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Preface. Let k:<§1> be a vector in R*™ with k£, and %, in R". By the

2
classical theta series of genus n with characteristic 2, we understand the series
6LE (2| w)= Ezzne{—%—l(r+kl>z<r+kl>+t<r+kl>(w+k2>}, which defines a function

holomorphic on both variables z in the Siegel upper half plane H, and w in C™
The purpose of this paper is to have good information about the matrix M(z|w)

:<ﬁ[k+<alg_bl>](z[w)>< - of size a™xf", where the indices ¢, and 0; run
1,01

over complete sets of representatives, respectively, of ™*Z™ and of §7'Z" modulo
Z" arranged in lines in arbitrary but fixed orders. In the previous papers
([2], [3]), the author proved that the matrix M(z|w) is of rank a” if a<f and
if « and B8 are relatively prime. But he has recently found that the assumption
« and 8 being relatively prime is not necessary for the same conclusion. Actu-
ally, the proof of this new theorem is quite similar to that of the old one and
our superfluous assumption came into the old theorem by an accidental over-
sight.

After recalling some formulas of theta series in Section 0, most of which
are well-known and some are studied in[2, 3]; in Section 1, we shall prove that
rank M(z|w)=a" under the assumption <8 (Th. 1.1), and deduce a few corol-
laries. They might, I hope, explain algebro-geometric meanings of our theo-
rem. The square case of M(z|w) i.e, a=p, is treated in Section 2, where
det M(z|w) is determined in an explicit form and a corollary again tries to
describe a geometric implication of the result. The better part of the contents
of this paper was given in lectures at Tokyo University of Education in May,
1976. The author pleasantly acknowledges that the conversations with Mr. M.
Homma and Mr. R. Sasaki were very useful for completing the paper.

Notation. For a commutative ring A, Mnxm, A) (resp. M(m, A)) is the
total set of nxXm (resp. mXxnt) matrices with entries in A. The identity matrix
of M(m, A) is denoted by 1, On the other hand M(nx1, A) is usually denoted
by A", For a finite set U with n=$#(U), (§2)eer, §.E A, is an element in A®
where the elements of U are put in line in an arbitrary but fixed order. For



116 Shoji Koizumi

another finite set U’, (§o)a,mevsv Eap S A, i a matrix in MEU)X 4(U"), A)
defined in the similar way. Cy is the multiplicative group of complex numbers
of absolute value 1. Furthermore if U is a commutative group, U* means the
character group of U, i.e, U*=Hom (U, C;). For a matrix e=M(n, Z) with
dete#0, a complete set of representatives of ¢ *Z"™ modulo Z” is denoted by
Ule) and the residue group e™Z"/Z" itself is denoted by U(¢). An element p
of U(e) and the element of lNI(e) naturally corresponding to p are denoted by
the same letter if confusion is not likely. In particular, when e—al, with a
positive integer «, we write U(a) and U(a) instead of U(al,) and ﬁ(aln).

H, is the Siegel upper half plane of genus 7, i.e., H,={zeM(n, C)|'z=z,
Im (2) is positive definite}. We put e()=exp 2x+/—11) in general. For k=
(i;)eRZ” with k; and k,=R", the theta series #[2](z|w) defined as in Preface

is a holomorphic function on (z, w)e H,xC™

0. Preliminaries. In this section, we recall some formulas of theta series:
the four formulas (a)~(d) are well-known ([1J p. 49-50) and the others are
found in [2], [3].

For S:<§1)EZ2", we have
(@ OLRIzlw G, L9 =e(—-tsias a0 (s, fs)(TR))OTRI W)

For a non-negative integer «, z€ H, and mz(Z‘)ER”‘, an entire function ¢(w)
2

on C” is called a theta function of type ((z, 1), m),, if the period relation, for

any s€Z*",

¢(w 4z, 1&(2)) :e{a(—%j tsizs,—" 5w +(tsy, tSz)(ZZ))}ﬂw)

holds. 0. {(z,1,), m) is the totality of theta functions of type ((z, 1,), m),. The

formula (a) shows that #[k](z|w) is of type ((2, 1), <—22>>1, and it is also
1

known that

010 (“EN)= @, € o e,

The following three formulas are fundamental.

(b) 0Lk ]z | w)=0L—k](z| —w),
(© 0Tk +s)(zlw)=e(k:s )0k )z 1w)  for s=(3)eZ™,
and

(@ 0Lkt 10z w)=e (5Ll w+ Byt 1) )OLR Y w2, 1,)1)
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for 1=() =R

If we apply the formula (d) to the entries of the matrix

Vb,
(6[k (a )]<Z [ w>)(a1,b1)eU(a')><U<,9) ’

we have
rank(0[k+(0 ) Jeiw) | =rank( v 1m)

Finally, we shall give the two formulas which are very essential for the
proofs of our theorems:

(© o=, 3 o[ o)

U(n
for a positive integer y ([3] Prop. 2.1), and
¢ LD Wz | w)OLR® Bz | w™)

_ (a_l_ﬁ) 1<ak(l)+‘8k(2)>+ap .
- p1EL(a+,@)6[ k§1>1+k§2> 1 1]((a—i—ﬁ)2 lw®+w®)

% 0[(&‘f‘ﬁ-)—';k—g)kij_k];”)—ﬁ1]<a[8(a+ﬁ)zI — B aw®)

for positive integers a and § ([3] Prop. 2.4).

