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§1. Introduction.

Let G be a finite universal Chevalley group of type A4,, D, (I=4), or E;. By
virtue of the suitable automorphism ¢ of G of order 2, we can define a finite
Steinberg group Go.={g€ Glolg)=g} as usual (see [9]).

Let B be a Borel subgroup of G. It is well-known that B=UH where Uisa
maximal connected unipotent subgroup of ¢ and H is a maximal torus of G. Of
course there are many possibilities for B, U and H, but we adopt the same sub-
groups B, U and H as in [9].

Let B,=BNG,, U,=UNG, and H,=HNG,. Let 2 be a linear character of
H, into the complex field €. Since B,/U,=H,, we can consider 1 a linear character
of B, into C canonieally.

In this paper, we discuss the structure of certain Hecke algebras, and we
obtain the following theorems. In the first place, we give in Theorem 1 a presen-
tation of the Hecke algebra H¢(G., U.), i.e., the centralizer ring of 1f¢ (see [3]},
with ecertain generators and relations. We also show in Proposition 1 that the
Hecke algebra Hc(G., BJ)s, i.e., the centralizer ring of e, can be considered as
a subalgebra of He(Go, U,) with unity element

= i T 07D

In the second place, it is proved in Theorem 2 that there exists a generic
algebra A of Hc(G,, Us,). By virtue of the existence of the generic algebra A,
this theorem also shows that He(G., Us,)=CN, where N is the same subgroup of
G as in [9] and CN, is the group algebra of N, over C.

In the last theorem, Theorem 8, we construct a generic algebra A; of
H¢(G,, B,); from A. From the existence of A, we can also show that He(Ga, Bo)a
is isomorphic to the centralizer ring of Ajs.

It seems to be very important, in the complex representation theory of the
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simple groups of Lie type, to consider the irreducible characters of G, which ap-
pear as irreducible components of 2§¢ (see [2] and [8)). The above theorems sug-
gest a general method of treating these characters and a way of generalizing the
theory of the irreducible characters of G, which are irreducible components of 1%s.

In §2, we introduce the notations and conventions of this paper, and in §3,
we show the precise statements of the resuits. We prove Theorem 1 in §4, Theo-
rem 2 in §5 and Theorem 3 in §6.

About the structure of Hecke algebras of a finite Chevalley group, the similar
results have been obtained (see [10] and [11]).

1 wish to thank Prof. T. Yokonuma for his kind advice, which was very useful
for computations.

§2. Notations and conventions.

Let g be a simple Lie algebra over C, and ) a Cartan subalgebra of g. Let
@ be the root system of g with respeet to ) and /7 a basis of @, then there exists
a Chevalley basis {X., Hsla € @ and B€ I} of g.

With respect to a faithful representation ¢ of g there is a lattice M in the
representation space of ¢ which is invariant under Uz and gz= X ZX.+Yz where
Z is the ring of integers and Uz is the Z-subalgebra of a urrievq;rsal enveloping
algebra of g generated by all X%/n! (@€, Z57n=0) and H,={HcbH|pu(H) € Z for
all weights g of ¢}.

Then we can define a Chevalley group over an arbitrary field K as a subgroup
of Aut (M&;K) generated by all

oty =exp tXe= T t"X2/n!
fsQ

where a« € @ and tc K.

We call G universal if the additive group generated by all weights of ¢ equals
the additive group generated by all fundamental weights of g.

For the more preecise definition of Chevalley groups see [9].

In this paper we use the following notations.
(1) k: finite field with an automorphism g of order 2
ko={t € k|t0 =1},
q =1ksl,
@ : root system of type A,, D,, or E; with a basis /7,
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G: universal Chevalley group of type @ over &
{ma(t)la€ P, t€k}: set of generators of G as before {see [9])
a(t)=xa( )2 o=t 2a(t)
halt) =wa(tiwa(1)"?
ola) =wa(l)
U={z.(t)|a>0, tck>: subgroup of G generated by all x.(t)’s where « is a
positive root of @ and t is an element of %
H=h(t)|lx € @, tek* where k*=k-{0}
B=UH
N={w.(t)|a € @, tEE*.
(2) Let p be an angle-preserving permutation of /7 such that p#1 and p*=1. In
this paper, the possibilities for I7 and p are:

P
Vgt
Asney  OeOmrree eeOeO— O s O ie. pa;=az—; (i=1, ---, n) and
ay o3 Uy K2n=1

n={ali=1, ---, 2n—1},

o
V 20N . .
Asy  O=O—ir —O—O— s =0 i.e. pa;=azmi1-¢ (i=1, ---, n) and
a; @ @y Uzt o
H:{ai]izly Tt 2’)?/} 1
a
D, (n=4) ”f w o e, le pu=a, pa;=a; (i=2, -+, m—1) and
a’l
H:{aili:‘l’ STty n} B
% O . . .
E ie. pa,=a,.; (i=1,2), pa;=c; (=3, 4) and
1 Q@ ldoy ag
wor
4

I={ali=1, -+, 6}.

Let n={a;, pa;} be a p-orbit of /7. When we write #=x;,, we assume pa;=qy
and i<j. We can classify these p-orbits into three types. When z={a;}, we call
z of type 1. When

[s] [+]
”:{ai Pﬂ’;}

we call = of type 2. If
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Qe
x:{a; pdg}
we call = of type 3.

o: automorphism of G such that o(z.(t)) =x,.(t?) for all a€ /7 and €k (see [9))
G.={g¢ Gle{g)=g}: finite Steinberg group.
Let D be an arbitrary subset of G, then we write D,=DNG,.
Since U is normal in B, B=UH and UnH=1, U, is normal in B,, B,=U,H,
and U,NH,=1.
(3) C: complex field
Z: H,— C* linear character.
Since the sequence 1— U, B,— H,—1 is exact, we consider 1 a linear
character of B,.
1

e e 1
o= & A
=l s e L
€= U Wi, L
_ 1 -1
e:(Hoy)= YA M:L,;ai(h VR

{: N,— W,=N,/H, canonical homomorphism. Let #n be an element of N,
and w be an element of W,. If {(n)=w, then we write n=1n,,.

wilh)=A(n,hny') where we W, and h€ H,

Woa=lwe W,lwi=2}

HelG,, U,)=eCG.e= E Cene where CG, is the group algebra of G, over C.
A Hecke algebra Hp(Ga, U,) is also called the centralizer ring (see [3]) or
the commutor algebra of 1fs (see [6]).

