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A remark on Maass wave forms attached to
real quadratic fields

Dedicated to Professor Nagayoshi Iwahori on his 60th birthday

By Shin-ichi KATO

In this note, we would like to discuss from hyperfunction theoretic
point of view on wave forms given by Maass [M.1] attached to real
quadratic fields (or more precisely, to zeta functions of such fields with
Grossen-characters). We study some kind of theta series with Grossen-
characters (1.2) which turn out to be ‘‘automorphic” hyperfunctions (see
(1.3) and (1.6)). We see that these hyperfunctions naturally define
certain sections of line bundles over the real projective line (Sect. 2) and
obtain the above wave forms as the Poisson integrals of such sections,
(8.5).

1. Let K=Q(+/ D) be the real quadratic field with discriminant D>0, ©
the ring of integers in K and a a non-zero ideal in & with N(a)=A. We
let ¢ be the fundamental unit with e>1 and put c==/loge. Fix a natural
number Q. For pca and n€ Z, we define some theta series by

(1'1) ai(zi; 0,a,M, Q'\/ﬁ) — Z Lulzmi 2N (p) [AQD)z 4

HEO, #=p(aQVD)
u#0, £ N(p)>0

(u Qv Dpoo

generalizing the one in Hecke’s work [H.2]. Here the symbol (#)¢v5;.
indicates that the sum is taken over all representative elements modulo
the multiplication by totally positive units=1 (@4 D). Hence .. are defined
for z, € H.={z, € C; =Im 2. >0}, respectively. Now we can define a hyper-
function 6(x;n, o, a, @/ D) on R which is the main object of this note;

12)  6(x;m,p0,a, QVD)=0,(x+10;n, o, a, Qv D) +0_(x—1i0; n, p, a, Qv D).

We remark here that this “theta series” which may be called a theta
hyperfunction is analogous to the usual theta series for a positive definite
quadratic form with some spherical function. Also we see that this
hyperfunction is actually a distribution in view of the growth of the
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Fourier coefficients.

In what follows, we shall give transformation formulas for
6(x, n, o, a, @V D) under x—x+1 and z——1/z. The first one is simply
given as

(1.3) 0(z+1;m, p,a,QV D)= VI4Dq (3. 1 0 a, Qv D).

To obtain the second formula, here, we appeal to the corresponding for-
mulas for 6.(z.;m, p,a, @V D), the case n=0 for which we ecan find in
[H.2]. Let

Lis;m, 0,0,QV D)= % (%nwa-ﬁ-

u#=p (aQvD)
10, (”)Q\/ﬁl’w

nei 1
k=0,1
N =0

be zeta functions of real quadratic field K with Grossen-characters (see,
e.g. [M.1] for the properties we need of these zeta functions). Put

L@mm=%%@m@mQ¢ﬁﬁQ@m@mQVﬁm

[(@v/ D)=the logarithm of the fundamental unit (>1) mod Q+/Dp.;

and
s )_{ 1  when n=0 and p=0 (aQ+v D)
'P=10  otherwise.

Define the functions M. (w;n, o) by

. _ 3/2+ic0 AQD 8 I"(S) _ . d
M:i: (wa n, p) _Sa/z—im < 2 W > Sin TL'(S—"2 ’nci) Cd: (S /nC?z, n, lo) 8.

As is pointed out in [H.2], these M.(w;n,p) can be continued analyt-
ically to —(3/2)r<arg w<(3/2)zr. Henceforth we assume that —z<arg w<z
for any variable w unless otherwise stated; but we always think that
arg(we’)=arg w+6. Now we can write down the desired transformation
formulas for 0, (z.;n, p)=0.(2.; 1, p, a, @V D) in two ways:

1, _ L@V D)
(1.4) 01(—2, n, p> = oln, 0200
z;:+2ncs'

— p
QVD s mod 1qvD

<—%>:F%C1( —nct; m, )

