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§0. Introduction

The simple group of O’'Nan is one of five or six sporadic simple groups
not involved in Monster. (It has not been determined whether J, is in-
volved in Monster or not.) This group is defined as a simple group whose
Sylow 2-subgroup has the following presentation :

vi=t=1, [v,v,]=1 (4,7€(1,2,3})

4 ___ — a1
Vi, Vg, Vsy | ST=0y0;, st=s7!,

st VI=Vy, V=V, VI=00;'0s,
vi=vs', wi=vr', wi=ort.
O’'Nan [3] first studied this group and determined much of its local
structure as well as its character table. Sims and Andrilli [1] showed the
existence and the uniqueness of this group. They also proved that the

outer automorphism group of this group is of order 2.
The main results of this paper are the following theorem and corollary.

THEOREM. The simple group G of O’'Nan of order 2°-84-5.7-11-19-31
has exactly 18 conjugacy classes of maximal subgroups. Their represent-
atives are as follows:

Index
{A) Two 2-local subgroups
(1) (Zy L)) x2Z, 32.7%.11-19-31
(1) (ZaXZiX Z)-Ly2) 3¢.5-72-11-19-31
(B) Two 3-local subgroups
(111 (ByxZ)X Ae)- 2, 28.7%.11-19-31
(iv) Fux (2. Dy 28.7%.11-19-31

(C) Nine non-local subgroups
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(v), (vi) Ly7) % Z, (2-classes) 28-3%.5-11-31
(vii) J; 26.3%-72.31

(viil), (ix) ILy(31) (2-classes) 24.38.7%.11-19
(x), xi) My (2-classes) 20.32.7%.19-31
(xii), (xiil) A4, (2-classes) 26.3%.7%.11-19-31

Moreover (v) and (vi), (viil)) and (ix), (x) and (xi), (xii) and (xiii) are
Aut G-conjugate respectively.

COROLLARY. AutG has exactly 10 conjugacy classes of maximal sub-
groups. Thewr representatives are as follows:

Index
(i) G 2
(ii) (Z,-Li4))-F, 32-7%.11-19-31
(iil) (ZixZ,xZ)-(Ls(2)x Z,)  3*-5-7%.11-19-31
(iv) (EyxZ)x A E, 28-7.11-19-31
(v) Eux((21X D) %7, 28.7%-11-19-81
(vi) T8 {(Dy X Zy) 20.3%.5-11.19-31
(vil) FP 2°.3%.75.11-19
(viil) JixXZ, 28.8%.77.31
(ix) PGL49) 28.32-7°.11-19-31
(x) PGLJT) 28.3%8.5-72-11-19-31

In the above, AxB and A-B denote split and non-split extensions of
A by B respectively. We use Z, and K, to denote a cyclic and an elemen-
tary abelian group of order % respectively. D, denotes a dihedral group
of order n. We also use F7 to denote a Frobenius group with the kernel
Z, and a complement Z,. For odd prime p, pi™™ denotes an extra-special
group of order p™*™ of exponent p. 21" denotes a central product of D
and €, with amalgamated centers. We also use S, and A, to denote the
symmetric and alternating group of degree n. J, denotes the first Janko
simple group (See [2]) and M,, denotes the Mathieu simple group of degree
11.

Recently R. Wilson informed me ([5]) that he has obtained the same
result under the assumption that the 3-fold covering group of the simple
group of O’Nan has an irreducible representation of dimension 45 over F,.

On this assumption, R. A. Parker has constructed generating matrices.
According to R. Wilson, these matrices have been used heavily in his
paper together with the use of computer programming. The present work
has been completed without such an assumption or use of computers.

Throughout this paper G denotes the simple group of O’Nan,
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Now we describe the outline of the proof of the theorem. For a finite
simple group, in general, every maximal subgroup is a normalizer of some
characteristically simple subgroup —a direct product of isomorphic simple
subgroups. Thus the proof is naturally divided into the following several
steps.

First step is the determination of the conjugacy classes of abelian
characteristically simple subgroups —elementary abelian subgroups—and the
normalizers of their representatives. This is treated in §3.

Second step is to determine which non-abelian characteristically simple
groups actually occur as subgroups of G. O’'Nan [3] proved the existence
of L(7) and J;,, but the existence of Ly(31), M, and A, was unknown in
any published papers, so far as I know. So we must construct these sub-
groups. This step is one of the most difficult works in a problem of
determining the maximal subgroups of a simple group, because such
unknown subgroups have considerably large indices and do not have good
geometrical meanings. In §4 and §5, we construct these subgroups by
using the detailed local information obtained in §2 and § 3, and by examin-
ing the relations among some generators. As for M, and L.31), the
generators can be chosen rather naturally, and in this process of construe-
tions we get an interesting presentation for M, (Lemma 4.2). As for A4,
the generators must be chosen more carefully.

Third step is to determine the conjugacy classes of the non-abelian
characteristically simple subgroups obtained in the second step and the
normalizers of their representatives. For the determination of maximal
subgroups of a simple group (in particular sporadic simple groups), this
step is very complicated and is frequently carried out with aid of com-
puters. However for the simple group of O’Nan, the constructions of
Ly31), M, and A, in §4 and §5 are so explicit that we can dispose of
this step in §6 and §7 considerably easily by hand. Lemma 6.7 is a key
lemma in §6 and the usual counting argument described in §1 are useful
in §7.

Finally it is easy to pick up the maximal subgroups of G from the
results in first and third steps.

Throughout this paper we use the notations in the theorem to describe
isomorphism types of subgroups of G. Furthermore M, denotes the one
point stabilizer of M.

The author would like to express his sincere gratitude to Professor T.
Kondo for his hearty encouragements and valuable advices.
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§1. Notations and some counting argument

Throughout this paper G will denote a fixed finite group isomorphic
to the simple group of O’Nan. For any subgroup H of G, we use the
“ATLAS” notation for representing conjugacy classes of H, in which
classes of elements of given order are lettered in decending order of the
order of their centralizers. For example, see table I and II. In cases
where there is a risk of confusion, we will denote these classes of H with
the subscript H, for example (24),,.

An element of class (nX)y is called an (nX)p-element. If K is a sub-
group of H and its isomorphism type is M, then we call K an M-subgroup
of H. For example, if K=<H and K= A4;, we say that K is an A,-subgroup
of H We will also say that a subgroup K of H is of H-type (or in case
H=G, simply type) (X, mY, nZ)y, if there exist an ({X)y-element z and
an (mY)y-element y such that xy is an (nZ)z-element and <z, y>=K.

Now we describe the counting argument used in this paper.

Let H be a subgroup of G and ¢t be a fixed (nZ)z-element. We set
(X, mY; t)g={z, )Xz x(mY)glay=1t}. The subscript is dropped when
it is clear which group is meant. The value ¥IX, mY ;t)y can be calculated
from the character table of H and is independent of the particular choice
of t=(nZ)y, namely

s . | H] ()7 (h)y(t)

Y D= G P T )
where ge(IX)y, h={(mY)y, y runs over all the irreducible characters of G,
and y(f) denotes the complex conjugate of y(¢t). We also dencte this value
by (X, mY, nZ)g.

Let H be a subgroup of G of G-type (X, mY,nZ) and t is an (nX)e-
element in H. For a subset @ of G containing ¢, we set

(X, mY; )NQ={(z, y) (X)X (mY)slz,y=Q and zy=t}.

In non-local analyses (§6 and §7) we will often consider the set (X, mY;t)
N( U HY. If we can show that (IX,mY;t)N(HNH)=@ for geN4t),

g&ENg(H)
then the cardinality of this set is equal to |(IX, mY ; )NH| X [Ng(t) : Ng(t)
NNg(H)|. We note that if the fusion pattern of H in G is known, then
the first factor of this value can be calculated by the character table of H.
Indeed, if the H-conjugacy classes in (IX)eNH are (X, -, X,y and
those of (mY)eNH are (mY)y, -+, (mY,)s then we have

0%, m YN HI = 3 DHX D, (mY )
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This value turns out to be very useful in order to defermine the con-
jugacy classes of non-abelian simple subgroups of G. (See §7.)

Table I Conjugacy classes of G

ATLAS2 name [Co () | Structure of the
x x x centralizer
1 14 14 14 2°.34.5-7%.11.19.31 G
2 24 14 24 29.3%.5.7 (Zy-Ls(4)) X Zs
3 3A 34 14 23.34.5 Eyx A,
4 44 24 44 28.3%.5.7 Zy- Lz (4)
5 4B 24 4B 28
6 54 BA BA 22.3%.5 (BsXZy) X Zs
7 6A 3A 24 23.3% Eyx Dy
8 TA TA TA 22.73 TN Z,
9 7B 7B 7B 72 Ey
10 84 4B 84 25
11 8B 4B 8B 25
12 104 bA 104 2.5 Zz
13 114 114 114 11 Zy
14 124 6A 44 22.32 Eyx Z;
15 14A TA 144 28.7 Ziog
16 154 15B 54 32.5 Eyx Zs
17 15B 154 54 32.5 EyxZs
18 164 84 16B 2¢ A
19 16B 84 164 2¢ pA
20 16C 8B 16D 24 : Z1e
21 16D 8B 16C 2¢ Zs
22 194 19B 19B 19 Ze
23 19B 19C 19C 19 Zo
24 19C 194 194 19 Z1g
25 20A 104 20A 22.5 Zoo
26 20B 104 20B 22.5 YA
27 284 144 284 22.7 Zog
28 28B 144 28B 22.7 Zss
29 314 314 31B 31 Zs
30 31B 31B 314 31 Zs

§2. Preliminary results en local subgroups

In this section we review some notations and results on local sub-
groups of G from [3]. Furthermore we prove some detailed properties on
these subgroups, which will be necessary to later sections.
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By the definition of the simple group of O’Nan, G has the following
group P as its Sylow 2-subgroup:

P: </UIJ Vo, Vs, 8; t> ’

where vi=vi=vi='=1,s=vw,; [v,v;]=1 (4 5{1,2,3});

VI=Vy, V3= 05, V3= 005 055 vi=w3Y, vh=0;%, vi=07'; and st=s!,
Throughout this paper we assume that the letters P, v, v, v; s and £
satisfy the above conditions. We set V=<, v, v,0 (2 Z, X Z, X Z,). From §4
of [3] we have the following.

PROPOSITION 2.1. (O’'Nan) (i) G has ome class of involutions.
Colvtwd)=C¥(vwivs?) and Cglowivsh)/<vwivs'y=L(4). The involutions in
Colviv) —Colvwiv:?) are conjugate, and they induce on Celvwivy)/<vwiv:D
(= Ly(4)) unitary automorphisms.

(i) G has two classes of elements of order 4; 44 and 4B. The ele-
ments of class 4A are conjugate to vwivs' and are not squares in G. The
elements of class 4B are conjugate to v, Their cemtralizers in G are
2-subgroups. The square roots of vWi of class 4A are viwivs' and its in-
verse.

(iii) Ng(V) is isomorphic to o non-split extension of Z,XZ;XZ, by
L(2). The set of all 4A-elements in P generates V.

Since st is an involution in Cglvivd)—Cglvwivs), it follows that the
centralizer of st on Cglvwivi)/<{vwivs'y is isomorphic to Uy(2) (=EyxZy)
from the above proposition. We consider the inverse-image in Cg(vviv:?)
of this centralizer. We let B be a Sylow 3-subgroup of this inverse-image.
We set T=<s%% vz, std, K=0x(R) and Z=TNCK).

