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It is known that the local monodromy of the constructible sheaves obtained
by Gauss-Manin connection is always quasi-unipotent. The purpose of this paper
is to study the properties of such constructible sheaves that their local mono-
dromies are quasi-unipotent. More precisely, we say that a constructible sheaf
of C-vector spaces on a complex analytic space X is quasi-unipotent if, for any
analytic map ¢ from the unit disc D={z=C; |z{<1} into X, the monodromy
@~'F along the path {z;|z|=¢} is quasi-unipotent for 0<e<1l. Recall that an
endomorphism of a finite-dimensional vector space is called quasi-unipotent if
any of its eigenvalues is a root of the unity.

We shall show the quasi-unipotency is stable under the pull-back and the
proper direct image. Above all, the most remarkable property that the quasi-
unipotency enjoys is that this is a generic property in the following sense. Let
X be an analytic space, Y a closed analytic subset and Z a closed analytic
subset of codimension =2. Let F be a sheaf on X such that F|y-r and Fly
are locally constant sheaves of finite rank. Under these conditions, if F|x_z is
quasi-unipotent, then F is also quasi-unipotent. In order to prove this result, we
first reduce this to the case when X is a neighbourhood of the origin of C%, Y
a union of non-singular curves and Z the origin. In this case one can describe
the monodromy group of X—Y by using the graph associated Y.

1 would like to thank J.P. Ramis who let me take the attention on this
subject and L& Diing Tring for the fruitful discussions.

§1. Quasi-unipotent sheaf.

1. We shall recall the definition of constructible sheaves. We refer [1] for
further properties of constructible sheaves.

Let X be an analytic space and let F be a sheaf of C-vector spaces. We
say that F is constructible if there exists a decreasing sequence {X} ;-0 1.. of
closed analytic subsets of X satisfying the following conditions :

(1.1.1) X=X, NX;=@.



758 M. KASHIWARA

, is a locally constant sheaf of finite rank for j=O0, 1, .

(112) Flyjx,.

This is a local property; i.e., if there exists an open covering {£,} of X such
that F| £, is constructible, then F is constructible. If F is a constructible sheaf,
then the set of points which do not have a neighbourhood where F is locally
constant is a nowhere dense closed analytic subset of X.

The following propositions are known.

ProrosITION 1.1. (1) If F and G are constructible sheaves and if f:F—G
is a homomorphism, then the kernel, the image and the cokernel of f are constructible.
(2) If 0—»F' —F—F"—0 is an exact sequence of sheaves on X and if F' and
F” are constructible, then F is also constructible. (3) If Fis a constructible sheaf
on X and if Y is a closed analytic subset of X, then H{(F) is constructible for
any j.

PROPOSITION 1.2. Let f: X—Y be an analytic map. (1) If G is a con-
structible sheaf on Y, then f7G is a constructible sheaf on X. (2) If fisa
proper map and if F is a constructible sheaf on X, then Rif«(F) is a constructible
sheaf on Y for any j.

2. Let X be an arcwise connected topological space and x, a point of X.
Let F be a locally constant sheaf on X. Let I denote the unit interval. Then,
for a continuous map ¢:I— X, ¢ ™(F) is a constant sheaf on [ and we obtain
an isomorphism from (¢ *F)y=Fyq onto (p~'F)=F,u. Hence if p(0)=e(1)==x,,
we obtain the automorphism of F,, which we shall call the monodromy of I
along the path ¢. This depends only on the homotopy type of ¢ and we obtain
the group homomorphism

r=n(X, x¢) —> Aut(Fz,).

Conversely, if V is a representation of =, then there exists a unique locally con-
stant sheaf F such that F,, is isomorphic to V as a representation of =.
Recall that for any sheaf F on X, we have

RI(X; F)=R Homec:(C, R[(X; p='F)),

where p : X — X is the universal covering of X, C[x] the group ring and C is
the trivial representation of z. Hence, in particular, if X is contractible and if
F is a locally constant sheaf on X, then we have

RI'(X; F)=R Homc:1(C, Fqp) .

3. Let D denote the unit disc {z=C; |z|<1} in C and let D* denote D—
{0}. For a constructible sheaf F on D, there exists 6>0 such that Flp; is a
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locally constant sheaf. Here, Df denotes the set {z=C ;0<|z{<d}. Hence the
monodromy of F along {z; [z]|=e¢} does not depend on ¢ if 0<eg1l. We shall
call it the monodromy of F around the origin.

For a linear endomorphism 7' of a finite-dimensional vector space, we say
that T is quasi-unipotent if any eigenvalue of T is a root of unity. This condi-
tion is equivalent to the existence of two integers m, /=1 such that (T™—1)!=0.

Now, let X be an analytic space.

DEFINITION 1.3. A constructible sheaf F on X is called quasi-unipotent at a
point x of X if, for any analytic map ¢: D— X with ¢(0)=x, the monodromy of
¢ 'F around the origin is quasi-unipotent. If F is quasi-unipotent at any point
of X, we say that F is quasi-unipotent.

