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Introduction.

In this paper, we consider the problem to construct infinitely many number
felds K of a given degree m, for which the ideal class group contains a given
finite abelian group A as a subgroup. When A is cyclic, this problem was solved
in the following cases:

(a) m=2, by Nagell [9] and Kuroda [7] (the imaginary case), by Honda [3],
Yamamoto [127] and Weinberger [11] (the real case),

(b m=3, by Uchida [10] (the case K/@ is cyclic),

(¢) m=3, 4,5, by Ichimura [4] (the case K/Q is non Galois).

For any group A with rank 2, Yamamoto [12] solved this problem when K is
imaginary quadratic. Further, Ishida [5] (resp. [6]) constructed, for each odd
prime number p, infinitely many number flelds of degree p, for which the p-rank
(resp. 2-rank) of the ideal class group is “large”.”

We shall prove the following

THEOREM. For any rational integers v1=0, r,=1 and any finite abelian group
A with rank <r,, there exist infinitely many number fields K of degree m=r,+2r,
such that

i) the number of real absolute values of K is ry,
i) the ideal class group of K contains an abelian subgroup isomorphic to A.

The proof is sketched as follows. Obviously, it suffices to prove the theorem
when A is of type (n, -, n) with rank 7, for a natural number n. Let f(X)
:ﬁl(X—Ai)+C" be an irreducible polynomial where A; and C are rational

i=0

integers satisfying some congruence and other conditions, and let K be the
number fleld generated by a root § of f(X) over the rational number field. Then
there exist ideals U, -+, Yn-, of K such that UP=(—A,;), and the classes of

1 Other related papers include [1], {2] and [8].
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these ideals generate an abelian subgroup of type (n, ---, n) with rank at least
r, in the ideal class group of K.

For our method of the proof, we owe much to Ishida [5], [6] and
Yamamoto [127.

Notations. Z and @ denote the ring of rational integers and the fleld of
rational numbers respectively. For a prime number p, a natural number ¢ and
a rational integer a, p°lla means that @ is divisible by p® but not by pe*.. We
denote by K* the multiplicative group of a number field K, and set K*'=
{a | a=K*} for a natural number {. For an ideal % of K, [U] denotes the ideal
class of K represented by .

§1. The key lemma.
In this section, we prove a key lemma for the proof of our theorem.

LEMMA 1. Let m and n be natural numbers (>1) where m=r,+2r, with
rational integers v1=0 and r,=1. Set f(X)zwif[:(X—Ai)iC" with A;, CeZ.

Assume that f(X) is irreducible over @ and that f(X) has ry real and 2r, imagi-
nary roots. Let 0 be a root of f(X), and set K=Q(0). If the following condi-
tions are satisfied, the ideal class group of K contains an abelian subgroup of type
(n, -, n) with rank 7,:

Cl)y 0—A, 0—A,, -, 0—A,_, are pairwise relatively prime,

C2) for each prime divisor [ of n, the subgroup of K*/WK*! generated by
the classes of 0—A,, +++, 0—An_1 15 an elementary abelian group of rank m—1,
where W is the group of roots of unity in K.

PROOF. Let E be the group of units of K, which is of free rank r==r,+»,—1.
Note that, for any prime number [, EX*!/WK*! is an elementary abelian group

of rank 7. By Cl and the equality ﬁ:(ﬁ—Ai):?C", there exist ideals 9, of K

such that A?P=(0—A;). Fix a prime divisor / of n, and let °|n. Set B,=A/**
and €;=B1°"", Then BI’=6l=(6—A4,). Note that [B,] is of order [° if and
only if €; is not principal. First we claim that at least », members of [8B,],
, [Bn-1] are of order /% If not, we may assume that €, ---, €,., are principal.
Then, for each i (1=/=<r+1), we have [§—A,Je EK*'/WK*!, where [«] denotes
the element of K*/WK*! represented by an element « of K*. But this contra-
dicts C2, since EK*Y/WK** is of rank r. Therefore, we may assume that, for
some s with r,<s=m—1, [B,], -+, [B,] are of order /¢ and the others are not.
Next we claim that some », members of [8B,], ---, [B,] are independent over
Z/I’Z. 1f not, we have a nontrivial relation among each r, members of
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(€], ---, [€,]. Therefore, by exchanging the suffixes suitably, we may assume
that

k+ro-1

(1) ];—II [@l]lIm:l with Z}HGZ (1§k§5+1—7’2),
(2) 2520 (mod D) (1Sk=s+41—ry).