+ ¢ 27 Tr(o'p14QD) 0:(21; n, ﬁ)
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_ Co8s n(nci) ( (z/2)§\1+2ncé 274 Tr(p’B1AQD)
e (2.61) 2 e
271Qv D b mod wavD
XM+(zte(r./2)i; n, /3)
+ 2(30571:0(:1//0% (zie_(n/zn)whce Z g 27i Tr(p'814QD)
Tl 8 mod «QvD
B=0 (a)
XM_(z:te—(xlz)i; n’ ‘B)’
or
1 @V D)/ z 1 .
15) 6 (——;n, ): o(n, 0 £ >$— —nei; n,
()izip ()ﬂQx/D\z 2C1(c 0)

(z e?r{l)1+2ncz 25 Tr(o’ 8] 40D
—_iQx/ﬁ i o%: oD gt Trlerhlaedr g (2. m, B)

B=0 (a)

+

__ cos m(nct) (g e xIBiFR) i nes 27 Tr(p’ 8/ AQD)
S (2,48 =) 2 e e
271Qv D 5 mod 10D
XM+(z:te-(7tl2)i=Fm'; n, ﬁ)

COS ”(nc":) ( (z)2)iFri\1+2nci 271 Tr(p’'B1AQD)
(2.0 ) 2 g lrw
271 Qv D od «QvD
VD b o307
X M_(z.e"PF n, B).

The proof of (1.4) and (1.5) is same as the one in [H.2]. But, for ex-
ample, in the 3rd term of (1.5) for #,, we can continue analytically

(z+e —(3/2)xi)l+?nci M+ (z+e—(8/2)1|:i; ,n/' ﬂ)

which we originally regarded as a function on H, to 0< argz,<(3/2)x.
Hence, if we put z,=z_e* (—(3/2)r< arg z_< —=/2), we get the equality

(z+e—(3/?)ni)l+2nci M+(z+e—(317)1zi; n, ‘B) — (z_e(erZ)i)1+2nci M+ (z_e(nlz)i; n, ‘B),

the right hand side of which appears in the 3rd term of (1.5) for 6_.
So, in “the sum” of ¢, and #_, the 83rd terms in (1.5) cancel each other
on the right half-plane. In this way, (1.4) (for x>0) and (1.5) (for x<0)
imply the following transformation formula for the theta hyperfunction,

lx ll+2nci

(1.6) 0(—%; n, p, q, Qx/_ﬁ>_

- ) 2% Tr(0"81AQD)
QV' D mod wavD
8=0 (a)

X0(x;m, B,0,Qv' D) (z0).

It is to be noted that this formula in the case n=0 was already found
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about 20 years ago by Sato and Orihara (unpublished) as a hyperfunction
theoretic interpretation of [H.2]. (The present author learned this fact
after noticing these formulas independently.) Also we would like to point
out that similar results hold for certain Fourier series arising from indefinite
quadratic forms, cf. [H.1], [Si]. For example, if we take a binary zero
form instead of anisotropic ones as in the above, we get transformation
formulas for some Lambert series corresponding to real analytic
Eisenstein series (via Poisson integrals); cf. [H.2; p. 170]. Actually we can
handle the Fourier series associated with some kind of Dirichlet series
[M.1], [M.2] in the same manner, but we stick to “theta series” here.

2. Put G=SL,(R) and P=the group of upper triangular matrices in G.
For 1€ C, we denote by L, a real analytic line bundle over G/P whose
hyperfunction section is given by

BGIP L)={pe BG): oo " |)=larote) (o1}

This space B(G/P,L,) is a G-module under left translations o¢(x)—
¢(g9™ '), which is known to be the (hyperfunction-valued) spherical principal
series representation of G with parameter A. Since G/P=P'(R), the real
projective line, we can identify B(G/P, L,;) with

BA)={F =11, f.) € BR) X B(R); fi(—1/x)=|2]"** fo(x) (x+#0)}
by

e (%) (c+0)

Alo 1))

Under this identification, the corresponding G-action on (1) is given by

g F=(f1r9

ol #h(~2)  (@0).

where
|cx+d|‘1’“fl(%3—> (cx+d=+0)
fi(z)=
laHb[_l_uﬂ(_ Zﬂ;ﬁ) (az+b+0)

and
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, ieog o O—bx _
lc—dx| fl(c—dx> (c—dx+0)
)=

|a—bx|-l-“fz<_ﬂ) (@a—ba#0)
a—bx
for F=(f,f:) and g:[g db]