PROPOSITION 2.2. (O'Nan) (i) T 1s a Sylow 2-subgroup of Ng(R).
Ne(R)=Ce(R)-T and [N4R):Ce(R) =8

(ii) K=d4s and KENT=<{nwivs, sty =D Ce(R)=RXK and Cglry=
Co(R) for any element v in R:. In particular R is a T.I. set in G.
Furthermore Co(K)XK 18 a subgroup of Ng(R) of index 2 and
Ne(R)/Co(K) = My

(iii) CaK)=RxXZ=FE;xZ,. Z acts on R fixzed point freely.

LEMMA 2.8. Let b be an element of order 5 in K inverted by vivi.
Then we have the following.

(i ) Z=L{v w5,

(ii1) Cab)=(RxZ)x<b> and |Ng(b): Cue(b)|=4.
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(iii) TNNgb) is a Sylow 2-subgroup of Ngb) of order 2.

iv) TNCxb)=Z and TN(CEH)—Cu()={vwst, vilvs, vI03, vivd. For
any element ha TN(Ngb)—CED)), we have =12, (vwd) =vT'v50% and
(s Y =v7"vl,.  Furthermore No(K)=Ng(R)=((R*XZ)X K)Xh>=({(FE,x Z,)
X Ag)+ Zo.

(v) The square roots of vk in Ngb) are contained in TNNgb).
»#% 1s not a square in Ng(b).

PROOF. (i) By [8] Lemma 5.8, Z=<vw5"> or {v,uwd>. Since vw;'=
(stv,)’, vw;' is a 4B-element and does not centralize K (= A,) by Lemma 2.1
(ii). Thus Z=<{vwwd.

(ii) follows from table I and Proposition 2.2 (iii).

(iii) We set F'=<{vwwi vw3>. Then F(=Z,XZ) is a Sylow 2-subgroup
of C%(b) by (ii). Suppose that X is a Sylow 2-subgroup of Ngb) contain-
ing F. Then FIX as [X: F|=2. Since NybB)=NxR), X is a 2-subgroup
of NH(R)NNe(F). We may easily verify that FJ7. Since Z acts on R
fixed point freely, no element in R* normalizes #. Since any element of
order 5 in Ng(R) is contained in K, it does not normalize F. Consequently
Ne(R)NNG(F') is a 2subgroup of Ng(R) and so T=N {R)NNHF). Thus
X=TNNg().

(iv) Weset A=TN{{RxZ)xK). Then A=wopd X vl st)=Z,X D
Since A is a subgroup of T of index 2 and ANNB)=F, it follows from
(iii) that TN\Ngb) contains an element in T—A. We may easily verify
that there exist 16 elements of order 8 in 7'—A and their fourth powers
are vivi. Suppose that one of these elements is contained in Ng(b). Then
vivi centralizes b as |Ng(b):Cge(b)}=4. This is a contradiction. Thus
TNNgb) contains all the remaining 16 elements in T—A. We may also
easily verify that the set of these elements coincides with Fs tviuU
Fsivrviv;' and that the squares of elements in this set are vZv2. The
rest of the assertion follows from direct computations.

(v) A Sylow 2-subgroup of Ngb) is Rx<by-conjugate to TNNg().
Since viw} inverts Rx<b), the square roots of viw? in N4(b) are contained
in TMNg(b). Suppose that v2w2 has a root in Ng(b). Then v%? has a root
in TNNgk) since vivi centralizes R and inverts b. But this contradicts
(iv). Thus (v) follows. ]

COROLLARY 2.4. (i) Ng(b) has three conjugacy classes of involutions,
represented by vivi, vivi and vivi

(ii) Suppose that there exists an S;-subgroup S contarning b. Then
the tnvolutions tn Ng(b)NS' are Ng(b)-conjugate to vi In particular
there 1s mo S;-subgroup which contains an As-subgroup of K.
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PROOF. We note that vivi, v%v? and viv] are not Ng(b)-conjugate each
other by Lemma 2.3 (v) and the fact that vivie Cu(b) but v¥v?, vivie Cu(b).
Thus (i) follows from Lemma 2.3 (iv). Since a Sylow 5-normalizer of S,
is isomorphic to F', the involutions in Ng(b)N\S are squares in Ng(b) and
are contained in S’. Thus (ii) follows from (i) and Lemma 2.3 (v). [

Suppose that R’ is a Sylow 3-subgroup of K normalized by vww5' and
To=<vwsY, (s™%)? s%i-st>. Then by [3] §5, T, normalizes R and R’, and
there exists an element ¢ such that g*’< T, and R'=R’.

In order to describe the structure of (T}, ¢g> explicitly, we will take a
suitable conjugate of <7y, g> in P. By [3] §5 there exists an element z<
Ne(V) such that (T, ¢>"=<vwsl, vwil, s'v, t>. We set B=R* R =(R'),
K=K* T\=<{vw3!,vw3}, sy and L=<,sw7 v, v,v5", v20% ).

PROPOSITION 25. (O’'Nan) (i) RXR; is o Sylow 3-subgroup of G
and Ng(B; X R)/RX Ry =2 D,,.
(i) Ty normalizes R, and R, and t interchanges R, and R,. <(T,t>
18 a Sylow 2-subgroup of Ng(R, X Ri) with center {vWwi).

(iii) We let C be a complement of Ng{R,XR)/R,XR; containing
T,t>. Then LIC, C/L=D, and L=2*. L contains all involutions in
T, t>.

LEMMA 2.6. (i) Interchanging R, and RS, if mecessary, we may as-
sume that the following holds: {vww3> and {vivw;> act fized point freely
on R, and R; respectively, R<{vww?> centralizes Ri{vivwsy, and Ri<{vivw:
=K.

(1) {ge<T,t>—L|g*=vivil={(s{v7")", (s%)*, (S5 vs)*, (s"wwaw3 ')}

PROOF. Assertion (ii) follows from simple computations.

(i) Since v@ivs! is an element of KN7T, which acts on R’ fixed point
freely and centralizes R, (vwiv3')® is an element of K\N\T§ which acts on
R, fixed point freely and centralizes R, We set k=@wph3i)*. As Ti=<
KTy, x>, k=T, by Proposition 2.5 (ii). Since k centralizes R;, k is of class
4A. Thus ke TiNV=<vws',vw3;">. We may easily verify that the elements
in TiNV—{vwwi)*, (vivew;)*} are squares in P. Therefore we have kD,
EDY=Kowawdd, iuwsr). So k' centralizes k and Ri(=R{). Thus the as-
sertion follows.

In the remainder of this paper, R, R} and K, will denote the sub-
groups which are defined in the above and satisfy Lemma 2.6 (i).

Finally we note some results on the action of an involution in AutG
—G on G. We will call this element an outer involution of G.
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LEMMA 2.7. (i) The outer involutions of G are G-conjugate and
thewr centralizers on G are isomorphic to Jy.

(i1) Suppose that an ouler involution ¢ of G centralizes an involu-
tion 7 in G. Then ¢ induces on Cu(9)/Z(Co(f)) (=2Ls(4)) an inverse-lranspose
automorphism.

(iii) G has two conjugacy classes of cyclic subgroups of order 16.
Any outer involution interchanges these classes.

(iv) Suppose that an outer involution ¢ of G acts on R, the Eysub-
group in Proposition 2.2. Then Cplé)=Z;, (K, ¢>=PGLy9) and Cxlp)=Dy.

PrROOF. (i) and (ii) follow from [3] §11. (iii) follows from (i) and
[3] Lemma 10.12.

(iv) We use the notation in Proposition 2.2. By the assumption ¢
acts on K=CuxR) and RxZ=C4K). We may assume that ¢ acts on Z.
Then ¢ inverts Z as J; has no element of order 4. Suppose that ¢ inverts
R. Then ngv%vz:qﬁ”l”Z"% centralizes R as v%? also inverts R. This implies
that J, contains an E,subgroup, which is a contradiction. So Cr(¢)#1 and
Crld)=Z,.

Since there is no outer involution of G centralizing K, <{X, ¢> is iso-
morphic to My, S or PGLy(9). We have <K, ¢>% M, as there is no involu-
tion in M,— A4, Since any involution in S;— 4, centralizes an element of
order 4 in A, <K, ¢>#S,. Thus <K, ¢>= PGLy(9) and so Cxl¢)=Dy. [

§ 3. Maximal local subgroups

In this section we determine the maximal local subgroups of G. The
notation in §2 will be used.

LEMMA 31. (i) G has two classes of four subgroups, represented
by Vi=<ov}, vivd) and Vi=<{vivi, st).
(ii) Ca(V)=<V, s, st> and Ce(Vy)=(R X {vwwi>) X V.

PROOF. (i) Let E be a four subgroup of G. Since all involutions in
G are conjugate, we may assume that E contains v#% and so E=Cgs(vivi).
We may also assume that E<P as P is a Sylow 2-subgroup of Cs(vivi.
Suppose that E=Cq(vwivs!). Then we may assume that E contains an in-
volution in the coset v¥ivwivy®y since Celvwivsh)/<vwivs™ (=2 Ly(4)) has one
class of involutions. Thus E=<v%?i v, Next suppose that E£Cy(vwivih).
We may easily verify that the following holds: the set P—Cglvwivi")
coincides with sVuUs 'VUstVUs tV, there are no involutions in sV\Us™V,
and the involutions in stV\Us™tV are P-conjugate. Consequently we may
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take E=<{(wv}vi st)> in this case.

Since the centralizer in Ly(4) of an involution is a 2-subgroup, Ce(vwivs?)
NCe(V)=<V, s> and so Ce(V)=<(V,s%,st>. As R=0,C4(V,) we have
Ce(V)=ENg(R). Thus Co(Ve)=(RxZ)XV, by the structure of N4(R).

In view of the structures of their centralizers V, is not conjugate to
Voo O

LEMMA 3.2. (i) The mawimal elementary abelian 2-subgroups of G
are 1somorphic to H.

(ii) We set W=QUV)=<% v} v, Wo=<wWi vl swiy and W.=
<wivi, vivs, st>.  Then any Fesubgroup of G is conjugate to W, for some
11,2, 3}.

(i) Ce(W)=V=ZXZXZ, Co(W)=<vws, v} sviy=Z,xE, and
Co(Wy)=<vww?, ve, str =72, X E,.

PROOF. Let E be a maximal elementary abelian 2-subgroup. We may
assume that E contains V,; or V, by Lemma 3.1. We may also assume
that E<P. Note that P=Ng(V,). Suppose that V,<E. If E<YV, then
E=W, So we may assume that ENs’V=g@ or EN(stVUstV)#¢@. In
the former case E is conjugate to W, as the involutions in s*V are P-
conjugate to swi'. In the latter case we may assume that V,<E as the
involutions in stVUs™tV are P-conjugate to st. Since E=Cp(Vy) =< ww;l,
v{vi, sty, we have E=1W, in this case. The structures of Co(W;) (1=1,2,3)
are easily determined. [

PROPOSITION 3.3. Any 2-local subgroup of G is conjugate to « sub-
group of one of the following three subgroups: Calvivd), Ne(V) and Ng(R).

PROOF. By Lemma 3.1 and 3.2, any 2-local subgroup of G is conjugate
to a subgroup of one of the following subgroups: Ce(v2v?), N Vy), Ng(Va),
No(Wy), No(W,) and Ng(W;). As V=<(Cg(Vy)N44> we have Ny{V)ZNHV)
=Ng(W). Since <(Ce(W)N4A>=<vwi;> and <(Co(W)N4A4A> = wwwdd.
Ne(W,) are conjugate to subgroups of Cg(v%v?) for 7=2 or 3. Moreover
Ng(Vy)=Ng(R). Therefore the proposition follows. [

PROPOSITION 3.4. Any 3-local subgroup of G is conjugate to a sub-
group of one of the following two subgroups: NgR) and NH{R,XR)}).

