cop(14|x]) ' y| 8"
(5) For some ¢=Cq({x;1/2<|x|<8}), ¢= constant>0 on 1=<|z|<2,

(2.3) |p(@) P ST} (x, ¥z, v)/ |yl -
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(6) There 1s a constant ¢>0 such that Tyx,y)=0 when |x|<ec, and
(2.4) [(1—pe(2, =) @) *S T, (z, Y ¥alx, ¥)/ly] .
Here p.(x, y)=ple (1—<x, y>/|xlyl), 0<e<2.

Using these functions, we define

9;.0(2, k, )=V (x| R, —28)y.(k, €4,  J=1,2,
S1.r(x, k, &) = — q:,r<2€, 0, r/0%> — cR 7 (KEX + kD) | @ () R)y.(k, & 5 D)
and

Se.r(®, k, §) = —q2. <26, 0G5, /02> —cR ' (KE+ DH M Dy (2, K, &I,

where

Dr.e(w, k,§)=(1—p.(x/R, 28))p(x/R)y.(k, & ; A) .
In view of (2.3), (2.4) and Lemma 2.4, (2), we assume that S; =0 by tak-
ing ¢>0 small enough.

LEMMA 2.6. Set Q,,quj‘n(x, D) and Sj,R:Sj,R(x, D) The’n:
(1) {q1.r}rz10md {S; g} r2: are bounded in S(1,G,) and in S({x> (<& 4+ kD)7,

@), respectively.

(2) If gC>(R*) is a positive increasing function such that |D%g(s)]|
ZC.ls|"'" for some y=0. Then {g(R)qs.rtrs and {g(R)Ss r}rs: are bounded
m S(gKx>), G) and S(g(Kad)(KEX+<kD), Gy), respectively.

(38) For any r=0,

(2.5) Re(S, ru, w)= —Clul -, R=1,
(2.6) R Re(S; zu, w)= —Cllull,-,, R=1.

(4) For every s€R,
(2.7) 1D°Q;.rull 5 = Cll Dy utll 5, DweB*, R=1,

(2.8) 1D9°Q; e flz=ClDyflls, DfEB, R=1.

(5) For every yz0 and s€R, {6(Qur, D'Dirzr 18 bounded in
SR> HKENH-L<k>) 1, Gy).
(6) For each feB,

(2.9) 1Qe.rflls — 0  as R—oo.
() Let @ (x, k, &)= (1—p.(%/R, —26))p(x/R)y.(k, & ; 2). For every y=0,
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seR and >0,
(2.10) RR'(1+0R) 7¢(x/R)y(D ; ) D*ul?
SCRYR'(14+0R)"0x D’ul?
+R 'R (1+0R) 0% Dul*+ 1 Dul} i},

where C 1s a constant independent of ¢ and R=1.

PROOF. (1) is obvious. (2) follows from Lemma 25. (3) is an
immediate consequence of the sharp Gérding inequality (2.1). Set Q) z=
V. (2/R, —2D,)y(D; (1 —71.(D,). Then 9D°Q,.r= D'Q1rD°D*y. and
o(D°QLrD*) is bounded in S(1,G,) when R=1. This implies (2.7). (2.8)
may be proved similarly. For y=0, ¢, is bounded in S(R~7<x>?,G, and
(5) obviously holds. In view of Lemma 2.5, (6), (2.9) holds for feC35(Tx R"),
which is dense in B, and ||Q. zll rs, is uniformly bounded for R=1. Hence
(2.9) holds for every feB. Since 0<p<1 and supppC(—1/4,1/4), we have
ple ' (1+1t) +p(e ' (1—1t) <1 for 0<e<2, hence

dx) = (1—p.(x, —y)d(x) +(1—p.(x, Y))p(x), 0<e<2.
Therefore (2.10) follows from (2.1).
When ¢ is fixed, the subscript ¢ will be often suppressed in the fol-

lowing expressions. Some of variables in symbols may also be omitted
when no confusion is feared.

§3. A priori estimates.

