On finite Moore graphs

By Eiichi Banna1r® and Tatsuro Ito

1. Introduction

A Moore graph of type (d, k) is a regular graph of valence (degree) d and
diameter k& which contains the maximal number n=n(d, k) of nodes, where

nd, =1+ 3 @1y =22 g5y

The existence of Moore graphs of type (d, k) has generally been an open
question. In [4] A.J. Hoffman and R.R. Singleton have settled the question for
diameters 2 and 3 by showing that there is only one graph for each type (3, 2),
(7, 2) and no other Moore graphs (for d>2) with the possible exception of type
(67, 2).

The purpose of this note is to settle the remaining case of kz4. That is,
we will prove the following Theorem 1.

TuroREM 1. There exist no Moore graphs of type (d, k) with diameter
k=4 and valence d>2.

Consequently, the existence (and the uniqueness) problem about finite Moore
graphs is now open only in the case of type (57, 2).

The following corollary is immediately obtained from Theorem 1.

COROLLARY 2. Let (G, Q) be g primitive permutation group of rank k-+1 with
subdegrees 1, d, d(d—1), ---, dd—D*", and let k=4. Then d==2, 121 =2k+1,
2k+1 being prime, and G is the dihedral group of order 2(2k--1).

The method of the proof of Theorem 1 is based on the method previously
used in Hoffman and Singleton [4], Feit Higman [1] and Higman [3]. That is,
we obtain the non-existence proof through the the consideration about eigenvalues
and their multiplicities in the incidence matrix of the graph. However, our
method given below is a little more elaborate than that which was used before,
and it will be possible to obtain many non-existence theorems for wider classes
of graphs other than the Moore graphs.

# Supported in part by the Fujukai Foundation and the Sakkokai Foundation,
D The non-existence of Moore graph of type (57, 2) which admits rank 3 automorphism
group has been recently proved by M. Aschbacher, J. of Algebra 19 (1971), 538-540.
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2. Preliminary results.

Let us recall some fundamental properties about the incidence matrix of the
Moore graph of type (d, k). (For more detailed introductory articles about the
finite Moore graphs, see e.g. [4] and [2].)

Choosing a node ¢,, we fix a linear order in all the nodes of the graph as
follows.

distinguished node

enid, 1)1

Cnid, 2)—1

2 ey (@—1) nodes

(d—1) nodes
----- and so on, to tier k.
For a node ¢, we denote by .,(e) the set of nodes in the tier 7 from the distin-
guished node e. Clearly Ay(e)=={e} and |1;(e)|=d(d—1)*"' for 4=1. Let us define
the incidence matrix A=(G«p)osagn-1.05p8n-1 DY @.5=1 if e,€ Aile;) and a,;=0
otherwise. Let us define the submatrix A of 4 by A,=(a, 5) with e, € A(e),
e; € A,(e;), and so the A,; give the following block decomposition of the incidence
matrix A:
Aoo Aol Ao::
e

LAA'O Akl Akk

Now, from the fact that the graph under consideration is a Moore graph, we
can immediately conclude that any column sum of A, for each fixed pair of %
and j is equal, and we denote this column sum by x,(0Si<k,0<5<k). If we

set M=t osisu 05550

M=

0 1
0 d—1 d—1,
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We call M the intersection matrix of the graph.

Now we state the four propositions from A to D which are used in our proof
of Theorem 1. The assertions of these Propositions are known except possibly
the formulas (I) and (II).

ProposiTiON A. 1) The minimal polynomial of A coincides with that of
M.

2) Any eigenvalues of M are simple and real-valued, hence the characteristic
polynomial of M coincides with the minimal polynomial of M.

3) The minimal polynomial of M is given by {x—d)F.(x), where Fi(x) is the
polynomial of degree k defined inductively by Fylx)=1, F.@)=2+1 and
Fs‘u(x):mF’i(w)“‘(d“‘l)Fi—x(m)~