PROOF. Let E be a 3-subgroup of G. Since the elements of order 3
in G are conjugate, we may assume that ENR, contains a non-trivial
element r. Then E<C4(r)=Cs(R)=R, XK, If EXR, then Co(E)=R,xK,
and so Ng(E)=Ny(R)). Suppose that E£ R, Then we may assume that
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E=R xR Thus Co(E)=R, X R, and s0 NHE)SNGHR, X E}). ]

For a prime p other than 2 or 3, the structures of maximal p-local
subgroups are easily determined. For p=5 and 7 the following were
obtained in §2 and [3] §6 respectively. Note that therse exists an L,(31)-
subgroup in G as will be shown in §4.

PROPOSITION 3.5. (1) The maximal 5-local subgroups of G are Sylow
5-normalizers. They are isomorphic to (FyXZ)XDy}-Zy, and conjugate to
subgroups of Ng(R).

(i1) We let D be a Sylow T-subgroup of G. Then D=7" and D has
two Ng(D)-classes of TA-pure Eg-subgroups. We let B and E” be their
representatives. Then G has three conjugacy classes of maximal T-local
subgroups, represented by Ng(D), No(E") and N(E"). NaD)=Tx(Zyx Dy)
and Ng(EVY=NE")2Eyx(SL{T)x Z,). Furthermore these subgroups are
contained in some (Ly(T) X Zy)-subgroup.

(iii) The maximael 11-local subgroups of G are Sylow 1l-normalizers.
They are isomorphic to I'}Y and are contained in Ji-subgrowps.

(iv) The maxzimal 19-local subgroups of G are Sylow 19-normalizers.
They are tsomorphic to F? and are contained in Ji-subgroups.

(v) The maximal 31-local subgroups of G are Sylow 3l-normalizers.
They are isomorphic to F1 and are conteined in L.(31}-subgroups.

§4. Constructions of M, and L,(31)-subgroups
In this section we construct M, and L,(31)-subgroups.

NOTATION 4.1. We use the following diagrams for convenience in
order to describe presentations for some groups. Each node @ denotes a
generator of order 3 and each node O denotes an involutive generator. If
the product of two generators is of order =, then the corresponding nodes
are combined by (n—2)-lines or by a simple line to which the order » is
attached. The remaining relations are denoted heside the suitable lines.
For example, the diagram

© O @ (wz)’=7r
T w

describes the relations »=w’=w’=2"=(ru)’ =l =0wp={uwl=(uzy=1
and (wz)*=r. (We note that for an involution % and ar element + of order
3, (ru)*=1 implies {ur)?®*=1 and (r 'uy=1.)

LEMMA 4.2. (i) ‘ay, -, a,|@—0---0—C) 1s ¢ presentation for A,..
23} Qo Qpoy Uy
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O w
<y, w, 2 (w2)'=1r>
4 o

s a presentation for L.(11).

(iii)
@ (w
r,u,w, 2,9 © O w2 =r
vl ?
¥4

g

(i1)

18 a presentation for M.

(iv)
5 pam1
< U, 2,9 | S
7 U z 15 g

is @ presentation for L.(31).

PROOF. (i) is well known. (iv) is proved by Perkel [4] (pp. 162-163).
(ii) and (@ii1) follow from the coset enumerations for cosets by {r, u, wd
(= A4;5) and <7, u, w, 2> (= Ly(11)) respectively.” [

Now we start to construct M,; and I,(81)-subgroups. Let ¢ be an outer
involution and = be an element of order 8 in Cgi(g). We set J=Culg),
R=04(Cs(r))) and K=Cu(r). We note that J=J,, R=E, K=A4,and Cq(r)
=RxXK (see §2). Furthermore we identify K with the alternating group
on six letters {1,2,---, 6}.

By [2], J has Ly(11)-subgroups and the elements of order 3 are con-
jugate in J. Thus by Lemma 4.2 (ii), there exist involutions u,z,w in J
which satisfy the following relations:

<0
Q
=
<
\Z\%
]
=

% N0 z

We set A=<r,u,z> and B=<r, u, w). Note that A and B are not con-
jugate in <4, B) {= L,(11)). Indeed, suppose that B=A" for some =<4, B).
Then <r,u> and <{r,ud'"" are A,subgroups of A(=A;) and so {r,ud=
Cr, udt ™ for some a€ 4. As {r,u)> is self-normalizing in {4, B>, we have
l=A. This is a contradiction.

Thus A4 and B are representatives of J-conjugacy classes of A;-sub-
groups of J by [2] Lemma 8.3. Without loss of generality, we may as-

1) M. Kitazume carried out these enumerations by hand.
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sume that C;(4)=1 and C,(B)=Z,

LEMMA 4.3. Let f be ¢ 4A-element of G such that C,(B)=<{f*. Then
we have the following. .

(i) NaB)=([f>XB)Xg>, where g is an involution such that fi=f"
and <{B,g>=S;.

(i1) For any Ar-subgroup F of B, Ng(F)=({f>XF)Xk>, where k 1is
an involution such thet f*=f' and <F,E>=S. In particular N (F)=
Ng(B).

(iil) Ng(4)=A.

PROOF. (i), (ii) By the structure of J, C,(fY=Z,x A, Then B=
Ce(f)'=Cs(f) as B is perfect. Since ¢ induces on Ca(f)/<f> (= Ly4)) an
inverse-transpose automorphism, B{f>/<{f> corresponds with the centralizer
of ¢ on Ce(f)/<{f>. Now by the structure of Aut L,(4) and Proposition 2.1
(1), there exists an involution g in Cg(f*—Ce(f) which acts on B[S
non-trivially. Thus g acts on B (=<B, f)’) non-trivially, and so we have
B, g>=S; and f'=f"". We may easily verify that, for any A4,-subgroup
F of B the centralizer of F{(f>/(f> in Ce(f)/<f) is trivial. Thus Cu(F)
NCa(fH=<.

Since ¢ corresponds to a transposition in (B, g)> (=S,), Cz(g) contains an
element p of order 3. We write Cy(p)=RyxXK,, where R,=F, and K,= A,
We let F' be an A.,-subgroup of B containing p. Then {(f>=C(F)=R,x K.
As f*e K, RyNCs(F)=1 by the remark in the above paragraph. Thus
Ce(F)=Z, Ds or A. Moreover {f>=Cy(F)=<K, We note that <f,g>=
NelfINK, since {f, g> is a Desubgroup of Cu(p). Suppose that Cyx(F)=D;
or A Then {f, ¢9>=Cs(F) and (g, F>(=Z,x A)=<g, B> (=S;), which is a
contradiction. Thus Ce(F)=Cs(B)=<{f>.

Since Aut 4,=S;, Aut A,=S, and the A,-subgroups of A; are conjugate,
the rest of the assertion follows.

(iii) Suppose that Cs(4)#1. Then Cz(A)=Z, or Z, since the centralizer
of ANB(=A,) in G is isomorphic to Z; by (ii). Since ¢ centralizes A4, ¢
normalizes Cq(A4) and so C,;(4)#1. This contradiction shows that C.(4)=1.
Suppose that A<N4z(A4). Then Ng(A4)=S,. Since ¢ normalizes Ng4(4) and
centralizes A, we have Ngz(A)=J(=J,). This is a contradiction. Thus
N G(A) =A.

As {(rw)=(rz)’=1, w and 2 are contained in C¥(r). It follows from the
above lemma that w and z have further properties described in the next
lemma. Note that <K, ¢>=PGL,(9) and Cx(¢)=D,, by Lemma 2.7 (iv).
We also note that fe K and fP=Cx(g) as feCe(B)<Culr).

LEMMA 44, w=CE(r)NCs(K) and z=rwz, where 2’ is an involu-
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tion in Crld)—<f>.

PROOF. Suppose that y is an involution in Cgz(K). Then we have
Céir)=(Rx<y>)x K. Since ¢ centralizes r, ¢ acts on K and Rx{y>. Since
w and z invert » and centralize ¢, we can write w=qyxXw’ and z=¢q'y
xz', where ¢, ¢ R, w', 22 cCk(¢) and (w')*=(')’=1. Without loss of
generality, we may take g=1. As weCu(f), w' €Cr(@)NCe(f)=<{f>. Since
r=(wz)}, ¢'=r and (w'2’)*=1. Suppose that w’'=f° Then we have z'<
{f>. But this implies [z, f]=1, and so A=<, u,2> centralizes f. This
contradicts Lemma 4.1 (iii). Thus w'=1 and 2’ is an involution in

CK(¢)_ <f2>. ]

In order to construct M, and L,(31)-subgroups using the presentations
in Lemma 4.2, we must consider an involution g which satisfies the follow-
ing relations:

@ O O.
r o u g

LEMMA 4.5. Weset S={g=G|¢*=@ru)=(ug)P=1}. Then we have J =
{wxklkeNg(f) =<}

PROOF. There exists an involution d such that fi=f"' and <B,d)=
S; by Lemma 4.8 (i). We may assume that r»*=»"", u*=w% and w'=w by
Lemma 4.3 (ii). Then d=Y and <r, u,d>=S,. Note that & is the set of
involutions which satisfy the same relations as d to » and %, and that an
element in & normalizes {r,u>. Thus ={d, df, df’, df "} as Ng(<r, u))=
K> =L, u>)<d>.

Since an element ¢ in & inverts r, we can write g=rwXxg’, where
r€R, 9K and (¢')*=1. As w centralizes g, r.=1. Since g inverts f,
g eNg(f)—<f>. Thus the set I consists of the elements as desired since
(Ng(f)—<f1=4

Finally we will examine the relations among the elements », u, w, z, g
for each geJ. Without loss of generality we may assume that Cg(p)=
{13425), (12)(34)> and f°=(12)(34). Then <{f>=<(1824)(56)>. By the above
lemma, we have Y ={wx(84)(56), wx(13)(24), wx(12)(566), w x (14)(23)}.
We also have z=rwX(35)(24), rwx(14)(25), rwx(23)(15) or rw x(13)(45)
by Lemma 4.4. Then for any choice of z we may easily verify the fol-
lowing. [

LEMMA 4.6. (1) For exactly two elements in I, say ¢, and g, the
following relations hold :
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=20
20

O
O

@ (wz)*=r

g: (@=2or 8).

(ii) For the remaining two elements in I, say g, and g., the follow-
ing relation hold:

w
O

O
Z (wg)’=r"' ¢; (=1 or 4).

Hence, by Lemma 4.2 (iii) and {(iv), we have constructed the desired
subgroups.

PROPOSITION 4.7. Under the notations in this section, we have;
(1) for each 1€1{2,3}, {r,u,z, w,g> is an My-subgroup of G, and
(ii) for each je{1,4}, {r,u,z, g;> is an Ly(31)-subgroup of G.

Furthermore we get some results from the above constructions. First
we note some general lemma.

LEMMA 4.8. (i) Let X be a finite group isomorphic to As or Ly(31).
Suppose that a, b, ¢ are elements in X which satisfy the relations:

@——0O——0.
a b ¢

Then there exists an involution d in X which satisfies X=<a, b, ¢, d> and
the relations :

e—0 O.
a b d

(ii) Let M be o finite group isomorphic to My. Suppose that a,b, ¢, d
are elements tn M which satisfy the relations:

oﬂ (cd)’=a.

RO
Sy
O

.0

Then there exists an involution ¢ in M which satisfies M=<a, b, ¢, d, e>
and the relations:

©—0 O.
a b e
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PROOF. Let A be a finite group isomorphic to 4, We note that if

a,b,¢c and a’, ¥, ¢" are elements in A which satisfy the relations; ©———<g«———o
a ¢

and @/—l()),—g , then there exists an element g< A such that (¢")=a* and
¢

a
b)?=0b.