In this section we assume that Assumption (V) is satisfied and that
VS=0. We may set w=2r without loss of generality. For the later
analysis, it is convenient to introduce a gauge transformation: Set

V0:(27r)“SO Ve, wdt,  F(, x)zS:{V(s, %) — Vo(@))ds ,

A, x)=grad, F(t, x),

and define
(CVu)(t, ) =exp (¢F(¢t, ®)ult, ), ue X,

and K=CKCP*. It is clear that €[/ is unitary and that V, and F satisfy
(3.1) | D& V()| < Coad> ™",
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(3.2) |DgDEF (¢, x)| < C p<acd ™
It is also clear that C3(TX R™) is a core of K and that
K= —18/0t+ (—10/0x— A(t, 2))*+ Vo(x)
=—19/ot—4+V (z, D,),

where V(z,D.)=—2A(, x)-D,+1div,A(t, x) + A(t, x)>+ Vo(x). Note that
the long-range term in K is made time-independent at the cost of intro-
ducing the first order short-range perturbation.

In this section we shall prove a priori estimates for solutions u of

(3.3) (—10/ot—4+V (2, D) —-Qu=f, teC.

It is sufficient to consider the case 0<Rel<1 since e *(K—{e*=K+k—C,
keZ. We arbitrarily take and fix 0<px<1/2, and consider only those {
which satisfy p<Re{<1—p. In the followings we denote Re (=2 when-
ever { and A appear in the same statement or formula, and we consider
only the boundary value of (K—{)! from the upper half plane C*. The
limit of (K—{)~! from the other half plane can be treated similarly.

We first estimate on the off-shell. y. is as in Section 2.

PROPOSITION 8.1. Let 0<e<p. Suppose usH,, , ; satisfies (3.3) with
feHu, Then (1—y.(D; A))uc Hpyi,y and

(3.4) (1= x(D; Mullmsry SCUS syl wll17-1-0)

where C is independent of wu, f and 1.

PROOF. Let us split as
Vilx) = Vi(x)+ Vy(x) ,
sup| Vi(z)| <e/64, V,eC7(R"),
and define e¢(x, k, £) as (2.2) with ¢ replaced by ¢/2. Then
e(x, D)(—10/0t— A+ V (8, Do) —{) =1—y.n(D) — (&, D),

where r¢ is bounded in S(<x>*79(¢&)*+<k>)™?, G)) when p<A<1—p. Let-
ting E; be the asymptotic sum of the symbols of (1—y.(D))r¢(&, D)’e(x, D),
j=0,1,2,---, we obtain

Ey(z, D)(—10/ot— 44V (2, D) —{)=1—7y.(D)+ R¢(z, D) ,

where for every Ne R,
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[D§DP:Re (%, &)| < Copn<ad  0(KEY + D)7V .

Hence we have (3.4).
We shall proceed to estimate y.(D; 2)u and prove the following

THEOREM 3.2. Let feB. Then u=(K—{) f=R(«)f satisfies DV*uc B*
and ‘

(3.5) 1D ull g < CUSllz+ 1l -crorr) 5 teCy,
where C>0 1s independent of { and f.

PROOF. We first regularize u. Take 5,(k, &) as in Lemma 2.4, (4)
and put w,=&,(D)u and f,=5,(D)f. Then f,eB and u, satisfies

(K—Qu,=f,+[V, 8 Ju=f.€B.

Let Qur, Sir,x: and ¢ be as in Lemma 2.6 and take ¢ as 0<esp. We
write Q. and S,z as Qr and Sy respectively. Since K is selfadjoint and
QRulE@(K);

(3.6) Im(QR(K_ Ou, Qruy) = Im([QR; K]ut, Qru) —Im LIQru, I°.
Since =", it follows from (3.6) that
3.7 Re(( HK, Qrl/V)uy, w) £ —Im(QR(K_ O, Qrud) .