4) If we set d—1=g* with s>0 and xz=2scos¢, then we obtain

Fum)=—"—lsin b+ Do+ Lsinkol .o (1).
sing | s J

Proor. 1) The assertion is immediately proved from the construction of M,
by a result of Wielandt (ef. [3], §4.)
2) The agsertion is immediately proved from a result of {3], §6, because the
matrix M is tri-diagonal. This is also immediately proved from 4).
3) The assertion is immediately proved by {3], §86.
4) Let us define the polynomials G.(z) as follows: Gy{z)=1, Gi(z)>=2 and
G..(z)=2G,(2)—s*G,_.(z). Then clearly we have F.(z)=G.(z)+G...(z). If we

set T=(] ), then (Gu), Grrl@) = (Gros(@), Gul)T= -+ = (Gola), Gola) T™,
T I ey P
Now, the eigenvalues of T are Z:ﬁ—\—/-%—*é?- and /em%ﬁw, and the
corresponding eigen-vectors are (1, ) and (1, o) respectively. Thus we have
(Gol), Grl@)) = — e (1, ) — = (1, 1) .
e Vgi—dgt Vigi—d4gt
Therefore,
2k+1 1 R /lk*l (1
(Gk(x)r Gku(x)) = \/m*—éz ( y /‘)'"' \/5;2-::“48*2 s ;l) .

If we set z=2scos ¢, then we have A==gev"¢ and p==ge “~iv. Now, putting these

values of 4 and # in the right hand side of the above formula for (G.(z), Gi..{(x)),
ssin(k+1e
sine