(i) Suppose that X= A, Then there exist elements a’,b’,¢,d" in X
which satisfy the relations: ((L@/——gg—é‘)/— c(l)’ . Since As-subgroups of X are
Aut X-conjugate, <a',b’,¢>°=<a,b,c> for some sc=AutX. By the above
remark, there exists an element g=<u, b, ¢> such that (¢)’?=a* and (")
=b. Set d=(d')??. Then the relations © % 3 hold. Furthermore

o

a, b, ¢, d>=<a’,b’,¢’,d’>=X. In case of X=LIL,381), the same argument
holds.

Since IL,(11)-subgroups of M, are conjugate, (ii) follows from the
analogous argument as above. []

‘We use the notation mentioned above in this section.

LEMMA 4.9. (i) There is no Assubgroup of G containing B.

(ii} There are exactly two Assubgroups of G containing A. They
are {4, gy and <A, g:>. These subgroups are interchanged by ¢, but are
not G-congugate. Furthermore Ng((A4, g.0) =N (KA, go)=My, and these
normalizers are contained in My-subgroups.

(1il) There are exactly two L.,(31)-subgroups of G containing A. They
are <A,g> and <4,9o. These subgroups are interchanged by &, but are
not G-congugate. Furthermore they are self-normalizing.

(iv) There are exactly two M -subgroups of G containing <A, B>
(= L,(11)). They are {A, B, g> and <A, B, g;>. These subgroups are inter-
changed by ¢, but are not G-conjugate. Furthermore they are self-
normalizing.

PROOF. We set I={geGig*=(rg)=(ug)*=1}.
(i) Suppose that C is an Assubgroup of G containing B. By Lemma
4.8 (1), there exists an involution v €Y such that C=<r, u, w, x). However

for any x<=< the relations &—0—0 © hold. Thus C=S,, which is a
contradiction. roou W x

(ii) Suppose that C is an A¢subgroup of G containing A. By Lemms
4.8 there exists an involution x= & such that C=<{r,u,z, z>. Since A4, has
no L,(81)-subgroup, we have x=g, or g; by Lemma 4.6.

Since ¢ fixes A, ¢ acts on . So ¢ acts on {g, g and {g,, g}. Thus
g:=¢; and g,=g, as Cq(¢) (=J,) has no A, nor L,(31)-subgroup. In particular
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{4, g ={4, g.

Suppose that (A4, g>*=<A4, g> for some k=G. Then 4 and A* are A4;-
subgroups in <4, g;>. Since N (KA, g>)N<A, B, g:> =M, there exists an
element % in this M-subgroup such that A**=A. Then we have kh <
Ng(A)=A by Lemma 4.2. Thus keNgyz(<4,g). This implies that ¢
normalizes <A, g,>=<A4, g;>. Then ¢ centralizes <4, g;> (= 4,), which is a
contradiction. Therefore {4, ¢g;> and {4, ¢g;> are not G-conjugate.

Since Co(<4, g55)=Co(A)=1, N4(<A, g>)=M, or Aut A;.. Suppose that
Ns(KA4, go)=Aut A;. Then there exists an Si-subgroup S containing A.
We may easily verify that S=<{4, > for some involution z=<. But this
contradicts Lemma 4.6. Thus Ng(K4, g:>) = M.

(iii) Suppose that L is an L,(31)-subgroup of G containing A. Since
L,(81) has no Agsubgroup, we have L=<A4, gy or {(4,g, by the same
argument as in (ii). As gf=g, we have also <4, g>?=<{A4, go.

Suppose that <4, g *=<(4,¢.> for some k=G. Then k¢ normalizes
{4,9>. We set L={4,¢gy>. Since any element of order 31 is self-cen-
tralizing, Ce(L)=1. Thus Ng(L)=L as G has no element of order 32.
Consequently Nau: (L) = PGLy(31). Then for any element A of order 16 in
L and for any outer involution ¢ in <L, k¢>, <h)> and <h>¢ are L-conjugate.
This contradicts Lemma 2.7 (iii). Therefore <4, g,> and {A4,g, are not
G-conjugate. Thus (iil) is proved.

(iv) Suppose that M is an M;-subgroup of G containing <4,B). By
Lemma 4.8 (ii), there exists an involution x =< such that <A, B, z>=M.
Bince My, has no L,(31)-subgroup, we have z=g, or g; by Lemma 4.6. As
g%=g, we have also <4, B, g>? =<4, B, g;>. Since M, has one class of A,-
subgroup, <4,B,¢,»> and <{A4,B, g, are not G-conjugate by (ii). Since
Ce(M)=1 and Aut My=M,, M is self-normalizing. []

§5. A construction of an A,-subgroup

In this section R, Rj, K, T, C and L have the same meanings as in
§2.
We first classify A,-subgroups of G.

PROPOSITION 5.1. G has four conjugacy classes of As-subgroups, rep-
resented by F;(i=1, ---, 4) which satisfy the following.

(1) Ng(F)=S, and Ng(F)= I} vww3)) X Ng, (F).

(i1) Ne(Fo)=(R;xXF)<k>, where k 1s an involution inverting R,
Furthermore {F., k>=S,.

(iii) F, and F; are Aut G-conjugate.

(iv) F, centralizes some outer involution. Ng(F)= (> XF)g>, where
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\fl=4, lg]=2, fo=F" and <F, ¢>=8S.

PROOF. Let F, be an A,-subgroup of K, (=4, such that Ng (F)=S.
We may assume that F';, contains a non-trivial element p in R, a Sylow
3-subgroup of K,. We let u be an involution in F.

Note that R <o) <Cs(F)=Cs(p)=Rix K! and Co(F)NRI=Ce(u)N
Ri=1. Consequently Cg(F,) is isomorphic to a subgroup of K| (= As which
contains a Sylow 3-normalizer. Thus Cgz(F)=R{vvvi or K!. Since the
centralizers of four subgroups in G are {2, 3}-subgroups by Proposition 3.1,
we have Cq(F) =R (vww3>. Then Ng(F)=(R<vwwi)XNg (F) as Aut A,
=S,

There exists an involution v&Ng (F) such that u’=u, p’=p~'. We
let » be a non-trivial element in R, We set Fy=<u,rp>. As [r, K]=1,
we have w *=(rp)=(u-rp)=1. Thus F,= A, By the same argument as
above, Cgy(F,) is isomorphic to a proper subgroup of K! which contains a
Sylow 3-subgroup. Thus R =Ce(Fy) =R x<{vww?d. Since vwwi acts fixed
point freely on R,(>7r), we have C4(Fy)=R,. Thus Ny(Fy)=(R, X F)<vivivd
as Iy, vhviv> =S8,

There exists an outer involution ¢ centralizing r, since the elements
of order 3 of G are conjugate. Suppose that F¢{=F¢ for some g=G. Then
gé is an element in Aut G—G which normalizes F, Since S,=Aut 4,=
Ng(Fy)/Cy(Fy), there exists an outer involution ¢ centralizing F, Con-
sequently ¢ acts on R;=C,(F,) and centralizes some non-trivial element
geR, by Lemma 2.7 (iv). But this implies that Cs(¢)(=J,) contains {g>
X Fy(=7Z,x A), which is a contradiction. Thus F, and F?¢ are not G-con-
jugate. We set F,=F¢.

The existence of an A,-subgroup which satisfies (iv) is already shown
in Lemma 4.3 (ii).

It follows from the above remark and the structures of their cen-
tralizers, that F; (i=1, ---, 4) are not G-conjugate. We will use the counting
argument in §1 in order to prove that any A,subgroup of G is conjugate
to F; for some 1=1,---,4. We denote a conjugate of F'; containing p also
by F; for i={l,---,4}. Since <a,bla’=b0=(ab)®=1) is a presentation for A,
we have (24,34 ; p)NF,NF{=¢@ whenever F{+F; for g=N;(p). Thus by
the structures of Ng(F;) (¢=1,---, 4) we have

(24,34 ; p)m(Cj U F)

i=1gENg(D)

1 2 1
—%24,34,34),.% N ><<
( ] s )A4 I G(p)] 6’9'4+6’9+6'4

On the other hand we get #*(24,34;p)=1620={Cs(p)|/2 by the character

)=1Com)2.
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table of G. Therefore the set of all A,subgroups of G coniaining p coin-
cides with

4
RIS

t=1g€Ng(»

{<m, y>}(x, y)E(24,34; p)f\<

This completes the proof of the propesition. []

Now we start to construct an A,-subgroup of G. We identify K, (= Aqg)
with the alternating group on six letters {1,---,6}. Without loss of gener-
ality we may assume that R;=<(128), (456)> and viv.w,=(14)(2536) through
this identification. We set u=wvlix(14)(56). Note that u centralizes
vwwi and inverts vivyw,.

LEMMA 5.2. There exists an element h<=Ng(R X R such that W=
V05 =2v20i X (23)(58), (uh)*=1 and he N (R).

PROOF. For a subset X in Cg(v¥?), X denotes the image of X in
Ce(wivi)/<vwivs> by the natural projection. We identify Cglvwiv:h) with
Ly(4) and represent its elements as matrices in SL.(4) modulo the multiplica-
tion of the scaler matrices. TFurthermore ¢ denoctes the unitary auto-
morphism of L;(4) defined by ;

X?=J'X"'J modulo the multiplication of the scalar matrices for X=

1 S
(5i,j)1§i,j§3€SL3(4); where J:[ 1 } and ‘X= (ﬁ,i)xgz‘,]‘;s- Note that Cs(viv3)
1

= L,(4)<6>.
As Z{C)=whd, C<Civw?. We may easily verify that <7, ¢, a
Sylow 2-subgroup of C, is contained in Cgz(wwivs!). Moreover ueC(wivd.
We will divide the proof into several steps.

H
01
Bril

1
<{a 1 }, E>, where « is some element in FE.
001

Step 1. We may assume that =40, L=

8 ;feF4} and {1, t)=

Proof of Step 1. Since v%Z ig contained in the center of P, a Sylow
2-subgroup of Cg(v™), we may assume that mg{é 1 J and P=
[F 1 } {#>. Note that L is an E,-subgroup of PK\WM})@%‘T) containing
v'f’:%,*arlld that (T, t> is a subgroup of PNCu(vwiv;)) which contains L as a
[(1) 1 N and <7, t»

* % 1

subgroup of index 2. Thus we may assume that L=

forprt
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Since vivw; and vwwi are square roots of vivi=wviv, in (T, t>, they are

1
of the shape |1 1 } We note that the centralizer in IL,(4) of elements
=11
1
of this shape is {1£ 1 & nekF,. Suppose that #<L.4). Then % cen-
né1

tralizes v,ww? and vivws, which is a contradiction. Thus @& Ly(4). So 7 is
contained in the coset (PNCs(viwi;))d since @ EC,ume@v)=P. As all
involutions in (PNIL.(4))6 are P Ly(4)-conjugate to 4, the assertions follow.

Step 2. Under the assumptions of step 1, we may also assume that
_ /11 1 &' 0
C’:<L, al Lla o 0 >, where {w)=F%.
110 0 1

Proof of Step 2. C is contained in the parabolic subgroup N Lsm(E)
of Ly(4). Since Ny,(L)/L = A, there are 8 elements of order 5 in N, (L)/L
1
which are inverted by the involution {a 1 jIE. They form two cyclic
001

subgroups of order 5. We may easily verify that these cyclic subgroups

1 o™t 0] 1 wa™ 07 _

correspond to <[a 1) 0}, L> and <[a @ Oi‘, L>, where <{w>=F! Re-
0 0 1 0 0 1

placing a by a suitable element in F,, if necessary, we may assume that

the former case holds. Thus C is of the desired shape as C/L=D.

1 1 &'

Weseta=ial |7=ja o 0| and S={g=s<T,t>)—L]|g.=v%. We
001 0 0 1

note that S consists of involutions in (T, ty— L and |S|=4 by Lemma 2.6

(ii). Consequently S is the set of all involutions in <T, t>— L. Thus we

may take a=S. We may also assume that y is of order 5 in C as |F|=5.

