Hodge filtrations on Gauss-Manin systems I
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Let Y be a complex manifold and let S be the unit dpen disk {teC |11 <1}.
Let f:Y—S be a flat projective morphism such that f is smooth on S*=S—{0}.
The Gauss-Manin system of f is defined to be the complex of Ds-Modules ob-
tained by integrating Oy as a holonomic system along the fibers of f, and is

k
denoted by SfOY (cf. [7]. For any integer kb, the k-th cohomology sheaf Sny
of SfOY is a regular holonomic system on S [5]. It is also called the (k-th)

Gauss-Manin system on f, and is canonically endowed with the Hodge filtration
g°, which induces a variation of Hodge structures on S* by the canonical iso-
morphism

[orls=os@RifiCrls) . D

Let .£* be the canonical extension of Osg(%)(Rk f+Cy|ss) to S as a holomor-

phic vector bundle (i.e., a locally free ©s-Module) with a connection V such that
the eigenvalues of res (fV) are in (—1, 0] (cf. (2.1)). By a result of Schmid (137,
F*|s. has an extension & to S such that 4? is a holomorphic vector subbundle
of .£* for each integer p (cf. [10]).

Our main theorem is as follows (cf. (2.5)).

THEOREM. &7 s a subsheaf of P for each inieger p. More precisely, we

k
have a natural inclution L kQSfOY such that

k
Gk EN__crk
FHLH=9F (SfOY) for each k,
and
N k
gp(lk)zjkﬂ&’p<gf0y) for each p and k.
From this, we can derive the following result of Scherk-Steenbrink [14] (see

also [81[9][19]): the Hodge filtration of the mixed Hodge structure of Steenbrink
[16] on the cohomology of the Milnor fiber of an isolated hypersurface singularity
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is determined by the Brieskorn lattice 4%, =0%/d f AdL2%.} (cf. Theorem (3.5)).
I would like to thank Professors M. Kashiwara and K. Saito for their helpful

suggestions and useful discussions. In particular, the ideas of dual filtration and

Cohen-Macaulay filtration were suggested by Kashiwara (cf. also [17).

§1. Holonomic systems and good filtrations

(1.1) Let Y be a complex manifold of dimension N, and let K be a holo-
nomic system on Y, i.e., SH is a coherent left Dy-Module such that &xt5,(H, Dy)
=0 for {#N.

By a result of Kashiwara [2], DRy(H): :Q}g};ﬂi has constructible cohomol-

ogies, and the functor DRy induces an equivalence D2,(Dy)5DY(Cy) (cf. [4][67).
Here D%,(9y) (resp. DY Cy)) is the full subcategory of D(Dy) (resp..D(Cy)) con-
sisting of bounded complexes with regular holonomic (resp. constructible) cohomol-
ogies, and D(QDy) (resp. D(Cy)) is the derived category of Dy- (resp. Cy-) Modules
on Y. Here we consider only left 9y-Modules.

(1.2) DEFINITION. a) An increasing filtration {<M,}:cz on a Dy-Module
is called a good filtration, if it satisfles the following conditions:
1) kUZJnk:ﬁM and ;=0 for <0 (locally),
.

2) Dy M T Mryr Tor reN and k=Z, where 9y(): :{ > ava”}(:.@y,
I

vIsT

3) Gr() is a coherent Gr(9y)-Module on Y.

b) A good filtration {H.}rcz is called Cohen-Macaulay, if Gr(#) is a
Cohen-Macaulay Gr(Dy)-Module. We abbreviate it as “a good C.M. filtration”.

¢) For an increasing filtration {,;} on a Dy-Module ¥, we define the de-
creasing filtration {F?} by %?:=H-, for peZ, and vice versa. We say that
{F?} is a good filtration (resp. a good C.M. filtration), if so is the corresponding
increasing filtration {<H,}.

d) Let % be a Dy-Module with a filtration {#,}. We denote by H{n} the
Dy-Module with the filtration {H{n},=H._.}.

