On the restriction of the irreducible characters
of GL(n, q) to GL(n—1, q)XGL(1, g)

By Sthei Nozawa

(Communicated by Y. Kawada)

§1. This paper is an attempt to extend the results of E. Thoma [3] on the restric-
tions of the irreducible characters of GL{n,q) to GL{n—1,¢q). We shall regard
H=GL(n—-1, q) xGL{, q) for n=2 as a subgroup of GL(n, ¢) in the following sense:
H consists of all matrices of the form diag.{4,a} where AcGL{n—1,q) and
acGL({, q).

Let %: GL(n, ¢)—C be a complex valued function on GL(n, ¢). Then we denote
by x, the restriction of y to H. Let 3% ---,x* be all the irreducible characters
of GL(n, q) and ¢, ---, ¢ all the irreducible characters of H. Then yx} are charac-
ters of H, so we can write yi=3 ‘= a;;¢7 (a;;€ Z). Our problem is the determina-

tion of these integers a,;.

§2. Let F be the set of monic irreducible polynomials f=f(t) over GF{(q), excepting
the polynomial f(t)=¢. Write d{f) for the degree of f¢ F. For the most part we
adhere to the notations and definitions of the paper of Green [1].

For any eonjugacy class ¢=c.c, of H, where ¢, is a conjugacy class of GL{n—1, ¢)
and ¢, is a conjugacy class of GL(1, ¢), we denote by ¢=(---, f>, --+) with v (f)=
v, (f)+v,,(f) for all f¢ F, the conjugacy class of GL(n, q). - Let p, 0y, 02 be parti-
tions of m, n—1, 1 respectively, and let U?, V°1, W2 be basic uniform functions of
GL{n, ¢), GLin—1, q), GL(1, q) respectively. Clearly Ut(c)=U*(c).

We now consider the scalar product (U2, V°1W). By the degeneracy rule, it
is easy to see that
L% Qum. 9@, ¢.)QUms, ) Uslarm)

¢: class of H a(c) m,m,

Uz, Vor o) =

X Vo (@71mmy) Woy(2°21m)

)
=Y ¥ — L Qim, ) Qmy, ) Qms, c) Uslzom)
wom; oy ale)ales)

X Vo, (@1my) Woy(@2ms) ,

where the first summation is over all tuples (m,m,;) of modes of substitutions of
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X* into ¢ and of X°: into ¢; with

(1) [olm, f)[=|oy(my, f)+|oalmg, £)] for all fe F
and the last summation is over all classes ¢, of GL(n—1,q) and ¢, of GL(1, q) with
(2) v, () =loimy, )] for all feF, i=1,2.

Clearly alc)=aledales), ale)=q—1, Qmy, ¢;)=1 and Wo=W,,. Hence we can write
the expression (2.1) in the form

1 1
(2] (4 Tg) — 3
2.9 (U5, Voies) -1 m,mi§th e DI o Q{m, &)Q(my, ¢))Uy(xm)

X Vo (@71my) W, (@2m,).

For each tuple {m, m,;) satisfying (1), we put

Bim, m;)=

Qlm, 8)Q{my, ¢1).

oy with (2 @ {¢y)
Then we have

B(m, mi):zfgv o () (¢ )z 2k, f)zal("”l £Q20) (g LM QPer) (@)

‘1 P(myf) oy (my, )
= -1,-1 -1 = 2
= 3 %h axq) zp(m,fcz)zal(ml,fcz)Q;; (™, o) (@)Q2 1. Fey) (@)
lll=lal(ml,f02)]
d
ng«*% 2 @0 )2, 12 g, 1 @, (@R (o (@)

A with
12=loy(my,f)]

where f,,=t—c,€ F since ¢;€ GL(1, q)=GF(g)}, Fe=F—{f.,} and 1={11"2% ...} is
a partition of |2]4+1 if 1={12%-.-}. Moreover we have, by the orthogonality re-
lations for 1478

-1 2
[P R @250 s, )zvlml ch)Qp(m Fep (q)Qal(ml.f¢2> (@
121=l05(mg, 7o)l

XfH zcal(ml,f) (qd<f))_1zal(m1,f) if p(myf)za'l(ml’f) for au fe Foz)
[F 2
0 if p(m,f)#ao(my, f) for some fc Fea,

