On the absolute continuity of the law of a system
of multiple Wiener integral

By Shigeo KUSuokA*®

1. Introduction.

Let {B,; 0<t<1} be a standard Brownian motion starting from the origin,
L*B) be the set of all square integrable functionals of the Brownian motion
{B,; 0<t<1}, and J{, be the set of all multiple Wiener integrals of degree =,
that is to say,

ﬂ[={§ ﬁg(sl, e+, 8,)dB,--dB, ; g€ L(0, 1]%)},

where
1 1
S g Q(Sl,"',sn)stl ..-dB

[ 1] o
is a multiple Wiener integral of g and L%(0,1]") is the set of all symmetrie
Lebesgue square integrable functions on [0,1]*. It was proved by Ito [2] that
L*B)= Eo@ﬂ[n-

Let 9 denote Eo nZZ)O Hn, then J must be considered a set of polynomials
in Brownian motion. Our interest is in studying the probability law v, on R*
induced by Y=(Y,,.--,Y,) such that all Y,s are elements of 4{. Recently
Shigekawa [4] obtained a sufficient condition for »y to be absolutely continuous by
using Malliavin’s ealculus. In this paper we give a necessary and sufficient condi-
tion for that by algebraic method.

Our theorem is the following.

THEOREM. Let Yy, :--,Y, be elements of 9(. Let I={f; f is a polynomsial
I Yy, + 0, Yo Satisfying f(Y,, ---, Y,)=0 with probability one} and V be a real
algebraic variety in R* given by V={(y, -+-,¥.) € R"; Y1, -+, ¥n) =0 for all fe I}.
Then vy is absolutely continuous relative to the ecanonical measure on V.

In particular, vy is absolutely continuous if and only if I={0}.

The definition of the canonical measure on V will be given in Section 2.
The author wishes to thank Professor G. Maruyama and Professor Y. Okabe
for useful conversation.
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2. Preliminary material: real algebraic varieties.

Let R[yy, -+, Y] be the set of all polynomials in ¥y, -+, Ya with real coef-
ficients, and let I(Q) denote the set of polynomials which vanish in Q@ for each point
set QCR*. It is easy to see that I(Q) is an ideal of Ry, '--, Y.l For any
subset S of Ry, ---, ¥.), let V(S) denote the set of common zeros of elements
of S and let us define the rank rnk,(S) of S at a point p€R" by the dimension

of the vector subspace in R* generated by {(—gf—(p), cee, aa; (p)>; fe S}. Fur-
1 £
thermore let us define the rank rnk,(@) of a point set @ at pe@ by rnk, (I(@))

and the rank rnk(Q) of @ by max{rnk,(Q); »<@Q}.
The following is due to Whitney [5].

PROPOSITION 2.1. . Let V be an algebraic variety in R*, i.e. V=V(S) for some
SCRIY, -+, Y.), and let M(V)={pe V; rnk,(V)=rnk(V)}. Then M(V) is a real
analytic submanifold in R* of dimension n—rnk(V), and V,=V\M(V) is void or
is a proper algebraic subvariety of V.

Since M(V) is regarded as a Riemannian submanifold in R* with induced
metric by R*, we define the canonical measure on V by the Riemannian volume

of M(V).
The following is also due to Whitney [5].
PROPOSITION 2.2. For any proper real subvariety V of R*, there exist finite

analytic submanifolds M,, - - -, M, in R such that the dimensions of My, ---, M, are
less than n and V=M,U--- UM,.

The following is an immediate consequence of Proposition 2.2.

PROPOSITION 2.3. Ewvery proper real algebraic subvariety of R™ is of Lebesgue
measure 2ero.

3. Lemmas.

Lét (9, B, P) be a probability space. Let {e>, be a complete orthonormal
base of L2([0,1]) and let X, be a random variable given by Xk(w)-——glek(t)dBt {w),
k=1,2, +--. Then {X,(0)}, are independent and normally distribute(;. Let A=
fa={ar, az, ++) € Z%; @;>0 and |a|= gla,-<oo}, and let H,(x) be the modified

Hermite polynomial of order k given by Hk(\/zwac)=< 2klk‘ >1/z (;1)1:@@2%6—:2.
; ! x
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Note that Hy(x)=1. Then the following proposition is well-known (see Hida [1]
for example).

PROPOSITION 38.1. {ﬁHa,(X,-(w)): a€ A, [alzm} is a complete orthonormal
i
base of Y ..