(1.3) DerINITION. Let DF(9y) be the derived category of @y-Modules with
filtrations satisfying the first two conditions of Definition (1.2.2), and let D%,,F(Dy)
be the full subcategory of DF(9y) consisting of bounded complexes whose co-
homologies are regular holonomic systems with good filtrations.

a) Let "'=0bDF(Dy) be a complex of filtered Dp-Modules having a locally
free filtered resolution LM (i.e., JPEE?@Y{mi} locally). We define the

dual filtered complex M *=0ObDF(Dy) by
MF = Homg, (L7, g)y)@(.Q{y)@'l {N}[NV]
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where N: =dimY (cf. [1]).
b) Let f:Y—X be a holomorphic map of complex manifolds and let /=
dimY —dim X. We define the integration of U =ObDF{(Dy) by

» L .
Sf:m =R f*(@,‘-q% ' )—11e 0bD(@7),

where Dy y:=02¥ @ f‘l(@x(@ (QF-hHe-1 (cf. [3]).
f-i0x x
We define a filtration on gfﬁl/l' as follows (cf. [1]):

1) In the case where f is a closed immersion,
a2(( )1 = Fo( SO @F T HIH (~)[~1D)

Here (Dx.v)i: =¥ Qf D x(RYRRY .
2) In the case where f is smooth?, we define the filtration F° on DRy ;v (H")
={DRyx(M")*} 1ez to be

FP(DRy;x(M)*) 1= EBka//x@ffp‘i(ﬂj) ,
it+j=
and the ﬁltfation " on Sfﬁ%'zRf*DRy,X(JM') to be the direct image of the

filtered complex (DRy, x(H"), F)=ObDF(fDx).
3) The general case. We factor f as f=p-7/, where 7 is a closed immer-

sion and p is smooth. Then the filtration on Sijl'zg (S :M) is defined by 1)
D T

and 2). The does not depend on the decomposition f=pe-z, if f is proper.

(1.4) LEMMA. a) (Kashiwara) For a holonomic system M with a good C. M.
Jiltration, M*< ObDF(Dy) is well-defined and is represented by a holonomic system
with a good C. M. filtration.

) For M €ObDF(Dy), we have DRX<Sfm')zR F«(DRy(H) as filtered
complexes, where DRX(SJ«“%.) and DRy(M") have the filtrations defined in (1.3.b.2)

(cf. [(11L6D.
¢) Let f:Y—X and g: Z—Y be proper morphisms of complex mantfolds.
Then we have Smm'ggf(ggjn') in DF(Dyx) for " €0bDF (@) (cf. [17).

d) For a projective morphism f:Y—X and a regular holonomic system M

with a good filtration, we have SfjneObD‘;,hF(g)X) (cf. 1] [5D).

1) We have to assume that ¥Y=XxW with a manifold W and f: Y—X is the pro-
jection.
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e) Let f[:Y—=X and g: X—S be projective morphisms of complex manifolds,
and let M be a bounded complex of Dy-Modules with good filtrations. Then, for
every compact subset KCS, which has a Stein neighborhood in S, we have a neigh-
borhood X' of g '(I() such that

6;*5”' IY’)*ESJ,,(W [y )* {2} (2]

as filtered complexes of Dx.-Modules, where Y':=fYX"), f':=flp:Y'-X
and [=dim Y —dim X (¢f. [6][20]).

REMARKS. 1) Let . be a holonomic system with a good C.M. filtration.

M is called a self dual system of weight n, if there is an isomorphism M=
M*¥{—n} in DF(Dy).

2) Oy is a self dual system of weight 0. In fact it has the Hodge filtration:
gOOY:OY and E_F]OY: {0}.

(1.5) PROPOSITION. Let f:Y—X and g: X—S be projective morphisms of
complex manifolds. We assume that f is a modification, i.e., there is an open
dense subset V. of X such that f induces an isomorphism f~YV)—>V. Then, for
every compact subset K of S, which has a Stein neighborhood in S, we have a

neighborhood X' of g (K) such that Ox. is a divect factor of “IOYIX' as a filtered
complex of Dx.-Modules. Here Oy and Ox have the Hodge filtrations - stated in

Remark 2) of Lemma (1.4), and SfOY has the induced filtration §° defined in (1.3.b).