HelG,, B.);=6,CGoe;= Y, Ceymge;. It is also called the centralizer ring or

we Wy 2
the commutor algebra of A§s.

ind (n,)= IBG\Bganalman\Ugangl where we W,

aln,)=Iind (n,)en.e where we W,

Bl =ind (n,)en.e; where we W,
(4) With respect to the p-orbits we define the elements w;’s of N,, the constants
¢(i)’s and the elements h;(t)’s of H, as follows.

If =, is of type 1, w;=wla;), c(i)=1 and h;(t) =h.(t) where a € x; and t € k¥.

If r; is of type 2, w,=w(a;)wlpa;), c(i)=2 and h;(t) =ha(t)he(t?) where a=a; € =;
and t€ k¥,

If =, is of type 3, w;,=wla;)olpa;,)w(a;), ci)=3 and &(t)=hal{t)he(t’) where a=
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a;€7; and tEE¥.
Let % be an indeterminate over € and Clu] be the polynomial ring over C.
Then with respeet to a p-orbit z;, we define a polynomial p;(u) by

pilu) =~ /(g —1).
For a fixed Steinberg group G,, we define r;=w.H, (r. € W,), R={r;} and R’ ={n},

then the pair {(W,, R) is a Coxeter system (see [1] and [9]). (i) and (i) mean 7,
and w; respectively.

§ 3. Statements of results.

PROPOSITION 1.

1 G,= n}{, U.nalU, (disjoint union).

(2) The elements {ain)=ind )eneln € N,} form a basis for Hc(Gs, Us).

(3) Let N, be a system of representatives for W,.1 in N, such that n,=1
i.e. Nu={n,€ Nslw€ Was, noHo=n,Hs==3n,=n, and n,=1}, then the elements
{B(n.,)|me € Ny i} form a basis for He(Gs, Bo)a.

@) ¢, is an elements of Hy(G., Us), and we can regard Hc (G, Bs), as a sub-
algebra e, H, (G., Uses of He(Gs, Us) with unity element «,.

THEOREM 1. The algebra H.(G., U.) has a presentation with generators
{alh), alw)lh€ H,, w;€ R’} and relations

(1) aball/)=alhh!) (Yh, YH' € H,),
(1) alo)alh) =alwhoalw;) (Yhe H,, Yo, €R'),
{111)

1) alw)?=¢Palw)+ X ah)alw) if = is of type 1,
te kg
alw)=g"Valwl)+ ¥ alblt)ale) if = is of type 2,
tE kT
alo)=¢Vawl+ T aluBalw)+@+) 3 albd)alw)
H-(;O:G t+tf50
if =; is of type 3, (Yw; € R') and
1V) elealw)alw) - =alwalw)alo,) - (Yo, Yo, € R’ such that o;#0,),
T ————
MM MMy
where m;; denotes the order of rir; in We.

THEOREM 2.

(1) With respect to a given finite Steinberg group G, there exists an associa-
tive Clul-algebra A with unity element, which has a free basis {a(n}|n € N,} over
Clul, and in which the multiplication is determined by the following formulas,
for he H,, n€ N, and o,€ R':
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alh)ain)=alhn),

alw)an)=alwm) if Urn))>1En) where L{L(n)) denotes the minimal length
y=r(j) -+ r(3) (r(5), -+, r(G) € R) (see [1]),

alw)an) =u""alwm)+ p;(u) ath;(tn) if Urdn) <Uiin) and =; is of type 1,

L of all expressions {n

alwaln)=w Valom)+piu) 2 alhilt)n) if Ur ) <lCin) and z; is of type 2,
aledaln) =w Calom)+pw)( L altin)+@+1) % alhltn)

B 1kt
t+tV=0 t4t0 20

) X
tCLg
2
€k

iof UrLn)<li&in)) and =; 18 of type 3.

(2) As in the case of the Hecke algebras, A has a presentation with genera-
tors {alh), alw,})lh€ H,, w;€ R'} and relations

(1) alh)alh/y=alhh’) (Yh, Yh'€ H,),

(1) alw)ah) =a(who; Yalw;) (YhE Hg, Y, € R'),

(1) alw)?=uYalwl)+ p;(u) Z alh,(B))alw;) 1if =; 18 of type 1,

alw;)t=uValwl) +pi(u) Z alh;(thalw,) iof =; is of type 2,
a(w)?=u P alwl)+ pi(u) 1Zk a(h(tlalw)+(@+Dpu) 3 al(talo)
t+10=0 H-ta«f—()

if =; 18 of type 3, (Yo; € R') and

(IV) alwielwj)alw;) - =alw)alw)alo;) -+ (Yo, Yo;€ R such that o;#w,).
\‘—_'-.Y‘_ S
Mes 5 s j

COROLLARY TO THROREM 2. Let f1, f,:Clul—>C be defined by filu)=1and f(u)=q
respectively, then Clu] becomes a (C, Clul)-bimodule via (¢, ¢/, t{u))— cc't(f{u)),
¢, ¢’ € C, t{u) € Clu] where f=f; or f,.

Let Ar.e=CQcrudA and A; c=CQcrnd, then

As,c=CN,, qu,CEHC(GV, U,) and HelGe, Us;)=CN,.