1. The rank theorem and its applications. The following theocrem is a
refinement of Theorem 2.5 in [3] and is a main result in this paper.

TuEOREM 1.1. Let a and B be two positive integers; let k:(lzl) be a vector
2
in R*™; let (z°, w®) be a point in H,xC". Then, if f>a, we have

rank (H[k-&—(algb‘)](z‘”Iw(‘”)> =a".

(a1, bPEV@IXT(H

ProoOF. From the discussion in Section 0, we may assume that 2=0, with-
out losing any generality. Applying the formula (f), (¢) and (¢) to our case,
we have, for y=53—« and any a,=U(a),

o103z w e[ 3 Yz 1)

_ber [ ](dz|lu<l>_|_w<2>)6[ ](a,873| P+ aw®)
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—bl U('a){ll~o/a) b +a ](azﬁzla(uﬂl) 4+ w(v))}ﬁ[ e ](aﬂfzi WD )

= 3 e alaaz) 2 H[alg_bil(azﬁzla(w“)%—w(”)

a) s u(a
X 6[’51](0(,372[ —rwP+aw®y,

Since «” functions {0[0](01*‘,8’12(0) la {w»— w))ﬁl:gj(a‘zﬁ‘lrz<°)| a'wyla, e U(a)}

on w are linearly independent over C, the above equality implies
b
rank (& &0, 20w =a”, L e d.
(o[ "5 "= >)(a1_b1) g.e

In the following corollaries, « and J are two positive integers and k:<zl>
2

is a vector in R*". The first corollary 1.2 is simply equivalent to Theorem 1.1.

COROLLARY 1.2. Let a)alﬁ[k—‘—< )] (az|aw) be a theta function of type

(J.lEb(a)
((z, 1), m), with m:( b, ) where all complex numbers w,,, a,€U(a). are not

zero. Then, if 8>a, for any (2, w)e H, X C" there exists by in U(f) such that
a,+b,
S wut [ (%)) Jlaz w20

COROLLARY 1.3. Let % be a character of Ula). Then, if B does not divide
a, for any (22, wye H, X C* there exists by in U(J) such that

= @)% e w0,

a;€U(a

Proor. If we can prove our inequality for some b, in U(S") where § is a
divisor of B, our proof for the corollary is completed. We may, therefore,
assume f=r""' with a prime number = and a non-negative integer p, where
a=rfa’ and « is prime to 7. Under this assumption there exists ¢; in U(z*'a’)

such that 2 X(aﬂa[k-l-(algclﬂ(zmlw(O))#—O. On the other hand since =**' and
ay

o' are relatively prime, we have aieU(a’) and b,=eU(z**") such that ¢;=ai+0b,
(mod Z™). Then,

S L G
= %‘J X(ax)ﬁ[k—i—(al—e_%I—I_bl)](Z(o)[lU(O))

=17a) T x(a)ie+ (%5 )] ).
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This proves our corollary. g.e.d.

The following two corollaries are generalizations of Proposition 2.6 and
Corollary 2.6.1 in [3] to our case.

COROLLARY 14, If 8 divides o and y=af™* is smaller than B, then we have

rank <X(;fal)6[k —{—(alg_blﬂ(z[w)) =a®

(a1, (b xNEVOXU(EY 2 TN

at any (z, w) in H,xC"™.

PrROOF. We may assume that #=0 as before. Suppose that for w,,, a,=U(a),
we have X walx(ral)ﬁ[alg_bl](zlw):O for any (b, X)eU(BYDU*(B). Then,
K31

3 ouxGa)d[ )]

ayel(

=157
= 3 et GO[ T P )
gféé{;)

/ oty thi+b _
= ) E weprn, 67T T (2 w)=0.
According to Corollary 1.2, this implies that all @,,, ¢,=U(a), are zero. q.e.d.

Translating Corollary 1.4 into algebro-geometric languages, we have

COROLLARY 1.5. Let L be an ample invertible sheaf on an abelian variety X
with dim I'(X, Ly=1. If a=@y and y<B, then for all fel'(X, L®), f+#0, and all
E¥e X, there exists peX of order B such that f(E¥+x%)=0.