From the relations (1) and the assumption that €,,,, ---, €,,_; are principal, we
ktra-1

see that [ 1t <0—Ai>m] and [0—A,] (1<k=stl—r, s-+1=;<m—1) are con-

tained in EK*!/WK*'. By C2 and (2), these »+1 elements are independent in

EK**/WIK**. This is a contradiction. Therefore, we conclude that [®B,], -,

[®B,-1] generate a subgroup of the ideal class group, containing an abelian group

of type (/% ---, I°) with rank r,. Lemma 1 follows immediately from this.

REMARK 1. The polynomial of the form f(X)zmI—ll(X—Ai)iC” was effec-
i=0
tively used for this type of problem in Ishida [67.

§2. Proof of the Theorem.

For m=v+2r, (r;=0, r,=1) and n, we show the existence of A, and C

. . . 3 - . -
satisfying the conditions of Lemma 1. Let n=TI{% be the prime decomposition
i=1

S
of n, and set n,= 1'[111 Let m, be the least common multiple of the orders of
=

the roots of unity which are contained in number fields of degree m. Take prime
numbers p; (1=/=m—1) and ¢ so that:

@ pi=1 (mod meno), pi#p; (1=i, jSm—1, i#j)

4) ¢=1 (modm), g#p; 1=<i<m—1).
Then take positive rational integers B; (0=<i=<m—1) and D so that they satisfy
the following conditions (5)-(11):

) for i, j (1={, j=m—1, i#j), B, is {,-th power nonresidue mod p; and
B; is {,-th power residue mod p; (1=£=5),
(6) Br=1 (modg) (1=i=m—1),
- (7)) B;#EB; (mod ¢) (1=i<j=m—1),
®) D=1 (modg),
©) (Bi—Bj;, D)=1 (I=i<j=m—1),
©) (By—B;, D)=1 (1=i=m—1),
(10)  pil D +(—1)"ByBy =+ By (1=Zi<m—1),
(1) giD* H—=1)"BB; -+ By-;.

REMARK 2. The existence of these B; and D is shown as follows. First
take prime number D satisfying the condition (8). Next take B, (1=:Zm—1) so
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that they satisfy (5), (6), (7) and (9). This is possible because of (3), (4) and the
assumption that D is a prime number larger than m. Finally, take B, satisfying
(99, (10) and (11).

LEMMA 2. Let fo(X)=7ﬁ1(X—Bi)+D". Then folX) is an Eisenstein poly-
=0

nomial with respect to g.

PROOF. Write foX)=X"+a,X™ '+ - +an-1X+an with a;&Z. Then,
from (11), gilan. Therefore, it suffices to show that glary 1Zk=m—1). Since
foBy)=D", we have

(12) @ BP'ta,Br-t4 - fapnBi=D"—BF—a, (1=i=m—1).

Let M be a matrix of degree m—1 with (, j)-component BF~/, and let M*=(b,;,
be the cofactor matrix of M. Then

(13) A:detzVI:ﬁlBi- o (Bi—By,

12iLjsm-1
(14) Aak:E’bki(Dn—Br—am) A=<k=<m—1).

By (6), (7) and (8), we see that ¢} 4 and ¢|D*—BP—an. Therefore, by (14),
*glay A=k<m—1). qe.d.

Next, take positive rational integers d and N, so that:

(15) d=1 (mod ¢?),

(16) d=1 (mod p?) (1<i<m—1),
A7) (d, Bi—By=1 (0<i<j<m—1),
(18) N,>Max(B,, By, =+, Bm-1).

When 7,=0 or 1, choose A; (0=/=<m—1) and C so that:

(19) C*>NPp,
(20) C=d*D for some non-negative integer #,
(21) A;=B; 0=i<m—1).

When r,=2, choose rational integers N, and C so that:
(22) dDpig*| N,
(23) N,>(ry—1)1 2r1-iNjret,
(24) (Np—N)Y™>C*>(Np+Np)™,
(25) C=d*D for some non-negative integer k.