DEFINITION 1. We call A the generic algebra of HclGo, Us).

THEOREM 3. Let

THLT@% AhNalh) and  Ay=g(H,) A& (H,) .

& H,) =
Then
(1) A, is an associative algebra over Clu] with unity element &,(H,).
{2) Let {n,} be as in Proposition 1, then the elements {E,(H,}a(n,)é(H,)|n, €
N, i} form a basis for Aa.
(3) (AR spc=ei(Ho)CNoes(Ho) and (Ad)s,.c=Hc(Go, Baa.

(4) HelGo, Bo)i=e,(Ho)CNye (Ho).
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DEFINITION 2. We call A; the generie algebra of He(G., Bi)a.

§4. Presentation of H¢(G., U,).

LEMMA 1. Let

1 1 1
Ab~9p — —— ih=Yh .
B z,-?;;, (b~4b, e= YA HZUUu and &(H,) = %A MEI,IUA\h Vh

&=

Then
ex=ee,(H,)=¢,(H,)e,
ue=eu=e for Yu¢c Ua,
he;(H,)=¢,(H,)h= (k) s) for Yhé H,,
et=e, 61(Ha)2~6,z(Ha)-
ProoOP. It is clear from the definitions of idempotents, B,=U,H, and 2| U,=1
where A|U, is the restriction of 1 to U,. Q.E.D.
PrROOF OF PROPOSITION 1. From [9, Theorem 33] we can prove (1) straight-
forwardly, and (2) and (3) are clear from [3]. (4) Since He(G,, U,)=¢CG.e and
CG, >¢,(H,), it ean be proved from Lemma 1. Q.E.D.
LEMMA 2.
(1) mee(Ho)=e(Hony 1f we Wo.s,
e (Hoynue(Ho)=0 if we Ws,,.
(2) Blno)=ciHoa(n,e(Hy) =a(no)ea(Ho) =e(Ho)a(ny) if we Wo,,,
e(Hya(ny)e{Ho)=0 if we W, ,.
Proor. For any we W,, we have

nSe (Hony = —— 5 wilh-Yh=cu,(H,) .
|Hy| neH,

Hence ny'e;(Ho)n,=e;(H,) if we W, , and ng'e)(Ho)nue (Ho) =0 if we W, ,.

The rest of this lemma can be proved from definitions and Lemma 1.

Q.E.D.

LEMMA 3. Let v:CG,— C be defined by v( Z a,g)= Z a, where a,’s are ele-
ments of C, then v becomes a C-algebra homomorphzsm (md vie)=1 and via(n))=
ind(n) for all ne N,.

ProOF. It is eclear that v is a C-algebra homomorphism. By definition,
vie)=1 and v(a(n))=ind (n). Q.E.D.

LEMMA 4.

alhlan}=alhn) for Yhe H, and Yne N, ,
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alnalhy=alnh) for Yhe H, and Yne N, .

PROOF.
UrU,UnU,=UhUnU,=UhUh enU,=UhnU, .

Similarly it is shown that U,nU,UhU,=U,nhU,. Hence alh)a(n)=calhn) and
a{njalh)=c a(nh) for some algebraic integers ¢ and ¢’ (see [3] and [6]).
Now, since
v(a(h)a(n))=v(a(h))v(a(n))=ind(n)

and vi{calhn)i=cind(n}, we have ¢=1. Similarly we have ¢/=1. Q.E.D.
LeEMMA 5. Let n be an arbitrary element of N, and r; be an element of R
such that lrLn)) >ULn)), then alw)aln)=alwmn).
Proor. Let {{n)=w and r,=». We have

Uowi Ua an UaC ng{Bquan: B.;(l)i'nt .
Hence
an" Ua Uun Uac hyﬂ Uq(l)gnh U .

From [6] we have

alw;)a(n)= \ C}_,; cral{wmh)

where
1

= ,Udl lUyw;'—lUg(l)'jnhﬂ UonUa] .

Ch

Let i=1j,, then from [6] A(n,)8(n,)=B(n,,) in Hc(G., B,)a. Since
alw)a(nle;(Hy)=B{n)BN.)=( ¢ B} =B(n,,)

hEH,

from Lemma 2, we haveh\;EHa e,=1. Since ¢,’s are non-negative integers and ¢,>0,
we have ¢;=1 and ¢,=0 where h+#1. Q.E.D.
LEMMA 6. Let w;¢ R'.
(1) If =; 8 of type 1, then

ﬁ)"Ua(I)iC: Uu(I)?UqU( U Uah'i(t)a)iUﬂ) .

tcky
(2) If =; 1s of type 2 or 3, then
[OF Ua(l)ic Ua(l)? Ua U ( !H' Uqh"(t)ﬂ)“ Ua) .
PrROOF. Let P be the set of positive roots of ¢ with respeet to 7. Let

T=POr'P and Q=Pnri(—P), then we have U=U U, and U,=U . Up.. (see
[9, Theorem 4’]). We write U, . instead of Up,,.
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If =; is of type 1, then
U.o={zlt)itc ks and a=ea,} .
If =, is of type 2, then
U, . ={xtlox ()}t e k and a=a} .
If z; is of type 8, then
Ui, o= {2a(t}20a(t?)Taspa{tt} | Na ottt +u+uf =0 and a=ay}
(see [9, Lemma 63)).
Now,
o, Uw;=0,Ur U s0;=0,Ur 07 0; U, s0; .

Hence o, U,w;=w;Ur, .07 0, U; w7 hy where ho=0?.
Let 0. Xoi'ow; Yo, € o;U,0; where X¢€ Uy, and Ye U;,. If Y=1, we have

w0, Xoi ot € Uowic UwilU, .
Case 1. =z; is of type 1. In this case ho=h,—1) and
0, Uy 007 ' ={x_a(t)|t € ko and a=a}} .
10 == 2_o( — t ) =Ta{ ~ ) ha(t)®aza( — t) € Ushi{t),Us .