Define an element O(n, p) of B(R)X B(R) by

1 .
21) O, =<0 Z, M, 0), e 251 Te(o'8140D) § (5 1y, )
(2.1) (n, o) ( o) ov D ﬂﬁ%zd:(“?m e (x;m, B)
By the transformation formulas in the previous section, we see that
BO(n, p) € P(net) and is “automorphic”. To be more precise, we have

0 —17 1 o
2 . - __ - 2ri Tr(p’ B1AQD)
e2) |} T eme = 5o T SO0
and
(2.3) [(]i i]_l.e(n’ P) - ezni(N(p)lAQD)@<n, P)

from (1.3). (1.6) (cf. [H.1]).

2
3. Let A(3) be the eigenspace of the Laplacian 4=—v(-Z; +a—zz_>
x
on the upper half-plane H, (2, =x+1y, y>0) with the eigenvalue 1/4—2°.
(Note that A(A)=cA(—2).) This is a G-module under linear fractional
transformations. We define the Poisson integral P,p of ¢ € B(G/P, L))
by

(P)la)= ) olak)ak

where K=S0(2), a maximal compact subgroup of G and dk is the nor-
malized Haar measure on K. Since P,p is right K-invariant, by identi-
tying GIK with H, ([¢ ]>2FD) we see easily that Ppe AR,
c dl ci+d

Hence we can regard P, as a G-equivariant map from B(G/P, L,) to
A). (At least one of P, or P_, is known to be surjective, see
[KKMOOT], [0].) The corresponding Poisson integral P,: $(2)—A () under
the identification in Sect. 2 for an element F'=(f,, fz) is roughly written
in the form
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(sz) (z+) :_];Sﬂfl(x_i_y_ cota) |y—l/2 sin 0|—1_21 d0
T Ja

atrn
ls So(—(@+y- cot 6)7)|xy 2 sin 6 +y** cos 6|7 do
TJB

+

where a and B are chosen to satisfy 0<a<6,<p<m for 6, with z
+y-cot 6,=0. A strict definition of the integral is, by changing the

variable 6 to u=x+vy-cotd and v=—(x+y-cot ), given as follows:
_ —-1/(—a) 2\ —l/2+2R
81 (PRE)=1[ " (y+(LﬁL) du
TJtey '.’/

—1/(—a)_ —1/2+x
fi-tw(y+ )
—1la_

a 2 —1/2+x
T forlw )(yv+ ””H'l >

_ fa-l )<yv Gk W-l—l 2>‘llz+1

(=a) 2\ —1/2+2
+{ 2,+(V )(yv +(vx+1)>

-—fl.+< 1 ><y+ (vx+1)2>_1/2+1 12 }d'l)

yv (

] fe (RN TS

—fr v+ i@%&)’ bdo.

Here a>0, fi(x)=fi+(@+10)+fi_(x—10) (¢=1,2) and we put c.=c=tet
with sufficiently small ¢>0 for any c€ R; all paths in the integrals are
taken to be horizontal or vertical to the real line R; and all branches for
complex powers in the integrands take real values on R.

Now we shall calculate P,O(n, p), which is an element of A(nci).
First, from the formulas (1.4) and (1.5) in Sect. 1, we have

(3.2) gt Trw Bl4QDYg (5 - )

1+2nu 1
> (“——; n, p>$Z(’n, 0)

24

Wﬁ ﬁ!;lo;nox/ﬁ
=d(n, p) QVD( )+<
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+_cos 7z:("nci) ((—‘1'“>e(zm‘>1+2nCiM+<<——]‘—>e<”’z";n,,o)
27?11 z:t zi

4_cos n(@ci) ((__L)e_(,/z);>1+zm,-M_<<_ 1 )e_(m)i; n,p>
2 24 s

and
1 R
3.3 — e Tro'plAQDIg (5 -,
e Qv D mﬁo;nax/ﬁ +(@xm, B)
1+4+2ncs
—é(n, o) Q«/D ( +1,> (< L)ex,,.~> 0¢<——L;’n,p>$Z(n, o
2s s 24

