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On the existence of weak solutions of a non-linear mixed
problem for the Navier-Stokes equations
in a time dependent domain

By Rodolfo Sarv:

(Communicated by H. Fujita)

Summary—We prove the existence of a weak solution of a non-linear
mixed problem for the Navier-Stokes equations in a non-cylindrical
domain in R3X(0, T).

§1. Introduction

In this paper we study a non linear mixed problem for the Navier-Stokes
equations in a non-cylindrical domain in R*x(0, T). We deal with the flow
of a fluid in a tube with time dependent initial and final sections where we
give physically expressive boundary conditions (see [6], [10], [11]).

In the last years, many authors considered initial-boundary value
problems for the Navier-Stokes equations in a non-cylindrical (x, £)-domain
(see [1], [3], [5], [71, [2]). In particular in [1] H. Fuyjita and N. Sauer proved
the existence of weak solutions for problems of this type using a kind of
penalty method. However this method presents serious difficulties for non
linear mixed problems.

We shall prove the existence of weak solutions of the problem of § 2 via
an elliptic approximation. The essential point of our proof is the estimate
of a time difference quotient.

The paper is composed of two sections. In § 2 we describe the problem,
introduce particular functional spaces and give the definition of weak solu-
tions. In § 3 we give an existence proof.

§2. Statement of the problem and notation

Let £2(¢) be an open bounded set of R* depending ont< (0, T), T is a finite
positive number. As ¢ increases over (0, T), £() generates a (x, £)-domain 0
and the boundary I'(¢) of 2(¢) generates a (x, f)-hypersurface I'. We assume
I"is a C*-hypersurface and I'(t)=I",({) UI,{#) U I, (I is independent of £) with
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mes. [';#0. Then we can represent I',(f) and I'(£) by x,=+(x;, x,, £) and x,=
Yo X, %y, £) vespectively in terms of C'-functions v, 1, (in each patch of a finite
covering of I'\(¢) and I',(?)).

The motion in 2(¢) of an incompressible fluid of viscosity and density 1

subject to the external force f=f(x, §)=(f(x, ), f{(x, t), fi(x, t)) is governed by
the equations

@1 %——{—uVu——Au—{—Vp:f V.u=0

where u=u(t)=(u(x, 1), ulx, t), ux, t)) denotes the velocity and p=p(x, t)
the pressure. In (2.1) u-Vu=>%, u,0u/ox,.
Denoting by v, the outside normal to I'(¢), we shall consider the boundary

and initial conditions (we denote /3¢ cos(v,, x,) by %/at)

2.2) —~
1 .
—;—lulzvz—iu%%—pvt—g—z:—% on I,
u=0 on I,%x(0,T)
wx, 0)=u, in £200).

The first two relations in (2.2) determine the value of the density of the
energy flux of the fluid on ', and I, respectively. The other conditions in
(2.2) are standard.

We shall give the definition of weak solutions of the problem (2.1), (2.2).
Let us begin by giving some definitions and basic notations.
Let 2 be a bounded open set in R® with boundary I'=I",UI,UI’,. We
will need the following function spaces.
D(@)={p| o (C~(D)), ¢=0 on I';, V-0o=0}
H(£2)=/{the completion of D(£2) under the (L*())*-norm}
V(£2)={the completion of D(Q2) under the (H'(£2))*-norm}.

We let

(u, v)g=23ij uvdx; |ulz=(u, we; (u, v)p=i~f uvdl’;
1 Q 1 r

((u, v))a=,jZiLVuinidx; lullz=0xu, w)s; lu|.=normin Z.
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Let @ be the (x, {)-domain U.2@#)x{t}. TFor functions u defined in £ we
define p(u) by

plup=| Jult, dt

whenever the integral makes sense. Then we introduce
D(@)={p| ¢ € (C*(D)), p=0 on I, V-p=0}
H($)={the completion of D(2) under the (L2(Q))3-norm}
V(0)={the completion of D(£) under the norm Bw)} .