we have G.(z)= , and so we also have the desired formula (I) for

F(z).
PROPOSITION B. Let 6, (i=0,1, ---,k) be an eigenvalue of the incidence
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matriz A, and let us set 0,=23cos¢,. Let us denote by m(0,) the multiplicity
of the eigenvalue 0, in A. Then we obtain
m{0) __ tracef{A) .
~~~~~ [ iuhoduhal_5 Sdulleiin ;;:1, 2’ S k’ 0 e
n n-f:i(0;) G o==d)

- ~2sing;sinkp, (11)
A—(2s/1+5%) cos vl +1) cos (e+1)o;+(kfs) cos kg )
where f(z)=@—0)x—0) --- (x—0,) 18 the characteristic polynomial of M and
filz)=f(@)/(x—0.).
. . . trace fu(A)
Proor. By Lemma 3.4 in Feit and Higman [1}, m{0)= O In the
%

following we fix the valence d. Let M. be the intersection matrix of the
graph with diameter k, and let f&(x)=fi(z)=(z—~d)(z—f) -+ (@—0,_)(@—0;.,) - -
(x—0)=a®+a®zt -+ +a®x*. Let pP=(y, 9, -+-, 9%) be the (k+1)-dimen-
sional vector defined by 7®:=(1,0,---,0) and %®=7{.M,. Then, clearly the
values of ®(0sgsk+1) are independent of &, and so we denote simply 7, for
7%, Since trace A'=n-7, we have

m0) . ahnid+apl+ - - a9l

n f(k (0‘

Now, let us set Fi(z)=bP+bPx+ - +bPx*.  Since (@—IMa®+alz+ ---
F-a®x*) = (e —d)} b +bPx--bPx"), we have

(c.f. Higman [3])

1 0
0—d

(a/ 0 a'gll)) T qu “*(be y b”” Ty bzh) 03.——~d01 '
i

\ 0 —dp . @ —do, 0,—d 1

Now, if we set

1 ) 0 Yoo
0—d R . 10
hO@) =00, b, - W) e _gp ' :

g5 —doxt ... —do  0—d 1 Pro
then we have h(0)=a 0 +a8 70+ « -+ +a%70. Noting that f7(6.)=(0:—d) Fi(0,),

where F'(x)'“»dF‘(T) (i.e., the derived function of Fi{(x)), we have
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m0) _ R
n 0, Figy -~

Next, we will show that A®(@)=F(0)—dG...(0), where G,_,{x) is the polynomial
defined in the proof of Proposition A, 4). In order to prove this, we have only
to show that the following three equations hold.

R+0(0) =0h(0) —(d— DR "2(0)
RO(0)=F\(0)—dG,(0) ,
RO =Fy(0)—dG,(0) .

The last two assertions are clear. Now, we will show the first equality. We
have

1 0 Too
0—d B . o
0K (6)=(0, b5, b, -, B oy T - :

grti—dge - - {)P-’wd@ ' 0—d 1 %":,0
1. 0\ LA
—d - Tio
___( \’b) b(»\ ..-,b‘;"’)) :

0 —d 1) \n.,0
However, the second term is equal to 0, because (x—d)F,(x)=(z—d)(b{ " +bVa !
4 .-+ +b{) is the characteristic polynomial of M, and because 7,(=75) is the
{0, 0)-component of the matrix (M,)%. While
1 ) 0 Noo
0—d ‘. T Y10
RO =00 Vb, - B 0,00 e g :

0 H—dps . Gi—dd O0—d 1) \7,.,0
Comparing the coefficients of the equality F,..(z)=zF (2)—(d—1F, ,(x), we con-
clude that (B0, B D, -+, BY) ==(0, B, b1, - - -, b)Y —(d—1)(b* 7, bi* =1, - - -, b7,
0,0). Therefore h‘"*”(0)m—0h‘“’(0)-—-(d~—1)h“““(0) holds. Therefore, we obtain

m(dy) o Fu0,)—dG,{0) — Tﬁ‘de~1(0«)

n 0.—d)Fi{0.) O—~DF0)
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Putting #.-:2gcos ¢, in this formula, we immediately have the desired formula
(I0) for m{)/n.

ProposITION C. Let ¢, and 0; be eigenvalues of the incidence matriz A.
If 0. and 0, are algebraically conjugate over the rational field, then m(B)=m(8,).
{Proof of Proposition C is clear.)

PropositioN D. ([4], Theorem 12.) If there exists a Moore graph of tyve
(d, k) with k>2 and d>2, then the polynomial Fi(x) defined in Proposition A
18 not trreducible in Z{x] (==the ring of polynomials with the rational integral
coefficients.)

3. Proof of Theorem 1.

In the following, we assume that there exists a Moore graph of type (d, k)
with d>2 and k=4, and we will drive a contradiction.
Let 0,=2scos¢:(i=1, -+, k) be the roots of the equation F.(x)=0, where
==g—1 with 8>0. Here we may assume that 0<o,< -+ <g,<x (Cf. Proposi-
tion A.)
The proof of Theorem 1 is completed through the following Steps from 1 to

7.
Step 1. If s2v'2 and k=4, then
1 — 0, <—2 ﬂ
(1) 280, < — “(lﬁ«l)’
k: k=
{(2) 2s cos];j_—im-(};’: ) <0, <28cosﬁi—