By Theorem 2.2, ¢(Q%[K, QR]/i)—SR—cR'la(Z(D)@l"‘¢(x/R)@"‘Z(D)) is bounded
in S(x>"'"% G,), where ¢ is the same constant which appeared in the defi-
nition of S,z By Lemma 2.6, (3), (4) and (3.7),

(3.8) R ¢ (x/ R) D" y(D)u, |?
<CUID "DV F il 51 Dy (D)l 3o+ el 2 i) -
We take the supremum ‘”With respect to R>1 in (3.8) and obtain
1Dy (D) w3 < CU1 D~y (D) foll 51 DV g (D) 5+ s |2 i o) -
Hence .
1Dy (D)ull 5« CUL Dy (D) fill 5+ 1Dy (DIV, Z.Jull 5+ Il cxeane) -

By Lemma 2.4, (4), 1D "'y(D)V, E.Julls—0 as l—>oo. Therefore D"'y(D)u
€ B* and .
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(3.9) 1D (D)ull 5 < CUD 1 (D)l s+ 1wl i o) -
Piecing together (3.4) and (3.9) we have 9"ue B* and
(3.10) 1D 5- = CUD V' flp+ 1wl -asa00) -
Now DYy, satisfies
(R0 DMu= DT AT, D,
Applying (3.10) to this equation, we have
(3.11) 1D w5 < CIfll z+ IV, EJulls.
1DV, D"l s+ 1 DY wil - craorre) -
Since D¥ue B*, |[V, & Julz—0 as l—oo. We also have
1DV, D"l s < Cllwll - arsve

as o(D [V, D*"&,) is bounded in S(Kz)> 1%, Gy). Letting I—oco in (3.11), we
have 9DV < B* and

(3.12) [ Dull s < CUIf I+ 1D ull - crv05) -
Hence we obtain (3.5) by (3.10) and (3.12).

We next show that the limit function of R({)f as {—1+1i0 satisfies
the radiation condition.

THEOREM 3.3. Let C*3{,—ic[p, 1—p], and (K—C)u,=f,€B. Assume
that IIf;—flls—0 and that D¥u,—D*u in the weak* topology of B* for
some 0=<s<1/4. Let a(x,k, &) eS((KE*+<k>)*,G) satisfy a(x,k,&)=0 on
N, ={(x,k, &) e R"*"; x=21§,1>0,8+k=2 and k& (0,1)}. Then a(x, D)u
€ B*.

Let y., X and &, be as in Lemma 2.4, and Q, g, @r. and ¢ be as in
Lemma 2.6. We start with

LEMMA 3.4. Let u satisfy the assumption of Theorem 3.3. Then

(3.13) R YDy (x, D)D iy |?—>0 as R—oo .

PROOF. We write @, r as Qr and put u;,=&,(D)u; and f,,=&,(D)f,.
In view of Lemma 2.6, (2), we modify the estimate leading to (3.8) by
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trading the factor R* for the increase of the weight in the estimate by
7, and obtain for 0<y<4/2,

(3.14) RYNDg, Dy
éc{_lm(Qk(K*Cj)@xuj,l: QR@suj,L)+R_2r||gsuj.l”?—(1-“3)/2}'

By Lemma 2.4, (4), Q= D[V, &.]u,, QeD*u;,)—0 as l—oco. Taking the limit
l— o in (3.14), we obtain

(3.15) RO D1
<C{—Im(Qrf;, QeD*u,) —Im@Qrf;, [D*, Rr1Du;)
~Im(Qr, D°1f;, Qe D'w,) — ImQAV, D*Iu;, Q2 D*w;)
+ R D12 vy}

Since the right-hand side of (38.15) is bounded, @g.D**"'u;—Pr. D " u
weakly in K. It follows that (3.15) remains valid for the limit w with
f; replaced by f. Then (3.13) follows from Lemma 2.6, (5) and (2.9).