The following two propositions are obvious by the definition.

PROPOSITION 1.4. (1) A locally constant sheaf of finite rank is quasi-unipotent.
(2) Let F'—> F—F” be an exact sequence of constructible sheaves. If F' and F”
are quasi-unipotent, then so is F.

ProposiTION 15, Let f: X—Y be an analytic map. Then, for any quasi-
unipotent sheaf F on Y, f~'F is quasi-unipotent.

PRrOPOSITION 1.6. Let F be a constructible sheaf on D. If the monodromy
of F around the origin is quasi-unipotent, then F is quasi-umipotent at the origin.

PrOOF. Let ¢ be an analytic map from D into D such that ¢(0)=0. If
o(D)={0}, then ¢ 'F is a constant sheaf and hence its monodromy around the
origin is the identity. If @(D)+# {0}, then ¢:(D, 0)—(D, 0) is equivalent to z™
for some integer m=1. Hence, if we denote by M the monodromy of F around
the origin, then the monodromy of ¢ 'F around the origin is M™, which is
quasi-unipotent. Q.E.D.

PROPOSITION 1.7. Let f: X—Y be an analytic map. Assume that the topology
of Y equals the quotient topology of X. Let F be a constructible sheaf on Y.
Then F is quasi-unipotent if and only if f~'F is quasi-unipotent.

Proor. Assume that f~'F is quasi-unipotent. We shall prove that, for an
analytic map, ¢: D—Y, ¢ 'F is quasi-unipotent at the origin. Set y=¢(0). If
(D)= {y}, then this is obvious. If not, the origin is a discrete point of ¢=*0).
Hence, we may assume, by shrinking D and Y, that ¢ is finite and ¢~*(y)={0}.
Set X'=XXyD and let ¢’ and f’ denote the projections from X’ to X and D,
respectively. We shall prove that the closure of f/~'(D*) contains some point
of f/~%0). If f/~(D*) were a closed subset of X', then ¢'f'"{D¥*)=f"1p(D¥)
would be a closed subset of Y. Hence ¢(D*) would be closed in Y. Therefore
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o(D*) would contain y=¢(0), which contradicts ¢ ¥»)={0}. Thus, f~Y(D*) is
not a closed subset of X’. Let x be a point of f/~*(0) which belongs to the
closure of f"%D*). Then, there exists a holomorphic map ¢:D— X’ such that
$O)=x and D*)Cf-*(D*). Since f'F is quasi-unipotent, ¢ ¢’ *fLF=(f'o¢)"!
«(¢™*F) is quasi-unipotent. On the other hand, we have (f’od) (D¥*)C D*, and
hence f’o¢p: (D, 0)— (D, 0) is isomorphic to g(z)=2z™ for an integer m=1. Hence
g '¢™'F is quasi-unipotent at the origin. If M denotes the monodromy of ¢ 'F
around the origin, then the monodromy of g=*¢~*F around the origin equals M™.
Therefore M™ is quasi-unipotent, which implies the quasi-unipotency of M.

Q.E.D.

ProprosiTION 1.8. Let f: X—Y be a finite map and F a constructible sheaf
on X. Then F is quasi-unipotent if and only if f+F is quasi-unipotent.

Proor. Note that Fis a quotient of f~*fF. Hence, if f.F is quasi-unipotent,
then F is quasi-unipotent by Proposition 1.5 and Proposition 1.4 (2). Conversely
assume that F is quasi-unipotent. In order to show the quasi-unipotency of f4F,
let ¢ be an analytic map from D into Y. Set X’=XXyD and let X” be the
normalization of X’. Let ¢:X"—X and g:X”— D denote the projections,
Then ¢ !f.F is isomorphic to g«¢~'F on Df={zeD:0<|z|<d} for 0<oK1.
Hence it is sufficient to show the quasi-unipotency of g4¢~'F. Thus, Proposition
1.8 is reduced to the following: if X is non-singular and if f: X— D is a finite
map, then, for any quasi-unipotent sheaf F on X, fif' is quasi-unipotent at the
origin. We may assume that f~%0) consists of a single point, say 0. Then
f:(X, 0)— (D, 0) is isomorphic to z™ for an integer m=1. Let M and M’ denote
the monodromy of F and f.F around 0, respectively. Then one can easily show
that

M™=M®P--- DM  (m-times).

Hence, if M is quasi-unipotent, M’ is also quasi-unipotent. Q.E.D.

4. Let X be a non-singular analytic space and Y a connected non-singular
hypersurface of X. Then, for any point y of ¥, there exists a sufficiently small
neighbourhood U of y such that #,(U—Y) is generated by the one element 7,
which we can obtain as follows. Take a holomorphic map ¢: D—U such that
¢ (Y)=1{0} as an analytic space. Then we take as 7 the path o{ee® ™) (0=t=1)
for 0<e<1. Remark that this element determines a unique conjugacy class of
a(X—=Y).