—EE‘L(@Z_)_«_}_) —(x/2)iFxi H'ZM‘M <__L> ~(z[2)iF i, g

T om 2. ¢ > +< z. ¢ ' ,p)

iMﬂ((_,,lﬁ)eo,,z,mi)l“"“ M <(__.1_>e""2””" np)

2 2. - P ’

where

Zin, )=,

L Z P Tr(p’ﬁ/AQD)Cl(_nci; n, 18)
2Q0v' D mod «avD

(We used the facts 0.(z,;n

’ —p) zai(zj:; nr p), Mﬂ;(w; n, ——p)ZMt(’w, n, ‘0).)
Substitute

21 6n 0)=(0l . o). TR (3 m, )

1
——
QV'D s moiav
in the integrals (8.1). Then we get, by using (3.2) and (3.3),

3.4) (PB(n,p))(z,)

1/(—a) 2 \ —1/2+nci
IS 0, (u; n, p) <y+—UL> du
Y

1/11+

l_S —1/(=a)_ s, p)<’y+—(u—_@2—>_ll2+mdu

TJ —la_ y

+l§° —1/v; m, p) (—1[v)t+enes <yvg+M>—1/z+mdv
b (—a)+ y

+lSa 6+ 1/’0 n, p)(( llv) —R|)1+2nc.<yv 4 (vt (/vx_l_l) )—1/2+ﬂ“-dv
T Jo, :

+lg —1/v;m, o)(— 1/v)1+2m,~(yvz_*_M)—uum.dv
T J(—a)_ y
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- . . 2\ —1/2+nci
+i5 0_(—1/v; m, P)((—l/v)e“)‘“““< yﬁ-}-iM) dv
Y

T Jo_
+1[ {0t 0 HQYD) 1j0) —z(m, o
Tl Tl
__cos n'('r'wi) ((—l/v)e("/z)i)HZ"”MJr((*1/7))6("/2“; n, ,0)
2w
+ CcOoS 7r(7‘7,ci) ((_1/v)e—(n/2)i)1+2nciM_((_1/,0)8—(7:12)5; n, ,0)}
27
. (vx—l—l)z —1/2+nci
><<yv +—y—> dv
+1{ =, 0) D) (1)0) — z(m, )
T Jrp T

_ COSZ7E(1’I:C1;) ((_l/v)e—(az/zn)1+2nciM+((_l/v)e—(snlzu; n, P)
Tl

+_c_0s_7z‘(’f’.l/c’i) ((—1/?)) e—-(:rlz)i)1+2'nci M_((—l/v)e“‘”’z“'; n, p)}

(s B,
Y

Here 0,=xei; y, (resp.yz) is the left (resp. right) half of the path
(encircling the origin clockwisely) consisting of the edges of the rectangle
with vertices a..(—a).; and we assumed that 7/2< arg(—1/v)<(3/2)x
only in the 8th term of the integrals. Note that M, (w:n, p) tend to
zero uniformly for argw with —(3/2)r+d< arg w<(3/2)z—0 (6>0) as
w—oo, and also that 6.(z,;m,p) tend to zero uniformly for Re(z,) as
Im(z.)—>=+oo. Let us put a=t/(t’+¢i), e=e/(t*+e;) for some ¢>0, and
take the limit t—+oco of the integrals. Then we have

(3.5) (P:B(n, 0))(2.)
2l(Q;/ D) T 2(AQD)™

xMEFE(1/2 —net)

N mK -<2 MH > 215 (N (1) |AQD)x
Iu, nei T AQD y e

=d(n, p)

X Z yI/Z

£=p (:Qv'D)

p#0, (ﬂ)0¢5p°°
by using Basset’s formula [W; VI. 6.16] for K,., the modified Bessel
function with the parameter mci. This is the Maass wave form in [M.1;
(29)]. Finally we remark that the growth condition [M.1; (12)] on this
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wave form is deduced from that O(n, p) is a distribution section of L.
Actually these two conditions are equivalent, see [O].
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