Hence we can write the expression (2.2) in the form

B(m, m;)=

1

U VaWe)=—"-%X ¥ T ¢, »@*")2;%, pN ax(g)!
—_ P . e 1V 11 wi

2.3) g1 o mms rern u[:lfrlwif,fozn

X2t s, >Z;11<M17 e )Qf, e (@97 m,, fop (@ Uolarm) Vo, (@71my) Wo,(@72ax,,)

where the second summation is over all modes m, m, with p(m, f)=c;(m,, f) for all
f€ Fe2. We remark that the condition (1) for tuples (m,m;) of the expression (2.2)
holds naturally.

If z={1%2% ...}, 1={142% ...} are partitions, let r+2 denote the partition
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{1ttt . .21, Moreover if £,<l; for i=1,2, .-+, then we write z<A.

LEMMA (Thoma [3]). Suppose t<p,0. We define the partitions plc), olz) by
v+ plc)=p, t+o(c)=0. Let X*=X°U X°®, X°=X* U X’°®. For the mode m,,: X*—
Fe2, we assume that modes m: X*—F, my: X°—F satisfy mlgr=milzr=m,., ond
m(XeD)=m,(X°)=f,,. Then we have

plm, fi=o(my, fl=t{m,, f)  for all f€F,
olm, fo,)=plc) and olmy, f,)=0olc).

On the other hand, for any pair (m, m;) with ¢(m., f)=pm,f) for all € Fe, there
exist partitions z, p(t), o(z), @ mode m,,: X*—F°2 such that p(m, f Y=clmy, f) =t (M, f)
Jor all feFe2, olm,f,)=plt) and olmy, f,,)=0{7).

Using this lemma, we can write the expression (2.8) in the form

Us, VaWr=—_5 ¥ S sbeile 5, 007 @80

q— 1 ey T with m, A with
2.4) t<p,0y [Ai=1oy (@]
x II, zr(mc 720 e, AV p(xrm) Vo (a7rmy) Wo, (272at,,)
feF

where m is the mode X°—F with mlyr=m,, m(X¢@)=f,, and m, is the mode
X7—F with mz=m,,, m(X1?)=f,,.
Since a:(g), Qi{g) and Q3(q) are polynomials in g, §; a2(q)"'Q%(q)Q}g) is a rational
function in ¢. We now show that this funection tends to (—1)Hr@*r@® a5 g—oo,
Let a={1%12% ...} be a partition of s=1 and g={1%2% --.} be a partition of
s—1. Put rla)=a,+a,+ -+, and r(B)=b,+b+ ---. Then we have

LEMMA.
lim Zh a:lg) Qi@ Qig) = (— )@@,

g—ooo A wit
{Aj=s—-1

ProoF. Let Qlig)=3 giiﬂém(q)ku{, k{2, q) - -+, where the summation is over
all rows (, 2, ---) of partitions, such that 4, ---, 2, are partitions of 1, Z; 4y, -+,
2 1a, are partitions of 2, ete. Q}g)=X g2 (@k(4, O)k(25, @) ---. The degrees in
g0t gl (@bl DR ) -+~ and gey k(R Ol @) -+ are mi— S+ (A
and m— S, +>:< ; )> respectively, where {k;(A), ka(zD), ---} and fey(2), Faldd), -+ )
are conjugate partitions of 2, and 2; respectively. Clearly &, (2)=k,(2)+1, k;(Z)=Fk;(2)
for 1=2,8, --- and ni=k,(A)+nz. So it follows that the degree in g of

92 (DR, Q)RR @) <+ Fhizg (B2, Qo2 G) -+

=2+ (2)— ;{m;—(ké} )>} ;{”“_(kl(zli))}



518 Sohei NozAwWA

does not exceed |1]4+2n; if |2]#k(2) i.e. 2£{1*71}. Hence we have
}Igg ax(q)'Qq)Qh(a) =