By U({) we mean the set of all ue V(£) such that sup, | ey, over (0, T) is
finite, We set the definition of weak solutions.
u will be a weak solution of the problem (2.1), (2.2) if one has

1) uwe UW);
i) Ve D) with o(T)=0

2.3 [7{(0 %)~V gt 52w 20
' o (N7 3t Jew e T 5 2\ P )

+% iz (ulv,, ¢)Fi(t)+§:i(ai> O, i+ oy — (1, @))gm}dt

= —(uy, @(O)).Q(O) .

(2.3) is obtained from the first of (2.1) multiplying it by a test function ¢
integrating over £ and bearing in mind the three conditions of (2.2). The
following theorem holds.

TaHEOREM 1. We assume
u, e HQO); feLX0, T; H(t); aie LX), aeL¥I).

Then there exists a weak solution u of the problem (2.1), (2.2).

§3. Proof of the Theorem 1

Let us begin by considering the following approximating problem.

3.1. Auxiliary problem
We look for u such that Vo e (H'(Q))*N H(D).
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(1 ou™ 3g0) m m, m _( m aga)
(3.11) J' { ( ' 9<t)+((u s, Dy + @™ VU™, ©)gu,—{ U™, ot e

ot
12 - a ’ 12 - 2
EZI‘. ( ;; )I’i(t)“_z—;i(]u Py, so)mo—lei(ozf, Or. )

—~(f, Do = (a, 9O — @ (D), /TN acr

(3.12) ur e (H(DPNH(D) ; ur—>u, in H(20).
We set
au __a-so_ m m- m
atw, 9= {L(P2, 30) (@, Moot @V, o
w2\ L3 e L& (n 00
(u ’ at )9(:) 2 ZIZZ ({u 1”!’ So)l'i(l) Z;z( at )I’i(t)} dt
+@w™T), SD(T)).Q(T);

T, 9y = [ {(F Do+ 2t O o (05, 6Oy -

By the following well known theorem (see for example [2] page 106 or [4])
one obtains the existence of a solution in (H*()) of the equation

(3.13) a(u™, )=<L, o)
(for convenience we denote different constants by the same symbol).

THEOREM 2. If
i) there exists a constant ¢>>0 such that

a(u™, u™) = cl|u™[ a1y
ii) the form u™—a(u™, ¢) is weakly continuous in (H'(Q)y* N H(D) i.e.
ur—>u™ weakly in (HY(Q))* N H(Q) implies lim a(uy, o)=a(u™, ¢) .
Then (3.13) has a solution in (HY(Q))* N H(Q).

The condition ii) is obvious. The condition i) can be easily proved; in
fact

o 1, o
an; E:m_Hl t;Q(t)}dt—{__z'lu (Do

= [}
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1
+§lu’"(0) oo 2l u™imcd s -

Then there exists a solution in (H(£))*N H(D) of (3.13).
To passing to the limit in (3.11) we will need a priori estimates of the
approximations u™.

3.2. Standard a priori estimates

We can replace in (3.11) ¢ by u™, it comes

R
olml ot

2 aum

ot

+nu’“nzm—(um, ) @V, 100
2y

()

r~
_12 m 12, m __12‘(m maﬂ/’z>
—2—4\;;(1” [y, w0 )r,-a) o A u-, u e .

H'V X

(et W)y =, WYaro Yt =128 o (D

After some calculations, one has

T 1 aum 2 T m}{2 m, 2 m, 2
Jo;ﬁ N .rz(z)dt_l_jo lu™f o dt+u™(D) oo +1u™0) by <c
hence
_1_r ur |* dt<c; JT[lum]}Z<,) dt<c
(8.21) mlol Gt |aw 0
(D)o <c; l[u™(0)fh <c.
It follows

imu*=u in the weak topology.

M=+ 00 V()
To passing to the limit in the non linear terms of (3.11) we need the conver-
gence of u™ in a suitable strong topology, for example in (L¥2))’. To do this
we will prove appropriate estimates.

3.3. Time difference quotients

We denote by @™(x, f) the extension to R® of u™ for every ¢ € (0, T'); more-
over we put u™=0 for <0, t>T.
We let
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1 i1
up =+ j ar(x, s)ds  (h>0).
hle-n

We can replace in (3.11) ¢ by uf and get

T1{ou” u™t)—u"{t—h) _ 1(7, N
j.o 7n_< ot ’ h )a(ndt —EL (@), T ()~ " (t—h)acwdt

7 2
+L {«um, U)o+ @w™-vur, U ow — % lez (u™Pysy u?)ri(n

2 12 Pt
— 2 uro—g 2w ur O0)  —(f, upa et
T 25 ot /ryn

+@™(T), up(T))ar,=0.

