The conjugacy classes of Chevalley groups of type (F,)
over finite fields of characteristic p+2

By Toshiaki SHoJ1

(Communicated by N. Iwahori)

Conjugacy classes of Chevalley groups of type (F.) over finite fields have been
determined by K. Shinoda [5] in the case p=2. In this paper we deal with the
remaining case p#2. For the conjugacy classes of p-elements, the methods used
in [5] are effective in our case, but for the case of p’-elements, calculations become
more complicated and the ideas in this case are due to K. Mizuno [4].

§1. Preliminaries

(1.0) We shall follow the notations and the contents §1 of {5]. Let k& be a
finite fields F, of characteristic p consisting of ¢ elements, k its algebraic closure,
g a complex Lie algebra of type (F)), G=G(F); a Chevalley group associated with
g and k. Then G is a simply connected semisimple algebraic group defined over a
prime field, and we put G==G,, the group of k-rational points of G. G has several
subgroups U, H, B, and corresponding to them, G has U, H, B, etc.

Let ¢=@(H, G) be a root system relative to H. We can choose @*, the set of
positive roots, and 4, the set of simple roots, as follows:

o z{el.ie, (lsi<isd), ¢ (1Si<d), %— ey ea ey ) } ,
A:{ez—-ea, &3—€s, €4, —1—(51—52»‘53—_54) | ,
2 J
and
o=¢* U (—@*) .
In the following, when no confusion arises, we use the notations ¢4j, 7 and
1+2£3+4, in place of ¢,+¢,, ¢ and —%u(elj:ez:tssiq), respectively.

Put P,= 3 Za; then k* being the multiplicative group of k, one has
H=Hom (P,, l:’:)cj Thus for x€ Hom (P,, k*), therc is associated an element k==
h{x) € H, which we denote by k(z,, 2, 2, 2s), where z,=%(2-—3), 2.=%(3—4), z,=%(4),
2,=X(1—2—3—4), respectively.

Now, let ¢ be the Frobenius endomorphism of G induced by the map sz
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in k. Then the following facts are well known.

(1.1) ProrosiTiON ([1], p. 176, 8.4). Let C be a conjugacy class of G fized
by o. Then GNC#P, and for any ze CN G, the classes of G contained in CNG
correspond bijectively to elements in H'(s, Z7(x)|Z5(x)°), where Zz(z)° means
the connected component of the identity element in Zz(z).

In fact, above correspondence is obtained explicitly as follows, ([1], p. 174).
Let t be an element of Zz(x) which represents an element of H Yo, Zz(x)] Z5(x)°),
then there exists g€ G such that t==g~'e(g), and if we put y=gxg~!, then ye GNC,
and the eclass of G which contains y is the required.

(1.2) Let Ngp(a, f€®) be the structure constants of g. Now we shall de-
termine these constants for some Chevalley basis. First, for every red*—4, we
choose and fix one decomposition of 7 as a sum of two positive roots, i.e. r=a+p,
a, fe@*. Then for this fixed decomposition of 7, we can take Chevalley basis so
as to N,,3>0. Next, let 7, d be the decomposition of another type of a+p, i.e.
atf==y+0, a, B, v, 6€Q*, a#y, 6. Then the following equation is easily verified.

Table 1. The structure constants of g.

Newwg ymgz1
Niwgp=1

Nywwg gaam1
Nepygmg=-—~1
Ny,jmgegmy=1
Nywypmgmpag=1
i\?;‘m. e !

Nevgpmpogeg=—1
Niva,mgegog = =1
N:s-'-s,1~!~?.—=-g+4:i“-1
N:.1~::4-3+4'~':1
M)H,H-:uﬂu;:‘ -~
Nivgogoy,ibo-gra=2
Nipogmgntopyme =2
Ny pmyz= =1
Nicppgmg143=344=1
Ny gz 1
Nicoagrs, 14emsra = —2
N\—s,a‘nﬁ -1
Ny,s=2
Niegaey==1
N,,g:2
Niggpms=—1

Na»aai“‘”l

Ny, =2

Nz,sr
Nei-g—g-y=1
Npg1-245—=1

Nij=r4g-y=1

Neegi-ergaa=1
Nejoppgeg= 1
N4.1+2+3-~4::1
Noyyregugay= -1
Nyogogogi—oiss=2
Niwsespaibzmg—s=—2
Nivrbgmg1b2-5-g=—2
Nicoog—pitrtare=—1
Nipgogyiezbgie=—1
N1—2,2:1

Ny =2
N1—2+s-4,1+z+3+4:2
‘Nx—i‘,z-mil
Nitr—g—g,142b344=2
Nigizmy=~1
Ni-s,zts=1

Ny, s=1

Ny =2
Newigra==1
Nies,1=2-344=1
Nppyzmg—y=1

Ny, ppegg=—1
Hopmengge=—1
Nyyj4p—g=s=1
Npeg1=ntada=~—1
Noys=243-a=1

Ny o—gas=~1
Nicoeggimo4s~s=—2
Ny—pp—g=—1
Nywg0me=1
Ni—o—siq14243-4= 1
Niy=1
Ni—oesain+24s+:=2
Niego4e=1
Ni-ststgr4a43—s=—2
Nigys-4=—1
Nitsti—g142~344=2
Niegp4e=-1
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A'\'ra.ﬁN—r,~a Gasgt Nﬁ.-an. -5 Dyt Nw,al\rﬁ,—a Be-7==0

where @,=2/{a,a) for a€®, and N, ;=0 if a+3¢¢d. Since we know Ny, g==
~N_g,-80 NasN_o.3..20, by utilizing above equations, we can determine all con-
stants inductively with respect to the increasing order of positive roots. The results
are given in Table 1.