2scos-:ﬂ~m~f5( ) <4, <25 cos ~—— .
k1 k+1 k41
Especially
—-1<8,-+0,<0.
We easily have the assertion of (1), because
0<2s-+-25 cos ¢, <234 2s cos klfl
o ”1 7 9 1 7z \* =\
bt A3 — P Wl - .
s(1-eos ) <2ox g <k+1> S<k+1)
Clearly
ke ook 7 and Tcpc o T
k+1 k+1 ° 2s(k4-1) k+1 k+1  2sk+1)
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{Consider the intersection of the graphs of sin (k+1)¢ and (—1}'s sink¢c.) Since

k= ke k: =
0<2 e 2 oy T T R
scoskTl s cos ¢, <28 cosk 1 23 COS(L+1 23(!{.%~1))
k=x . k= =

=92 — -+

scosk_Ll <1 -C08- 2s(k 1)) 2s smk+ sin “s(k 1)

2 -~ ¢ - N2 ’
<zssin o sin gy <()

we have the first inequality of (2). Since

0<2 _E_ g 5 <28 - -2 ( 1~ R
scosiH_1 s cos ¢, < 5(:051(“1 3 Ccos8 IHI ( 1))

=2 ' + 92 si < . jrd
scosk_{_1 ( €08 2s(k+1)> 2s smk+1 sin el 1)

1 7 24 Fid P
U (USRI BV PR
<2 (z (z.:+1>) S ht1l 25kt 1)

(o)) <G

we also have the second assertion of (2). The last assertion is immediately ob-
tained by summing these two inequalities.
Step 2. If s=~2 and k=4, then we have

iz . ir; iz it o 7
(1) 1 o<1 TR D (f"” the case po 1= )
.1
where 4= i1 and
plle+1—)x ( b i >z,< - L@:&l&))
(2) k+1 << k4—1+ et 1) for the case PR 2 o1 ;

1
h == —=m |
where ¢ ]

This is immediately proved by applying the mean value theorem for the func-
tion gl¢)=sin (k+1)¢+~§~sin ko. That is, g(

opposite sign to that of cosix, and

i, Mrm — {1 (—Ain
g<k+1+ k(k+1)) °°S”{s"‘ ks M TRxL

iw N1 _Aar
k+1> " cos i Bmk»% 7 has the

and

i ”Lp(kﬁ—l-—i)z)z { ple+1—9x 1 . (p+Dke+1—-9)x
o(gir ) e i o T
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have the same sign as that of cosix in the range under consideration.
Step 3. If s=5, and k=4, then
mwx)<m(‘92), m(,), - - sy mly) .

By Step 2, we have immediately

i ir 97 i 7
SISO N LU o<,
o1 <kt T eRwrD (k+1"2)
am 74’1:73 ) (+1-—i)m ( in >E.)
1 e T ey \err=32)
Let us set
| 23
1 —=2
wofSne) g sinke, | | Tg O
== ’ [ R ’ =
ging | sin Ly 28
! ! ;1~ 1.7 08 ¥ |
and
cos (k+1)g, + _k__ cos ko, ’
P stk-+1)
k
k+ D+ —
cos ( o S0t D cos ko,
Then, by the formula (II) in Proposition B, we have »%%:a'-,e'-r'-a'.
1

(i) Let us assume that ¢, % (i.e. 15 %) Then

sin kg,
sin ko,

#3»'_,

>1 (Consider the intersection of the graphs of sin (k+1)e
and (—1)/s sin ko).

[cos (k-+1)p, |+ _k lcos ko, |

k ’
k 1 n,‘ B k i
leos (k+ 1), S0t D lcos kel
because lcos (k+1)¢:l<lcos (k-+1)¢,| and |cos kol <|cos ke,| (.e. f/>1).
. ! 1— —wz%cos @,
a pte= mn%i[ 1+s o1,
sin [} ' - 28 )
1 T e 08¢
because if we set v{¢)= S g , then
- cos ¢

1+¢*
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<G wmnrn) = (6 em) < ()

(Consider the derived function v'(¢)). Therefore, a’-5 77 -0’>1.

(ii) Let us assume that ¢,> % (i.e. > I;) Then

2z 2z wnfo 1N\ =
‘“(k+1 4e(k+1) ) - ““(2 8)k+1

ismo S >
Sin €, sin( S z > sin( -+ —~~>~:~ﬂ
kE+1 6k (k1) k41
. 1\ =
sin <2~ w)—
z———SL2 515,
sin (1+ 2’2)‘5"
ik min {smk l,si —2—-—} N sin-g-z\
5| S0 L4 Zmin {2cos -—, — >1.5,
sin kg, sin sin =
k+1 5
because
o oo, < iT— i k+1—12)=
in— g <hec<in P+ ST
and so
Isin k¢l >min {sxnkil , sin(%w%‘— . —%)} ,
and because
T 4 . . Fid
‘Mkw-rl <ke <=m T + G(kfl) and so [sin ke,| <sin P
28 2s
- 1-- Tiet leos ¢, S 1 Tre ::<5u1>22_4“
L2 28 \st+l/ T 9°
1+ e lcos ¢, 1+ Tt
leos (e-+ L) |+ (kﬁ-l lcos k|
iz ! ) >1
leos (k+1)e| + D lcos ko
s |sinke | _ | sin (k-+1)o, cos k¢, 'ggﬁ@il)w,i
(because P sin ko, sin (k+ 1), >1 and hence 08 ko cos (k41

>1> :
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Therefore, we have a’- %7 >15%1. 5\/3 =1.

Step 4. If V2 5s2+5 and k=300, then m{,)<m0,), m(f,),
By step 2, we have immediately

T i Ed )
T (fs2).
et < 2krD 1 =
i iz 2.5(k+1—14)= ( % ’
g < - 208:).
o1 <F it Ke+1) k1 )
Let us set
E - Cos C‘& g
e | S0P mim_’@m Tw[ Itst 7
sin ¢, sin kwk} 1 2‘30 cos ¢,
i 1-+§° |
and

k |
ket Dt~ cos ke |
ARrTTS Rl

|