PROOF OF THEOREM 3.3. We may assume without loss of generality
that a(z, k,&=0 for small z. Since ue B* satisfies (—id/ot—4+V(z, D,)
—Au=f with feB and 1€y, 1—p], it follows from Proposition 3.1 that

a(z, D)Y1—y.(D)ueX cB* To study ay.u, we split @ into two parts. Take
o. and ¢ as in Lemma 2.5, and ¢,€C5(1,2) such that 0<¢;<1 and that
é:(z)=1 when 4/3<2<5/3. Set

a(x, k, &) =a(x, k, &) (1—pa(w, 28)x.(k, § 5 2),
a®(@, k, §)=a(, k, §)pac(@, 2§)y:(k, § 5 2)
b, k, &) =a’(x, k, §)/¢(1) .
Then be S((<€>*+<k>)*, G,) and
I'x(x, D)= ¢y(|x|/ R)at’(z, D)y(D) — ¢:(|2|/ R)b(x, D) o(x, D)

is bounded in S(R™(<6>*+<k>)* "2, Gy, since Dr.(x,k,§)=¢()y.(k,§; 2) if
R<|z|<2R and p.(x,28)=0. It therefore follows from Lemma 3.4 that
aﬁ"(m,D)le(D)ueB*. Hence af¥(x, D)us B* by Proposition 3.1.
We next consider a'®(z, D)u. Using Taylor’s expansion at N,(1), we see
sup  |at(x, k, ) (K + <) IS Ce,  0<e<min(1/4, p).

(z.k.E)>ER2NFL
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It follows from Theorem 18.1.15 in Hormander [4] and Theorem 2.1 that

2r
limsup R_ISMWMS 10 (, D)uldtda < Cel| D*ul3. ,

R-oo 0

which can be made as small as we please. Hence a(x, D)XE(D)uEBO* which
completes the proof.

Once Theorem 3.3 is proved, Hormander’s proof of Theorem 30.2.7 in
[4] directly applies and we obtain

THEOREM 3.5. Let u satisfy DV'uwe B* and
(3.16) (—id/0t—A+V(x,D,)—Au=feB, Ac[p,1—4].

Suppose that a(x, D)ueé* for any a(x, k, &) € S(KEX2+ LKD), G) with a=0
on N,(2). Then it follows that

(3.17) lim R“SI I<RSu|b(x, D)ultdtde =2 Im(u, f)

R—o 0

if beS((KE+<k)), G)) satisfies
(3.18) bz, k, &) P=<=/|x|, 26>

when (x,k, &) N,(A) and |x| is large.

Noting that <(x/|z|,2&>=2|&|>0 on N,(1), we immediately obtain the
following

COROLLARY 8.6. If the hypotheses of Theorem 3.5 are satisfied and
n addition Im(u, f)=0, then D"*u < B*.

If /=0 in Theorem 3.3, it follows from Corollary 3.6 that we B*,
We next show that such u is smooth and that all its derivatives rapidly
decrease in x.

THEOREM 3.7. Let ueB* satisfy (3.16). If <(x>'9D'feB for some
r=0 and s=0, then <x)>’D***ye B* and

(3.19) I<2>" D 2ul| . < Cy s (IK2>" Df I 5+ 1wl 5.) -

REMARK. The following proof is a slight modification of Hérmander’s
proof of Theorem 30.2.9 in [4]. We include the proof for completeness.

PROOF. It suffices to show that <x)’D**Yu e B* under the conditions
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that x>’ "'feB and <(x)" DuesB* for some y’ with 0=y’ <y<y’+4/2
and s=0. Let ., 5, and {; be as in Lemma 2.4. We define @z, Pr., Px.c
and ¢ as in Lemma 2.6 and write Q. as Q. By Proposition 3.1

(3.20) <27 D4 (1 — g (D) wll - < C(I<2>" DV | s+ KD 2ull 5.)

Next we estimate y(D)u. Put w,=5,(D)u and f,=25,(D)f, and apply (3.14)
to £y D*u,. Then we have

(3.21) R0, D"E Douy|?
<C{—Im(@=rCr D°f1, Qrlr D*wy) — Im(Q&[K, L 1D us, Qrlr Do)
—Im@zLe[V, D°5.Ju, Qrlv Dur) + R Lo Dot 2 cuvove) -
By Cauchy-Schwarz’ inequality

6.22) m@alR 619w, Qute Du|<c(v-| (" @rufarde)”

Since g)*uleé*, the right-hand side of (3.22) vanishes as I’—oco. Taking
the limit I’—co0 in (3.21), we therefore have

RY@ D, | < C{—Im(QD’f 1, Qe D)
- Im(QR[V, D5 Ju, QrDPu) +R7*|| Dou, “72*—(1+5)/2} .