For a locally constant sheaf F on X—Y, the monodromy of F along 7 is
called the monodromy of F around Y.
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PROPOSITION 1.9. Let Y be a normally crossing hypersurface of a non-sin-
gular analytic space X and F a sheaf on X such that Flx-y and Fly are locally
constant sheaves. Let X be a point of X. Then the following conditions are
equivalent

(1) F is quasi-unipotent on some neighbourhood of x.

(2) The monodromy of F around any irreducible components containing x is quasi-
unipotent.

(3) F is quasi-unipotent at x.

Proor. The implications (1)=>(2) and (3) are evident. We shall show (3)>
(2)=(1). Let us take a local coordinate system (fy, -+, t,) and a small neigh-

bourhood U of x such that U= {tC"; |t,|<e}, x={0} and YNU=\" H; with
Jj=1

Hy={tcu;t;=0}. Then z,(U—-Y) is the free abelian group generated by p
elements 7y, -+, 7, Where 7; is the path around H;. Since Fy is quasi-unipotent,
by replacing F with Fx_y, we may assume from the beginning F»=0. Now, we
shall assume (3). Let p be the monodromy representation. Fer any pair m=
(my, -+, my) of positive integers, let ¢n: D—U be the map defined by @n(t)=
(et™1, .o, et™p, 0, ---, 0). Then if we denote by y the path in D around the origin,
we have pp(7)=7" --- y72. If Fis quasi-unipotent at x, then o(@a(y))=p(r)™ -
o(y»)™? is quasi-unipotent for any . This implies the quasi-unipotency of p(7;).
Finally, we shall show (2)>(1). Let ¢:D—U be an analytic map. If o(D)CY,
then ¢ Y(F) is quasi-unipotent. If (D)@Y, we may assume ¢(D*)CU—Y. Hence,
o(p)=yrt -+ y22 for some integers my, -+, m,. Since p(7;) are quasi-unipotent
by (2), p(y) is also quasi-unipotent. Q.E.D.

PrOPOSITION 1.10. Let F be a constructible sheaf on an analytic space X.
Then the set of the points at which F is not quasi-unipotent is a nowhere dense
closed analytic subset of X.

ProoF. We shall prove this by the induction on the dimension of X. We
shall denote by R(F) the set of the points at which F is not quasi-unipotent.

Let us take a closed nowhere dense analytic subset ¥ of X such that F|y_y is
locally constant. Then we have

R(F)y=R(Fx-y)UR(Fly).

By the hypothesis of the induction, R(F|y) is a closed analytic subset of ¥V and
we have R(Fy_y)CY. Hence, by replacing F with Fy_p, it is enough to show
that R(F) is a closed analytic subset under the assumption: F|y=0 and F|y-y
is locally constant. By the desingularization theorem of Hironaka, there exists
a proper surjective map f: X’ — X such that X’ is non-singular and f~*}(Y) is a
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normally crossing hypersurface. Let {H;;j=J} denote the set of irreducible
components of f~%(V) and let I denote the set of j=J such that the monodromy
of f~'F around H; is not quasi-unipotent. Then the preceding proposition implies

R(fF)y=\U H;
jer
and Propositions 1.7 and 1.9 imply
RF)=f(R(fF)).
Hence, R(F) is a closed analytic subset of X. Q.E.D.

§ 2. Proper direct image of gquasi-unipotent sheaf.

1. We shall prove in this section that the proper direct image of a quasi-
unipotent sheaf is also quasi-unipotent. In the course of the proof, we reduce
this global problem to a local problem.

THEOREM 2.1. Let f: X—Y be a proper analytic map. If F is a quasi-
unipotent sheaf on X, then RPf«(F) is quasi-unipotent for any p.

In order to prove this theorem, let ¢ be an analytic map from D into Y.
It is enough to show that ¢ 'R?f.(F) is quasi-unipotent at the origin. Set X'=
XXyD and let f and ¢’ denote the projections frem X’ to D and X, respectively.
Then ¢ 'R2f4(F) is isomorphic to R?fi(¢’"'F). Hence, it is sufficient to show
the following

LEMMmA 2.2. If f: X— D is a proper map and if F is a quasi-unipotent sheaf
on X, then RPf(F) is quasi-unipotent at the origin.