Step 3. Set h=a'. Then h satisfies the conditions in the lemma.

Proof of Step 3. Since a< S, M= (@)=ri=Z(C).

As 7°=7"' we have h=ay’. So we can write h=lay’, where <
vwivgt>. Suppose that le wi?y. Then vwivs'={h{ay?) }* and C contains
this element. It follows that {vwivi® XTIy, tp)=C, which is a contradic-
tion. Thus l=<v%%. In particular [, a= T, (note that ST, by Lemma
2.6 (ii).) and la normalizes R, and Ri. Suppose that h=N(R;). Then 4’
Ng(R). This implies that y, an element of order 5, is contained in K;=C.
But KNC=KNNG(R X R)=Ng (R)=FEyxZ, This contradiction shows
that he NG(R).
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We may easily verify that #h is of order 6 by simple matrix com-
putations. Thus (uh)’e<vwiv;’>. Since 4A4-elements are not squares in G,
we have (uh)*<<viv}>. Suppose that (uh)’=v?v2 Then (uh)® is an element
of order 4 which centralizes the element (uh)* of order 3. So (wh)® is a
4A-element. As (uh)’ is a square root of v¥}, (uh)*=(wwivs)* by Proposi-
tion 2.1 (ii). This implies that @k is of order 8, which is a contradiction.
Thus (uh)*=1 and all the conditions are verified. []

In the remainder of this section we use h to denote an element which
satisfies the conditions in Liemma 5.2. As heNg(R,XR)), we can write
r*=p;xry for reRf, where r, =R, and ri€R]. Since he& N4(R,), we have
r1# 1. Since this holds for any »<=R?, the correspondence r—7 is a hijec-
tion from R onto (Rj)®. Thus there exists the unique element » € R such
that »*=#;x(123). In the remainder of this section we use » and #, to
denote these elements. We set g=+"

LEMMA 5.3. »#1

PROOF. Suppose that =1, Then Ri=R] as R, and R, are T. I sets.
So & acts on {R,, Ri} since h*=v%? inverts R, X R:;. As is shown in the
proof of step 3 in Lemma 5.2, we can write h=lay, where [, a= T, and y
is an element of order 5. Since 7y normalizes R, and R}, 5 normalizes R,
and Ri. This is a contradiction. [

Now we set a,=7, a,=Ru)"", a,=h*=0v2ix(23)(56), a,=(h})? " =
7 0E X (12)(56) and a;=u=vivix (14)(56).

PROPOSITION 5.4. The elements o, (i=1,---,5) satisfy the following
relations:

O—0—0——0—0,
Ay Qg Q3 Oy Qs

In particulor <o, 0., a5 @, @3> 18 an Ar-subgroup of G.

PROOF. As R'u=(14)(23), we have |a;/=3 and |a/=2 (t=2,---,5).
Since a; (=2, ---,5) invert », a,a; are involutions (i=2,---,5). As h? cen-
tralizes u, it follows that s and ., (=R u)* (R)*4 =y are in-
volutions. The elements asa, (=7.x(123)) and a; (=rix(124)) are of
order 3.

By a direct computation in R;{vww? X K, we may easily verify that
u=(R%H, So u =R T =Y =y X (23)(56) as g i =h7 ",
Thus we have (@)™ =hu- " '=r w22 x (14)(56), and so a0, is an in-
volution.

As o = = (s g we have  (aap)™t =1, X (123) - (14)(23) =
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71x{(134). Thus . is of order 3.

Finally we will verify that as,a; is of order 8. As (uh)*=1 and [A? u]
=1, we have whuhu=h ‘uh ub uh ' =h " uk-w-h 'uh=u""". Thus (uh®)™
=yhuhu=u""". Asis shown in the above paragraph, <r, (uh?)™* "> =4, So
(uh)™e . -1 is of order 3. Now we have {(wh)™¢ . p et = {(yp?)rejra~t. gt
= {yrer e gl et gl (e () g =g g, Thus  aeray 1S of

]

order 3. [}
We set F=<a,;, a>, D={a, @y, a;> and E=<a,, as, a3, @4, 5.

LEMMA 5.5. (i) Ce(F)=<{r(142), p(356)> (= E,) for some pe R;. Ng(F)
=(F X Ce(F))<u>.

(ii) NgD)=Ng(D)=S,.

(iii} There exist ewactly two Agsubgroups of G which contain D.
They are <D, ap and <D, as.

(iv) Suppose that S is an A-subgroup of G such that Ng(D)=S..
Then S=E and Ng(E)=E.

PROOF. (i) Since a;=7;'X(124)eC(F), CxlF)=FE, or E,xZ; by
Proposition 5.1. We have Cx(F)ZCe(r)=R;x K,. Suppose that C;(F)NEK;
contains a non-trivial element x. Then F=C,(x)=Cqs(r), and so reZ{F).
This contradiction shows that Cz(F)NR,=1 and that C.(F) is isomorphic
to an E, or E,xZ-subgroup of K, which contains (124). Suppose that
CelF)=E,xZ,. Welet y be an involution in Cg(F). Then ¥ inverts r,-(142)
(€0,(Ce(F))). As y=K,, this implies r,=1. This contradicts Lemma 5.3.
Thus Ce(F)=E, and Cq(F)=<{r{142), p(856)> for some pc R, Since I, u>
=S,=Aut 4,, we have Ng(F)=(F XCs(F)<u.

(ii) By (i) we have Cu(D)=Cs(F)(=F,). We set R=Cq(F). By
Proposition 5.1, R, is conjugate to R, Thus Cg(Ry)=E,X K,, where K,=
Co(Ry)’ = A.. Suppose that Cs(D) contains a non-trivial element z. Then
D=Cs(x)=R,x K,, and so D=K,. Since Ng(D)=<D, u>=S;, this contradicts
Corollary 2.4 (ii). Thus Ce(D)=1 and Ngx(D)=Ng(D)=S..

(i), (v) We set U={geG|g=(g7)*=(g9as)*=1}. Then vV and so
U=Ce(F)u by (i). Thus U={g;|1=1,---,9}, where g,=1u, ge=a,=r; vivi
X (12)(56), g:=g% ¢.=pviwix(14)(36), g:=g% ge=r7"pvIvix(12)(36), g:=g5,
gs=7rpvivi X (24)(36) and g¢g,—g% Now we may easily verify that; gi-a,=
uh® is an involution, g¢;-a, (¢=2 or 3) is of order 3, g;-a; (t=4 or 5) is of
order 4 or 12, and g;-a; {(1=6,---,9) is of order 5 or 15.

Suppose that A is an Ae-subgroup containing D. Then there exists an
involution g U such that A=<(D, g> by Lemma 4.8. Since the centralizer
in A of r is an E,-subgroup, we have g=a, or a% from the above paragraph.

Suppose that S is an A.-subgroup such that Ng(D)=S. Since S;-
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subgroups in A, are conjugate, it follows from the analogous argument as
in Lemma 4.8 that there exist involutions g, k=9 such that g, k>=S,
and S=<{D,g,k>. Since the centralizer in S of » is a ZX A,subgroup,
a;+g and as;-k are of order 2, 3 or 6. Thus {g, k}C{ay, o% u} from the pre-
vious paragraph. Therefore S=FE.

By the structures of centralizers of elements in G, we have Ce(E)=1.
Suppose that Ne(E)=S,. Then we have N (E)NCe(D)=Z, But this con-
tradicts (ii). Thus Ny(E)=FE. O

§6. Non-local analyses for A, 4, A, L,(11), My, and L,(31)

In §6 and §7 we classify the conjugacy classes of non-abelian charac-
teristically simple subgroups of G and determine the structures of nor-
malizers of their representatives.

By the classification of finite simple groups, the following is the list
of non-abelian characteristically simple groups whose orders divide 2°-3¢-5
-7%-11-19-31, the order of G.

A, (n=5,++,9);

Liq) (¢=7,8,11,19, 31 and 32);

Ly(T) X Ly(7), Ls(8) X Ls(8), Lo(7) X La(7) X Ly(7) ;
L(4), L«(T), /5(3), Us(8), Ui(2), Spe(2) ;

A/fu, M12, J1 and ﬂv{gg.

Note that A, L(8), Ly(8) X L4(8), 1,(19), Us(8), U,2) and Sps(2) have ele-
ments of order 9 and that U,(3), M, have non-abelian Sylow 3-subgroups.
Since Sylow 3-subgroups of G are isomorphic to Ej, there is no subgroup
of G isomorphic to any one of these groups. Since G has no E\-subgroup
by Proposition 3.2, there is no subgroup of G isomorphic to L.(32), A=
L,(2), Ls(4), My, Ly(T) X Ly(T) nor L,(7) X L) X Ly(7).

On the other hand G has L(7) and Ji-subgroups by [3]. So G has also
Ly(T7), Ly(11) and As-subgroups. G has My and Ly(31)-subgroups as is shown
in §4. So G has Agsubgroups. Finally G has A,-subgroups by $5. Thus
we have;

PROPOSITION 6.1. The complete list of mon-abelion characteristically
simple groups which actually occur as subgroups in G is as follows:

As, Li(T), Aq, Ly(11), A;, M.,
Lo(31), J,, Ls(7).

First we classify the 4;-subgroups of G. In the next lemma we use
R, K, T and Z to denote the subgroups in Proposition 2.1. Furthermore
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we let ¢ be an outer involution and F; (1=1, - ,4) be the A,subgroups in
Proposition 5.1.

PROPOSITION 6.2. G has five conjugacy classes of As;-subgroups of G,
represented by B; (1=1,--+,5) which satisfy the following.

(i) Bi=K and Ng(B)=(RXZ)XB =l X Z) X A;. Any Asubgroup
of B, is conjugate to F..

(i1) Ne(By)=(f> X B){g> = (ZX A) X Zy, where [fl=4, |gl=2, f=f"
and (B, g>=S;. Any Assubgroup of B, is conjugate to . Furthermore
B.=Cs(9).

(ill) B;=Cq(g), Nuo(By)=DB; and {By, B> =Ls(11). Any Arsubgroup of
B, is conjugate to F.

(iv) Ng(B)=S, There exists an Arsubgroup of G which contains B..
Any Acsubgroup of By is conjugate to Fis

(v) B;=B%.

PROOF. Let B, be an Ajsubgroup of K and F be an A-subgroup of By
Then we have BRxZ=Cs;(B)=CsF). By Proposition 5.1, F' is conjugate
to F, and Cyx(B)=Cs(F)=RxZ. In particular Ns(B)=Ng(E). By Proposi-
tion 2.2 (ii), Ng(R)/RXZ=My. Since M, has no S;-subgroup, NeB)/RXZ
%M, Thus Ng(B)=(RXZ)XB..

It follows from Lemma 4.3 that there exist As,-subgroups B, B; which
satisfy (ii) and (iii). By Lemma 5.5 there exists an As-subgroup B, which
satisfies (iv). Suppose that B, and Bf are G-conjugate for an outer involu-
tion ¢ in (ii). Then there exists an element ¢<=Aut G—G which normalizes
B. As Ng(B)=S,=Aut 4;, we may assume that ¢ is an outer involution
of G centralizing B. Since all outer involutions are G-conjugate and J;
has exactly two conjugacy classes of A;-subgroups, the A,-subgroup B; of
Cs(¢) is conjugate to B; or B;. This contradicts the structures of their
normalizers. Thus B, and B;=B{ are not G-conjugate.