Thus we have (1) in this case.
Case 2. =, is of type 2. In this case hy=h{—1) and

0; U, 007 ' = {2 a(t)_p(tO) It €k and a=ay} .
t#0 == Iua(_tnl)x‘pa(_t_{’) =Zo(—1)2pa( — 1) (1) 000 paal — ) pal — 18) € Ush;(t)w; Us
where —¢ f=(—¢1)9,
Case 3. =x; is of type 8. This case occurs only when ¢ is of type A,, and
i=n. In this case hy=1 and

w; z]i.aw:1={I-Pa(t)x—a(to)x-aupa(u)]tta+u+u0:0r (X‘-—‘-d,,}
(N—pa.-a:“‘Npa.a:Na.pa: ) .
From the fact that G=SL(2n+1, k} and

G’ =@alt), Toolts), Taspalts) T_alth), T_palth), Toa-raltillts, to, 1o, 14, 15, 156 D =SL(3, k)
(see [9]), we have
m_pa(t)x—a(tg)m—a—pa(u)
=Tal = U2 pa(— U™ 08%) L pa (U Vel = %) e — U™ ) 0aWpat0a
X Tl — U 08T e — U™ L aspa(u™) € Ushi(—u Yo, U,
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where tt'+u+u’=0, u+#0 and —u~? means {—u"1)?, Q.E.D.
From the above proof we have the following lemma.
LEMMA 7.

(1) If G is of type A,, and tt9+u-+ul=0 where tek and uck*, then
T palt)2—alt?) T a—paltt) € Ushul—u @, U,

where m,=r, and a=a,.
(2) ind{w;)=q°® where w;€ R’ (see [9, Lemma 65)).
LEMMA 8. Let w, € R'.
(1) If =, 18 of type 1, then

alof=gValw)t T albitalo,) .
te kg

(2) If =; is of type 2, then
alw)=g Va0l + T ahit)alw) .

(3) If =; is of type 3, then
dof=gPalw)t T ahtale)+@+l) T alhit)alw) .

L€k

t+t0=0 t+t0 0
PRrOOF.
(1) We assume that =; is of type 1. From (1) of Lemma 6 and [6] we have

alolP=cledalw)+ T clbi(t)w)alhit)o;)

teky
where
c(w?): !(]}“] l ani—l aw?ﬂ an); Uol
and
elhi(t)w,) = TtlfT \ Uo7 Uhi(t); 0 Usors Ui
It is clear that c(w!)=ind (w;)=¢°* from ojc H.
Now,
v(e(w)?) =(g° )2 =¢* ¥ v(alwi) + Zk.C(h.-(t)wi)V(a(hg(t)w;)) .
tekg

Hence

q2c(i):qc(i)+qc(i) E C(h;(t)(b‘g) .

teky

Therefore we have
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Since
1
| Ul

clhi(tw)= [Uchi(—t ), Us N Uspew, Ui

and
Ushi(—t o, U,N Usw, Uswi " 3 2-4(t)

where a=a; (see the proof of Lemma 6), e(h:(t)w;) is a positive integer for each
t€ky. Hence we have c¢(h{t)w,)=1 for all ¢¢ k%,
(2) We assume that =, is of type 2. From (2) of Lemma 6 and [6] we have

o =cloawi+ T elhtlodathi(t)o,)

where
clod) = 1 | Ui ' Us0iN Upwo; Uy | ==q¢ 0
[Us]
and
C(h,’(t)(’)i): lé ’ qu(l);—lUghi(t)O)gn Ua(b‘i Uo' .
Now,
v(e(w;)?) =(g°")P=¢*“v(a(w) + te}; c(h;(Hw)valh(t)o;)) .
Hence
olhi(tjws) =¥ ~1
tE kY
Since
elhi(t)ws) = I;. A Uh=t)0,U.0 U Ui
and

Ushil =t o, U0 Usw, Usw? " 3 2_a(t)2_pa(t?)
where a=a; (see the proof of Lemma 6), c(h;(t)w;) is a positive integer for each
tck*. Hence ¢(h,(t)w,)=1 for all tck*.
{3) We assume that #; is of type 3. From (2) of Lemma 6 and [6] we have

a(wi)ﬁzc(mf)a(wf) + tEZ;. clhi(t)w)alhi(t)w))

where c(wf)=¢*" and

elhftho) =~ (} Ui Uhit)oi Vo Uil
Now we have
clhlt)o) = | ok t0)0, U Usess Ur?'|

[ Ul
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where ¢t~?=(t"1)¢, and the all elements of
w; Ui,‘,w,-“‘={:c_,m(t‘)x,a(t")a;“a_,,a(u)]tt9+u+u"=0, a=a,}

{see the proof of Lemma 6) form the set of all right coset representatives of U, in
U, Uo7, ie., Uo,Uwi'= U  Usa (disjoint union).

zCo, Uy, (,a):l

Since
Lo pa(t)2-a{t?)Teampa(u) € Ushi(~u" o, Us
where 24 u+u’=0 and u#0 (see (1) of Lemma 7), we have
clh(—ulw,) =t € El#t? +u+ud=0}|

from (1) of Proposition 1.
By the way, for any u € k* we have

Htekltt?+u+u’=0} =1 if u+u’=0 and
fHtekltt’+u+u’=0}=q+1 if utu’=0.

Henece ¢h(—u%w;)=1 if u+u’=0 and eclh{—uw;)=q+1 if u+uf+0.
Therefore, for any € k*, c(h{t)w,) =1 if t+17=0 and c(h;{t)w;)=q+1 if t+7#0.
Q.E.D.
PROPOSITION 2. Let he H,, ne N, and {(n)=we W,, then
(1) ealh)alin)=alhn);
@) alwlan)=clom) of Uraw)>lw);
B) alwa(n)=q¢"Valw;n)+ E‘ alh(aln) +f Uraw)<lw) and =; is of type 1,

teky

- alwg)aln)=q P alwm) + lZA all;())a(n) 1f Hraw)<lw) and =z; is of type 2,

alo)aln)=¢Valom)+ 3 alh{t)an)+a+1) 3 alhit)an)
t+t0=0 t44020

if Uraw)<lw) and =; is of type 3.