We shall prove this by the induction on the dimension of X. Since
RPfo(Fx_;~1¢)=R?f«(F) on D* we may assume from the beginning F,—~1,=0,
by replacing F with F;~1+. We may also assume that Supp F=X. Hence,
f7%(0) is nowhere dense in X. Let Y, denote the set of the points of X where
f is not smooth. Then, dimY,;<dim X holds on a neighbourhood of f~*(0). Let
us take a nowhere dense closed analytic subset Y, of X such that F|x_y, is
locally constant. Set YV=f"*0)_Y,UY, Then, R?f.(F|y) is quasi-unipotent at
the origin by the hypothesis of the induction. Thus, by using the exact sequence

RPf (Fx_y) —> RPf(F) —> R?f(Fy),

it is enough to show that R?f.(Fy.y) is quasi-unipotent. By replacing F with
Fy_y, we may assume further Fy=0. By the desingularization theorem of
Hironaka, there exists a proper map g : X’ — X satisfying the following conditions
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211 X —g%(Y)—> X—Y is an isomorphism.
(2.1.2) X’ is non-singular.

(2.1.3) g YY) is a normally crossing hypersurface.

Now, we have R?f(F)=R?(fog)«(g™'F) because =0 implies Rg(g F)=F.
Hence, by replacing X, Y, f, F with X/, g"(Y), fog, g7'F, we may assume

(2.14) X is non-singular, and

(2.1.5) There exists a normally crossing hypersurface Y of X such that
YO 0), Fly=0 and F|y_y is locally constant.

2. In order to prove Lemma 2.2, we shall prepare several lemmas. For
A= C— {0}, let us denote by C, the locally constant sheaf on D* of rank 1 whose
monodromy around the origin is A.

LEMMA 2.3. Let F' be a bounded complex of sheaves on D* such that 97(F")
is locally constant for any j, and let 2 be a non-zevo complex number. Then, the
following conditions are equivalent.

(1) For any j, no eigenvalue of the monodvomy of HI(F") avound the origin
s equal to A~

(2) HI(D*; FQC)=0 for any j.

ProOOF. In order to prove (1)=(2), we can assume that F" is a sheaf, i.e.
Fi=0 for j#0. Let n denote the fundamental group of D¥* which is generated
by the single element y. Hence C[zi=C[y, y"*] and C=C[x]/CLz1(r—1).
Hence, as indicated in §1.2, we have

Ker(y—1; F;,) for ;=0
2.2.1) HI(D*; Fy=ExthC, F; )= Coker (y—1; F;) for j=1
0 for j+#0,1.

Here, x,&D* and = acts on F,, by the monodromy representation. The implica-
tion of (2) from (1) is then obvious.

Now, we shall prove (2)=>(1) by the induction on j. By replacing F~ with
F®C,, we may assume 1=1 from the beginning. Assuming that no eigenvalue
of the monodromy of &7(F") is 1 for j<p, we shall prove that this holds for
j=p also. We have the triangle
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T<p(F P

Here z<, and r., denote the truncation operators which conserve the cohomology
groups of degree <p and = p, respectively. Since RI(D*; F)=RI(D*;7<x(F)
=0, we have RI(D*;7.,(F))=0. By taking its p-th cohomology group, we
obtain HY(D*; 4P(F)=HP(D*;7.,(F))=0. Hence (2.2.1) implies that the mono-
dromy of 4P?(F’) does not have 1 as its eigenvalue. ~ Q.E.D.

LEMMA 24. Let X be a non-singular manifold and Y a normally crossing
hypersurface and j: X—Y & X the inclusion. Let x, be a point of ¥ and Y, an
irreducible component of Y which contains x,. Let F be a locally constant sheaf
of finite vank on X—Y. If no eigenvalue of the monodromy of F around Y,
equals 1, then we have RPj(F);,=0 for any p.

Proor. Let us take a local coordinate system (fy, ---, f,) around x, such

that x,=0 and Y:QYj with YV ,;={t;=0}. If we take a small ball U centered
=

at the origin, we have H*(U—-Y ;F)=R?j.(F),,. Let z be the fundamental
group of U—Y, which is the free abelian group generated by 7y, -, 7p. Here
7; is the cycle around Y;. As shown in §1.2, we have

HYU-Y ; F)=Ext%.«C, F.,)

for x;€U—Y. Since 7;—1 is invertible on F,, and zero on C, this cohomology
group must vanish. Q.E.D.

3. Now, we resume the proof of Lemma 2.2 under the assumptions (2.1.4)

and (2.1.5). We shall set Df={z=C;0<|z|<e}. By Lemma 2.3, it is enough
to show

li_{I()l RI'(D¥; Rf(FYQC;)=0

for any 4 which is not a root of unity. On the other hand, letting j: X—Y . X
be the inclusion, we have

lim RI(DE; Rf(FIQCH=lim RI(/7(DE; FRfC,)
=RI(f7O0); Rj«(FRfCrlx-v).

If 2 is not a root of unity, the monodromy of FQf'C; around any irreducible
component of 77'(0) does not have 1 as its eigenvalue. Hence, Lemma 2.4 im-
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plies Rj.(FQf1C;|x-r)|s-10y=0. This completes the proof of Lemma 2.2 and
at the same time that of Theorem 2.1.

§3. Generic property of quasi-unipotency.