It follows from the above remark and the structures of their nor-
malizers that Bi, B, -+, B; are not G-conjugate each other. We also use B;
to denote a conjugate of B; which contains the element b of order 5 in
Lemma 2.3 for each 1€ {1, -+, 5}. Since <z, y|2’=y’=(2y)’=1> is a presenta-
tion for A, it follows from the counting argument in §1 that

(2A,3A;b)f\<\5j \J B?)

i=1gENG®)
1 1 1 1,2 3
=5.|N b?.#.< _I___L__q_:___>:7{)5.
5+ INo(b)] 5 \9-4-2 "4-4 ' 2" 4

On the other hand we have *24,34;b)

Il

755 by the character table of G.
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Therefore B, -+, B; are representatives of conjugacy classes of A,-subgroups
of G. [

In this section we use A; to denote the conjugacy class of A,-sub-
groups, represented by B, for i¢=1,---,5. We also use b to dencte the
element of order 5 in Lemma 2.3.

LEMMA 6.3. (i) Suppose that A is an As-subgroup in A, which
contains b. Then ASK. In particular the involutions in N,(b) are <b>-
conjugate to vivi.

(i1) Suppose that A is an Assubgroup in AsJ AN AN As which
contains b. Then the imvolutions in N, (b) are Ngz(b)-conjugate to vivi.

PROOF. (i) Since (EyxZ,=)Co(A)=Cs(b)=(R % Z)x <b), we have Cs(A)
=RxZ Thus ASCi{R)=RxK, and so A=<K.

(ii) Since there exists an S;-subgroup which contains each As-subgroup
in A\ ANAs, the assertion holds for this A;-subgroup by Corollary 2.4
(i). There exist A;-subgroups A< A, and B J, such that (A4, B> = L,(11).
Thus we may take N (b)=N., 50)=Nz(b). So the assertion also holds
for each A;-subgroup in A4, []

In the remainder of this section we treat proper simple subgroups of
G which contain A;-subgroups properly. They are isomorphic to A, A,
Ly(11), My, Ly(31) and M, by Proposition 6.1. We summalize some proper-
ties on A;-subgroups of these groups in the next lemma. We may easily
verify these properties from the structure constants #24,34,54) in each
of these groups. As for J.-subgroups, the assertion (v) follows from the
structures of Cg(¢) (=J,) and the A;,-subgroup B in Lemma 6.3 (ii).

LEMMA 6.4. Let X be a subgroup of G which contains b.

(1) If X=A4 or Ly11), there exist exactly two Assubgroups, say A
and B, of X containing b. We have <A, By=X and N (b)=Nz(b)=Ny(b).

(ii) If X= A, there ewist exactly three As-subgroups, say A, B and C,
of X containing b. We may assume that Nz{(A)=S,, {4, B>=<{A4, C>= A,
X=<(B,C> and N (b)=Nzd)=N.(0). Furthermore B and C are Nyb)-
conjugate.

(i) If X=M,, there ewist exactly three As-subgroups, say A, B and
C, of X containing b. We may assume that Nz(A)=S,, <4, B>={, C>=
L,11), (B, C>= A, and N(B)=Nz(b)=N.(5). Furthermore B and C are
Ny(b)-conjugate, and <B, C, Nz(®)> = M,,.

dv) If X=1L,31), there exist exactly sixz As-subgroups of X contain-
ing b. These are split into two orbits under the action of Cx(b) (=Zy).
For any Assubgroup A in one orbit, there exists a unique Assubgroup
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B in the other orbit such that N (b)=Ngz(b) and X=<A4, B).

(v) If X=.J, there exist exactly nine As-subgroups of X containing
b. We may assume that they are A, A", A", B, B?, B", BV, B""" and B,
where Cxb)=<r,y> X<y, Nx(A)=<{y>X A, Ni(B)=B, and <A, B>=L,(11).
Furthermore <A, By=<A, B> =L,11) and <4, A">=<{A4, A7">=<(B,B"=
(A, B»=X for any g<{r, Yot and for any h<ir, ry, v, v 'y}.

LEMMA 6.5. Let A be an As-subgroup in A, which contains b. Then
the following hold.

(1) K 1s the unique Agsubgroup containing A.

(ii) There is no L,(11), My, A, nor Ly(31)-subgroup of G containing
A.

PROOF. Suppose that X is a subgroup of G which contains A and is
isomorphic to A Ly(11), A, or L,(31). Then there exists an A;-subgroup B
of X such that N, (b)=Njz(b) and {4, B>=X by Lemma 6.4. Consequently
Be J, by Lemma 6.3 (i), (ii). Thus we have A, B<K, which implies (i).
Since any As-subgroup of M, is contained in some L,(11)-subgroup by
Lemma 6.3 (ii), (ii) follows. [

LEMMA 6.6. Let A be an Assubgroup in A, such that N (b)=
<b, v3vi>. We also let ¢ be an outer involution of G centralizing A. Then
the following hold.

(1) Celd)=Z=<vwwh.

(ii) TNNg®) is a g-invariant Sylow 2-subgroup of Ng(A)NNg(b).

(iil) For any square root h of viwi in Ngz(b), we have h?=h{vwwd)*.

PROOF. As (Z,=)Cs(A)=Ce(b)NCeviwd)=2Z, (i) follows. Suppose that
h is a square root of vZw2. Then A<= TNNg(b) by 2.3 (v), and so the set
of square roots of viv? coincides with hZUAR™'Z. Since Ngi(4) contains an
Ss-subgroup, Ns(A)NNg(d) contains a square root of vivi. Thus <{Z, h>=
TNNg)=Ng(A)NN4 (). Since ¢ acts on AZ/Z trivially, ¢ also acts on
Ny (A)/Z (=S,) trivially. Thus h*<hZ. Since the outer involutions ¢ and
évwswi do not centralize the element h of order 4, we have h®+h and h?
#hvivi. Thus (iii) follows. Furthermore <7, h>=TNN;(b) is ¢-invariant,
and so (ii) follows. ™I

i

The next lemma is a key lemma for classifications of A4, L,11), A4;
and L,(31)-subgroups of G.

LEMMA 6.7. Let ¢ be an outer involution of G which centralizes b
and normalizes TMNg(b) (Lemma 6.6). We also let g be an element n
Nawe®=(EXBOHUTNNH(BN<s>.
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Suppose that A and B are (not mnecessary distinct) As-subgroups in
AN AN AN A which contain b, Assume that N ,(0)=Ny(b)=<b, vivd>
and that <A, B> is a proper subgroup of G containing A properly. Then
one of the following (i), (i1) or (iii) holds.

(i) <A4,B%=J.

(ii) <A, B =4, A;or Ly(11). There exists an element ks (TNNg(5)<{¢>
such that B'=B*

(1) <A, B =Ly31). There exists an element k< (TNNg(b))<¢> such
that A=B* or {4, B"y=<A, B®.

PROOF. We set X=<A,B%. As A and B are perfect, X is perfect.
Suppose that X is contained in some local subgroup. It follows from §3
and Proposition 6.2 that A, B 4, and that all maximal local subgroups
containing X are centralizers of involutions. We may assume that 4 is
the A;subgroup in Lemma 6.6. By Sylow’s theorem we have B‘= A” for
some x<Ng(h). Since <bY(TNMNg(Ob)) normalizes A, we may take xR,
As A# B x+1. Since the involutions centralizing A and A® are v*? and
(wivd)*=vivix respectively, there is no involution of ( centralizing X=
(A, A%>. This is a contradiction. Thus there is no local subgroup of @
containing X.

Suppose that M is & maximal subgroup of G containing X. Then
minimal normal subgroups of M are non-abelian characteristically simple
groups and their centralizers in G are trivial by the above paragraph.
Thus we have M’ = A, A, L(11), M,;, Ly(81) or J, by Proposition 6.1 and the
structures of the automorphism groups of simple groups appearing in this
proposition. Since X is a perfeci subgroup in these group and is generated
by two As-subgroups containing b, we have X= A, A, Ly(11), Ly(31) or J,
by Lemma 6.4.

Suppose that X= 4, A, or L,(11). Then Nzs(d)=N,(b) by Lemma 6.4.
By the hypothesis we have N, (b)=N;(b)=<b, vw?. Thus we have vl
(W5 =[vis, g]eNye(b) (=Dy). Now we can write g=rk, where r< R and
ke (TNNg@)<{¢>. Since the squares of elements in (TN\Ng(b))—Ck(b) are
vivi, we have vl Z(TNNg(1))<¢>). As vivi inverts R, we have [viv} ¢]
=[v3v}, r]*-[viwl kEl=0"D% Thus r=1 and g=k<(TNN(0))<{s>.

Suppose that X=T1,(31). Then there exists an element r<0y(Cy())
uch that A=B" or N, (0)=Nze(d) by Lemma 6.4 (iv). So by the same
argument as above, there exists an element ke (TNNg(b))<{#> such that
B=RB* [

LEMMA 6.8. (i) There is no PGLy(31)-subgroup in Aut G.
(i1) There is no PGL.(11)-subgroup in AutG.
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PROOF. (i) Since G has no element of order 32, G has no PGLx(31)-
subgroup. By the proof of Lemma 4.9 (iii), there is no Ly(31)-subgroup of
G normalized by an outer involution.

(ii) Suppose that X is a PGLy(11)-subgroup of . By the character
table of PGL,(11), we have %(24,44,5A)y=10. Since (44)z-elements cen-
tralize elements of order 3 in X, they are of class 44 in G. But it follows
from the character table of G that *(24,4A4,54),=10 and any pairs in
(24, 44 ;b) generate K. This implies that X has an Ag-subgroup, which is
a contradiction.

Next suppose that X isan Ly(11)-subgroup of G and <X, ¢> = PGL(11) for
some outer involution ¢. Then there exists an element x&<(X, ¢>—X of
order 12. Thus 2° is an element of order 4 in Aut G—G centralizing the
element 2! of order 3. We can write Cauig(h)=(Ryx Kp){po> (= (EyX As) X Z,)
for some outer involution ¢, By Lemma 2.7 (iv) we have (K, ¢>=
PGL,9). Since Sylow 2-subgroups of PGLy(9) are D-subgroups, the ele-
ments of order 4 in Cauq(2?) are sguares and are contained in K, (£6).
This is a contradiction. [

LEMMA 6.9. Let Ae A, be an Assubgroup in Lemma 6.6. Then we
have the following.

(i) Suppose that B is an Assubgroup in A, which contains b. If
(A, B> is a proper subgroup of G containing A properly, then <A, B)>=J.

(ii) Suppose that B is an Assubgroup in A which contains b. If
(A, B> is a proper subgroup of G, then (A, B>=J, or L11). Furthermore
if <A, By=<(A, C>=Ly11) for an Assubgroup C in A, containing b, then
KA, By and <A, C> are Ng(b)-conjugate.

(iil) Suppose that B is an As-subgroup in A A; which contains b.
Then <A, By=G or =J. (In fact the latter case does not occur.)

PROOF. (i) There exists an element geNgi(b) such that B=A"
Suppose that <4, B>sJ,. Then we have B=A* or {4, B)=<4, A*) for some
ke TNNg(b) by Lemma 6.7. Since A is normalized by TNNg(b), we have
A=DRB. This is a contradiction. We note that <4, A™> =J, for some = Cs(b)
by Lemma 6.4 (v).

(ii) There exists an As;subgroup CecA; such that (A4, C)>=L,(11).
We can write B=C’ for some g&N¢g(). Suppose that {4, B>#J,. Then
there exists an element k< TNNgz(b) such that (4, B)=<4, C*H)=(4, ()=
Ly(11) by Lemma 6.7.