(1.3) Let W, be the stabilizer of heH in W=W(F,). Then the conjugacy
classes of W, in W are characterized by its Dynkin diagram, and for each type S
of such a diagram, we fix a representative and denote it by Wy, All the represen-
tatives {Ws} and {Nw(Ws)}, their nomalizers in W, are casily determined and the
results are listed in Table 2.

Table 2. The representatives of Wy in W.

s 4(S)
F, 2-3,3-4.4,1-2-3—4} We=W
B, {1-2,2-83,3—4, 4 W
A+ Cy {1-2,3—4,4,1+2-3-4) W,
At A. {1-2,2-3,4, 1+2+3—4} Wex Z
A+ A, (1-2,2-8,3—4, 142+ 3 +4} Wex Z
C, (3-4,4,1+2-3-4) Wex Z
A+ A, {1-2,4,1+2+3—4} Wex 2
A, {1-2,2-8, 34} Wex WixZ
Ao+ A, (1-2,2~8, 14+2+3-+4} WixZ
24,+4, (1-2,8—4, 142+3+4} Crgesrsy W 2
A, +B, (1-2,8+4, 142—3—4} Wex 2
B, 2-3,8+4,1-2-3-4} Wix Z
A, {12,238} Wex Wix Z
i, 4, 142+3-4) Wex Wix 2
B. {3+4,1+2-3-4} Wex Wi
24, (1-2,1+32} Cws Wex W
A+ A, (1-2,1+2+8+4) Wsx Wi
A, {12} Wyx Wi
A, 1424 3+4) , Wyx Wi
) 8 | Wh=W

Each entry S of the first column denotes the type of Dynkin diagram, where A, denotes
the diagram of type A, which consists of short roots, the second column denotes the
fundamental system corresponding to Wy (i.e. Ws is the group generated by the reflections
wg such that ae 4(S)), and the third column denotes the nomalizer of Ws in W, where
W' is the subgroup of W generated by the reflections which stabilize all roots of 4(S),
and Z=Z(W) is the center of W consisting of two elements 1, g where g is the unique
element of W such that g(d)=—4.
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From now on, we assume p£2.

(1.4) Let 7 be a non-square fixed element of &*, then we can choose ek
such that X*4£X47 is an irreducible polynomial in k[ X]. For, the map z > (x2+9)/x
of I* to k is not surjective, and #=0 is not a root of above polynomial. In the
same way, we can choose {€k* such that X°—X+4¢ is an irreducible polynomial
in k[X]. In the following, we fix 7, £, and ¢ in this manner. Note if (g—1, 4)

=}, We ] £t .
=1, we ean reduce £ {0 0

§2. Conjugacy classes of p-elements.
(2.1) Let ¢(By), ¢(B3,) be subsystems of ¢ defined as follows:
D(By)={tih], 25i<j£4), 40, 2SI},
WB)={Hrit], 15i<jS4), =1, (1Si=4)} .
We shall define following subgroups as in [5}.
G(By)=C(H’, Uslae ¢(B)} ,
where H'={h(x) e H|x{(1--2—8—4)=1}
G(B)=<H, Udaecd(B)> .

The conjugacy classes of p-elements of these groups are easily determined. The
representatives and the orders of their centralizers are given in Table 3 and Table
4.

Table 3. Conjugacy classes of p-elements of G(B:)

zo1 ¢"(¢* - Dlg'=Dlg’ -1
2y == ware(D) q(g*--1)
22 Loy (Diezs( - 1) 2¢7(g*-1)?
23 Ry (D a5 (— %) 20¢°(g* - 1)
2y = 2Dy a4(1) -1
257 Fe (D (Daz 4 4(1) 2¢%g-1)
255 B~y g (D2 4.5(7) 2¢%g+1)
z; w o V&g (Dag s~ 1) 2¢*g—-1)
2y = By g D)5 o (Dis s — 1) 2¢%(g+1)
2o = Boweg(D2a-o(Day(1) q

{2.2) By the same way as in [5], we can calculate the conjugacy classes of
p-clements of G with the aid of above results, and we get

THEOREM 2.1. Suppose that the characteristic p=2, 3 (resp. p=3) then G
has 26 (resp. 28) conjugacy classes of p-elements containing the class of the
identity element. Their representatives and the orders of their centralizers
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Table 4. Conjugacy classes of p-elements of G(B.)

Yo=1

Y =22 15(1)

Y= La—5{1)¥rea3(— 1)

Y3 =La— a1} 45(—7)

Yo =22 45102, 4,(1)

Y5 =Toa5(1) %1 44(0)

o= 2o o D)2y s(D2s 0, (— 1)
Yr= 2 135(D@s— (D4 (—9)
Ys =22 -3{ 12122 45(1)

Yo = o5 1 1T245(%)
Y10= Toma( - (1234 5(— 1)

¢ —Dig*~ 1{g" - ig°—1)

g - 1g* 1)
2¢*(g*~1){(¢*— gt —1)
2¢%g* ~D){g*+ Dig*—1)

2"~ (¢* - 1)

2¢*(g*—-1)g*~1)

29¥(g—1)(g*~-1)

2¢"(g+ g -1

2¢'g—- 1"~ 1)

2¢"q+1){g* - 1)

2¢(g* 1)