Since a(Qx[V, QSS,]@‘*) is bounded in S(R™#<x)*'% G, by Lemma 2.6,
(2), we have

(3.23) RY @D+, |2
<CQr D 1l 51 QD i uy || g+ QD fll s I[ DY, Q1D wi || 5+
+ I<xd[Qr, DM]1D* 411 511 <2> QD will 5+ RN Dowill; - o312

Let ¢>0 and multiply (3.23) by the increasing function R¥(1+¢R)7?.
Applying Lemma 2.6, (2) with g(2)=2"(14+02)"% and (2.7), we have

(3.24) R YR (1+0R) 7@ Dy, |?
S C{IK@dT DM sl K@ dT (L4 0<a>) Ty (D) D40 | 5o
-+l <x>r@8_1/4f1“3” <m>7—lg)suzi|3'+ ”g)s@h”;—(nb)/z} .

If we apply (3.24)‘With K and 2 replaced by —K and —A1 respectively,
we obtain (3.24) with @ replaced by @% Hence it follows from (2.10)
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that
' RYR'(1+0R) "¢ (x| R)y (D) D**u,l|?

SC{ay D gl < dT (14 a<aD) Ty (D) D+ u, || g
F+IK2>T D s A+ 1 Do willi - cvsrred -

Note that R~<x) in supp ¢(z/R) and [<z>"(1+o<x>) T3 (D) D’ V*u,i5- is finite
for ¢>0. So taking the supremum over R>1, we obtain :

I <$>T(1+0'<-’L'>)—TX(D) @””"uzllmé C <90>T@S—mft a1 -C‘Dsut”r-(ua)ﬂz) .
Letting l— o and ¢—0, we conclude that <(x>7D**y(D)us B* and that

(3.25) H<x>r93+1/41(D)u|IB*éC([KfXJ)T@s—Udf”B‘*‘ ”.@su[lr-(uﬁ)/z) .
Piecing together (3.20) and (3.25), we have (x>’9D**'*y e B* and

I<a>T D+ | g S C s (K27 DV 5+ K@D Dot 1)

This completes the proof.
Now we have Theorem 1.2 as a corollary of Theorem 3.7.

PROOF OF THEOREM 1.2. Let ¢ be an eigenfunction of K with eigen-
value 2 R\Z. We may assume that 2€[g,1—pg]. Then ¢=C¢ is an
eigenfunction of K corresponding to the same eigenvalue. If we apply
Theorem 3.7 to ¢ with f=0, we have (1.5) for . Hence ¢ also satisfy
(1.5) by (3.2).

We shall close this section by adding a few remarks. In view of (3.2),
exp(+iF(t, x)) =S, G,). It follows that </ and C{V* are bounded in B

and in B*. Moreover C{/ and C{/* maps B* to B*. Since
o([a(z, D), exp(+iF(t, x))]) € S(Kx> 2 ((EV2 4 kD)™ 2, Gy)

for any a<=S((K&*+<k>)™ G,), the radiation condition in Theorem 8.3 is
invariant under the gauge transformations €/ and C{’*. Hence Theorem
3.2, 3.3, 8.5, 3.7 and corollary 3.6 hold for K. :

§4. Completion of the proof of Theorem 1.1.

In this section we take short-range perturbations into account and
complete the proof of Theorem 1.1. We assume Assumption (V).
Since <x>"*2VS is K,-bounded with K,-bound 0 under Assumption (V)
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(see Yajima [14] and Yajima-Kitada [15])), K=K,+V with domain D(K)=
D(K,) is selfadjoint. We denote K,=K,+V* and regard the equation
(K—=Qu=f as

(4.1) (Ki—Qu=f—V5u.
By the Sobolev embedding theorem we have
(4-2) [ VSM”B Zel -@Ilzu” —a+oret C.lull -Q+/2 ue Q(QI/Z) ’

(4.3) I<z>?2VSull s <el Dull o+ Collulls,  ucs DD,

for any ¢>0. Hence applying the theorems in Section 3 to (4.1) we obtain
the following theorems.