PrROOF. From Lemmas 4 and 5, (1) and (2) are obtained.

Assume l{rw)<liw). Let rw=v(4) --- #{J) be a reduced expression of rw
where r(7,), - -+, 7(5:) € R, then w=»#({7,) -+ r{J.) becomes a reduced expression
of w (see [1]).

Hence we can write n=w,0(j;) --- @{ji)h for some he H,. From (2) we have

an)=alw)alw{f) - alo(f)alh).
Therefore
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The rest of the proposition ean be easily‘veriﬁed from Lemma 8. Q.E.D.
LEMMA 9.
(1) Let m,; be the order of ror; in W, where i#7, then

WiW;W; ** =W;W@W; ¢ .
S e Sy —
’m,-,- 777.','3‘
2) Let we W, and r(j) -+ r{J) be a reduced expression of w, then the

mapping 2 of W. into N, defined by Qw)=w(f)) --- w(fy) is well defined.

Proor. Using [9, Lemma 56], one can prove (1) by direct caleculation. One
can also prove (2) from [1, Proposition 5 of Ch. IV] and (1). Q.E.D.

PROOF oF THEOREM 1. With respect to HclG,, U,) we define a C-algebra %
such that it has a presentation with generators {4(h), 4{w;}lh < H,, w; 2 R’} and
relations

(1) A4h)4n')=4kh') (Yh, YW € H,),

(1) d(w,)d(h)=d(whoi ) d(w;) (Yhe H, Yo,c R’),

() d(w)?=g“ () + = Ah(t)d(w;) if 7, is of type 1,

ttkg

Mo )2=¢"% 4{w?)+ ,Z,:.A(h"(t))‘d(m‘) if z;, is of type 2,
o)=Y+ T Ah() o)+ (q+1) tg.:,. 4t dlw) if =; is of

te ke

t4t0=0 t420z0
type 3, (Yw,€ R’} and
V) d(o)dlw)dlw;)} -+ =dw;) dw)d(w,;) -+ (Yo, Yo;€ R’ such that w;#wo,).

Let ne N, Lin)=w and r(4,) -+ 7(5:) be a reduced expression of w where
7)), -+, (7)€ R, then we have n=w(j;) - - w{j)h for some hecH,. From
Lemma 9 h is uniquely determined by %, and from [1, Propesition 5 of Ch. IV]
we can define d{n)=4{w(3y) --- dlw{j))d(h).

From the above relations it is shown that % is generated by {4(n)in ¢ N,} as
a C-module.

Now from the definition of ¥ there exists a C-algebra homomorphism ¢ of %
onto He(G,, Us) such that o(dh))=a(k) and ¢(4lw;)=alw;) for all he¢ I, and
w; € R'. Since ¢(4(n))=a(n) and {a(n)jnec N,} is a C-basis for H¢(G,, U,), ¢ be-
comes a bijective homomorphism. Hence Theorem 1 is proved. Q.E.D.

§5. Construction of the generic algebra of H¢(G,, U,).

Let A be a free Clu}-module with a free basis {a(n)ine N,}. We will define
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the algebra structure on A, by virtue of the existence of the bijection p* of P
onto A where % is a subalgebra of Endc;.i(A) generated by {P,, P;lh€ H, 1< |R'}
and p*(P)=(P)(a(1)) (see Lemma 13 and the proof of (1) of Theorem 2}, as
required.

LEMMA 10 (See [7, Appendix]). Let w be an element of W, with a reduced
expression (7)) -+ r(5), and v, r; be elements of E. If Urawr)=llw) and
lrav)=lwr,), then raw=wr; and o0=v0; where o=w(j;) - - w(7:).

ProoF. (For the convenience of the readers we prove it.)

Case 1. Uraw)=llwr,)=k+1. Since 7(f) --- r{f)r; is a reduced expression
and 77{7) --- r{4)7; is not a reduced one, there exists s such that 1<s<k+1 and

rr(g) - (G- =0(5) - (G
where 7,4,=7 (see [1, Ch. IV]). Hence
rarld) o rlidrs=r(G) e vl e el
If 1<s<k, then
rer(d) o G =r{G) <o v(3) - v
and it contradiets I(r;w)=Fk+1. Hence s=k-+1 and

rar(gy) e G =r(d) - (G =w

Since

rar{(ge) oo (g =r{H) -+ {Jr;
are reduced expressions of v, we have w,w=ww; from Lemma 9.
Cage 2. lrw)=lwr;)=k-1. Let w'=rw, then

Lraw' ) =lwry) =k~1=lw) and lraw)=lw)=lw'r;) =k .

Hence we have ruw’=w'r; from Case 1. Therefore w=rawr;. Similarly we have
W= 00;. Q.E.D.
LEmMMA 11. Let ne N, and r;, 7;€ R such that raw=1wr; where w=_{(n).
(1) If z; is of type 1, then = is also of type 1 and wa,=*a;.
(@) If =, is of type 2, then =; 1s also of type 2 and wa;=ta; or wa;==*pa;.
8) If =, is of type 3, then =; is also of type 3 and wa;=ta; or wa;=xpa;.
PROOF. Let (,) be the same inner product as in [9] of the vector space V
over the rational field Q which is generated by @ (see [9, §1]). Let «€® and 7.
be the reflection of V given by r.(v)=v—2(v, a)/la, a)a for all v€V, then
W={rsac @) from the definition.
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It is clear that (wwv, wv)=(v, v) and wraw'=r,, for all we W and ve V.
From the diagrams of (2) of §2 we can conclude that =, and =; are of the same
type if »;=wraw™ (see [1, Proposition 3 of Ch. IV].