Y= Taws (1@ (Drz (- 7) 2¢%g*—1)
Y1e = Ba—y(1)2 (D -2(1) gg"—1)
W13 = La-s{ D121 —(1) 2¢%(¢°~1)
#1567 2a—s(1)2:(1)31-(7) 2¢%(g" -1
Zl::v:x?—3(1)$3+4(1)x1~:(1) 29%g°—1)
Y105 To (1254 (121 —7) 29%g°~1)
Yur = Za—a{Ds(1Ey - (1T 44(1) 4¢°
Yro7= Ba— s 1)2s(D)as— (w1 4.(7) 4¢°
yxa2’xa-—s(l)mﬁ4(1)x1-—2(1)$1-—s(’}) 4q®
Yoo == a5 D)2 D2+ 5(m)s —{1) 44°
2!22:m2—3(1)$3~4(1)$3+4("1)@1—2(1) 29™(g—1)
Yo =Ly (1) D34 (1 €s 1~ 7)T1-2(1) 2¢°(g+1)
Yos= To—g(D@g s (D2s (121 -21) 2¢*
oy =Ty = (1B = (12, (1) %1 —2(n) 294

Each entry z; (vesp. y;) of the first column of Table 3, (resp. Table 4.) denotes a re-
presentative for some conjugacy class of p-elements of G(B,) (resp. G(B,)), the second
column denotes the order of its centralizer in G{B,) (resp. G(B,)), and 7 is a non-square
fixed element of %*.
are given in Table 5. (resp. Table 6).

ProorF. We shall show Theorem 2.1 in the following steps:

(i) determination of the centralizer of x,,

(ii) no two elements of the z, are conjugate in G,

(i1 EéIGI/IZa(xi)ImQ“-

(iii) is immediate from (i), and except the cases of 21y, ®is, 100 Fur and x5, (1) and
(ii) are easily checked, although the calculations are rather long. So, we omit the
proof for the remaining cases.

(2.3) The case of @y, « -, %15,

Put xza',,,:f:f:zﬂ(l)x_-,u(l)xhz(——1)9:,_3(»1) , Z==Zxz(x),

U=(2—38,4,1-2—3--4>,NP, a subsystem of @, P 3 parabolic subgroup of G, re-
lative to ¥, V the unipotent radieal of B, ie.
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Table 5. Conjugacy classes of p-clements of G (the case p+:2, 3)

xy=1 ¢ D — )P~ Dg**—1)
£ 2y 4(1) g*(g* - 1)t~ 1){g"- 1)
o= -o{1)2r (1) 2¢*(g*~1){g*~D)(g*— 1)
By =&y p(1) 21 42(—7) 2¢%1(g® - 1)(g® +1)(g* —1)
57 2(1)a;4(1) g (g~ 1)*
£y = Bams( )2 (1) 4.5(1) 27 (g*—1){g° 1)
2= Ba—g( D)1 2e 4 0(7) 2¢¥(@*~1)(g°+ 1)
%7 =812 24 544(1) g (g2~ 1)(g" 1)
L= Zg-s( Dz (Dzy ~o(1) q'g*~1)
Zp = Bems{ D25 (D2za4(— 1) 2¢'%(g"—1)*
Z10= Ta—p{ 1) (V)544(—7) 20'%g*—1)
%] =84 1)& 4 - s-a( D)1= 4.5344(1) qg¥4(g*—1)
Z12= By (1), (12— (1) 2¢*%(g*~ 1)
Z13 = Ty—s{ D221 -o(7) 2¢%(¢*—1)
T4 = Tp—s( D)2y +4(1) 212 — D2 —5(~ 1) 244"
215 = To (12544 (D)2 (= D)2 ~5( ~ 1) 8q'®
Brp = Bam g D)ot s = )T~ 24544 (1)1 -3~ 1) 4q*
fﬂn2$9—4(1)$a+4(~1)3?xw2-3+4(1)x1~2(“7)351—3(5) 4q'*
Xyg== 373(1)153+‘\(1)331-=:+:a~4(1)931~2("'1)—’51—3(’:) 3¢'*
Zi0== Ta—a( 12— o(Dxa(l) *(g*~1)
Lao= {12 44{1)%) 2y —a(1) g -1
Bg1 = Bg o (2o 1) Zaw o (1)) — 55 44(1) 2¢*
Lo =Tr—(D)xy(1)2: P C/ LTI ¢ §) 2¢°
Log = Tp—a{ g (1T (121 ~o(1) 2q*
@og = -2 )23 g (1)24(1) 21 ~o(1) 2¢®
Fap = Ty (1) 0y~ s (Dxy(1)2) -2 -3-4(1) q*

P=CH, V, Uldae ¥, V=(Ulae¢*~¥>.

Then direct calculations show that Z==Z3(z) and Z°=Zy(z). Moreover let M=
{h(1,1, &1, 1)}, a subgroup of H, S={z,, 7>, a subgroup of G generated by
romh(—=1, =1, =1, Doy gy, To=Tes(Dh(—1, —1,1, =1)@;2-s¢ where o, means
0 (Doa(—=1)%(1) for a€@. Then S nomalizes M, and since zi=rti=1, (r;7;)’=1,
S is isomorphic to the symmetric group ;. Further M-S acts on M-8/8 faithfully,
s0 we know that M-S is isomorphic to the symmetric group &,. Since it is easily
verified that the elements of M-S represent the elements of Z/Z° mod V, we have
Z1Z°=%,, and ¢ acts on Z/Z° trivially. Thus, by (1.1), the splitting of the class
of G containing x is described by the conjugacy classes of &;, and if we note
Z=:Z5(x), we have only to consider the conjugacy in B

Let «’ be an element of P such that z’=yxy~! for some ye P, then u=
y-lo(y)€ Z and the following lemma holds.