PROOF. A natural morphism Cyx—Rf:«Cy induces a morphism f[#: Oxy—
SfOY in DF(@y). Taking the dual complexes, we have the Gysin morphism
fa:\ Oyl x.—0Ox on a neighborhood X’ of g~}(K), since Ox=0%, Oy=0¥ and
(1, 0r )=, @) (ct. (4D, We can verity that f,+/* is the identity on the

open dense subset of X', where f induces an isomorphism. Hence f.of¥ is the
identity on X’. This gives the desired result. Q.E.D.

§2. Limit Hodge filtration

(2.1) Let f:Y—S be a projective morphism of complex manifolds and let
n=dim ¥ —dim S. We assume that Y is connected, S is a one-dimensional open
disk, and f is surjective and smooth on S*:=S—{0}.

Let H*: =R*f4+Cy!s, which is a local system on S*. As was proved by
Deligne, H* has a canonical extension to S as a holomorphic vector bundle .£*
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with a connection V, such that V has a simple pole at the origin and the eigen-
values of res(fV) are contained in (—1, 0.

 We set LHO):=_L8/tLk and HE:=T(U, p*H?*), where p: U—S* is a uni-
versal covering of S* ~We have an isomorphism H:—.L*0) by u—
exp(—(log t/2x+/—1) log M)u. Here M is the local monodromy of H*, and the
eigenvalues of log M are contained in [0, 1). We regard .£* as a subsheaf of
]‘*(OS:QCZ)H ®), where j:S*—S is the canonical inclusion.

(2.2) Let SfOY be the integration of @y defined in (1.3.b). kaOY: =4 k<§f0}r>

is a regular holonomic system with a good filtration ¢° by Lemma (1.4.4d). SjOy
is called the Gauss-Manin system of f and &° is called the Hodge filtration on
{lov et e, k

The restriction F°|s. to XfOY]S"%@S*@)H * is a variation of Hodge structures

in the sense of Griffiths and Schmid (cf. [13]), since & is defined locally with
respect to S and f is smooth on S*.

By a result of Schmid, &'|s. can be extended to S as holomorphic vector
subbundles & of L%, i.e., ¥ =LPNj(F |5« (cf. [10][13]). We shall construct
L% and §° geometrically (cf. (2.4) (2.5)).

(2.3) Let f=p-i be the canonical decomposition of f, i.e., 7:Y—=Z:=Y XS
is the canonical inclusion and p: Z—S is the projection on the second factor.

We can verify that &01/:!BY|2{1}[1]’52'*(@17[&]){1}[1] and DRZ,S<SOY>E
i5(9300.1) {1} 1] such that SP(DRZ,S(SOY) = @ @)[1)and d=dy—d.dfA.

jsipo

We define a subcomplex A°[1] of DRZ’SGL-OY) by A*: ={we b df Aw=0}.
Here we regard A1] and DR Z/SGL-@Y) as complexes of sheaves on YCZ ; thus
7% is omitted.

The Hodge filtration " on DRZ/S(SLOY) induces a stupid filtration on JA'[17,
ie, FPAAD=0:p(AT1D.

(2.4) PROPOSITION. We assume that f~*0) is a divisor with normal crossings
in' Y, whose irreducible components are nonsingular. Then we have a canonical

isomorphism
Rf(A[1=LE  for any k,

which is Og-linear and commutes with the action of 0,t=Vg,q:8. Furthermore, the
spectral sequence
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ERt=RIf s AP™ = RP¥f(ATL])

degenerates at E,, and the induced filtration on R*f«(A'T1 D= L* coincides witp
the limit Hodge filtration & =L*M\j(F" s (cf. 2.2)).