By this proposition we may assume without loss of generality that Q=R~,
X;(w)=w; the j-th coordinate of we 2, and pldw) = ®1 oldw;), where p(dw) is the
i=
1/2
normal distribution on R, i.e. p(du):(»%«) exp (—%yﬁ)du.
T
For any measurable function F:Q2—R", let F,, be a measurable function from

2% to R given by
F.lo, o)=Fl/, -, 0n', On41,Onts, - -+) for each o', 0 € Q.
Then the following holds.

LEMMA 3.1, There exist ¢ measurable subset Qr of 2 and an inereasing
sequence {m,}, of integers such that P(Qp)=1 and ka(w’,w)—»F(w’), k—co, in
probability with respect to Pdo’) for each o€ Qp.

PROOF. First suppose that F' is bounded, and let G =E[F|X (w), ---, Xnlw)].
Then it is obvious that G (0’, w)=G"™ (0} for P(de’) X P{dw)-a.e.{o’,w). So we
get

S S IF(w’)—Fm(w’,w)IP(dw’)P(dw)SS g | Flo')—G™ (o) Pldo’) Pldo)
2J8a 2)ae

+S S |Fol, 0)— G4 (o, ) [Pldo’) Pldo)
Q)8
=2E{|F—G"™ |} — 0, as m—oo,

Thus there exists an increasing sequence {m,}2_, such that
S P(dw)S | Flw) = Fa o/, 0)| Pld') < - for each k.
2 02
Let

=0 {wEQ;S | Flo)— Fy, (@', o) Plda) <% for any k>j}.
3= 2

Then it is easy to see that P(25) =1 by the Borel-Cantelli lemma. This implies
our lemma. In the case when F is unbounded, we can prove our lemma similarly

by considering This completes the proof.

F
1+ F
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N
Suppose that Z is an element of Z()j[ . for some integer N, then it follows
k=
from Proposition 3.1 that there exist real numbers ¢, a€ A, sueh that c.=0 if
e|>N, T ci<co and Zo)= X ¢a ﬁl Haj(X,-(w)). For each integer m, let C, 5, 8=
a o i=
(B, -, Bm) €10,1, ---, N}™, be random variables given by
Crplo)= X ¢ 11 H,sj(Xj(w)), where Az={a€ A; a;=8;, j=1,---,m}.

aeAlg F=m4l

Then we obtain

and
N
Cm,ﬁ1 ..... pm(w)= > Cm,ﬁly--nﬁm.r(w)Hr(Xmﬂ(w))

7=0

for P-a.e.o and any m and . Thus we have the following.

LEMMA 3.2. For any element Z of J{, there exist an integer N and a set of
elements of 9, (Cmsl0); m=1,2,---, Be{0,1,---, N, such that each Cusl0) is
X mi1(@), Xpizlo), - - -} measurable, Zw)= ¥ Cuplo) ﬁl Hpj(X,-(a))) Jor P-a.e.o

iz

BE0,,N}m
and any m, and

¥ .
Con,pyee, ﬁm(w)=7§0 Crm.pyeee 8y (@) Hy(Xia (@) for P-a.e.o and any m and B.

Using this lemma, we can prove the following.

LEMMA 3.8. Plw; Ziw)=01=0 or 1 for any element Z of Y{.

PROOF. Let 2y={we Q; Z(w)=0} and let Cn,s(w)’s be random variables as in
Lemma 3.2. Let A,.(0) be an algebraic subvariety of R™ given by

Aue)={, -+, 2) € R T sl i, H 2 =0},

Then fnlw)=p®"(A,(0)=0 or 1 by Proposition 2.3. This shows that
Pl(20\Mfn(0) =1})) U({fnlw) =1}\2)]=0.

However, it is obvious that f,(0) is 6{Xni1(w), Xnilw), -+ -} measurable. So we get
P(R,)=0 or 1 by Kolmogorov’s 0-1 law. This completes the proof.

LEMMA 3.4. Suppose that Z,(w) and Z,{w) are elements of Y. Then Z,(v) -Zz(w)v
is also an element of.9(. Moreover, Z,(w):Z,lw)=0 for P-a.e.w, if and only
if Z(w)=0 for P-a.e.w or Z(w)=0 for P-a.ec.o.
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The first assertion is well-known (see Shigekawa [4] for example) and the
latter assertion is an easy consequence of Lemma 3.3.

4. Proof of Theorem.

Let Yy, ---, Y, be elements of J{ and vy be the probability law on R* induced
by Y=(Yy,---,Y,), and let @ be the support of vy and r=rnk(Q). Furthermore
let {C% slw)}in,s be the set of random variables for Y; as in Lemma 3.2, k=1,.--, n.
That is to say, Yilo)= 3 Ch.slo) j}'illﬂﬂj(xj(w» for P-a.e.o and C% (o) is o{Xns1(w),
Xo2lo), - - -} measurable. It is obvious that

IQ=I={feR[Yy, -, ¥.); 1Yy, -, Y,)=0 with probability one}.