LEMMA 2.2. Let @ be the image of u in Z|Z°, r the order of the central-
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tzer of w in Z{Z°. Then |Z;(x")|=r|Z.(z')].

PrOOF. We can choose {{}CG such that Z= U £,Z°, as was mentioned above.
Then since V is a normal subgroup of P, Zz;(a:’)=‘ U yty ' Z:(2’), and it is easily
checked that yt,y'Zp(x’) is o-stable if and only if‘z'c and #, commutes in Z/Z°.
Therefore the number of o-stable cosets of Zz(z’) is », and for such cosets we can
agsociate o¢-invariant representatives by ({11, p. 173, 2.7). Thus Lemma 2.2 is
proved.

Since Z,(x’) is easily calculated for 2/ € V, the centralizers are determined using
above results. First, it is easy to see that |Zg(x)|==24¢', and that for =z, there
exists y€ P such that «,,=yzy™*, and y'o(y) corresponds to the product of two
commutative transpositions in ©,, thus we have |Z,{(#,y)|==8¢'. For z,, ¥y '¢(y)
corresponds to the transposition in &,, therefore we have |Zs(wie)l==4g"".

Next, for ;=2 (DZssi(1T1o2-52(DT1-a(—7)2:-s(¢), we can take y=uuhn,v
such that z,,=yzy™* as follows:

U=2y5(E7 )Ty _2s-{— 1) ,
V=2 g-5-4(8) ,

Ny =Wynpm3—g 5
h=h((t2—np)/nt, pti(t*—n), 1, —sE~nft) ,
where t, s, v are elements of k* which satisfy the following equations:
12+ etby=0, ti=s%, 7r=1/t,
and u, is an element of V. Then, by the definitions of &, 5, we have (t/5)* 1= —1,
trti=g, and from them, we have ¥/ ~'o(y)=x,.(Dh(--1, —1, A1, ~1D@;. 2.5, for
¥’ =u;'y. This means that y 'e(y) corresponds to the cyclic permutation of order
4 in ©&,. Thus |Zg(x,,)|=4g"".
Finally, for @3s=2(1)%s, (121 -245-o(D)&2(—~12:1-5(() we can take y=wuuhn,v
such that z,,=yzy™* as follows:
U=y 3(81)T(S2) Broroa- {811 -2 sas{~87)
V=20 g (D) (D) F1—2--e(—1)Ts 2-544(—1) ,
N =Wy gWi—2-3+4 »

h=ha, B,7,0) ,

where s, is an elements of k such that 88—s,+£=0, and 8, «, B, 7, § are clements
of k which satisfy the following equations:
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7d==—381+1,

r==8,--28;
7t==8,-+ 82 ,
Gfy=—t*—1t,

and u, is an clement of V. Then by the definition of { and above equations, we
can easily show that s, 2k, and y 'o(y)€ BwB, where w=w, sWw;»-3-4, (W,

Table 6. Conjugacy classes of p-elements of G (the case p=3)

¢(g*~ D@~ Dlg* (g~ 1)
¢*(g*~ ('~ Dig*~ 1)
20%(*~ (@~ Dlg*~ 1)
2°(g*~ g™+ Dia*~ )
¢(g*~ 1)

ze==1

zy == 2y p2(1)

2y = 21p(1)%142( — 1)
2y = 2y — (1) 2y 42(—7)
2= 25{1)2a.4.4(1)

Ep =Ly 3{1)2(1)T245(1)
€y == Bz —3{ 1) Te(1) T2+ 4(7)
%7 = B 1)1 -2 45+4(1)

2¢7(g°— )¢’ - 1)
207(* - 1)(g*+1)
g'*g*—1){(g°—1)

2y = Ep—p{ )2y (1)2, (1) q'%g*~1)
Tp=To—s(1)Ta—s(Dxg44(— 1) 2¢%(g* -1y
Zr0= a3 @s—s (D354 (—7) 2q'%(q* 1)
Ty = Ty s(1) 214 23— o 1T -2 4344(1) q'(g*—1)
Z12= Tp—3{ 1) 24 (1) 21 -4(1) 2¢"(¢"~1)
Zig = @512 (D)5 ~4(n) 2¢'%(g*~-1)
Zia = Ta—-a{ DFy {21 = = Dty -5 (= 1) 24q%
F1y = Ba— o (1) Zo {121 o(— )2y (- 1) 8g'®
B1p = Ly o D) Ta s (~ DT —2 04D —o(— 1) 4q"*
P17 = By D@y 4o (D2 2 g 4 (D2 =2 = 9) 21 ~4(E) 4q'*
#1a = Bo{ D@t (1)1 - 245 (1) Ty o — 1)a;-4(C) 3¢'*
Zyp=yg(1)&5—3(1a(1) a*(¢*— 1)
Lo Ba(1) Ty s (1)1 —2=5-4(1) 9*g*—1)
®gy = Ba— (D21 Te 4 DBy 2= 54(1) 2¢8
Lo = By (12312421 —20-544{1) 2¢°
23 = g o 1) T3 = (1) 24(1) 2, ~2(1) 2¢°
Bog = La— (123~ (D121 -o{7) 2¢°
Bap = B s D2g- (Do (D@1 - 2-3-a(1) 3¢*
Tag = By (1)@~ (D)2, (121 —2— 5o L)1 -2 45+4(8) 3q*
93:?;‘17-_‘-3(1)373—4(1)53«(1)1’1—':—3-;(1)1'1~2+3+4(“C) 3q*

