The period map of abelian surfaces
By Tetsuji SHIODA

§0. Introduction.

Let X denote a complex abelian surface, or more generally, a complex torus
of dimension two. The period of X with respect to 2-forms is defined as the map

0.0 7y (X, Z) —> C

where wy i a non-vanishing holomorphic 2-form on X. Thus the period 7y of
X is defined up to a constant multiple. Given complex tori X and Y, we say
that an isomorphism

0.2) o1 Hy(X, Z) =, H(Y, Z)
preserves the periods if we have
(O.S) 7Ty°SD:C0nSt. Tx .

The purpose of this paper is to prove the following results:

THEOREM 1. Let X and Y be complex tori of dimension two. Assume that
there exists an isomorphism ¢, (0.2), preserving the intersection forms and the
periods. Then Y 1is isomorphic either to X or to X where X denotes the dual

complex torus of X:
04 X=H'X,0)/H"X, Z).
In order to define the “ period map” for abelian surfaces or complex tori

(with respect to 2-forms), we introduce a Euclidean lattice® E of rank 6, given
with a standard basis {e;, e,, ---, ¢} such that

(0.5) (e )=( 10 10 )-

We identify E*=Hom (E, Z) with E in a natural way. The vector space E*QC
=Hom (E, C) has a scalar product which extends that of E*=F. In the projec-
tive space associated with E*QC, we consider the subset It defined by

D For the terminology concerning Euclidean lattices, see {5] or [67.
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Let I'=Aut (E) denote the automorphism group of the Euclidean lattice E. Then
I’ naturally operates on %t and we consider the orbit space /1.

For any complex torus X of dimension 2, we can find an isomorphism
o: ExH(X, Z) (of Euclidean lattices). Then nyeo is an element of 9%, whose
image in M/I" is uniquely determined by X; let us denote this point by =(X).
With this notation, we have

THEOREM 0. The period map X—n(X) establishes a genmerically two-to-one
correspondence from the set of isomorvphism classes of 2-dimensional complex tori
onto M/ . Moreover m(X)=n(Y) holds if and only if Y=X or X.

COROLLARY. An auto-dual complex torus X (i.e. a complex torus such that
X=X) is uniquely determined by its period =(X).

This fact has been used in our previous note [6] for the study of “singular ”
abelian surfaces (i.e. abelian surfaces with the Picard number 4). Furthermore,
the latter has been applied to the construction of “singular” K3 surfaces (i e.
K3 surfaces with the Picard number 20) (Shioda-Inose [77), and also to the can-
cellation problems of elliptic curves (Shioda [8]).

We wish to thank M. Rapoport for helpful conversations in the summer of
1974 at Arcata. The contents of this paper, as well as those in [6], were
lectured in the fall of 1974 at the University of Tokyo.

§1. Admissible bases for H\(X, Z), H' (X, Z) and H¥X, Z).
We consider a complex torus of dimension 2

1D X=C*L,

L being a lattice in C% and make the following identifications '(cf. Mumford [4]
Ch. D:

H(X, Z)=L

1.2 HNX, Z)=L*=Hom (L, Z)
H¥X, Z)=A%L%).

Let

(1.3) {vy, Vs, Vs, U4}

be a basis of L, and let

(1.4) {u, u, b, u
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be the dual basis of (1.3) in L* (i.e. u*(v;)=0,;). Putting u*’=u’Au’, we obtain
the following basis of H¥(X, Z)=A%L*):

(1.5) B={y Myt w2 %},
Now the cup product pairing
(1.6) HX, Z)x H¥{X, Z)-HYX, Z)=Z

makes H*X, Z) into a Euclidean lattice, the identification H%X, Z)=Z being
made via the natural orientation of X as a complex manifold (cf. (2.3) below).
We have

ut uH=y Nt AulAut=1 or —1.