Let gh(z;0) denote§C’:n,ﬁ(w) AﬁlHﬂj(zj) for any z=(2, - -,2.) € R™ and we Q.
iz
Let Gulz;0)=1{gk(z;0); -- -, 92(2;0)) € R* for each z€ R™ and we 2, and let

L(w)={f€R[Ys, -+, ¥.); [lGulz;0))=0 for any z¢ R™}

for each wec 2. Lemma 3.1 shows that there exist a measurable subset 2, of 2
and an increasing sequence {m,} of integers such that P(Qy)=1 and G{X;(»’), ---,
X 0);0)>Y(o'), k—oo, in probability with respect to Plde’) for each we 2y. Let
2} be the set of we Q satisfying

Y(o)=Gn(Xilo), - -+, Xplo);0),

Gm(zh Tty zm;w) =G’m+1(zl7 C s By Xm-i-l(w) ;w)

and G,{z;0) € V{I) for any m and z=(2y, -, 2,) € R™. Then it is easy to see that
P(,)=1 by the similar argument to the proof of Lemma 3.2 Let 2,=2,N 2y,
then it is obvious that L{w)DL{ewD--->I and I,{w)’s are prime ideals in
Ry, -+, Y,) for each w€ £,. -

Now let us pause fo prove the following Lemmas.4.1 and 4.2.

LEMMA 4.1. - There exists some integer miw) for any o€ Qo such that I,(w)=1
for any m>=m{w). '

PROOF. Let we 2,. Since the Krull dimension of R [y, -+ -, ¥.]is n (see Nagata
[31 for example), there exists an integer m(w) such that I,{o)=I,w{w) for any
m>mlw). So it is sufficient to prove I, (@)L Suppose that f¢ L )\, then
fe L\ for any m. This implies that f{G,(X:(w'), ---,Xm(co’);w))=0'for any o€ Q.
On the other hand, flG.(X (e, -, Xulo');0)—>f(Y (o) in probability T\ffith_ respect
to P{dw’). Thus we have shown that f(Y{w"))=0 for P-a.e.0’, but thisy contradicts



196 Shigeo Kusuoka

our assumption that f¢ I. So we have proved our lemma.
Let {u.},=; be a dense subset of R™ It is easy to see that for any o€ 2,

L.{(o)=1T if and only if the rank of

( 09k (z; )
az,.

is equal to m—r for some ¢. So we obtain
{weQo; Llow)=I}
{we ‘QO, det (_agm—za.)- > #0
z=u;/8,t=1, 0,07

for some 7‘1 {kb Tt n—r}c{ly ”'7??'} and {jl: “',jn—'r}c{ly "'ym}}~

z=ui>s,t=1,. PRI Y

is an element of J{ by Lemma 3.4, it follows from Lemma 3.3 that P{w¢€ Q;
w)=I1=0 or 1. On the other hand, Lemma 4.1 asserts that P(Ulw€ 2y; I.(0)

=I})=1. Thus we have got the following.

Since
det( ag  (230)

LEMMA 4.2. There exist an integer m,, %€ R™ and a measurable subset 0,
C 2, such that P(2,)=1, L, {w)=1I and the rank of

is equal to n—r for any w€ 2.

We now return to the proof of Theorem.

It is easy to see that the probability law of G(z;w) under p®"(dz)QP(dw) is
vy. Let vo be the probability law of Gl(z;w) under p®mo(dz) for each we 2,, then
vo(V)=1, where V=V(I). Let Ao={z€ R™; G{z;0) € V\M(V)} for each w€ 2,, then
A, is a subvariety of R™. Since the image of the neighborhood of u, through
G(-,w) must be an n—7r dimensional submanifold in R* for any w¢ 2, and the
dimension of the variety V\M(V) is less than n—v, A, is a proper subvariety of
R™. So we get v(V\M(V))=p®m{A,)=0 for any w€ 2, by Proposition 2.3.

Similarly we can prove for each w€ 2, that ‘

P@mo({ze R™; the rank of (M)k yon s less than """-}):0.

Kl _1 ,mo
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This shows that the measure v, is absolutely continuous relative to the canonical

measure on V.

However, it is obvious that Uy(d’l)):S P(do)v.(dv). Thus we have proved the

2

- 1 0 - - - .
first assertion of our theorem. The latter assertion is an immediate conclusion.

This completes the proof.
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