Each entry z; of the first column of Table 5, Table 6 denotes a representative for some
conjugacy class of p-elements of G, the second column denotes the order of its centralizer
in G, and 7 is a non-square fixed element of k¥, & is a fixed element of k such that
X*+£X 4y is an irreducible polynomial in k[X), { is a fixed element of k* such that
X%~ X+ is an irreducible polynomial in &[X], respectively.
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denotes the reflection with respect to a€ ¢). This means that ¥ ‘e(y) corresponds to
the eyelic permutation of order 3 in &, and we have [Z;(x5){=3¢". Thus, if we
note that the conjugacy classes of &, are represented by above 5 elements including
the identity class, we know z,,, ---, &5 give all representatives in the class of &
containing ;.

REMARK. Though the calculations for w,, are not independent of the charac-
teristic p, a similar arguments hold in the case of p=3.

Table 7. Conjugacy classes of p-elements of G.

€ rep. element admissible graph AV A
Co Zo=1 ] 1

Cy Zy A, 1

e @, 2 A, 24, z,
¢ 24 Ay-"r'fz‘, 34, 1

e s Ty As, 24,44, 44, z.
Cs &7 /‘:{g 1

Co s A2+ffl 1

(24 Toy Tro By, A, Z,
e @ A+ A, 1

€ iy Tya A+ B, Z.
€10 Zrsr Tisy Ligy Line Ty As‘!‘t“ih B,+24,, As""'/zz» Dyas) &,
€11 Tip B;, D, 1
€12 ZL20 Cs 1
C1a Loy, Tog Cy+ Ay, Filay) z,
Cia Tozs Tog B, Zz,
Cis Topy (Tasy Tayy Tor) F, 1 (Zy)

Each entry of the second column denotes the representative element of G defined in
Theorem 2.1 which is in the class ¢, the third column denotes the admissible graph as-
sociated with each class ¢;, i.e. the admissible graph of {ay, ---, a,}C O+ such that {a} are

*
linearly independent and z= IT zq (1) (1S7:54) is in the class ¢, (for the notion of admissi-
et

ble graphs, see [1], p. 298). The fourth column Z/Z° denotes Zi(x)/Z7(x)° for each z€cy,
where Z, is the eyclic group of order » and &, is the symmetric group of degree 4. In
the last row expressions {---) concerns the case p=38, while for the remaining ¢, it is
the same as in the case p+#3.

(2.4) We can easily determine the classes of p-elements of G by making use of
Theorem 2.2. In fact, we know already about the class containing ., and for the
remaining cases, the calculations are easy. Thus, we have

COROLLARY 2.3. Suppose that the characteristic p#2, then G has 16 con-
jugacy classes of p-elements containing the class of the identily element. The
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Table 8. Conjugacy classes of p-elements of G.

h | type S g;?g})‘ Mh w
hn ["4 7] 1 1
hy | 44C | @ 1 1
ke | B, @ 1 1
hy | AbA, | @ (y—1)12 1
By | At A, | 44, (z—~1)12 g
he | Avtr A | @ (x—2)2 1
hs | Ast A, | 44, (4 —x)/2 g
h, | Cy 1%} (g—3)/2 1
By | Cy 44, (g-1)2 g
he | AvtA: | @ (q--2-y)i2 1
Bio | Ay A, | 44, (g-—2)/2 g
hy | A; & (g—1—x)/4 1
he | Ay 44, (g—~b-+z)/4 g
by | A A (9+3~x)/4 Witerots
his | Ay A~x (g ~5-+x)/d Wy +a—3—3
his | Ast-A, | & (g—y—=)/2 1
hiy | Ast fax 44, {g~4—z+x)2 g
by | 24,4 A @ (g—1-x)/4 1
his | 24,4 A, 44, (@B +x)4 g
hyw 2A1+A‘, A‘l (g—-5+z)/4 Wi—2—3+4
heo | 24, ‘?'-‘fn 24,+ fIl (g+3—2)/4 G —-z~344
hoy | Ai+B. | @ (g—8)/2 1
hee | AvHB: | 44, (q-1)/2 g
k::x B, %} (C] —3)2 1
hes | By 44, (g—-1)/2 g
hon | A ol (¢°~11q + 16+ 2y + 32)/12 1
how | As 44, (*—Tg+16+22-3x)/12 g
he | A, A (9*~3¢—2+w)/4 ws
hes | Ao 2A,+~A~l (@*—3¢+6-—x)/4 gw,
haw | As 4, (g*tg+1-9)/6 WsWy 42434
hyo | As A +GCy (¢*~gq-+1~2)/6 W Wi 4o43—y
ha | A @ (¢°—8q +13+2y)/12 1
he: | A, 44, (- —4g+1+22)/12 g
hay | A A (q—1)%/4 Wy
ks | A. 34, (g~1)*/4 gwy—2
hys | As A, @ +q+1-9)6 Wy s Wy
Tz -: A (g"~g+1~2)/6 ) W1 —2Wo g
hy: | B: @ (g—3)(g—5)/8 1
hys | Bs 44, (g—-1)}{g—3)i8 g
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Table 8. (Continued)