if 2={1*". For the case 2={1""%, we have
a:(9) QPR3 e) = 0.() (1 —g) 11—} ™2 - - }{ B4 (@ (1— @) "1 (1 —¢®) P2 - - -}
g+ (2 >@s_1(Q‘1)}“
={g=1) -+ (g—D{g=1) --- (g —=1)0, 4 (g}
X{lg—1)lg?—1)%2 -+ -F Mg —1)h(g2 1P - - -}
Hence the result follows.
§3. Let p={1"27= ...}, ¢={1%12% ...} be partitions of n, n—1 respectively and let
h=h*, k=Fk° stand for the rows (hys, « ) hurgs hors = o5 Riargs *<2) (Buss = Fovgys Kooy v
ks - --) respectively. Let Be(h), B°(k) be basic characters of type p, o respectively.
Be(h) is a basic uniform funection of type p with p-part B,

szBp(é")zl;I aZ SelPa.ay ? Ea.)Sulbae t Eaa) =+ Salhasairy t Eaurg)
és,,
where &,, is the symmetric group on {1,2, ---, 7 and S;(:8=0(&) +0E)+ .

4
+6(g)"4, Here 6 is a non-trivial linear character of the multiplicative group M{g™)
of GF(g™), and so ¢ has multiplicative order g»'—1. The restriction of 6 to M{g®>Y)
is a generator of the character group of M(g™ V'), and so 6 has order g™ o! as
function on M{g® Y. We remark that BE®)=0(g)], if BY({)=By()=B{ is a
basic character of type {1}.

From now on, we put ¢=¢;. By the expression (2.4) we get

w%mwwmkaq:zznmamzz 0:(0)Q} 0 (@Q%0 (@)

-—1 ¢y T with m with
a 2 ‘2 1Al=16(®)]

3.1

X T 25, 1 Cemg 0 (€ 7) " Bolatm) By (o) Bloay,)
feF%

where m is the mode X*—F with mixr=m,,, m(X*®)=f,, and m; is the mode
X7—F with m|zr=m,, m,(X°®)=f,. Choose a substitution y of X* belonging to
m. We write Bo(§”)=B(&y, - -, 1ry5 &a1s "7 %5 Eanyy -+ ¢) for Bo(x) and if 54 ¢€ M(g%
is a root of x;7 (=12 ---,74; d=1,2, ---), we define B,(&?7)=B,&*m)=B,(p,, - - -,
D113 D21s 75 Pargy -0 ) 10 be Bo(af7). We denote a root of zyr by &sim,. Thus if
r={112% ...}, we have §um,,=c, for i=t;+1,£,+2, - - -, 74 since m(X?@)=f,,. Hence

we have
tq
Boletm)=zo0 Il 3 =TI Salhay,q: Eame;)0(cs) e

{u;} a€ @td i=1
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in which the first summation is over all subsets {g, -, #:;} of {1, -+, 74, and hg,=
.hdﬂtdﬂ—i— +hd,,” where {#t5, « -, fags Peg41 t s s} 1s @ permutation of {1, .-+, 74.
Similarly we have

. o
Ba(xaml):za(z) H Z Z H (kdvlg(” Ed@ 02)0(02)kd”
d {»;} B¢ @ i=1

in which the first summation is over all subsets {vy, -+, v d} of {1, ---,s4, and kav=

koo oo Fhas, WheTe oy, -0y vy, Vet 0 vs,} is a permutation of {1, -+, s;} and
Blra,,)= 0(02) Then we can write the expression (3.1) in the form
(3.2) (B?(h)o, B"(k)B(l))ZLZ Y ) Qe @@m @ Nz()

q—l oy T=P,0 A with

t2l=lo@|
where

Ne I 2 (@) T > Bleg anra
( )= "%fef" r(mc »f) r('mc2 o\ ) v {%} {”E} = ﬁe%w ()

{3.3)
Xigl Sd(hdﬂam: E4iMoy) Salkavg )t Eaitley) -

In Nez(z), we replace m,,, 4., Dy the sum of all substitations y: X°—F*2 belonging
to m,,, roots sy of ey respectively. Such the number of substitutions y belong-
ing to m,, equals thY{ II Td/d(f)(mcz, /I, where we define cgjain (M., /) =0 if

d{f)}d. Then we can omlt t‘xe 3 multiplied by ¢!, since p-function is symmetric
ac S 3

in eaeh set x, -+-, %, Hence we can write the expression (3.8) in the form

N”Z(Z‘):C.Ag)fl E H zr(mc N H Z Z Z H Tdid{f) (mcz7f

7 feF é {#}(w}ﬂebt feF%
tq S
X O(co)PauFan™t ']':I1 Salhay;: Eair)Salkavg gy Eait)

where the first summation is over all substitutions y: X*—F°z belonging to m,,. We

can also see that

il /_d )zmwww

2, I Tarain) Mgy )1
FeFe Z(mog T fchZg W“hkd [ef 02’-/)