By virtue of (3.21), Jensen inequality and the smoothness of /" one has

J‘T_l_( ou™ , ﬁ”‘(t)—ﬂ’"(t—h))w)dt1 A

om\ 0t h
<lr um| ﬁ"‘(t)—ﬁ"‘(t—h)}l\ dtggr um e
mdol 0t law h 2 mdoi 0t law
T 1 L _ T 1 1 _
(38.31) J ((um, ——j a™(x, s)ds)) dtl <el luow -—j a(x, s)ds“ dt
0 hle-n 200 0 hli-x 2(6

<ef 1wlacr ([} 13 Oinds) " di<e/y

T T 1 ¢ 172
[, v, wpaco @] <ef 1ol eloo( [ 1271 ds)"d
<c/lVh.

Analogously one obtains

2 T
Z}J (u’” uy
1 4]

| b irodt| <elvm s |[ (F uao de]| <elv R

r~
0

aliri )rim dt* <k |$J:(ai’ UR)r o A2 I <c/Vh;
(3.32)

Finally we will estimate

. _i.l_f:(um(t), ™) — ™t — h))a,dt -
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Bearing in mind the smoothness of /" one has

L (" (o), w (- 1 (") ey (7 .

—77,_.[0 @), wn()—u (t_h)):l(z)dt:—‘zfolu O dt+ ﬁ?.[olu ®f.dt
1 (7. " 3 R . .

g T Wl di— [ () =T (= R
1 (7 i 1 (7, .

<—§};L[u (t)]Q()H-h)ﬂ.Q(t)dt-—-ﬁ olu (t)]?(?(t)\!)(l-!»h)dt

1 (" gn 2 1(7_

+—2sz ]u (t—h)lﬂ(t)ﬂ.(l(t—h) dt+ﬁj‘0 Ium(t_h)}??(t)\!}(t-h)dt

117 —
_E}; hl um(ty—umt— h)l?zmdt

1 (7-*
S——- N Ium(t)i?l(t)ﬂ!](t+h)dt

1 (T-r 1 (7. _ .
+%L |u (t)]mzmma(z)dt—}—hjﬁ—Z—thIu O —a™t—h)[b,,dt

17 . —m 2
< Fr— o | T O-T = hdt.
From (3.31), (3.32), (3.33) we conclude

(3.39) [[1@@-ze—mpodi<eyE .

By the classical characterization of M. Riesz and A. Kolmogorov of compact
sets in L) (see [8]) we can prove the set {u™} of u™ satisfying (3.21), (3.34)
is relatively compact in LX(2). From (3.21) and the relatively compactness
of {u™} in L)) we can choose a subsequence again denoted by u”™ such that

lim T(um-Vum, ¢)g(t)dt:IT(u'Vu, SD).Q(t)dt VSD € D(é).
0

m—ood 0
Now
1 2 T T
_Z_Zl:zjo (umPy,, SD)riu)dt:L (Sﬁ'vum, U)o dt.
By virtue of the strong convergence of u™ in L2(Q) and (3.21) we have

lim IT(QVu’”, U)oy b= j 0V, Wowdt  Yoe DO),
0 0

m=rco

hence
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2 s
Lim 237" (P 9ot =223 (v, Drod

m—oo

Now passing to the limit m— oo in (3.11) we obtain (2.3). Finally we prove

sgp-lulm@ .

We let

[ 0<i<E
F= { i,

We replace in (3.11) ¢ by u7(?) and after some calculations obtain

aum 2
ot

w@ho <=

1/ ou™@) (3 1 e
_{__n_z( Pt (t)>g<z>+§lu )o@

(L)

tof umiodt

By virtue of (3.21) and the compactness of {u™} in L¥£) one obtains

lim

m—rco

<lim 1 | ou™®)
mow/m | Ot

L(30, o)

_ @l =0
m 20 K vym

hence

[u(®) o <C .

The proof is completed.
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