(iii) Since there is no Ag-subgroup containing A by Lemma 4.9 (i),
we have (A, By A, Suppose that {4, B>=L,(11). Then A,subgroups of
A and B are conjugate in (A4, B>, which contradicts Propositions 5.1 and
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6.2. Thus <A, B>#L,(11). Since 4 and B are not G-conjugate <A, B>#£A4,
by Lemma 6.4. Finally suppose that <A, B>=L,(31). We may assume that
N D)=Nz(b)=<b, vw2> by Lemma 6.4 (iv) and 6.7. As Ng(B)=S,, Ne(B)N
Ng(b) contains a square root b of vivi Since he TNNg(b) by Lemma 2.3
(v), h normalizes <4, B). As C;(KA4, BY)=1, {A, B, h> = PGL,31). This con-
tradicts Lemma 6.8. Thus <A4, B># L,(31). Then the assertion follows from
Lemma 6.7. [

LEMMA 6.10. Let A= A; be an Assubgroup which contains b. Then
we have the following.

(i) Suppose that BE A; be an Assubgroup which contains b. If
(A, B> 1s a proper subgroup of G which contains A properly, then {4, B>
= A, L31) or J. Furthermore if <A, B>=L,31), then A and B are
05(Ce, 55(b))-congugate.

(ii) Suppose thet Be A,\J. A be an Assubgroup which contains b.
Then <A, B> is not isomorphic to 1,(11) nor A..

PROOF. We may assume that N (b)= b, vivd).

(i) We let h be a root of 3w} in TNNg(h). Suppose that <4, BY£J.
Then by Lemma 6.7, <4, B>=L,81) and B=A" for some +<0,(C4, b)),
or there exists an element k< TNMNg(b) such that <4, B>=<A4, A*>. In the
latter case <4, B> is Nauc(b)-conjugate to one of (A4, A”§”§>, (A, A”1”2”§>,
CA, A%y or <A, A™P by Lemma 6.6 (il). As v0i=Ce(g), <A, A1 =C4(p)
=J, by Lemma 6.4 (v).

We set X=<4, Avedy Since ¢ inverts vwywi, X is normalized by the
outer involution ¢=g¢vwwi Thus X#L,31) and X L.(11) by Lemma 6.8.
Suppose that X=A, Then <X, ¢>=S, and ¢ centralizes some element of
order 4 in X. This contradiction shows that X#A..

Next we set X=<A4, A™. As W*=vpic A, h normalizes X. Thus X%
L,(11) and X L,(31) by Lemma 6.8. Suppose that X=A, There exists an
A,-subgroup C of X such that Nyx(C)=S,, N¢(b)=N,(0)=N,(b), and <C, 4>
=(C, A*»= A4, By Proposition 6.1 and Lemma 6.9 we have Ce A, JA,.
However it follows from Lemma 4.9 (ii) that, for any Aessubgroup Y
containing an A,subgroup in s, all As-subgroups of Y are of class A,
This contradiction shows that X% A.

The same proof as above holds for X=<A4, A™Piy. Thus the assertion
foilows from Lemma 6.6.

(ii) As A and B are not conjugate, {4, B># A.. Suppose that <4, B>
=[,(11). Then A,subgroups of A and B are conjugate, which contradicts
Proposition 6.2. [

TEMMA 6.11. Let A and B are Assubgroups in A, A; which contain
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b. Suppose that <A, B> is a proper subgroup of G which contains A prop-
erly, and that N, (b)=<b,vwd. Then one of the following (i), (il) or
(iii) holds.

(1) <A4,B>=J, (In fact this case doss not occur.).

(i1) <A, B>=L431) and A is O4(Ci,, 5,(b))-conjugate to B.

(ii1) <A, B> s Naug(b)-conjugate to {A, Av1”2”§>, (A, A% or (A4, A¢v§v§>,
where ¢ is the outer involution in Lemma 6.6.

PROOF. Since Ngz(4)=S;, we have Ng(A)NN(b)=<b, h> where h’=v3vi.
Then he TNNg(b) and 2?8 =h(vww3)* by Lemma 6.6. By Lemma 6.7, {4, B>
=J;, <A, B)=L,31) and A is O4(C 4, 5(b))-conjugate to B, or <4, B)=<A4, B®
for some ke (TNNg(b)<{#>. In the last case <A, B> is Naus{b)-conjugate
to one of <A, AlE), (A, A%"»3y, (A, A% or (A, APTE).

Thus we have only to show that (A4, Aridy =J, or G. We set X=
(A, A”§”§>. Suppose that X=A. Then v¥v} centralizes A since viv} cen-
tralizes 6. So we have A<X. We note that & normalizes 4 and A7
since h centralizes 33 As Cs(X)=1, it follows from the structures of
Aut 4s, PGL,(11), PGL,(31) and S, that <X, h>=S,. But this implies that
there exists an involution in G centralizing an A,subgroup of A. This
contradicts Proposition 6.1. Therefore X=J, or X=G by Lemma 6.7. ]

We are now in a position to classify the conjugacy classes of A A4,
L,(11), L,(81) and M,-subgroups of G and to determine the normalizers of
their representatives.

PROPOSITION 6.12. (i) G has two conjugacy classes of Ly(381)-sub-
groups. They are Aut G-conjugate. The L,(31)-subgroups are self-nor-
malizing.

(i1) G has one conjugacy class of Ly(11)-subgroups. The Ly{(11)-sub-
groups are self-normalizing and are contained in the centralizers of outer
involutions.

(iil) G has two conjugacy classes of My-subgroups. They are Aut G-
congugate. The My-subgroups are self-normalizing.

(iv) G has two conjugacy classes of Arsubgroups. They are AutG-
conjugate. The Arsubgroups are self-normalizing.

(v) G has four conjugacy classes of Ag-subgroups, represented by K|,
K,, K, and K, such that;

NG(KI) = ((Ee A Z4) X Aa) ’ Z2 ’
Ng(Ky) = My=Ng(K,),
Ne(K)=K,= A;.
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Fuythermore K, and K; are Aut G-conjugate and are contained in M-
subgroups. K, is contained in an Ar-subgroup and Naue(K) = PGL\(9).

PROOF. (i), (ii), (iii) By Lemmas 6.4, 6.5, 6.7, 6.9 and 6.10 we have
the following: Any L.(31)-subgroup of G is generated by a suitable A4,
subgroup in A4, and a suitable Assubgroup in A, A, Any Ly(11)-sub-
group of G is generated by a suitable A,-subgroup in 4, and a suitable
Assubgroup in A; Thus (i) follows from Lemma 4.9 (iii), and (ii) fol-
lows from Lemma 6.8 (ii), 6.9 (i1). Furthermore (iii) follows from (ii)
and Lemma 4.9 (iv).

(iv) Suppose that X is an A,-subgroup of G, and that A is an A,
subgroup of X such that Ng(4)=S,. Then As L, J AN A Since any
Assubgroup of A centralizes an element of order 8 in X, A€ A\ JAs.
Thus (iv) follows from Lemma 5.5 (iv).

{(v) We note that any A;-subgroups in A,-subgroups of G are con-
tained in A\ J A; by (iv) and Lemma 6.9~6.11. Thus by Lemma 6.11 one
of the subgroups <4, 4°"%y, (A, A%> and (A4, A*"™% in this lemma is iso-
morphic to A;. Then there exists an A,subgroup in G normalized by some
outer involution. But this implies that this outer involution centralizes
an element of order 4 in G, which is a contradiction. Thus (A4, APy A

Then the structure of A, shows that (A4, A?>= A, or (A4, AP =A,.
Suppose that (A, A?>= A, where ¢=¢ or gvivi. We set X=<4, A?>. As-
sume that X<N,(X). As A4 and AY are not G-conjugate by Proposition
6.2, we have Ngz(X)=S;. This implies that an A,-subgroup of an A,-sub-
group of X centralizes an involution, which contradicts Proposition 6.2.
Thus Ng(X)=2X. Since ¢ centralizes b, Ny o(X)=<X, ¢> = PGL,9).

By Lemma 5.5 there exists a unique A,-subgroup E such that Nz(4)
=S; for any As-subgroup A in A, There exist exactly two Assubgroups
of G containing A by Lemma 5.5 (ii). So they are contained in £ and
are Nz(A4)-conjugate. Thus As;-subgroups containing A are G-conjugate to
X. By symmetry Agsubgroups containing A¢ (€. 4;) are also G-conjugate
to X. Therefore Ag-subgroups containing an A;-subgroup in A\J. A; are
(G-conjugate to X.

By Lemma 4.9 (ii) A¢-subgroups containing an A;-subgroup in A4, are
G-conjugate to K, or K, where K,=<{A4, gy and K;=<A4, g, are the A
subgroups in this lemma. Furthermore there is no Ag-subgroup containing
an A;subgroup in A4, by Lemma 4.9 (i), and As-subgroups containing an
A;-subgroup in A4, are conjugate to X by Liemma 6.3 (i). Hence the proof
of (v) is completed. ]
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§ 7. Non-local analyses for L.(7), J, and L,(7)

In this section we determine the conjugacy classes of Ly(7), J;, Ly(7)-
subgroups and the structures of normalizers of their representatives.

PROPOSITION 7.1. G has two conjugacy classes of Ly(T)-subgroups.
They are Aut G-conjugate. The normalizers in G of Ly(7)-subgroups are
tsomorphic to the split extension of Li(7) by an inverse-tramspose auto-
morphism.

PROOF., Let L, be an Ls(7)-subgroup of G and D be a Sylow T7-sub-
group of L, Then D is a Sylow 7-subgroup of G isomorphic to 712
Since N (D) is a maximal parabolic subgroup of L, we have L,=<N (D),
N (E)> for any E,-subgroup E of D whose non-trivial elements are L,
conjugate.

By [3] Lemma 6.4, Eg-subgroups of D whose non-trivial elements are
G-conjugate are divided into two Ngz(D)-conjugacy classes represented by
E’ and E”, say. Thus L, is a subgroup of L=<{Ng(D), Ns(E")> or L=
{Ng(D), Ne(E”)>. By [3] §10 L and L, are isomorphic to the split exten-
sion of Ly(7) by an inverse-transpose automorphism, and they are inter-
changed by some outer involution. Since G has no element of order 21,
we have Cg(Ly=1 and Ng{Lg)/L,=Z, Thus the proposition follows. []

In the remainder of this section L(7)* denotes the extension of Ls{7)
by an inverse-transpose automorphism. The G-fusion pattern of L,;(7)-
subgroups are shown in Table II below by suitably ordering the classes
7B,7C, 1D of L{T7). As for the elements of order 8 or 16 we note [3]
Lemma 10.13.

LEMMA 7.2, All subgroups of type (24, 34, T4) are isomorphic to
Ly(7). They are G-conjugate. For an Ly(7)-subgroup X of this type we
have No(X)=({f> X X)a>, where |f]|=4, |a|=2, fo=F "1 and (X, ad> = PGLy7).

PROOF. Let I be an L4(7)*-subgroup of G and % be an involution of
L inducing on L’ (=Ls(7)) an inverse-transpose automorphism. Then we
have Cplu)=<u> x M, where M= PGL,7). An element x of order 7 in M
is a T7A-element as it centralizes the involution u. Thus M’ is an L,(7)-
subgroup of type (24,34,7A4). Since M’ is a perfect subgroup of Cgs(w),
M’ centralizes a 4A4-element f which is a root of u. Thus Ce(M)=<{f>.
Since Ng(x) =7 % (Z; X Dy), we have fo=f"! for some involution ¢ in N (z).