he | type § | ErEPh M(h.) w
by | B, 4, (g—-g~3) 8 Wy—y
hy | B, z‘L (g—1)- Wi—2-344
ki | B. B, (g—T)tg+1)4 Wy g s g W
he | 24, ) (g*>--10q +17+22)/16 1
ha | 24, 44, (g*—6g+13—-22)/16 g
hy | 24, A, (g—1)g-—-3)/8 Wy—y
hes | 24, A, (@—-1)(g-3)'8 w,
his | 24, B, (@°~1)/8 Wym g0,
ke | 24, A, (g*—6g+13—22)/16 ws
hes | 24, 24,+ A, (9°—2¢~7+422)/16 g
by | 24, A+ A | @-1)8 Wty
hso | 24, 24, (g—1)(g—3)/8 waw,
hs | 24, A, (¢*—1)/8 WeWs -3 W,
hs | A4+ 4, | @ (g2~ 109+ 15+ 2y + 2z} /4 1
hss Ar.LfL 44, (g°—6g+11+22—22)/4 g
hss | A+ A4, | A, (g—1)(q—3)/4 Wiy
hss Arf‘/i 4 (g—1)g—3)/4 Wy dsemgeg
hse | A, 1) (g3~19¢7 +115¢ — 169 — 8y — 122)/48 1
ke | A, 44, (9°—18¢*+51q ~T9 8z + 12x)/48 g
hss | Ay A, (g—1)g—3)(g—5)/16 Wy—y
hso | A 24, (g—1)g—~3)*/16 Wy oMWy y
hao | A A (¢*~Tg*+13¢+1~22)/8 ”
het | A, B, (g—1)(g+1)(g—3)/8 Wy g W,
he | A A+ A, | (0°—5¢°+9¢—13421)/8 Wy Wiz yms
hes | Ay A+ B, (g~1)*g+1),8 Wy 49 Wy -y Wy
ha | 4 A (*—q°~2¢-14y)/6 Wl b 2304
hes | A, C, (@®~q¢*~1+2)/6 Wy s WgW 2= 54
hes | A, @ (9°— 16"+ 85¢ — 118 — 8y —61)/48 1
her | A, 44, (g°—10¢%+ 33 — 40— 8z + 6)/48 g
hes | A, A (¢°~69%+9q +4—22)/16 Wi—pg g
by | A 24, (¢ —4¢*+ 59— 10+ 2z)/16 WymgWy—s
hio | 4 A (@—1)(g—2)(g-3)/8 Wyers
hi | A, A1+A~1 (g—1){g*~39+4)i8 W, g W) 4 geryoms
he: | A, B. (@—1)(g+1)(g—2)/8 Wi s Wy 2454
he | A A, alg~1)g+1)/8 WUy W —
hiy /‘{x A (@®—q*~2¢—14y)i6 Wy --2Wa—3
b 1{1 B, (@°—q*—1+2)/6 Woe g Wy s W1 2—544
his | @ @ (g* —28¢%+ 286¢* — 1260g -+ 1673 4- 64y +722)/1152] 1
e | @ 44, (g*—20q° + 142¢° — 420 + 521+ 64z —722)/1152 | ¢
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Table 8. (Continued)

he | toye S | £raph M(hy) w
R 7 A (q—~1)(g—3)(g—5)/96 Wi—2
- » A (¢* —12¢"+ 44> — 48 — 33-+-121)/96 w,
h*m 7 2Ax (q - 1)‘2((1 = 3)2/64 Wi —~2Ws—4
b | @ | AtA| (- Dig-3)e +1)/16 Wiy
by o A, (0*—4¢" + ¢*+ 6 +-2—2)/36 Wi=2We-3
has 4] A, (g* -~ 4¢*+q° + 6¢ +2--2y)/36 Wyl b2ty
Ras &> B. {g~1{g + 1){g—3)/32 Wi—oWe
Fus %) 34, {g—~1){q—3)g*—4g+7)/96 W W5~y
hsg @ 24, + A, (q*-8¢>+20q° - 28¢+63~122)/96 WL WoW,
hsr 2 A, (q—1)(g+1)(g*—2¢~-1)/16 Wa—3Wi—-2W3~g
P %) Byt A, | (g-1)(q+1)/16 W= W Wy
hso 7] C, qlg—1){g+1){g—2)/12 Wity W 4234
oo 1 B, glg— (g +1){g—2)/12 Wi--2We~ W3
hoy 7} A+ /‘I_ ¢lg—1g+1)N12 Wi o WsW b3 —g
ho: 1% Aqt /I, g(g—-1)lg+1)12 Wi—W2—3Ws
ks %) A+ -‘Iz (Q‘“i‘ 2‘]3—5(12 —6q—44-4y)/72 Wy— Wz —3WaWi 42434
Foos @ As+ til (g—1y(g+1)/32 Wy 2Wo— 3 Wa— s Wit 2 4344
R @ Cy+ Ay (g*—20°+q*+-222)/36 Wy s WaWy +2—3— W12
hog % D, (¢*—2¢°+q*+2—22)/36 Wi WeWi— 2 We—sp
her %] D (a) (g~1)(g+1)(g—3)(g-+3)/96 Wi Wy + Wy
hos 1G] B; (g~ 1){g+1)g>+1)/8 Wi oWy —3 Wy Wy
Fan @ F, q*(g—-Dlg+1)/12 W3 Wa— g WyWy 234
- %] Fila) | (¢°—20°—5¢°+69—4+42)/72 Wat s W Wa—sWi—2~3—s

Bach entry of the second column denotes the type S for h,=I'(w, S), and the third
column denotes the admissible graph of w ({1], p. 298), the fourth column denotes M(k;)
= M(w, S), where z:=(4, ¢--1), y=(8,¢~1), 2=(38, ¢-+1), respectively, and the last column
denotes w such that hy==I(w, S).
representatives for each class ¢, and the structure of Zz(x) Zz(x)® for xec, are
given in Table 7.