1. The purpose of this section is to prove the following theorem.

THEOREM 3.1. Let X be an analytic space, Y a closed analytic subset of X
and Z a closed analytic subset of X of codimension =2. Let F be a sheaf on X
such that Flx.y and Fly ave locally constant of finite rank. If Flx_z is quasi-
unipotent, then F is quasi-unipotent.

It is easy to see that we may assume Fy=0 from the beginning. We shall
first reduce the problem to the case when X is a non-singular two-dimensional
manifold. Let ¢: D— X be an analytic map and we shall show that ¢ 'F is
quasi-unipotent at the origin. If ¢(0) does not belong to ZNY, this is clear.
Hence, we may assume ¢(0)eZNY. If o(D)CY, then this is also clear. Hence
we may assume that ¢(0)eZNY and ¢ *(Y)={0}.

In this case there exist a holomorphic map ¢ from a two-dimensional normal
analytic space X’ into X and an analytic map ¢’: D— X’ such that ¢op’=¢
and ¢7*(Z) has codimension 2. By replacing X and F with X and ¢~'F, we may
assume from the beginning that X is a two-dimensional normal analytic space.
Now, there exists a finite map p from (X, ¢(0)) to (C? 0). We may assume that
p is a finite map from X onto an open neighbourhood U of the origin and p~*0)
=Z. Let Y’ be a closed curve in U such that V'O p(Y) and X—p W U)—U-—-Y"’
is a local isomorphism. By Proposition 1.8, p4F is quasi-unipotent on U— {0}.
Let j denote the inclusion map U—Y’c. U and we put F'=j, j *p.F. Then
F'|y-y. is locally constant and F’|y_ is quasi-unipotent.

If we can prove the quasi-unipotency of F’, then j.j~'F’ is quasi-unipotent.
Since p.Fis a subsheaf of j.j'F’, p.F is quasi-unipotent, and hence F is quasi-
unipotent by Proposition 1.8. Thus we may assume that

(3.1L.1) leXcCe
(3.1.2) Y is a curve
(3.1.3) Z=1{0}
(3.1.4) Fy=0.

Now let ¢: D— X be an analytic map such that ¢(0)=0 and ¢ (V)= {0}.
Then there exists an analytic map ¢»: DX D— X such that ¢0, y)=¢(y). Hence,
by replacing X and F with DX D and ¢~'F, we may assume further
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(3.1.5) YN {x=0}={0}

and it is enough to show that F|., is quasi-unipotent at the origin under these
conditions. If we take a suitable integer m and define f: C*— C*® by f(x, y)=
(x™, v), then f~%(Y) is a union of non-singular curves transversal to the y-axis.
Thus we reduce the theorem to the following lemma.

LEMMA 3.2. Let J be a finite set, X a neighbourhood of the origin in C* and
let Y be a union of non-singular curves C; (j€]) in X which are transversal to
the y-axis at the origin. Let F be a sheaf on X such that Fy=0 and Flx.y 15 a
locally constant sheaf of finite rank. Under these conditions, if Flx-w is quasi-
unipotent, then F|iz—o is quasi-unipotent at the origin.

2. We can translate Lemma 3.2 in terms of representations of the funda-
mental group. Let us take a sufficiently small ball U centered at the origin.
The G=m,(U-Y) is generated by the path 7, around C; (j /). Let 7, be the
path around the origin in the y-axis. Then Lemma 3.2 is equivalent to the
following proposition by using the correspondence between the representations
of G and the locally constant sheaves on U—Y.

PROPOSITION 3.3. Let p be a finite-dimensional representation of G. If p(r;)
is quasi-unipotent for any j< ], then o(yo) is also quasi-unipotent.

If G is abelian, then this proposition is obvious, because the product of
quasi-unipotent matrices commuting to each other is also quasi-unipotent. As
we shall see in the next section, G is not very far from abelian group, which
permits us to prove Proposition 3.3.

§ 4. Description of the fundamental group.

1. Let J be a finite set and let {C;};cs be a set of germs of non-singular
curve in (C?, 0). Assume that C;NC,={0} for j#k. Set Y:éJJC,-. We shall
7

describe the fundamental group of U—Y for a sufficiently small ball U centered
at the origin. This problem has been studied for a long time, but here we shall
describe the fundamental group in the term of a tree.
Let m(j, k) denote the intersection number of C; and C, at the origin for j#
k<], Then it is known that z,(U—Y") depends only on the data (J, m(F, B));, res)-
We set, as convention,

4.1.1) m(j, j)=oco.

Then {m(j, B)} enjoys the following properties.
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(4.1.2) m(j, k) is a positive integer for j+k .
(4.1.3) m(j, ky=m(k, j)
4.1.4) m(Z, k)yzmin(m, 7), m(J, k) for 7,7, ke].