Suppose that M =<g,h> for (g,h)=(2A4,34:x). The Cgslx)-orbit of
(24, 34 ; x) containing (g, k) is of length 7% as Cx{M)=<{f>. By the char-
acter table of G we have *24,34,7A4),="T7% and so all pairs in (24,34 ;%)
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Table II G-fusion of an L3 (7)-subgroup

ATLAS na;ne in Ly(T) 1Cryn @) ] cin G

1 14 25.32.78.19 14

2 24 25.3.7 24

3 34 22.32 34

4 44 2t 4B

5 64 22.3 64

6 74 2.78 74

7 7B 72 74

8 7C 72 7B

9 7D 72 7B
10 8A= (164)°= (16B)® 94 84 8B
1 8B= (16C) 2= (16D)* 21 84 8B
12 164 2t 164 16C
13 16B= (164)° 21 164 [ 7] 16C
14 16C=(164)* 2! 16B 16D
15 16D= (16 4) 1 2t 16B 16D
16 194 19 194

17 19B= (194) ! 19 194

18 19C= (194)* 19 19B

19 19D = (194) -2 19 19B

20 19F= (194)* 19 19C

21 19F = (19.4) -4 19 19C

are Cglx)-conjugate. Thus the assertion follows. [

LEMMA 7.3. Awny element of order 7 which is contained in an As-
subgroup of G is of class TB.

PROOF. Suppose that A is an A4,-subgroup of G and z is an element
in A of order 7. There exist two Li(7)-subgroups L; and L, of A which
contain z. Assume that « is a 7TA-element. By the proof of Lemma 7.2
there exists an element geCgq(x) such that Li=IL, We set Co(L)=<{f>
(=Z,). We note that Ce(x)=Dx{f>, where D(=7.") is a Sylow 7-subgroup
of G containing z in its center. Thus we may take geD. As DANy(x),
we have t™'-t'=[¢, gl Ly, LpND=<z> for an element ¢ of order 3 in
Nz, (x). So t acts on <{x,y> (=Ey). Since G has no element of order 21,
there exists an element h<=<x, g>—<&> such that A'=h’ As weL;, L,=
L¢=L" Then by the same argument as above we have A '=[t{, h]ls
Ly, Loy NCgl(x)=<x>, which is a contradiction.

It follows from the character table and the list of maximal subgroups
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of J, ({2]) that J, is of type (24,3A4,74),,. Thus any element of order 7
in a Ji-subgroup of G is a 7B-element by Lemma 7.2.

We note that any element of order 7 in the 2-local subgroup Ng(V)
(see §2) is also a 7B-element. Indeed, suppose that it is not so. Then
N¢(V) has a subgroup of type (24,34, 7A) since we have *(24, 34, TA) w0
=4 X7 Dby the character table of Ng(V). But it follows from Lemma 7.2
that Ng(V) is a split extention V by L.(7), which is a contradiction. []

In the remainder of this section ¢ denotes a fixed 7B-element of N4z(V).
Since the centralizer on G of an outer involution is a J-subgroup, there
exists an outer involution of G which centralizes ¢ by the above remark.
Let ¢ be an outer involution centralizing c.

We set Cole)=<c,d> (=Ey,) and Nglo)=<c, d){f>(=E,%x7Z). We may
assume that ¢ centralizes f since Sylow 7-normalizers of J, are isomorphic
to F5. We set t=s% Since t acts fixed point freely on <c¢,d>, we may
assume that ¢’=¢* and d'=d>

We use A and L to denote an A,-subgroup and an L,(7)*-subgroup of G
containing ¢ respectively. We may assume that No(c) \N(V)=<¢, t> (= F')),
Ngle)NA=<e, t) (=F?%), and Ng(e)=< L.

Furthermore we set X =(24,34;¢), 361236’/‘\( U )NG(V)‘J), X=

gENG(c

3€’m< U cG(¢>a>, Fo= AL, Lo FALS and Xym L — L L.
gENG(E) i=t

LEMMA 74. (1) |ZX|=8xT. For any pair (g,h)eX, we have
<y, k> Ly(7).

(i) |26,=TxT All pairs in X, generate self-normalizing Jo-sub-
groups of G. They are conjugate.

(iil) |25 =[2ZJ=T" For any pair (g, h) € X\ J X, we have {g, h> = Ly(7),
NeKg, B>)=PGL7). Ngs(g, kD) is a subgroup of L or L?. Furthermore
g, k> and {g, h>° are not G-conjugate.

PROOF. (i) We set N=Ng(V). From the character table of N we
have [ZXNN|=4x7. Since N/V(=L,7)) does not split, <{g, k> L(7) for
any (g, h)e XNN.

Suppose that (a,b)e XNNNN? for some g=Ng(¢c). Then <a,b> is a
perfect subgroup of NNN? which intersects V and V¢ non-trivially. We
set W=Q,(V). Since ¢ acts transitively on W*and (W%¢, we have Wd<a, b
and W7d<a, b>. As NJV is simple, W and WY are contained in V. Thus
W=W? or geNg(W)=N. Consequently [ZX,|=]XNN|-|Ngc): Nyle)|=
X7

(ii) From the character table of J, we have |2XNCy(¢)|=T7>. Since
the only subgroup of J; of type (24,3A4,7A),, is J, itself, we have | X, =
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[22NCe(@)|INgle) : Nele)NCo(p)|=7TxT.  Since AutJ,=J, the remaining
assertions immediately follow.

(iii) Since any pair in X generates a perfect subgroup of G, we have
XNL=XNL'. We note that the centralizer on L.7) of an inverse-
transpose involution is isomorphic to PGL.(T), and that any element of
order 7 in this group is non-central in Ly(7) as *2A4, 34, TA);,»=0. Since
L:(7) has three classes 7B, 7C and 7D of non-central element of order 7 and
these are fused in PGL,(7), for any non-central element of order 7 there
exists a PGL,(T)-subgroup of Ls(7) containing it.

Consequently there exists a pair (a,b)= XML such that <a, b) = Ly(7).
By the character table of Ly(7) we have |XNL'|=7"=|Cq(c)|. Thus Cule)
(=Crle)=Cr¢(c)) acts on XNL and ZXN(L)? regularly. So we have
<z, y> = Ly(T) for any (x, ) €« X, UX,. As Cslx,y)=1 we have Ns(<x, y))=
PGLy(7). Furthermore this normalizer is contained in L’ or (L/)?.

If <z, y> and <&, y>? are G-conjugate, then there exists an element in
Aut G—G which normalizes <z, y>. But as Ng(z, y>) = PGL,(7T)= Aut L,(7),
this implies that there exists an outer involution of G which centralizes
w, Yy (= Le(7)). Since J, has no Ly(7)-subgroup, this is a contradiction.
Thus <z, y> and <z, y)? are not G-conjugate. [

LEMMA 7.5. Suppose that M=<a,b> is an L(T)-subgroup of G for
some pair (@,b)€ X,V UK, Then for any g=Cqle) we have M, M
£ A, and <M, M7 A,

PROOF. Suppose that <M, M?> = A for some g=Cs(c). We may assume
that Ny{c)=<ec, t>. BSince Cglc)=<ec, d>, we may take g=d°’ for some ic
{0,--+,6}. Then we have d'=(@"Y)-i=lg, t1e<M, M>NCs{c)=<c>. This
implies ¢g=1, which is a contradiction.

Next suppose that <M, M??>= A, for some g<Cgqlc). Bince the outer
involution ¢ acts on Cgle) and Cs(4) has no Eg-subgroup, there exists a
non-trivial element e such that e?=¢"! and <c, ep=Cq(c). We write g=c'e’
for some 17,7={0,---,6}. Then we have (¢g)’=g?-g=c¥<=MNM?°. Thus
¢y interchanges M and M??, and so ¢g induces an outer automorphism of
(M, M*#% (= A;) which centralizes the element ¢ of order 7. This implies
that there exists an outer involution of G centralizing an A,-subgroup of
G, which is a contradiction. [

By Lemma 7.5 we have <a,b, g, h># A, for any two pairs (a,b) and
(g, h) in 2,02, Thus there exists an pair (a, b) € X5 such that <a, b) is
an Ly(7)-subgroup of A. We set @=<g,b>. We let M be the other L,(7)-
subgroup of A containing e¢. Thus M=<g, h> for some (g, h)s X, UX, by
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Lemmas 7.4, 7.5.

LEMMA 7.6. (i) X5 is divided into two Cglc)-orbits. They are in-
terchanged by é. In particular any pair in X, generates an Ly(7)-
subgroup.

(i1) If Q% M>=A, for some g=Cslc), then we have Q°=Q.

(i) The Ly(7)-subgroups of G which are generated by the pairs in
X5 are Ng(c)-conjugate. They are self-normalizing in G, but their nor-
malizers in Aut G are isomorphic to PGLy(7).

PROOF. (i) Bince Ce(@)=1, the Celc)-orbit X% in X5 containing (a, b)
is of length 7°. By the character table of G we have |2€|=%24, 34, 7B)s
=19X 7, and so |X;|=2XT by Lemma 7.4. Suppose ¢ acts on X;. Then
¢ fixes some pair in X5 and Cg(¢) contains an Ly(7)-subgroup, which is a
contradiction. Thus ¢ interchanges X% and X! =3,— X%,

(ii) As Cgle)=<c,d> we may assume that g=d’ for some 1= {0, -+, 6}.
By the structure of 4, we have Ny(c)=Ny(c)=Ny.(c)=<e, t) (= F?). Thus
we have d'=[t, g |=t"-t" ' e MNCs(e)=<c>. So g=1.

(ili) Since NHM)=PGLy(7) by Lemma 7.4, we may assume that
No(M)NNg(c)=<e¢, f>. Then <Q, M> =<Q, My = A,. Suppose that Q" =<z, y>
for some pair (z,y)=X:. Then Q"= for some g=Cs(c) and so we have
Q, MY =<Q’, M>=<Q, M> by (ii). Thus <Q, M, f> is an S,-subgroup of G,
which contradicts Proposition 6.12 (iv). Thus @'=<x,y> for some pair
(x, ) X%, and so the L(7)-subgroups which are generated by the pairs in
X5 are Ng(c)-conjugate.

Since f and ¢ interchange {Cu,v>|(u,v)€ X5} and {x, y)|(x, y) = XL},
the outer involution f¢ acts on the set {<u, v)>|(u,v)= X%} of cardinality 7.
Then f¢ normalizes some Lo(7)-subgroup in this set. Thus Nawe(Q) con-
tains a PGLy(T)-subgroup, and so Nauwe(@)=PGL(7) and N4Q)=Q since
Cauwe(@=1 and PGL(T)= Aut Ly,(7). []

Summarizing the results obtained in the above lemmas, we have the
following proposition. Hence we have determined the conjugacy classes
of all non-abelian characteristically simple subgroups of G and the nor-
malizers (in G and in Aut G) of their representatives.

PROPOSITION 7.7. (i) G has ome conjugacy class of Jr-subgroups.
They are the centralizers on G of outer involutions and are self-normaliz-
g i G.

(i) G has four conjugacy classes of Ly(T)-subgroups represented by
L, L, Ls L, These representatives satisfy the following :

Ne(L)=(Sf>X Ly x<ay, where |fl=4, lal=2, fe=f"' and {I,a>=
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PGL(T).

Ne(ly) is ¢ PGLy(T)-subgroup of some Ly(T)-subgroup of G. L, and L,
are Aut G-conjugate.

Ne(l)=L; and Nawell)=PGL(7). L, is contained in some A,-sub-
group of G.

Furthermore the elements of order 7 contained in L, are TA-elements bui
those contained in L, are TB-elements for any 1< (2,8, 4}.

§ 8. Conclusion

PROOF OF THE THEOREM. By the results in §3, §6 and §7, any
maximal subgroup of G is conjugate to one of the subgroups given in the
theorem. Inspecting the orders and the structures of these subgroups, we
may easily verify that there is no inclusion-relation between any tweo of
them.

PROOF OF THE COROLLARY. Any maximal subgroup of AutG is G,
the centralizer of an outer involution (=Z,xJ,), or a normalizer in Aut G
of a characteristically simple subgroup of G. By the results in §3, §6
and §7, we can easily determine which characteristically simple subgroup
of G has a normalizer in Aut G not contained in G.
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