PrOOF. Let f~Y0)=\UE, be the decomposition into irreducible components,
and set e¢:=LCM(multg, f*f). Following Steenbrink [16], we take the normali-
zation of a ramified e-fold covering of Y :i.e., 7:8-S is a ramified e-fold
covering such that w*t=F#° and ¥ is the normalization of ¥ xS, where ¢ and §
are coordinates on S and S. ‘

By assumption, we have f*t=xJ'¢--- xr locally, where (x,, --+, x,) is a local
coordinate system on Y. Then w/x, - %, is a logarithmic form for we A%+,
and we have an isomorphism 4 *(A[1]]y,=C {t}@R’*TC as C{t}-Modules with

the connection V. Here V is the canonical connection corresponding to the
monodromy on R*¥FC such that the eigenvalues of res(Vs) are in (O; 1], and
R¥Y'C is the vanishing cohomology sheaf on Y, i.e., R¥*¥'C:=R*j:Cr.lv,
where V=Y XU, Y,=f"%0), j:Y.—Y is a natural morphism and U—S* is a
universal covering (cf. [21]).

Then we can obtain the canonical isomorphism R*f.(A[1)=.L* for all &,
in the same way as in [15].

For the second assertion, it suffices to show that R%f..AP*! is a free Og-
Module, since the spectral sequence degenerates on S*.

Let 2% be the complex of holomorphic forms on ¥ in the sense of [16].
We set " : ={wedp: df Aw=0}, where df=F*(df)and f:¥ -5 is the natural
morphism.

We have an isomorphism d f/\ 1 Q3,5(log }N’o)l’,(ﬁ'[l], which preserves the
connections on cohomologies.

Let G be the covering transformation group of z’: ¥—Y. Since (zid'T1])¢
= AT17], we can obtain the desired result in the same way as in [16]. Q.E.D.

(2.5) THEOREM. Let f:Y—S be a one-parameter projective family as in
k
2.1). Then we have a canonical inclusion L kgngY for every k, which is Os-

linear and commutes with the action of 0,i=VNg,q;t. Furthermore, we have
k k
Skl PRy —cpk A0 pRy— [k
GH LN =G (Sfey) and GP(LB=L msﬂ’(&m)
for any p and k (cf. (2.1) and (2.2)).

Proor. The normal crossing case follows obviously from (2.4), except for

. k
the assertion that F*(.L ’*)zﬁk(gjpy). But we have a spectral sequence
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Ege=Rrf,Gri( @010 = o
such that Ebo=RfGri(23[0,]Lk+11)= fsA**. This implies that gk(gjay)c
L% and hence ?fk(.["):gquﬁy).
f

The general case is reduced to the normal crossing case as follows. ,

Let g: Y—Y be a resolution of singularity of f~%0), i.e., g is a projective
morphism of complex manifolds which induces an isomorphism on g %Y — f~0)),
and g7tf~%0) is a divisor with normal crossings in Y, whose irreducible com-
ponents are nonsingular.

By Proposition (1.5) and Lemma (1.4.c), we have the direct sum decomposi-
tion

! Op= k@Y@(@-@(ons)
ng Sf

k
as filtered Modules. £ k(CSf O;,) is contained in the first component, because
g

there is no connection preserving Og-linear map of L% to B¢ except the zero
map. Thus we obtain the desired result, since & is compatible with the decom-
position. ‘ Q.E.D.

§3. Application

(3.1) Let f:C*, 0—C,0 be a holomorphic function with an isolated
singularity. We may assume that f is a polynomial and F0)c P+ is smooth
away from the origin. Here we can take the degree of f sufficiently large.

We set V:={fx)=t}CP*"'x S, S:={|t|<yp}, X:=YN(B.XS), B.:=
{lxl<e}, Z:=P"**XS, p:Z—S is the natural projection, Fi=ply and f=F|x.

For 1»e»%>0, f: X—S is a Milnor fibration and f:Y—S is smooth away
from the origin.

We set Yu:=Y XsU, Xo:=XXsU, Hy,o:=1'{U, p*Hy) and Hx o:=
I'(U, p*Hy), where p:U—S* is a universal covering. We have natural isomor-
phisms Hy «=H" Y., C) and Hy .=H"(X., C).