THEOREM 4.1. Let feB and {€C}. Then u=(K—L{)'f=R(Q)f satisfies
Dy B* and

(4.4) I QI/ZMHB'§C(”J“”B+ ||'U/”—(1+5>/2) ’

where C>0 1is independent of { and f.

PROOF. By Theorem 3.2 and the remark at the end of Section 3, 9"*u
€ B* and

(4.5) 1D ull 5 < CUIfl s+ 1 VUl s+ 1%l -cisane) -

Together with (4.2), this completes the proof.

THEOREM 4.2. Let C*e{;,—»ic[p,1—pl, and w;=R(,f; with f;€B.
Assume that ||f;—flz—0 and that D"*u,—D"u in the weak* topology of

B* when j—oo. Then a(x, D)ueé* for any a(x, k, &) € S((KE*+ k)2, GY)
with a=0 on N,(2).

PROOF. It follows from (4.2) that | VSu;— VSul3—0. Hence applying
Theorem 3.3 to (4.1), we obtain the theorem.

THEOREM 4.3. Let u satisfy D"*ues B* and
(4.6) (—10/ot—Ad+ V(x)—Du=f€B, ey, 1—p].

Suppose that a(x, D)ueé* for any alz, k, &) € S(KEE+ D), Gy) with a=0
on N,(2). Then it follows that
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4.7 lim R"Sl 1<R§Z“|b(x, D)ultdtdz =2 Tm(u, f)

R—oo
if be S((KEX T+ <k>), G)) satisfies
(4.8) [b(x, k, &) P=<x/|x], 26>
when (x,k, &) N.(2) and |x| is large.
PROOF. Note that (VSu,u)=(u, VSu) and hence Im(u,f—VSu)=

Im(u,f) in the right hand side of (3.17). Thus we immediately obtain
the theorem from Theorem 3.5.

COROLLARY 4.4. If the hypotheses of Theorem 4.3 are fulfilled and
i addition Im(u, f)=0, then 9D"'uec B*.

In view of (4.3), we obtain the following theorem from Theorem 3.7.
THEOREM 4.5. Let weB* satisfy D" uweB* and (4.6). If <x)'feB
for some y=0, it follows that {x>’D"*uc B* and
(4.9) I<2>” D2l g < Co(II<2D7f N 5+ 1wl 52)

Now we can prove Theorem 1.1 by the compactness argument. Since
the argument is routine, we omit the details (cf. Hormander [4, Theorem
30.2.10)).

Appendix. Proof of Theorem 2.2.

Statements (1) and (2) are well known ([4]). We prove (3). We may
assume w=2z without loss of generality. Denote by &F, (resp. &, the
Fourier transform with respect to ¢ (resp. its restriction to the periodic
functions) :

@0 =0 et odt, ke,

2n
0

<resp. G .f)(m) = (2;:)-1/28 "L, m)dt | meZ> .

Deﬁng‘ two unitary operators 9 : LA R, x R})—L*([0, 1], %), H =1¥(Z, L}(RY))
and W : KX—->H by

(WL k, m, x)y=(F f)k+m, x), (k,m,x)e[0,11XZX R,
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(Ff)m, )= f)m,»), (m,v)cZXR".
Set p,(x, k, &)= 27) & p(-, z, k, £)(j) and

(P(k)u)(m) :,é,pf(”’ kt+m—g, D)ulm—j), u=u(j,z)eH.

Then, by the time-periodicity of w»(t, z,k%, &), 9 decomposes p(%, D) into
the multicative operators:

(Wo(x, D)W*f)(k)=Pk)f(k), feLX(0,1], %),
WPO)W*=p(z, D)l «,
and (P(k)u, v) is continuous in k for every u,ve H. Since ess. supll P(k) || £car

=|p(&, D)l r12crm+yy, < oo by the Calderon-Vaillancourt theorem ([4]), it fol-
lows that [[P(0)|lrcam < 10(Z, D)l £cr2rm+1y <oo. This implies (3). Statement
(4) follows from (3) by the standard argument (cf. Hormander [4]).
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