(1) Since r;=7, and r,=r; where a=a; and S=a;, we have WP = =17
Now {v€ Vir.(v)=—v}=0a and r.(wf)=—wph. Hence wh=za.

(2) Since r;=rarp. and 7,=7rsr,3 where a=a; and B=a;, we have

WE W =T g s =TT pa -
NOW 7ToaTewslwfB}=—wf and

Wh, @) _o(wp, pa)
{a, a) {pa, pa)

PYatoa{WB)=wph—~2

Hence wj=aa+bpa where 2a, 2b¢ Z. Therefore wS==xa or +pa.
() Since r;=ru"wrs and r;=r; where a=a,=«a; we have

WP =7y a4 o0y = Faoa -

Now

(V€ Virarpalv)=—v}=Qla+ pa) .
Hence

w(a+ pa)= +(a+pa) .
Let
2n 2n

War;= gr,a, , wpa;= gr,pa’, R

then

2n

waj+10paj: g T,((Y,+ toas): ‘2::1 (Ta+r2n+l~l)(al+ p“») .

Since 7;4 ru41-;=%1 and 7,4 74,41, =0 where 1<I<n and l#7, we have wa;=ta;
or *pa;. Q.E.D.

LEMMA 12. Let he H,.

(1) If = is of type 1, then whwi'=hhity) for some toc ¥,

(2) If m; is of type 2, then w;hwi ' =hh(t,) for some t,¢€ k*.

(8) If =; is of type 3, then w.hoi =hhit,) for some t,c k¥.

PROOF. Since H, is generated by all h,{t)’s, it is sufficient to prove the
formulas when h=pht).

(1) If r; is of type 1,

wih;(t)oi  =h,(t)h(t- )
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where t€ k¥ and {a;, a;)=2{a;, a)/la;, a;) (see [9, Lemma 207).
If =; is of type 2,
ok (BT =h(Oh(t @ P (@)
where t € k¥,
2) If =; is of type 1,
w:ih; (0 wi =hy(E)hi(E~ @)
where t € k¥.
If =; is of type 2 or 3,
w;h; (w7 =hE) Rt Dt 02 2))
where t ¢ k*.
(8) If =; is of type 2 or 3,
bt ot =h{t)h; [t @t eepapgateaga )
where t ¢ k*. Q.E.D.
LEMMA 13. Let ne N, and Cin)=w. We define the Clul-module homomorphisms
(P, Pi, Quy Qjlh, W € Hyy 124, 3SR}

of A as follows:
Pila(n))=alhn),
Pilam)=alom) if raw)>lw),
Plam)=u"alomn)+plu) Z.a(hi(t)n) if lrav)<lw) and =; is of type 1,

tcky

Pi(a(n)):um“a(mian{(u)t;;.a(}z,i(t)n) if Urav)<lw) and =; is of type 2,
Patn))=wCawm)+piw) T athitin)+q+1) 3 alhltn) if Lorw) <Hw)

T t4+t9:x0
and =; is of type 3;
Qula(n))=alnh’)
Q,lan)=alnw;) if Lwr,)>lw),
Qla(n))=u alnw;)+ p;(u) Z' a(nh,;(t)) if Uwr)<lw) and =, is of type 1,

oKy

Q;lan))=uVa(nw;)+ p;{u) ‘,&ZL a(nh,t)) if Uwr)<liw) and =; is of type 2,
Qilan))=urPalno,)+p;u)( X alnhit)+{g+1) tEZ; ainh,(t)) if lwr;)<lw)

teke
t4t0=0 t+tf 20

and =; 1s of type 3.
Then for all h, W' € H, and 11, j<|R'| we have

PRy =0y P, Pth:'Q;Pm P.Qy=QwP; and Pin:‘_‘QjPi .
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ProoF. We can prove P,Qy =@, P, P.Q,=Q,P, and PQ,=Q, P, easily.

To prove PQ,=Q;P,, it is sufficient to consider the next seven cases: Case 1.
r; and =; are of type 1; Case 2. =, is of type 1 and =, is of type 2; Case 3. =;
is of type 2 and =; is of type 1; Case 4. =, and =; are of type 2; Case 5. =, is
of type 2 and =; is of type 3; Case 6. =, is of type 3 and =; is of type 2; Case
7. =; and =; are of type 3.

Using Lemmas 10, 11 and 12, we prove here only the most complicated case,
Case 7. The others can be proved similarly.

Case 7. =; and =; are of type 3. In this case i=j.

From the definition P.Q;(a(n)) and @;P;(a{n)) are as follows:

PQaln))=alwne;)=(A) if lawr;)>lw) and raor) > wr)),

PQ,(an)=ualwn,)+ p;u) ‘%‘_ alh;(t"me)+(+1) T alklt)ne;)

t4t0=0 t’:t’ﬁﬁ:éﬂ
=(B) if Hwr;)>lw) and Uraer;) <l(wr;),
PQjam)=ualome;)+p;{u) 5, Pdlanht)
t+tb=0

+o,tullg+1) 2 Pila(nh(t)

t+efa0
=(C) if Uwr;) <lw) and I{rawr;)>lwr)),
P.Q;ain) =us? (w P aomnw,) + pi(u)( t'§‘ alh;(t)nw;)+g+1) t%:k. alh;(t" ) nw,)))