Then set A; as follows:
(26) A;=B; (0=i=£2r,), Ausryei=Bor,eiT2/N, 157=r—1).
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For A; and C chosen as above, we put f(X)zwﬁl(X——Ai)-l-C".

t=0

PROPOSITION. Let 8 be a root of f(X), and set K=Q(8). Then

i) K is of degree m, and q is completely ramified in K,

i) the number of real (resp. complex) absolute values of K is ry (resp. r),

iii) the ideal class group of K contains an abelian subgroup of type (n, ---, n)
with rank 7s.

In view of Lemma 1, this Proposition follows from the following four lemmas.
LEMMA 3. f(X) is an Eisenstein polynomial with respect to q.

PROOF. By (15), (22) and by the choice of A; and C, we have f(X)=f(X)
{mod ¢*). Therefore, our assertion follows from Lemma 2.

LEMMA 4. 8—A, 0—A,, -+, 0— A, are pairwise relatively prime, i.e. Cl
is satisfied.

Proor. By (9), (9, (17), (22) and the choice of A; and C, we obtain
(A;—A; C)=1 for i#j. Assume that there exists a prime ideal P of K such
that PBj(—A;, 6—A;). Then, from the equality ﬁl(ﬂ—Ai)z—Cn, we have R|C
and B|A;—A;, which is a contradiction. This proves our assertion.

LEMMA b. For each prime divisor | of n, the subgroup of K*/WK*' generated

by [the classes of 0—A,, -, 0—A,_, is an elementary abelian group of rank
m—1, 7.e. C2 is satisfied.

PrOOF. By (10), (16), (22) and by the choice of A;and C, p;|[(—1)"™AcA; - Ap-,
+C".  Therefore, as (—1)™A\A, -+ An-1+C" is the constant term of the
polynomial f(X), we see that R;=(p,;, 0) is a prime ideal of K of degree one.
Note that, by (3), any root of unity contained in K is /,-th power residue modulo
B, Assume that

(O—ApH - (§— Ay )Fm-1e WK™ with m=Z.

Considering this relation modulo B, we see that g;=0 (mod{) from (5), (12) and
the choice of A;. This proves our assertion.

LEMMA 6. f(X) has ry real and 2r, imaginary roots.

PrROOF. We give the proof only when m is odd and r,=3. The other cases
can be proved similarly. From (18) and the choice of A; we may assume
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@27 0<4< A< o < Apy, <Ny
By (18), (21), (23) and (26), we have
(28) Ni<Ny<Agyy 1 <3N, < Ayryie < o <(2J 1IN, < Ayrye s
<27+ DN < <2 —1)—1)N, < A .
Since the graph of Y=/(X) is obtained by translating that of Y:iI:(X—Ai)

upward along the Y axis, we see, from (27) and (28), that f(X) has one real
root in the range X=<A, and at most 2r, (resp. »;—1) real roots in A, <X=A,,,
(resp. X>A,,,). Therefore, it suffices to show that f(X) has no real roots in
Ay <X=A, and r,—1 real roots in X>A,.,. Forany X (4, <X=A,,), we have

T ox—a0

=| 0 (x—a9]-

m
=27

_ ri-1
T (X—A)| <Nerest 1T @3N+ Ny,
o+1 J=1

from (18), (23) and (26). Moreover, by (23) and (24),

r1-1

N%”“-ﬁl(ZJ'N2+N1)<(N2+N1)”<C"-

3=

So, E(X-Agkc" for any X (A,<X<A,,). Thus

fOO=TTX~A)+C>0  for any X (A<X= Ay,

Therefore, f(X) has no real roots in Ay <X= Ay, Similarly,
(29) f(2j—1)N,)<0 for j=2, 4, -, r;—1.
Further, by (27) and (28), we have "]j:((Zj—l)Nz—Ai)>0 for j=1, 3, -+, ri—2.

Therefore,
(30) f(2—DN)=TL(@2j—DN,—A)+C">0 for j=1,3, -, ri—2.

Considering the graph of Y =/(X), we see, from (29) and (30), that f(X) has
r;—1 real roots in X>A,.,. Thus we obtain our assertion.

Finally, by taking various prime numbers g, we see that there exist infinitely
many fields K satisfying the assertions of the theorem, since only a finite number
of prime numbers can be ramified in a number field of finite degree. This com-
pletes the proof of our theorem.
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