Hence we have

Nef=cl@™x I, 11 < d_g’_) >rd/d(f)<mcz,f)

T FeF'2

tg A r? Femmt——
X 1} > 2 Ole)tarrar? igld(xdir)_l ;%_ Salhay;: €ai)Sa (kdblgm :eas)

{my o) €Sy,

where the last summation is over all roots ey of xs7. If @i7=/, then dixyy)=d(f)
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g
and Il dlxgy)= TI d(f)uantmy?, Hence we have
i=1 feF2

i —
Near)=c.(g)! IdI d—ta ZT) I G co)rae—tapt ﬁ 2 Silhay;: €ai) Salkiasg ;) €as)-

legd o3} Beeyy i=leg;

We now put X5=1{z4, -+, %as ) and so X*= ldJ X5 Let 74 be a substitution X5—
Fe with d{zzr:)|d, that is, 7a=7lx5. Then we have

Nuff)=cl)? [1d" T 5 5 0c)iato I T Silha,: €a)Salkasg st €a)

d {} {05} Be 1y i=1'ey

where the last summation is over all elements of M(g? —{c,}, since gil F S oo
We shall use the following notations:

5 :{1 if a=b (mod ¢?—1)
“ 0 if ab (mod gi—1) d=1,2 ---),

4%a, b)=08% \+0% 4+ - o 02, 41,

Then we have

colr) = hy,—kg,~1 e a _ d hay;—kavg
NZ(‘L'}—:E[{ Z 6(02) dp” "dy i:gl 4 (hd/‘i’ kduﬁ(i)) Fa(CZ) 4 @)

it 0} BTy, 1
and so we can write the expression (3.2) in the form

(B*(h)o, B° (k) B(1))

L Q7 2 by ,~k, —1
= a z o (e G{Co)dp*av
(3.4) —1 Zcz Py MLZY%H A0 Q0 (9@ @ (@) IdI (% 5oz, (Co)Pan

g d —Egp, .
Xil;jl {Ad(hdﬂiy kdvﬁm)—ﬂﬁ(cz)hdﬂ, d ﬂ(z)}.
We now assume that 0<a,b<<¢’—1. Let a=ayt+a g+ -+ +azuq®?! and b=
BoFt B+ -+ 4 Pa-16*t with 0<a,, 8;<q—1. Then 4%a, b) equals the number of eyclic
permutations of B, ---, f;—; which are eyclic permutations of ag, -+ -, ay_;. Let

hai(s)=ao(d, ©) + s (d, D)g°+ - -+ Fagld, )@Y,
ky(8)=pold, 9 + 5:d, B)g°+ - - - +Ba1ld, 1)@,

where hg;(1)=hg; and ky;(1)=ks;. Then 4% hay(s), kavy o (s)) is irrelevant to s, even if
we replace ¢ by ¢. We consider B*(h(s)), B°{k{s)) and B{l(s)) as characters of
GL(n, g9, GL(r—1,¢°) and GL(1, ¢*) respectively. Hence, by replacing ¢ by ¢°, we
can write the expression (3.4) in the form
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==X 2 . o0 @)@e @) I 2 0{co) an*av™!

,0 2 'with s
= lli=vll<17(f)l teg} o) Besy,

td P d
Xil;Il {A (han; kd”mw)_}?—

hiy.~kdy g,
8le g B()
L—otes }

where the first summation is over all classes of GL(1,¢°). Since B¢(h(s)), B°{k(s))
and B((s)) are characters, the left-hand side of (3.5) must be an integer for s=
1,2,---. On the other hand, the right-hand side of (3.5) is a rational function in
¢, and so its limit as s—co equals

Z (__1)1+r(ﬂ(r))+'r(o(z)) I} Z Id[ Ad(hdﬂi’ kdvﬁ(i)),

T {5} (v} BES,  i=1

it ¢°—1|hg,—kq,—1, otherwise 0. This means that, for all sufficiently large prime
power values of g, they equal this value. Hence they equal this value identically.
Thus we ean write the expression (3.5) in the form

t

(_1)1_!_,.“,)_;_,.(0) Z 1 I Ad(hd,uiy kdnﬁ(i))y

t=p,0 4 {gg) {v} Be@td =1
it g1 hay—kar—1

0, otherwise.