We shall call the bases (1.3), (14) or (1.5) of H,(X, Z), H(X, Z) or H¥X, Z)
admissible if

ueyM=1,

that is, if the intersection matrix of the basis (1.5) with respect to (1.6) is of the
form

01
1.7) 1:( L)
3

It is easily seen (cf. Lemma 2 below) that any two admissible bases of
H*X, Z) are related by an integral linear transformation with determinant 1.
This allows us to define the determinant of any isomorphism

(1.8 ¢: H(X, Z)=HNY, Z)

(of Euclidean lattices). Namely, if M is the matrix representing ¢ with respect
to admissible bases of H¥X, Z) and of H¥Y, Z), det M (==+1) is independent of
the choice of such bases. Hence we define

(1.9 det p=det M.
Now we call an isomorphism
(1.10) ¢ H(X, Z)-HYY, Z)

admussible if it takes an admissible basis of H¥(X,Z) to an™admissible basis of
HXY,Z). Any admissible isomorphism ¢ induces an isomorphism of the Euclid-
ean lattices:

(111 Ay H¥{X, Z)—-H¥Y, Z),

and it is obvious that det(A*¢))=+1. Conversely we have
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LEMMA 1. If ¢ is an isomorphism (1.8) and if det o=-+1, then there exisls
an admissible isomorphism &, (1.10), such that AX)=¢@ or —¢. Moreover ¢ is
uniquely determined by © up to the sign.

ProoF. Fix an admissible isomorphism ¢, and put @,=4%¢,). Then @rlep
is an automorphism of H*X, Z) of det=1. If we assume Lemma 1 for the case
Y=2X, then we can find an admissible automorphism ¢, of HY(X, Z) such that
s£pilop=A%¢,). Therefore ¢=¢oo¢p; is an admissible isomorphism such that
+o=A%¢), as required.

Thus we can assume that Y=2X. Then the group of admissible automorphisms
of HYX,Z) is isomorphic to SL(Z), while the automorphism group of the
Euclidean lattice H¥ X, Z) is isomorphic to the integral orthogonal group ['=0,(Z)
of the symmetric matrix I, (1.7). The map ¢—A%¢) defines a natural homo-
morphism :

(1.12) 2:SL(Z)—-T".

The proof of Lemma 1 reduces to the following:

LeMMA 2. Let I=Im (R) and I*=I"N\SL{(Z). Then we have
(1) I'E€herlr, =re-{, —1g
r=r+{, I}.
(i) Ker (X)={+1}.

ProOF. We can define 2 homomorphism of real Lie groups
(1.13) 2 SL(R)—0,(R)=0(3, 3)

in the same manner as 1. By a direct computation we see that Ker (2)=Ker (1)
={+1}. Then, by comparing the dimensions, we see that Im (1) is the connected
component G° of O(R). Since SO(R)=0,(R)N\SL{R)=S0(3, 3) has two connected
components (cf. Helgason [2] p. 346) and since —1,€Im (2')=G°, we have SO;(R)
=G {+1}. This implies that I'°CI? and [*=I"-{+1;}, while the other
assertions in (i) are obvious. qg.e.d.

§2. Period matrices

Let us introduce the coordinates z!, 2% on C? so that {dz*, dz®} can be con-
sidered as a basis of holomorphic 1-forms on X=C?/L. By (1.2), each cycle v;
is identified with the period vector with respect to these 1-forms:

vi:< U}>, vf:gvidz” (v=1,2).

v}
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Let 2 denote the period matrix:

2.1) 2=wwww,).
Then the basis {dz', dz?% d7*, d5%} of HYX, C) is related to the basis (1.4) by the
formula :

dzt ut

dz? Q u?
2.2) =

dzt ) u®

dz® u*

Indeed, this is easily verified by evaluating the both sides of (2.2) at v, -+, v,.
Furthermore, if we write z2=x>+1y” (v=1, 2), we see from (2.2) that

0o
2.3 dxl/\dyl/\dx"‘/\dyzzéde%é)ul/\uz/\zﬁ/\zﬂ.