2. More generally let J be a finite set and m(j, &) the map from JxJ into
Z\J{co} which satisfles (4.1.1), (4.1.2), (4.1.3) and (4.1.4).
We define m()=max m(, 7). (If £J=1, m() means 0.) Let © be the set of
J*i

the pairs ¢=(J, p) of a non-empty subset J of 7 and an integer p=0 which
satisfies the following property:

4.2.1) For iel, p=m@+1 and I={je];mG, )=p}.

We denote |o| for I and p(e) for p. Set o,=(/J, 0), which is a unique element
of & satisfying p(o,)=0. For ¢=@& such that ¢+, we denote by A(g) the
unique element of & which satisfles | A(s)| 2|0 | and p(A(e))=p(e)—1. By con-
necting ¢ and A(s), we provide & with the structure of a tree (i.e. a connected
graph without circuit), with a specific element ¢, Then p(o) is nothing but
the distance from ¢, to ¢. For any j, we denote by o; the element ({j}, m(j)+1).
Then it is easy to see that {s,;j=J}\U{o,} is the set of the end points of &.
Thus the data (J; (n(j, £)); res) is completely described by the tree © with the
specific end point o,.

3. We shall return to the original problem to describe G=r,(U—Y). Let
© be the tree given by J and m(j, k) in the preceding section. By a coordinate
transformation we may assume that C; is transversal to the y-axis. Hence C;
can be written by y=g,(x) for a holomorphic function a,(x) defined on a neigh-
bourhoed of the origin satisfying ¢,(0)=0. Let us develop a i{(x) by the Taylor
series

43.1) a(0)=2 a;.x*,  With a;=0,

We have

(4.3.2) Qi v=ay, for v<m{j, k)
and

Q5 vF Qg for v=m(j, k).

We shall take d>0 small enough so that a;(x) is defined on Dy={x=C; | x| <4}
and a;(x)# ax(x) for x&D;— {0} and j# k. Then we have z,(U—Y)=zr,(D;x C—Y).
Since DfXC—Y is locally trivial over D¥, z,({x} XxC—Y) is locally constant in
xeD§. Therefore, by moving x to ¢**¥~Tx, we obtain the automorphism T of
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7.({x} XxC=Y), i.e. the monodromy. It is well-known that m(D;XC—=Y) is
equal to the quotient of m,({x} X C—Y) by the normal subgroup generated by
T erm({x} xC=Y)). On the other hand, {x} XC—Y 1is the space C
deleted by #J elements. Hence m;({x} XC—Y) is the free group generated by
7; (je), where 7; is the path in {x} XC around C;. For x=D§f, we set Y(x)
={yel;(x, yeY={a;x);jej}. Let us take a complex number ¢ (Rec¢>1)
and we shall describe 7,(C—Y (¢e?*t?), ¢) for 0<e<].
Now, we take a(s)eC, which satisfies the following conditions :

4.3.3) Re a(o)>|a;,po | for jelol.

(4.34) For jelol|, we denote by /; the segment joining a(s) and aj, pcor-
Then either [; and [, intersect only at a(g) 0r @;, p(»=Qx pco>-

We define a,,, by

(4.3.5) a5,=a;, for v<plo), jelal,
=a(g) for v=p(o),
=0 for v>pla).

For o, we set L'(a)=A(o). We give the linear order on L’(c) by t<z’ if
arg(ar,pc,,)—a(o))>arg(aT,,pm—a(a)), Here, O=arg(a. y»n—alo)) is a real
number such that 0<0<1 and a,,pm——a(o—):re“” for r>0. By (4.3.3) and
(4.3.4) such an ordering exists uniquely.

We set, for 0<e«],

4.3.6) a,(0)=2a, (e t0)

and

4.3.7) bo(O)=, 3 asfee™ ) +alo)er (e
v<P(o

Setting c¢=a(g,), we shall describe r.{{ee®"*} x C—Y, ¢). We shall denote by

a,(0) the straight path from a.»(8) to b,(8), by B.(8) the path from b,(8) to
a,(8) defined by

ﬁo(axt): <pz(: )(Lg,V(EQZ"io)”—F(l(o‘)ep(”(e“w)p(”)'162‘_'“”

0=t=1),
and by &,(8) the path from 0,(6) to itself defined by

ﬁg(ﬁxt): <2 )a(,,,(ae””)“%—a(a)sf’“”(e“”)p‘“)‘192‘“
v pla

O=t=D).