(3.6) (B?(h)o, B°(k)BI)) =

§4. Throughout this section we suppose that q—11hg,—ks,—1. Let G be the set
of all s-simplexes for s=1. Let Ye={yyy, -+, Yir;; Yar = *s Yargs be the set of dual
p-variables, « be a substitution of Y” into G and m be a mode of substitution a.
Then we put hga=cs;(g—1){g°ai—1)7%, where ¢;; is a root of the simplex y4a and
s4; is the degree of yya. Similarly we determine Yo=1{z21y, -+, Z1ey5 Za1s ** *5 B2sgp * 1
a: substitution of Y? into G, m,: mode of ay, and kgei=eglgb—1)(gtei—1)71, where
¢4 is a root of zgay and iy is the degree of zgai. Clearly Yoz={z{}} and la,,=¢,.
We remark that 4%(hga, kge)=0, if yuaFzgye. I yua=2z,0=9, We can easily
find that 4%(hge, kajer) =djd(g). Hence we have

(Bf(hm),, Be(km.) Bllm,))
=(—1)Hr@+r@ ] melets i ————d Oyg,.arz @y
i 2o o Gop pERy, im1 dlyasa) HTEGT
For each positive integer I, let p,(a, g) be the number of elements ¥y, of Y°
such that ygue=g and d=ld{g). We put pla, g)={1p@o20 ...} Tt is clear that
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@, a; are equivalent substitutions of Y* if and only if pla, g)=pla, g) for all geq.
Thus, if m is the mode of a, we can write pla, g)=p(m, g) without ambiguity.
Similarly we define o,(a, g)=0,(my, g) and olay, g)=c(m,, g). If d(g) 14, pataple, g) is
the number of elements y,; of Y? such that y,ae=g, and Gala (@1, ) is the number
of elements z4; of Y7 such that z;,0,=g. If d(g)}d, we may assume that Patag e, g)=
Oalatp (@1, 9)=0.

For the moment, let us fix #;, {#, ---, I8 and {vl, ++yu;}. Unless, for each
g€, yua and zg ;o1 are both equal to g, then H 51,““ B()%:O. Take Y+=
{fw, -+, Witys Wars * oy Wayyy * ) @e=alyr=aly and ld( )=#Hwe Y |way=g, dw)=g}.
Then l;{g)=min {pa1a (@ 9), 041a(p (1, 9)} and = lalg)=t,. Hence

) ﬁ d 5 _ d ld(g)l '
8, i=1 d(Yaye) ””i“”d”ﬁ(i)“l—gl;[(; <Tg)> Ja),

and so we have
miu{rd,sd} tq d

> T ————0uucnran, .
t,y;‘o {% (o} €€, i=1 A(Yap,ex) Vau%eEan g ;)™

=05 <lod/d<g) {a, 9)><0d/d(g> (s, g)) d >”w,
g€eG w w w d(g) ’

where w range from 0 to min {044, (e, 9), 0410y, 9)}. Then we can write the
expression (3.6) in the form

(Be{lm)o, B (kmq) B(lm,))
(¢.1) ={=1)Hr+©@ ] ][ Z<Pdld(g) (e, g)><0d/d(g) (1, g))(%y’wz‘

d geG w w w (g

§5. Let ulg) be a partition-valued function on G such that Z lelg)ld(g)=n. Then
there is a one-to-one correspondence between such functlons #lg) and irreducible
characters of GL(n,q) (see Green [1]). We denote the irreducible character of
GL(n, q) corresponding to z# by [¢]. Similarly we define [v],[] for the partition-

valued functions v, 7 on G such that ;Gl”(g)[ (@)=n—1, Z [7(g)id{g) =1 respectively.
g