REMARK. It is known ([1], p. 246, [2]) that for sufficiently large p, G has 16
classes of p-elements. Corollary 2.3 shows that this is true for all p=3. But in
the case of p-==2, this is not true since G has 20 classes by [5].

§3. Conjugacy classes of p’-elements.

3.1} Let I'(w, S)={h e Hht=w(h), W,=Ws}, T(W)= U I'w, S) (we W, S; as
in Table 2). Then it is known ([1], p. 197, 3.11) that the conjugacy classes of p’-
elements of G correspond bijectively to elements of I'(W) up to W-conjugacy, and
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it is easily checked that if I(w, S)= &, then we N, (W), and that for ke (e, S)
(1=1,2), if they are conjugate in W, w, and w. are conjugate in Ny (W) mod W
Thus we have only to consider all representatives of Ny (Wg)/Ws. Put W=
Ny (W) Ws, and & the image of w in ﬁ's. Mae, S) the number of the classes
which intersect I'(w, S), then

LeMMA 3.1. Let N==|Z7 (@), then M(w, S)==N-"'|I"(w, S)|.

The proof is immediate from the facts mentioned above.

Let 4(S)c@* be the fundamental system corresponding to W, then we can
replace we Ny(Ws) by ' such that w/(4(S)cA(S). Put o'= Intnjies, t an
element of G which corresponds to hel'(w, S), the following facts are known ([1],
p. 201, 4.1)

Zo(ty=T(w")-G, ,

where G,=(U,, U_,la€4(s)>,;, the group of fixed points by o/, T(w)=
{he Hiht=w'(h)}. Since w'(4(S))c4(S), G, is a (twisted) Chevalley group of type
S. Using these facts, we can determine the classes of p’-elements of G, and the
orders of their centralizers. Thus we have the following theorem. (See Theorem
4.1 for the order of the centralizer.)

THEOREM 3.1. All the representatives of p-elements I'(w, S), which we shall
denote by {h}, and the number of the clusses for each I'(w, S), i.e. M(w, S)=
=M(h,) are given in Table 8.

§4. Conjugacy classes of p-singular elements.

(4.1) Let « be a p-singular element of G, then we have the so-called Jordan decom-
position x=zx2,=x.a,, where x, is a semisimple element, and x, is a unipotent
element of G. By the uniqueness of above decomposition of =z, we have
Zy(x)=Zz4,4%,). Thus the problem of determining the eonjugacy classes of p-
singular elements is reduced to determining the classes of p-elements of the cen-
tralizers of p’-elements of G, ([5], §3). Since the structure of Zy(x) for p’-element
z€G is known by §3, we can easily determine all the representatives and their
centralizers of p-elements of Zg(x) except for the case of z==h,. The latter case is
given in Tables 5, 6. Therefore we only write the number of the classes of p-
elements of Z,(x).

THEOREM 4.1. Let t, be an element of G corresponding to h,e H. The
order of the centralizer of t, in G and the number of the classes of p-elements
of Zs(t) are given in Table 9.

Let m, be the number of the classes of p-elements of Z,(¢), then it is clear
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Table 9. Centralizers of p’-elements.

hy my Z(t) type of G,
ho 26 g%(¢ — 1)(g®— (g~ 1)(g'* —1) F,

hy 2 ¢(g*~ D' = 1)@~ 1) At G
he 25 7(q* =~ 1){(g* — Dlg° ~1){g*~1) B,

hy 11 (g%~ 1)(g* ~ 1)* A+ 4,
hy 11 ¢“(g* ~ 1)¥(g?+ 1) A, +24,
hy 16 a'(g*— 1)(g* ~ )(g*— 1) A+ A,
he 16 9/~ )X¢* + )(g* 1) 2A,+ A,
ha 10 (¢ —D(g* - Dig*~1(g"~ 1) Cs

hy 10 g7 g+ 1){g*—1)(g* ~ 1)(g*—1) Cs

by 6 7' —1g*~ g~ 1) At Ay
hso 6 g'(g -+ Dig=~1)%g" +1) A4,
Ry 7 g*(g—1){(g* - 1)(g*~ ){g*~ 1) Ay

his 7 g+ Dig*—10g*+ Dig*—1) “Ay

hus 7 @*(q+ (gt~ 1)(g* - 1)(g* 1) Aq

By 7 g'(g—1)(g*~ 1){g"+1)(g* —1) 4,

his 6 9"(g—1)(g*—1)Xg*—1) A+ A,
hu 6 0*(g+1)(g°~ 1)(g*+1) “Ast A,
By 10 ¢*g—1)(g*-1)? 24+ 4,
Ras 10 9*(g+1)(g2 1) 24,+ 4,
ho 6 g g—1)g*~)(g*~1) A2A,)+ 4,
hay 6 g+ 1)(g*~1)(g*—1) (24,)+ A,
hay 12 g¥g— 1)g*~1)*(g*—-1) A+ B,
Bz 12 g*(g+1)(g° —1)*g* 1) A+B,
ey 10 q"(g—10g* - 1){gf ~1){(g*~ 1) B,