LEMMA 4.1. For 0<e<1, au(8), 8,(6) and ¢,(0) do not pass ¥(ee*™*").
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PRrOOF. Since we can prove this for 3,(f) and ¢,(d) in the same way, we

shall prove this only for a,(f). Set p=p(oc) and z=A(s). If a,(0) passes
Y (ce?7t%), there are j&J and ¢t (0=t=1) such that

? a;, »(ee“w)”:ag(ﬁ)(l‘): y<§~1a0)y(se2zi0)u v
H(A—1)ale)Ft(a,, p-1+ealo)(eer 0)P1,

We shall show first a;,,=a,,, for v<p—1 by the induction on y. Suppose a; .
=a,,, for y<v. Then |a;,—a,,| is majorated by Me for some M>0. Hence
if ¢ is small enongh, we obtain zij,y:a(,,y. Thus we obtain «a;,=a,,,=a.,, for
v< p—1, which means |c|>j. In the same way, [(1—0a(t)+id,, p-1—aj, p-1] i
majorated by Me for some M>0. Hence if ¢ is small enough, this implies that
aj p-1 i on the segment joining a(z) and a, ,-;. If we take ke|o|C|z], we
have a,, p-1=ay p-1. Hence, (4.34) for ¢ shows a; p-1=ar -1 and hence we
have a;,=a,,, for v<p and j&|o|. Therefore, we obtain

|Q—t)a(r)—ay, p-1)+tealo)—eay e )| = Me?

for some M>0, which does not depend on e. Hence, 1—¢ is majorated by M’e

for some M’>0 and hence (1—#)ea(s) is majorated by M”e* for M”>0. Thus
we obtain

[(1—t)alr)—a;, p-)+elalo)—a; e )| SM"e*  for some M">0.
Hence we obtain
M"e?=(1—t)(Re a(e)— | a; p-11)+e(Re alo)—|a;. 1))
=¢(Re a(o)—la; 1),

which contradicts (4.3.3) for 0<e<1. Q.E.D.

The following lemma is also obvious.

LEMMA 4.2. 1) For o+#0,, a;ee®**?) isinside of ¢,(0) for j<|o| and outside
of e,(8) for jeElol|. 2) For an inner point o, set L'(a)={zy, -o Tyt with
7,< - <zy. Then |o| is a disjoint union of |z.l, -+, ltx| and we have

£o(0)= Bo(0) e, () ec (D ()N at=,(0) e (D) (6))

o (e (0) e (et (0)) Bo(6)
See Fig. 1.
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Let 7,(6) denote the path
(438)  7(O)=(a; (DB, (0) -+ a5 () es(O) s (0)Bo,,(0) - ay(0)),

where p=1p(c) and 0=0,, 6,.1=A(¢), 65-:=A(0,-1), ---. This 7,(8) is the path
in C—Y(se?*'%) starting from ¢=a(s,) ending at the same point and surround-
ing {ajee®**%);je|ol}. Set 7,=7,(0) and 7,=7,. Then it is easy to see by
Lemma 4.2

5

(4.3.9) To=Tey " Tens

where L'(g)={cy, -+, Ty} Wwith 7,< - <zy.
Since 7,(f) moves continuously in #, we have

Ta=r.).
We have a,(0)=a,(1), f,(0)=1, B,(1)=e(o). Hence if we set a,=a,(0), we have

roz(ao'paap_l aal)‘lsa(aap aal) ;
and

ra<1):(aapsup_1avp_l salao‘l)—leq<aopso'p_1 a"l)

:(eupao'psa'p—l 50105171)_150(501)0501, aul) .
Hence, we obtain

ToD=0op = To) Telop 7oy

In fact we have Top T,,IZ(a,,p aal)’l(s[,paups,,p_lctgp_1 v Eg Ogy )
We shall define g, by Toplap-y ™ Tay Then, we have

4.3.10) gso=1 and g,=7.g84m» for o+#o0,.
By using g,, we obtain
T(r)=Ad(gsr, -
Therefore G==,(U—Y) is the group generated by {r;; 7€/} with the funda-
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mental relation

(4.3.11) TeSo=8e¢Ts Where y, and g, are given by (4.3.9) and (4.3.10).
Since 7,=gs&1tn, (4.3.11) is equivalent to A

(4.3.12) 8.8.=g.8¢ if o and r is connected.

Let o be an inner point of & and let L(¢) be the set of the points of & con-
nected with ¢. Then L(g)=L(o)J{A(e)}={ry, ---, Tw, A(g)}. The set |o| is

a disjoint union of |z;|, -, |tx|. Suppose that z,, ---, 7y are so aranged that
1< --- <ty. Then (4.3.9) implies 7,=7:, Ty We have go=Vogacr=Vc
TeyZ8acor. Since g, commutes with 7:,, =, 7=y and gaw, We obtain by multiply-

ing g¥ from the right

gé*”———(nlga) T oey8e)8acr=8c, " Bry8aca> -
Hence if we order L(¢) by 74, -, 7w, A(c), We obtain
4313 gi= 11 8¢ where [(¢)=% L(s) and the product is taken

teEL(o

according to the order of L(o).

Conversely, it is easy to see that G=x,(U—Y) is the group generated by
{g,; 0=®} with the fundamental relations (4.3.12), (4.3.13) and goo=1.

4. More generally, we say a tree & is oriented if, for any inner point ¢
of &, the set L(¢) of the points connected with ¢ is cyclically ordered. Remark
that any oriented tree can be embedded into the oriented R® This means that
& is regarded as such a subset of R® that the open segments joining two con-
nected points of & do not intersect to each other. Moreover, for any inner
point o, the cyclic order of L(s) is given by the orientation of R Let us
remark also such an embedding is unique up to deformation. We call a rooted
tree a pair of a tree & and an end point of &. This point is called a root of &.