We now calculate the scalar produet ([g],, [u] [»]). From the results of Green [1],

we can write [¢] in the form [p]:(—l)n_ * (Q)II,, with I,;—Z pr(m, 1) BP(hem),

summed over all partitions p of #, all modes m of substltutwn of Y? such that

|olm, g)|=|u(g) ], and y.im, p)= H 2yl X5 s Where x4 stands for the character

of the symmetrie group of approprlate degree corresponding to the partition u(g).
We remark that fy]=B(lm,). By the expression (4.1),
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1+ 2 I/t(y)l+ ): 12(g)]

([l 12D =(—1) Z Z 2.;: Z (— )1+r(p) +7(0)

“(9) v(g)
X H zp(m g)zv(ml g)xp(m,g)xd(ml,g)

« I} % <.0dld<g;0’m, g))(”d/d(g)qj)mh g))(ﬁ?g_))”’w!

1
X0 T g, T @ i+17@iles
43¢ geEG

(5.1)

summed over all partitions o with [p]=n, all ¢ with [s|=n—1 and all modes m of
Ye with [o(m, g)|=|z(g)], all modes m; of Y° with |o(my, g)|=|v(g)]. Moreover w
range from 0 to min {0z (M, g), od/ug> (my, 9)}-

Since “:EG Oalaim, g) and Z Palaig {m, g)=|plm, g)|=|nlg) ], we get

( )

o+ 3 a1=5 5, (5041 pare (im0,
and so
(_1)”"”9?(;‘”“’”: h (_1)%<d/d(g>+1>pd,d<g)(m.g)___ I x&'ﬁfii‘}-
9€G 9€G

.. d ‘od/d(g)("‘ ) .
Moreover, it is eclear that 2ppp=11(—— Laa(m, g)l. For ¢ and my,
d

we also obtain the same results. Hence we can write the expression (5.1) in the
form

Celo, 1N =11 2 20 x4 ‘g’x”“” ﬁ 2 fw! l—w) Nk —w) 1} heet ks
(5.2) geEG A & =1 w

1
X35 ju@ie, T @i+ e?
geG geG

summed over all i={142% ...} with [Al=|plg)], all x={1%2% ...} with [¢]|=]|v(g)], w
o min{l; ko.}

range from 0 to min {;, k;}. Immediately we get H Z ol — ) Mk, —w) 11 X
b= Y 2%t 20t Hence we can write the expression (5.2) in the form

wiie A—w¥E—w*
(6.3) [z, P1In)= H Z 2,7 Z zz‘lez‘Sffa Z Z—IXHW ZHle Z 120 1+17@he
g

where the first summation is over all partitions w with |w]<inf {z(g)l,|»(g)} and

other summations are over all partitions 2, & with |1|=|plg)l—|w], [z]=lv(@)]—-]w]
Let a={ay, as, +++}, B={B1, B2 - - -} be partitions with a1Za,= «-+, f1=25:=

Let g(a, /9)=Zw3 Z;‘;ZZIXZ‘ wzz"lx,, o and fla, B)=g(&, ). From the results of
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Thoma [3] (also Littlewood [2]), we get
1;1 Is+1)  if [a;—p;i<1 for all £

0 if |a;—B;1=2 for some 1,

S e, ,3)={

where [, is the number of indices ¢ such that a;=8;=d, for d=1,2, ---. Therefore
we have the following

THEOREM. Let p{g),v(g) and 5lg) be partition-valued functions on the set G of
simplexes, which satisfy the conditions QA:J‘G leigldg)=mn, g%%; ig)ldlg)=n—1 and
gg,;]vy(g)ld(g)=1. Let [g], vl and [4] be the irreducible characters of GLn,q),
GL(n—1,q) and GL(1,q) corresponding to the partition-valued functions plg), vig)
and 7(g) respectively. Furthermore let [1£], be the restriction of 1] to GL{(n—1, ¢) X
GL{,q). Then we have

(Leelo, [¥107D) =g1€IG Slel), ”(g)m:)e:(;xm) o, X A0+ @l

COROLLARY. Notations being as above, we have

(eho=2 2 I Flelg), »(@)I010's s, s @i
» 7 geEG geG geG

where the summations are over all partitions v,y such that ZG[v(g) dig)=n—1,
g€
EG I7(g)ld{g)=1.
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