Therefore a basis {vy, -, v} of H(X, Z) is admissible if and only if the period
matrix 2 satisfies

o
@2.4) det('5)>0.
Now we consider the exact sequence of sheaves:

J
(2.5) 0—>Z—>0—0"—0,
and the associated long exact sequence:
I Vi
(26) 0— HYX,Z)—> HYX,0)—> H{X,0") —> HYX, Z) — H¥ X, 0).
As is well known, the map jF (for any Kédhler manifold X) is equal to the
composed map :

a 8
@7 H™(X, Z) —> H"(X, C) ~=> H " BH™ D H"
; 5
— H*" -=H"(X,0),

where « is the natural homomorphism induced by Z— .C, B the Hodge decom-
position, 7 the projection to the last factor, and J is the Dolbeault isomorphism
(cf. Kodaira-Spencer [3], or, Mumford [4] for the case of complex tori). Hence
we obtain from (2.2) the following expression for the map jf:

(2.8) JEwt, u® ut, ut=(dz, dz) 2’ ,

where 2 is a 2X4 matrix defined by
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o9 ()=

It follows from (2.7) and (0.4) that the dual complex torus X (=the Picard
variety of X, cf. [3]) is given as

(2.10) X=cyL, L=92z".

In particular, if the pericd matrix £ is of the form

(2.11) 2=0,T) (T: 2X2 matrix),

then (2.9) gives

(2.12) Q' =4T—=T)(*T, —1,).

Hence we have

(2.13) X=C(1, T)Z* > X=C*/(1,, 'T)Z*.

Therefore, if T can be chosen to be symmetric (e. g. if X is a principally polar-
ized abelian variety), then X=X, i.e. X is auto-dual.

§ 3. Periods with respect to 2-forms.

We turn our attention to the map j¥ in (2.6). By the Poincaré duality, we
have the commutative diagram:

]'*
HY(X, Z) > HY(X, 0)
3.1 duality U Tx U
Hz(X, Z) I C >
where =y is the period of X, (0.1). In what follows, we sometimes identify
HX X, Z) and HX, Z) by means of the Poincaré duality and call the map

3.2) bx: HYX, Z) —> HYX,0)=C

also the period of X (with respect to 2-forms)®.
Next we identify the two vector spaces

(3.3) Hom (H¥X, Z), C)=H*X, C)

by means of the cup product. In this identification, px corresponds to the
holomorphic 2-form wy on X (cf. (2.7)). With respect to the natural scalar
product in (3.3), we have therefore

D In {67, py was called the period map of X.
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(3'4> PEY:O s pXﬁX >0.

On the other hand, we can express the period py in terms of the basis (1.5)
of H¥X,C) as follows:

(3.5) P X:const.g)jdet (v jyut .
In fact, we have
(3.6) JFE)=7FuPA jEub
=det (W dz* Adzt  (cf. (2.8),
where i, ---, v{ are column vectors of @’
3.7 ' =vvivD) .
Using (2.9), we can easily check that
(3.8) det (vivp)=const. det (v;v;)
whenever {i, j,k, I} is an even permutation of {i,2,3,4}, the constant being

independent of 7, 7, k, I. This proves the formula (3.5).

§4. A theorem.

Let X and Y be two complex tori of dimension 2, and assume that there is
an isomorphism of Euclidean lattices:

4.1) ¢: H(X,Z)— H¥Y, Z).
By (1.9), we have
(4.2) det o=1 or —1.

THEOREM 1. In order that the isomorphism ¢ or —¢ 1is induced by an
isomorphism f:Y —X, it is necessary and sufficient that @ satisfies the following
conditions :

(i) deto=+1, and
(i) pyep=const. py (i.e. ¢ preserves the periods).

PrOOF. The necessity is immediate. To prove the sufficiency, assume that
¢ satisfies the conditions (i) and (ii). By the condition (i) and Lemma 1, there
exists an admissible isomorphism

4.3 & H(X,Z) — HYY, Z)

such that the induced map
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4.4) A¥g): HA(X, Z) — HXY, Z)
coincides with either ¢ or —¢. We consider the induced map

(4.5 Je: H(X,C) —> H(Y,C)
I I
H"(X)PH(X) H“(Y)DH"(Y).