cos (k-+1)¢+ - k

ke,
St cos k¢

Then, by the formula (II) in Proposition B, we have

m(0() o
\.a . .o .
mioy P
(i) Let us assume that ¢, = :2“, fe. 135 ry
(i-a) If 15, then
in 2r sin 2r
=|oineels Rl o 300 g ces—E->24099.
sin ¢, sin kr sin 300
k+1 300
gink———r——  sin ——
| sin ko, ‘2 sin ko, Elk+1) — k+1 >_1“
sinke. | | sin ke, sink 14257 sin 86z 7 35"
k1) k+1
28 2s
B 1+ Tis leosgil 1+ Tie x0.99 £41.9541
= 23 > 2s > §#—1.9s+1 "’
It 9 e
1- e leoseil 1 Tis x0.99

Ty m(ak—-l)'
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because |cos ¢, >cos

6z
300 >0.99 and |cos ¢} >cos >0.99.

300
k k
lcos (k+ Dl — ————lcos k¢l TR
5= S("; 1) > lcos (k+ )¢ ,._Sil%;l, >0.99§%1'
{eos (k-+1)p |+ ‘E‘r‘*j“ﬁ leos ko, 1 ;(7;43‘)—

-

Here note that lcos(k+1)ol>cos %f 72008 ?% #>0.99 and that the relation

leos (k+1)¢:1 > lcos kel holds, because
cos’® (k+ e, =1—sin® (k-+1)g;
=] - A; sin® ke, >1--sin® ko, ==cos” k¢, .
&

) N $°4+0.95°—0.95—-1
Since 7-9>0.99 "—0.9s*—0.9s+1

>0.99x2, we have

376> (25¢0.99) X (§1§> % (230.99)>1 .
(i-b) If 4=6, then

sin 8in e
a>—HtL > 30 559

sinpy 300
B>1 (Consider the intersection of the graphs of sin (k+1)p and (—1)/s

sin ke.)

r>1

leos (k+ 1)@l — —k lcos ko, | e
5= (k 1) cos {k+1)o. sk-+1)

cos {(k+1g, .
feos (k+1Dod 4+ ——— (k+1) jcos kel " alle1)
vV2-1
2 17
> s+1 = V241 >0.
5 | 8in(e+ D d cos (+1)ps. >1>,

(because; PV (ot Do, >1 and hence os kL 1)o,

Therefore, a-5-7-6>5.9x0.17>1.

(i) Let us assume that ¢,> 1'21-, ie. 1> 1‘72_
(ii~a) If 1=(k+1)—10, then
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sin 97 sin O
a> - kil = '3?_—Q->8

Sin iﬁ__‘::—ﬂ sin *3“66"
ol 1;:‘:: ﬂggﬁlﬁ§_ .@i{k% )
5>1 (because E sin (-+1)o, >1 and hence cos (b D)o, >1
i>1

k

feosg (k4- D)ol — ——=——lcos ke,
iz s“‘;“ b >0.17 (as in (i-b)) .

leos (k4 L.} -+ —|cos ke,

s(k-+1)

Therefore «-3-7-0>8>0.17>1.
(ii-b) If iz (k-+1)—9, then

sin(—35~-———~3'—5~5~2—’5-> sin (2 »1—>-«’”i~ sin<2~ =)=
PS5 W2 ST Wl V) 25 W 60/)300 4

. b3 . T .
8in P smk%_l sin 30

5>1 (Consider the intersection of the graphs of sin (k+1)¢ and (—1)/s sin ke.)
7>1

k
! s(k-1)

- e) e ._.__..._‘_.__.xk
h feos (k1) 0D lcos kil

0= A > |cos (k- L)l
leos (k+ 1) — U+ D) leos ke,

. V2-—-1 V2 -1 ,

because [cos (k-+1)es) >cos§'£§- =08 %gg— >0.9, and because

1-- et D) leos ke,

lcos kel 21008 keees1y-o) > 08 (14+2.5) ic%% 2cos 3.5—?%?(-]« >0.9.

Therefore a-53-7-6>1.9x0.9x0.8>1.
Step 5. If s=+'6 and k=4, then
m(0,) < (m(6.), m(bs) .
(1) If 7=2, then
sin-—mr

o> ———>2X0.8 .
sinfr—
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nsf 4.1 1 N, 1. ,/4 1 1_
sm5(5“+2 20..),ssm4(5.” 5 20..)

—gin S L 3
=sin g : sin 10 =>0.

8>1 (Consider the intersection of the graphs of sin (k<-1)¢ and (—1)/s sin ke.)

2s x 23 s*+1.6s-+1
>1+ = >14 e O R - e
r 1-+¢° cos 5 »1+ 1-+s° 8 §*1
4 4 4
5| — - 4¢, 1—- 21—
_ leos ¢l 5s leos de| | cos 5o, 5s 1 58 _ s—0.8
o= 4 Zlcosbes | 1 4 .4 si08
leos 5ol + - lcos dg,| | €88l g 4 Ty, 4 SO,
58 Bs 5s
cos b,

(,3>1 and hence

cos b,

>1).
3 2__. .
Since 7-> S 08 R20D8 507, e have a-§75> 25080751,

(ii) If 7=3, then

a=| 308 15,
| sin g, | sin =
5
g>1
2s 2s
14 25 By,
e g coned S e % eqiestl
23 2g s+l
_a8 . 428 0
1+ Tret leos ;! 14 Tret 0.5

because [cos ¢,|>cos »755« >0.8 and lcos ¢s| <cos (%1 - 2%) <0.5

leos Be,|— 7‘574; lcosdg,]  0.92— 2081

5> > 5s > 0.925—0.65

leosBeol+ X leosdo,l 14+ -2 0.31 5+0.25
5s bg

because
leos 50,] >cos —g- >0.92, leosde,]<cos % <0.81,

lcos 5.l <1 and |cos 4<,-03|<sin¢1%'<0.31 .
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Since

o 0.925+0.8225"—0.125—0.65
T G T 25ett 12591025 0T

we have a-5-7-0>1.5640.67>1.
Step 6. If 326 and k=5, then m(0)<m(0,), m#;), ---, m._.).

By Step 2 we have immediately

iz i [¥ T
B INPP . SO R - AE <
g <o<iat YT ( ) and

17 i 0.7k+1—1)x i
~~~~~~~ 4 I
P STt T R ( =