(3.2) PROPOSITION (Schmid [13], Steenbrink [16], Scherk [11]).

a) Hy. and Hx . have canonical mixed Hodge structures with the Hodge
filtration Fs and Fk; such that the natural inclusion i : X—Y induces a morphism
of mixed Hodge structures i Hy o—Hy o (in particular, i*Fs=Fg,Mi*Hy ) [13]
[16].

b) If the degree of the polynomial f is sufficiently large, i*: Hy,o—Hx o 1S
surjective (hence i*Fs=Fy,) [11].
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(3.3) PROPOSITION ([71[8][91[11]). Let Hy: :S;LOY and Iy ZS:OX be the

Gauss-Manin systems with the Hodge filtration F°.

a) Yy and Ky are vegular holonomic systems on S such that H°(DRs(Hy))
=R f4Cy and DRs(H x)=R"f+Cx.

b) If the degree of [ is sufficiently large, i*: dy—Ix is surjective and
strictly compatible with the Hodge filtration F' (i.e., 1*F (Hy)=F (A x)). Further-
more;, Ker (1% : Hy—H x) is a free Os-Module of finite rank, and we have DRg(Hy)
=R"f,Cy.

(3.4) We assume from now on that the degree of f is sufficiently large so
that Propositions (3.2.b) and (3.3.b) hold.

Let Hy,ngBHy_w_ 2 be the monodromy decomposition (i.e., Hy o i:=
{ueHy w: (M—2)""*u=0}), and let {).j:exp(—?.n«/-——laj)}j be the eigenvalues
of the monodromy M. We may assume that a;=(—1, 0] for all j and a;<a«;
for 1<j.

We define a decreasing filtration V' on Hy,w by ViHy o: :Z@Hy,w,xi.

Let F* be a filtration on Hy.... We define a filtration GryF" on GryHy,. by
GrVF”::EP(FY’ﬂVf/pr\Vf“). We can regard GryF° as a filtration on Hy
by the natural isomorphism GryHy, o= Hy, e

We define GryF° similarly for a filtration F* on Hy, .

Let £y and Ly be the canonical extensions of Hy and Hy such that Hy .
= Ly(0) and Hy w=.Lx(0) (cf. (2.1)). Ly and .£x are naturally contained in 4y
and 4y respectively so that (%) (.Lx)=-Ly (cf. (2.5) (3.3)).

We define the filtration Fi (resp. Fy) on Hy . (resp. Hy ) by

Fy: =Im (F(Hy)NLy—>Lp(0)= Hy, )
(resp. Fy:=Im (F (A )NLx—>Lx(0)=Hy ),
where &° is the Hodge filtration on 4 y:S;(?Y <resp. g XZS:OX) Then we can

define GryFy and GryFxy as above.

(3.5) THEOREM. a) GryFy=Fg% (cf. (3.2)).
b) GryFy=Fs (cf. [8][91[14]1[19].
The first identity follows from Theorem (2.5) and the construction of Schmid
(cf. [10][13]). Then the second identity is obvious by Propositions (3.2) and
(3.3).

REMARKS. 1) The first assertion is valid for any one-parameter projective
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family as in (2.1).
2) F™(Hyx,,) is isomorphic to HP,:=02%L/df NdL¥} as an Og -module
with a regular singular connection, so that F*P(4 y o)=0Ff A, for p=0.

In [17], A. Varchenko defined the asymptotic Hodge filtration F; on
H»(X., C) using the asymptotic expansion of period integrals. Fg and Fg, are
different in general [12][9, (3.5.2)], but they coincide for a plane curve singularity
or a quasi-homogeneous singularity [17][18]. Moreover, we have Gr¥ F;=Gr" Fg,
[19], where W. is the monodromy weight filtration (cf. [167), hence F; and W.
form a mixed Hodge structure on H"(X., C).

In [14], J. Scherk and J. Steenbrink claimed that F, is determined by 4%,
and F. Pham asserted that it is essential to use the Gauss-Manin system 4y

:S:OX instead of 4 Xg@)Os[t"] (cf. [8]. It is shown in [97[10] that the uni-
S

potent base change (or equivalently, the graduation Gry (cf. (3.4))) is necessary
in the formulation [9, (3.1)] (or (3.5.b)).
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