We claim that ¢c preserves the types, i.e. we have
“6) { $e(H"(X)=H"(Y)
G (HY(X)=H" ().
Indeed, we take a basis w,, w, of H"%(X) and set
{ Ho)=n$+E,
Pla)=7:+Cs
where 91, 72, {5, {» are elements of H*YY). Then we have
4.8 +p(w A w)=P(w) N Pw,)
:771/\ﬁ2+(ﬁ1/\52_—772/\50—{_51/\52.

@7

On the other hand, the condition (ii) implies that ¢ preserves the forms of type
(2,0). Hence we have

(4.9) CGnG=0,  pAC—p.AT=0.

If £,#0, then we would have {,=c{, for some ¢=C and hence the second rela-
tion of (4.9) would imply that 5,=¢75;. It would follow from (4.8) that olo N wy)
=0, which is a contradiction since ¢ is an isomorphism and w;Aw,#0. There-
fore we have {;=0, and similarly, {,=0, in (4.7), proving the first equality of
(4.6). The second equality immediately follows from the first one.

Identifying H*YX) with HY(X, ), we obtain from (4.6) and (4.3) the follow-
ing isomorphism:

(4.10) &1 H(X,0)/H X, Z)-= H(Y,0)/H(Y, Z).
1l I
X Y

By the duality of complex tori, we obtain an isomorphism of ¥ to X which is
dual to (4.10):
f:Y ~ X.

Obviously f induces the given isomorphism ¢ of H¥X, Z) to H¥Y, Z).
g.e.d.
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§5. Proof of Theorems I and II.

LeMMA 3. Let X be a complex torus and let X be its dual complex torus.
Then there exists a canonical isomorphism

G.1) ax: HYX, Z) — H¥X, Z)
satisfying the following properties:

(i) detay=-—1, and
(ii) ay preserves the periods.

Proor. First we define ay. We choose bases (1.3), (14) and (1.5) of
H(X, Z), H(X, Z) and H¥X, Z). We assume that they are admissible. By the
definition of X:

(5.2) X=HYX, 0)/j*H X, Z),

we can identify Hl()?, Z) with j¥HY X, Z)=HYX, Z), and HI(X, Z) with H\(X, Z).
Under these identifications, the basis (1.4) of H¥(X, Z) is identified with the basis
W), -, v} of H(X Z) defined by (2.9) and (3.7). By (2.4) and (2.9), {vi, -+, v}
is an admissible basis of HI(X, Z). Similarly {v, ---,v,} can be considered as an
admissible basis of HI(X, Z). We put v,-]:vi/\vjeHz(X, Z), and obtain an admis-
sible basis of H¥X, Z) (cf. (15):

(5.3) B={V12, V13, V14, Uss, Vaz, Vaa) -
Now the natural pairing

5.4) H(X, Z)xH(X, Z)— Z
U
HYX, Z)
induces the non-degenerate pairing

(5.5) AHYX, Z)X 1P HYX, Z) — Z
I
HYX, Z)< H¥X, Z) .

Comparing (5.5) with the cup product pairing (1.6), we obtain a canonical
isomorphism

(5.1) ax: HYX Z) "> HYX, Z).

To show that det ay=—1, we represent ay by a matrix with respect to the
admissible bases .é?, (5.3), and 43, (15), of H 2()?, Z) and H* X, Z). By the defini-
tion of ay, we have
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(5.6) A xWVis, Vi, Vs Vasy Vaz, Ves)=(u%, u®?, 0, u®®, u'®, u')
=(u'?, u®®, u, u®, u*, u®)l,
I being the matrix (1.7). Hence
det ay=det I=—1.
To show that ay preserves the periods, we use the formula (3.5):
px=const. l;} det (v ;)ut .
Applying this to X, we also have
p§=c0nst.i§_ det (Wiv)vs;
Then, by (5.6) and (3.8), we have

ax(pz)=const. px,

which proves the lemma. g.e.d.