PR B ttr820
+pi0 T Plalnhe)+g+l) T Platnh)
Hf'g:o :+c€0$o

=(D) if lhwr,)<lw) and I{ravr;)<lbwr;);
Pla(n))=alone;)=(E) if l{rao)>1w) and rawr)>rw),
Pilan))=uPa{wmnw;)+ p;{u) :EZE- alwmh;(t)+(g+1) th;‘ af{wnk;{t)))
titl=0 410 50
=(F) if I{raw)>lw) and Lrawr,) <l(raw),
Q;P{an)=uPalonw;)+ plu) ‘,EE"_ Q;lalh(t")n))

tr 4t 00
+pulletl) 2 Qilalhi(t)n)
ratrdso
=(G) if l{raw)<l(w) and l(raor;)>Urw),
Q,Pi(a(n) =u* (ur P a(wmnw,) + p;lu) ”2_:1‘ alwmh;(t)+(q+1) te}% alw k1)),

t4t9=0 titd=0
+piul( X Qjlahi(t)n)+(g+1) t%‘ Q,(alh(t")n)))

ek
tr+1r8=0 tr 41850

Q;
Q;



350 Hideki Sawapa

=(H) if l{rw)<l{w) and l( AT

(1) If P,Q,la(n))=(A), then Q;P;a(n))=(E) and (A)=(E).

(2) If P.Q,laln)=(B), then QP(a(n) {F) o ( ).

Assume Q;Pilain))=(F), ie., Uwr)>lw), Urar,)<llwr), Uraw)>lw) and
Hravr;)<Uraw). Then, from Lemma 10 raw=wr;. Hence ¢{i)=ec(j). Let r(j) ---
1{7:) be a reduced expression of w and e=w(j5) --- o{7), then n=wh for some
ke H,. From Lemma 10 we have om=0,0h=0w;h, and from Lemma 12

)<l(r ).

om=00ho; w; =whh(tsw;=nh;{t)w;

for some t,C k¥,
Hence }:k alwnh;(t)= X alnh,{t)wht)
tc ke o

iy
t41?.0 t+t9=0
= a(nh,-((tnt“)”)wj): = a(nh;(t)w;)
e teke
t4¢0=0 14t0=9

Therefore (B)=(F).
If Q,P(aln))

(8) If P.Qja

)

~

H

(G), it is clear that (B)=(G) from Il{wr,)>I(w).
n))=(C), then Q,P.(a(n))=(F) or (G).
If Q,P,{a(n))=(F), we have (C)=(F) from I(r;w)>l(w).
If Q;P;(a(n))=(G), then I({r,w)<Uw) and l{wr;)<I(w). By virtue of this fact
we can show that (C)=(G).
4) If PQja(n))=(D), then Q,Pi(a(n))=(H). In this case l(wr;)<l(w) and
I{rao)<liw), and from this fact, it follows that (D)=(H). Q.E.D.
PROOF OF THEOREM 2
(1} We use the essentially same method of Appendix of [7]. Let

—

P=LPy, P; ¢ Enderuy(A)he Hy, 1SIS|R]D
be a subalgebra of Endcrui(4) generated by ’
{Py, Pilhc H,, 115 |R']}
and
Q=4(Q4, Q;€ Endcri(4)ihe H,, 1SR .
Let p* and 4* be two Cl[u]-module homomorphisms such that

B —s A and A*:Q —— A
W W W

V]
B Pla1)) Q > Qla(1))
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Let n€ N, {{n)y=w and »{jy) --- »{J) be a reduced expression of w, then
n=hew(j,) -+ 0(j,) for some hy¢c H,.

Since p*(Py P;, +-- P;)=aln) and 1*(Q;, - Q;@s)=a(n), p* and 2* are sur-
jective homomorphisms.

Next we show that p* is bijective. Let Pc® such that o*(P)=0, then
P(a(1))=0. Hence QP{a(1))=0 for all Q¢ L. From Lemma 13 we have QP{a(l))=
PQla(1)) for all Qe. Since i* is surjective, P(4)=0. Hence P=0 and p* he-
comes bijective.

Therefore we can define an algebra structure on A as follows: Let a, b¢ A,
then the product ab is defined by the formula,

ab=p*((p*) Ha)(p*) (b)) .

One can easily check that this structure satisfies the conditions of (1) of Theo-
rem 2,

(2) With respect to the above A we define a Clul-algebra A which has a
presentation with generators {A(h), Alw)|h€ H,, o;¢ R’} and relations

(1Y ARAR)=AhR)Y (Yh,¥h' € H,),

(I1) Alw)Ah)=Awhoi’)Alw) (Yhe H,, Yo, € R'),

(II1) A(a)i)"’:w‘“/l(w?)ﬂ—pi(u)tg_ Ath(t) Alw;) if =; is of type 1,

8

A(wi)zzuC“’A(wf)+pi(u)té/ Alh () Alw,) if =, is of type 2,
Ao fP=w O M) +pw) 3 ARl Alw:)

t4tf =9
+ p(u){g+1) ‘Zk). Alh N Alw;) if =, is of type 3, (Vw; ¢ R)
Hﬁ%ﬁo
and
(1IV) Alw)dlw)A(w;) - =Aw)Aw)Alw;) -+ (Yo, Yo;€ B’ such that o, +w)).
e e B A g
mij mij
Then we can prove (2) as Theorem 1. Q.E.D.

PRroOF oF COROLLARY TO THEOREM 2. It is clear from the above discussion
that A, ¢=CN, and A,q,ngc(Gg, U,). The rest of the corollary is the straight
consequence of the next theorem.

DEFINITION 3 (see [4]). We define, for a separable algebra S over a field K,
the numerical invariants of S to be the integers {n;} such that

S¥=3 M, /(K) (direct sum),
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where K is an algebraic closure of K and M,,i(l? ) are the total matrix algebras
over K.

THEOREM 4 (see [4, Theorem (I, II)] or [9, Lemma 85]). Let A be an associ-
ative algebra over an integral domain I with quotient field K, such that A has a
finite basis over I. Let L be a field, and f:I- L a homomorphism, then L be-
comes an (L, I)-bimodule via (3, ¥/, x) > 22 flz), 2, ¥ ¢ L,z € L

If A;,=L®; A is a separable algebra over L, then A¥ 1is separable over K,
and A¥ and Ay, have the same numerical invariants.