B 10 ¢"(g+ 1)(g* - Dig*—1)(g°~1) B,

hss 3 g1 g*~ 1> 1) A

hag 3 g*(g+1)%(g* - 1)(g*+1) 24,

b 3 qg¥(g*—1)(¢g* 1) Az

hoy 3 q*(g*—~1)(¢g*+1) *A.

hag 3 ¢ o+10g°—1)° A,

Rso 3 @?lg—D(g*+1)° A,

hsy 3 g¥(g—1)%g2—1)(g*—1) A4,

has 3 ?(g+ 1) - Dig* +1) *Ae

hag 3 ¢(g*—-1)*g* - 1) 2

hag 3 a%(g*~1)%g*+1) 24,

has 3 (g +1)(g* 1) 4,

Rao 3 a*(g—1)(g>+ 1) 4,

haz 5 g4{q—1)%g*~D(g*—1) B,

hss 5 g*(g+DYg* ~1g*~1) B,

hsg 5 gig*—1¥(g*~1) B,
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Table 9. (Continued)

Ry m; Zalty) type of G,
g 5 g ~1(g* -1 B,
by 5 g*(g* 1) B.
e 5 q* g~ 1)g* - 1) 24,
has 5 Qg+ 1)¥g* 1) 24,
hs 5 ¢ g° 1) 24,
his 5 a*(g>—1)° 24,
his 5 4"~ g*~ 1) 24,
hyr 3 lg—H¥g*—1) H24,)
his 3 9™ g+ 1y (g*—1) (244
hss 3 g*(g° = 1)(g* =~ 1) (24,)
hso 3 (g )ig*~ 1) 224,)
hsy 3 7>+ Dlg*—1) (24,)
hse 4 (g~ 1)(g*—1)* At A
hss 4 g+ 1)(g*—1)* A+ A,
hss 4 ¢*gr— 1) A+ A,
Ras 4 ¢*(g*—1)} A+ A
Pse 2 qlg—1%g*—1) A
sz 2 qlg+1)%g*—1) A,
hss 2 glg—1)g*—1)* A
hso 2 qlg+1)g* 1) 4,
Fao 2 qlg—1)g*—1)° 4
hgy 2 glg—1)(g*-1) 4,
hs: 2 g(g+1)g*—1)° A,
hes 2 qlg+1)¢'~1) A
hag 2 qlg* = 1)(g°> 1) A
has 2 qlg®—1)(¢*+1) 4
Pee 2 alg~1g*—1) A
hor 2 alg+1)g*—1) 4
hos 2 qlg—Dg*—1)° A
hes 2 q(q“'rl)(qh‘l)" A‘El
ko 2 alg—1)(g*—1)° A,
by 2 glg+1)g* 1) 4,
has 2 qlg—Dg*~1) 4
hrs 2 glg+Dg*-1) /ix
hrs 2 q(g*—-1(g*—1) /11
ks 2 Q(tf*l)(qs*'l) A,
B 1 (g~1)* 7
har 1 (g+ 1) %]
has 1 {g—-1)%g"-1) %]
has 1 (g—1g*—1) %)
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Table 9. (Continued)

¥ my Ze(t) type of G,
Fso 1 (g*~1) z
by 1 (¢*~1) ]
B 1 (g—1}g* 1) z
has 1 (g—1)g*~1) &
has 1 (g—-1)(g°+1) &
by 1 {g+1)¥g*~1) @
hss 1 {g+1)¥¢*—-1) &
Rz 1 (g*~1) @
s 1 (¢*-1) &
Fro 1 (g—1Dig*+1) z
hoo 1 (g—1)(g*+1) ]
hoy 1 (g+1)g*~1) @
hae 1 (g+Dg*~1) &
B 1 (g°+g+1)° 19}
oy 1 (g+1)%g*+ 1) 2
b 1 (g-+-1)(g*+1) @
Frae 1 lg+1)g*+1) &
har 1 {g"+1)° @
s 1 (g*+1) @
Fso 1 (*-¢*+1) @
koo 1 (g*~-gq-+1) @

The quantity m; in the second column denotes the number of the conjugacy classes of

p-elements of Zs(£;), where ¢; is an element of G corresponding to k;, and the last column
denotes the type of the (twisted) Chevalley group G, contained in Z.(t).

that the number of the conjugacy classes in G is given by 2 mM(h). Thus, by

Theorem 4.1, we have the following theorem.

THROREM 4.2. Suppose p#£2.3 (resp. p=3). Then the number of conjugacy

classes of G 18 ¢*+2¢°+Tg*4+-156¢+30 (resp. g*+20°+Tq*+15¢4-27).

[4]

References

Borel, A. et al.: Seminar on Algebraic Groups and Related Finite Groups, Lecture
Notes in Mathematics 131, Springer, 1970.

Dynkin, E.B.: Semisimple subalgebras of semisimple Lie algebras, Amer. Math. Soc.
Transl. Ser. 2, 6 (1957), 111-245.

Enomoto, H.: The conjugacy classes of Chevalley groups of type (G.) over finite
fields of characteristic 2 or 3, J. Fac. Sci. Univ. Tokyo Soc. I, 16 (1970), 497-512.
Mizuno, K.: The conjugacy classes of universal Chevalley groups of type (&, over
finite fields, to appear.



Conjugacy classes of Chevalley groups 17

[5] Shinoda, K.: The conjugacy classes of Chevalley groups of type (F,) over finite fields

of characteristic 2, to appear.

{Received July 4, 1973)

Department of Mathematics
Faculty of Science
University of Tokyo
Hongo, Tokyo

113 Japan