For an oriented rooted tree &, we denote by G,(&) the group generated by
{gs; 2@} with the fundamental relations (4.3.12), (4.3.13) and Zgs,=1 for the
root a,.

Note that the relation (4.3.13) does depend only on the cyclic order of L(o).
In fact, if L(e)={r, -, 7} and gl=g., -+ g, then we have gt=Ad(g. )gt=
g-,8-, - g-,., because g, and g, commute by (4.3.12).

Note that the isomorphic class of the group G.(®) does not depend on the
orientation of &.

By using these terminologies, we can summarize the result of §4.3 by the
following theorem.

THEOREM 4.3. 7, (U—-Y)=G,(&).
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Here © is the rooted tree obtained by J and (m(j, k)).

5. Now, we shall prove Proposition 3.3. We have 7,=g,,gatsp and j,=
Gi-1c0p8sq. Hence Proposition 3.3 is a corollary of the following Theorem 4.4
and Corollary 4.5.

For an oriented tree &, we shall define G(&) the group generated by {g,;
s<=©)} with the fundamental relations (4.3.12) and (4.3.13). For an end point ¢
of &, let 7, denote gsg7!, where r is the unique element of & connected with o.

THEOREM 4.4, Let & be an oriented iree. Let ¢ be a finite-dimensional
representation of G(&). If p(r,) is quasi-unipotent for any end point o, then,
for any two connected points o and t, p{g.g:") is quasi-unipolent.

PrROOF. We may assume without loss of generality that p is irreducible.
Let U denote the group of the roots of unity. Then C*/U is an abelian group
without torsion. Hence C*/U is regarded as a vector space over Q. Let [
denote the set of the eigenvalues of g,’s. Since I is a finite set, there exists a
linear map from C*/U into @ which separates JU/U; i.e. there exists a map ¢
from C* into @ such that

4.5.1) ola, b)=p(a)+o(b) for a, beC*.
(4.5.2) For a, bel such that ab*&U, we have ¢la)# o).

If we denote by I’ the set of the eigenvalues of g,’s for the inner points o,
then by the assumption, we have o(I)=¢(I’). In order to prove the theorem,
it is enough to show that IU/U consists of a single point or ¢(I) consists of a
single point. Set c=sup ¢(I)=¢("). For ¢€&, let V(o) denote the direct sum
of the generalized eigenspaces of g, with eigenvalues in ¢ *(¢). In another
word, we have

V(e)={veV; there exists a=C[x] such that a(p(gs))v=0 and a M0)Te o).

Here V denotes the representation space of p.
If ¢ and r are connected, then g. commutes with g,, and hence

(4.5.3) p(g)V(e)=V(s) if = and o are connected.

Let ¢ be an inner point and {z, ---, v} the set of the points connected
with o. Then we have

Therefore, we obtain det(p(g,,)iv(g>)N:1;[ det(p(g,j)lyw)). Set d=dim V(¢) and
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let {4y, =+, A¢} and {g;,1, -+, g5, 4} denote the set of the eigenvalues of p(gs)lve

and ‘O(gz-j)[V(g), respectively. Then we have det(p(gs)lvim)= f[ A, and
=1

det (o(g:)lvew)=T1p;, Hence we obtain

d N d
NZ p(A)= ng Z 55) -

On the other hand, ¢(4,)=c and ¢(y;,,)=<c for any j and v. This implies ¢(z;,.)
=¢ and hence we obtain V(s)CV(z;). Thus we have obtained

“4.5.4) If ¢ and ¢ are connected and ¢ is an inner point,
) then we have V{(g)CV(z).

Hence, V(o) does not depend on an inner point o. Set V'=V(s) for an inner
point ¢. Then (4.54) implies V'CV(s) for any point ¢ of &. On the other
hand, (4.5.3) implies that V’ is invariant by all g,. Hence V’ is invariant by
G(8). Since ¢(I’)>¢, we have V'#0. Hence we obtain V'=V=V(g) for any o.
This shows that ¢(I)=/{c}. Q.E.D.

COROLLARY 4.5. Let © be an oriented and rooted tree with a root o, and
let p be a finite-dimensional representation of Go«(&). If p(y,) is quasi-unipotent
for any end point o0, then, for any two connected points o and 7, p(g.g7") is
quasi-unipotent.

PrROOF. Let &’ be the oriented and rooted tree obtained by & with the
opposite orientation and let &” be the tree which is the union of & and &’
identified at the end points. Hence the underlying set of & is &\U(&—ay).
Then one has a homomorphism

0 G&) — G(S)
by gs—> g, for c€©& and g,— g;' for oc€@.

The preceding theorem for &” implies immediately the desired result.
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