§6. Construction of the generic algebra of H¢(Go, Bo)a.
Let

)= é X d0ath)

In this section we show that &(},) is an idempotent of A and A,=¢&;,(H,)As,(H,)
becomes the generic algebra of He(G., Bi):.
LEMMA 14,
(1) alhe)e; (H,) = Aho)s ( H,) =&, (H,)alhy) for all hoe H,. &(Hs)=E,(H,).
(2) Let ne N, and {(n)=w. Then
§(H)a(n)g(Hy) =&(H,)aln)=a(n)é(Hs) if we W, and
& (H)am)e(H,)=0 if weé Wa., .

Proor. Let 6 be the bijective C-lincar mapping of CH, onto E= ;.Zu Calh}
EHg
defined by d(h)=a(l), then from Theorem 2 § hecomes a C-algebra isomorphism.

(1) Since CH,=E and d{e;(H,))=¢,(H,), (1) is clear from Lemma 1.
{(2) Generally

1 - 1 .
&(Hs)a(n)= <|H l h%‘{ql(h )a(h))a(n)~ A hezgaz(h ya(hn)
—aln) L ) () L b 11 (1) (s
=a(n )IH I hg;'ak(h Ya(n ‘hn)=aln) H Zal(nh n-Ya(h) =an)é.(Ho)

for any n ¢ N.,.
Hence

&(Ho)a(n)e(Ho) =e:(Ho)a(n) =a(n)é(Ho)
if Ln)y=we W, 1, and
E(Ho)a(n)e:(Ho) =a(n)e,(Ho)e: (He) =aln)d (e, (Holea(Ho)) =0
if Z(n)=w¢ W,.1 (see the proof of Lemma 2). Q.E.D.



Structure of the Hecke algebra 353

PROOF OF THEOREM 3.
(1) is clear from (1) of Lemma 14.
(2) Ai=&(H,)Ae;(H,)= n;ENO Clule(Ho)a(n)e:(Hy) = “GZNO Cluka(Ho)a(n)e,(H,)
Linye Wg, 1
(see Lemma 14).
Suppose n € N, and {(n)=we W, ,, then we have n=n,h for some hec H, and

&(Hoan)e,(Hy) =8,(H,)anh)é(Ho) = 2(h)e( Ho)a(n,)s,( H,)
from (1) of Lemma 14. Hence

A= 3 Clul(HJa(n,E(H,) .
we Wy, 2
Since

&(Ho)a(n,)e(Ho)=¢,(H,)a(n,) = 2 Ak Yalhn,)

1
|H,| néR,
from (2) of Lemma 14 and {kn,lhe H}N{hn,|he H}=O if w#w', the elements
{&:(Hs)a(n,)e(Hy)lwe W, 3} form a Clul-basis for A,.

(3) (A,z),q,cD{1®§;,(H.,)a(nw)é,,(Ha)lwE W..3, e as in (2)}. Since the elements
{1Qz2,(H,)a(n,)é(Hy)} form a basis for (A2),.c, we can define a bijective C-linear
mapping 7 such that

7 C® A, T———— HC(GO, Bﬂ)l

U] W
1®&;(Ho)a(n,)e:(Hy) > ex(Ho)alny ), (Ho) = B(n,) .

Now
1@&(Ho)a(ny e (Ho)1 Qe H)a(n, )63 (Hy) = 1Q&,(H,)a(n, ) a(n, )&, H,)
in (A4:)s,c where w’, w'’ € W, ,. Assume that we have

a(nw')a’(nw"): E fn(u)a(n) in A.

nE Ny
fu(u) €Clu]
Then
&(Ho)alny)an, )&, (Hs) = “gh Jalw)e(Ho)a(n)é; (H,)
= 2 fLwsH)emgH)= 3 (T finw WE(Hoalhn,)E(H,))
n€ Ng we Wy 1 heHy

Lin) € Wy, )

= 2 (2 Al finon (W) Ho)a(n,)e,(Ho)

wE Wy 2 heH,

where n{w) means n,. Hence
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r1@a(H)anNan e H)) = 3 (X AR) frnw (@) BN) -

wE Wy 1 hEHy

On the other hand
r1®&(H,)an, Jal HNr(1 @& (Hyjan, )i Ho)) = B(n,) By
=¢;i(Ho)a(n, oty de(Hy)
Since A, ¢=Hc(G,, U,), we have alnyan, )= 3 fal@)aln). Therefore

nE Ny

e Ho)a(n,)alny e (Hy)= 2 fal@le(Hoa(n)e,(Hy)

n¢ Ng

= T s HableH)
5(7t)€‘ﬂ;,q,1

= ¥ (T fuw@alHdalbn,)e(H)) .

wE Wy,2 hCH,
Since alhn,)=alh)a(n,) and

e Ho)alh)=¢,{H,) ind(h)ehe =ec,(H,)he=2{h)e;(H,)e ,
we have
ea(Ho)ar(hn)e;(Ho) = A(h)e;(Ho)a(nw)ez(Ho)
Hence

e(H)a(n)amy e (H)= & (2 AR finoo(@)ea(Ho)alny)e;(Ho))

wé Wy, 2 hEHg

and
7108, (H,)a(Mw) (M e (Ha)) =1 (L® & Ho)a(ny )& (Ho) ) r (1@ 8 (Ho)a(n, ), (Ho)) -

Therefore 7 becomes a C-algebra isomorphism of (Ai),.c onto He(Ge, Bo)z.
Similarly we can show (A;)s, c=¢:(H,)CN.e,(H,), because the elements

{ea( Ho)nues(Ho)lw € W, 3}

form a basis for e,(H,)CN.c,(H,).
(4) is clear from Theorem 4 (see [5, Theorem (71.2)]). Q.E.D.
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