THEOREM 2. With the notation of (4.1), we assume further that (i) det o=—1
and (ii) ¢ preserves the periods. Then there exists an isomorphism

(.7) f:v—2X
such that the following diagram commules:
58 1k, 2 Lo ey, 2)
ax\ / T
HYX, Z)

ProOF. We consider the composed isomorphism ¢’ =@-ay of HZ(X, Z) to
H%Y,Z). By the assumptions and Lemma 3, ¢’ preserves the periods and has
det ¢'=1. Hence Theorem 1 in §4 implies that there exists an isomorphism
f: Y—X which induces ¢’ or —¢’. This proves Theorem 2. g.e.d.

Now Theorem I stated in the Introduction is an immediate consequence of
Theorems 1 and 2.

As for Theorem II, it remains to prove the surjectivity of the correspond-
ence. Let p=a.e;+--+ase (a;C) be any element of M. By (0.6), we have

a,0,+asas+a;a=0

(56.9)
Re(a @, +a.a;+a,d3)>0.
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We may assume a,=1. Then, if we put T:<~Z6 Za), we have det Im(7T))>0,
by (5.9), so that B

X=C%/(1,, T)Z*

is a complex torus. Moreover the period py of X coincides with the given p.
This completes the proof of Theorem II.

REMARK. The orbit space P%//" in Theorem [ has no natural analytic
structure, since I does not operate properly discontinuously on Pt This situ-
ation does not improve even if we consider only abelian surfaces instead of all
complex tori. However, Theorem II is useful when we want to study unpolarized
abelian surfaces. For such applications, we refer the reader to [6], [7] and [8].

§6. Concluding Remark.

Pjateckii-éapiro and Safarevi® [5] have proved the Torelli theorem for K3
surfaces, formulated as follows:

THEOREM (K3). Let X and Y be algebraic K3 surfaces and assume that there
1s an isomorphism of Euclidean lattices

6.1) ¢ H(X, Z)"> H(Y, Z)

which preserves the periods and which takes effective algebraic cycles of X into
that of Y. Then there exists a biholomorphic map f: X—Y which induces ¢.

(This theorem has been generalized by Burns-Rapoport [1] to the case of
Kéhlerian K3 surfaces.)

Let us call (Ab) the corresponding statement for abelian surfaces X and Y.
The following example shows that (Ab) is false!

Example. Take two elliptic curves E, and FE, which are not mutually
isogenous, and let

X=Y=EXE,.

Then there exists an automorphism ¢ of Hy(X, Z) which preserves the periods
and the effective algebraic cycles, but which does not lift to any automorphism
of X.

Indeed, if we denote by &; (resp. &,) the homology class of the curve E; X0
(resp. 0OX E,) on X, then the cone of effective algebraic cycles on X is generated
by & and &, Moreover, letting N be the orthogonal complement of the
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unimeodular sublattice Z&,(5Z¢, of H)(X, Z), we have
(6.2) Hy(X, Z)=Z§DZEPN .
We define an automorphism ¢ of H,(X, Z) by

@(51)252, @(52)*'—51
ol§)=¢ for £eN.

It is easy to check that ¢ preserves the intersection forms, the periods and the
effective algebraic cycles. But, in view of Theorem 1 in §4, there is no auto-
morphism of X inducing ¢ because det p=-1.

It should be remarked that, in the proof of Theorem (K3) given by {5], a
key step is to prove it for Kummer surfaces:

6.3)

X=Km(A4), Y=Km(B),

A and B being reducible abelian surfaces. In this case, it can be shown that
the isomorphism ¢, (6.1), induces (by a suitable choice of B) an isomorphism

o' Hy(A, Z) — Hy(B, Z)

preserving the intersection forms and the periods. It has been pointed out by
M. Rapoport that the determinant of ¢’ in the sense of §1 is 1, and hence we
can apply Theorem 1 to obtain an isomorphism g: A—B inducing +¢’. If we
denote by f the isomorphism of X=Km (A) to Y=Km (B) induced by g, then f
induces the given isomorphism ¢, (6.1), completing the proof of Theorem (X3)
for Kummer surfaces. In the work of Pjateckii—éapiro and Safarevi€ [5], the
above point was not so clear. The present paper has been motivated by the
desire to better understand [5].
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