ProOF. In a natural manner, we can identify f with a theta function

> walﬁ[k+(%1>](azlaw). A point on X of order 8 corresponds to a2 point
a,ET(@)
zb,+b, with b, and b, U(B). Then,

0] -+ () J(azl atwt26,+b,))
:e(‘klab2+a‘alb2)0[k+<%1>:l(az lew-+azbh,)
=e(@radb )i k+(" ) |zl aw)e(athib,~satb.zb, ~b (aw-+E,)

= x(yal)ﬁ[k —{—(ala'_bl)](az | aw)e(a‘klbz—%—oz‘blzb1 —‘bl(aw—{—k2)> ,

where xeﬁ*(,@) is characterized by z(b))=e(S%b,) for any b= U(8). This com-
putation shows that this corollary 1.5 is just equivalent to the previous Corol-
lary 1.4. g.e.d.
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2. The square matrix of theta functions. Before stating our theorem we
shall prove two lemmas, which might be more or less known: the one is alge.
baic and the other is concerned with theta functions.

LeMMA 2.1. Let U be an additive group of finite order y and let K be a
field whose characteristic does not divide y. Let {T(p)|pcU} be a set of inde-
pendent variables over K, bijectively corresponding to U. If we define a (yxy)-
matrix M’ by

M'=(T(p—D))p,0cvv »
then we have
det M= IZT(EUX@)T(P)) ,

where the product is taken over all characters of U.

PrOOF. One can easily see that the coefficient of 7(0)" in det M’ as a poly-
nomial in K[+, T(p), -~-] is equal to 1 and that det M’#0. Therefore, we have
only to show that 33 x(p)T(p) divides det M’ for any character ¥ of U. In fact,

»

if we multiply each column (T(p:—q)) of M’, indexed by ¢, by %(g), and sum

them up over ¢, then we have

§x<q)T<z>ﬂq)=x(p)%‘x*l(p—q)T(p*cn
=1 Zq?x*%q)T (g).

This proves that 2% *(¢)T(¢) is a factor of det M’ and finishes the proof.
»
g.e.d.
ReMARK 2.1.1. Under the same notation as in Lemma 2.1, we put

M=(T(p+D)p.pev~v
and
U'={pelUi{2p=0}.

Then, U’ is a subgroup of U, whose order is denoted by 7/, and we have
det M=(—D7*II( Z 2(H)T($)) -

For an integral (nXn)-matrix e with det e+#0, the two groups {(e) and U(%)
can be regarded as a dual pair by

U¢te)x U(e) —> C*
(P, Do) — e(%ﬂﬁz)

The following lemma is a simple special case of the transformation formula of
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theta functions. Still we shall give a direct proof to it.

LEMMA 2.2. The notation being as before, we have, for a character 3 of U(%e),

b Lok, Cilbo-
S, KOOkt () )= e(—haep )6 s 2 o (e 20 7w
where p, is an element of e™'Z™ such that X(p)=e(pep,) for p,=U(%e).

PROOF. According to the formula (¢) and the definition of theta series, we
have

eCiep), 2 10[k+(5)]elw)= o k()1 w)

=3 3 e{ G Rt p)alr+ kit ) )y ep)}

21 7€Z

= 3 Se{ b pdele 2 e el 1+ 1)
1 r
+t(7+k1+P1>€(3_1w+€_1k2+172>}

= [‘1k b ](e'l el e w) . g.e.d.

Putting the above two lemmas together, we have

THECREM 2.3. e and k being as before, we define a square matrix M'(z|w)
of size |dete|, with holomorphic functions on H,x C" as its entries, by
’ — 171—611
M(zfw)=(0[k+(P 5T |zl W) vonsan
Then we have

det M/Glw)=T1() 3 2p6[k+()]z1w)

= I e(—"kep)0] .. Lp]@‘”*le‘lw)

PoEU(eS

p;EUe)

where X under the product TI runs over the total set of characters of ﬁ(‘e}.
X

From this theorem we can derive some properties of theta functions which
might make good sense in geometry. We shall content ourselves with stating
a corollary.

COROLLARY 2.4. Let a and B be two relatively prime positive integers; let z
be a fixed point of H, Then the following three conditions are equivalent.

(i) The (a+B)" functions {5[%1](ozz| aw)&[%‘](ﬁziﬁw)l \pyeUla+B)} on C”
are linearly independent over C.

(ii) ﬂ[gz]((a+,3)‘la‘82]0)¢0 Jor any p,eUla+5).
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Gy 3 o[ ]aziamo[ G621 u)=Bursllz: 1), O

A

PrROOF. According to the formula (f), we have, for p; in (a+B)'Z", the
following computation:

5[%1](az { aw)a[%l](ﬁz | Buw)

= > P pelat ] PPzl

g1 €U+

= 3 6[%‘]<<a+ﬁ>zl<a+ﬁ)w)a[“’@é“?l)](aﬁ(a+;3)z|o),

q:€U(a+p

where a’ is an integer with aa’=1 (mod @+ 8). By Theorem 2.3, all our asser-
tions follow from the above equality. q.e. d.

REMARK 2.4.1. In the same manner, we can also see that under the same

assumption as in Corollary 2.4, (a+5)" functions 6[%1] (azlw)@[—o‘b‘](ﬁz[w) on

w, p. Ula+p), are linearly independent if and only if _TT 6] ) J(a+£)7210)
Pel(a+f 2
0.
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