=
-

—
IR
S’

(i) First we consider the case ¢; = % <i.e. 15 %) Clearly

a> “,Jﬂ,_t,l 229 cos i{“”f =2 cos~é~ >2%0.866 .

T

(i~a) In the first place, we consider the case 7==2. Then

.o {
I 8in ~~—
i |
B= wﬂg— e |> (Let <1 and consider the intersection of
sin (k+1)e, sin 07
Uk l
the graphs of sin (£+1)¢ and (—1)/ssin ke).
2s 2s
+ - 14 22— %0,
M s T 86 gr17s41
2s 2 §?—0.8s+1 '
1 Tte lcos ¢ 1 ite x0.4
because
2 —_—
lcos sa,.l>cosk+1 ﬁcos . >0.866
and
2 2r 2r 27
Icossz>.zl>cos<k+1 + YRRy ) cos( 6 + % )>O.4 .
k k
feos(fe+1)ge]— —————[cos ksl
= stk-+1) > lcos (k+1)ei] s("k D 5098 +i

k
Jeos(-+ sl — = leos ke e
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because

teos (k-+1)¢ul>cos ‘i,;i: MCOSMQSMN 9.

Therefore, we conclude that

) 5 340752 —0.7s — 1 5
Bep0>(2X0.866) X 2 X 0.9 x 2 % 0.866) X = %0.9x0.9>1.
o % g S 0.2 F0.25 71~ 208060 X0

(i-b) Let us assume that ©=3. Then
2>1 (consider the intersection of the graphs of sin (k-+1)¢ and (—1)/s sin k¢),

142545
<) > 08863

7> |eos ¢l <1 428
1+

cos (k+ 1)
cos (k-+1)e;

s—1 . s—1 cos (k+ 1)91‘ )
. h L .
a1 > STl <p>1 and hence lco e, >1

Therefore

w59>(20.866) < (0.866x S1) 220.886)x (0866 ) >1.

7
(ii) Next, let us consider the case ¢;> g-(i.e. > *kz—) .
(ii-a) Let us assume that i=k—1. Then

sin( Zr__ m) sin 1.72 —— sin 1.72 =
=

>\ k(lc+1) rk+1, N " s,
sin k+1 sin =7 sin
sin 2 sinln
k+1 6
B> =S >11,
sin( x4 0T :r) sin 177
E+1 k41 6
- i 00(k+1—i)r
because in ic+1 <lp,<iz— ) + P ,
r>1,
k
i leos (k+1)e, SeiD leos ksl cos (k+1)¢, l(l_ i )
lcos (k+1)gog-1‘ - ——-’2-“— leos k‘,bk—ll cos (k+1)§0k-1 stk+1)

stk+1)
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1 o I cos (k+1e. |
>1— 2059 (5>1 and h _coslkthe, | 1) .
8 (' and HeNCe 1 eos b+ 1)es. s ke

Therefore, w-5-7-6>1.56%1.1x0.59>1.
(ii-b) Let us assume that 1<k-—-2. Then

37 0.743x \) . =
sin ~ sin 2.58 - sin 2.58 —-
az (k+1 - (k_H) d Zc e -,m:_ﬁ_ >2x0.9759 ,
sin 7‘:‘:;]*: sin kf}:’f sin —6‘
£>1,
and
r>1.
If
Icos (fe+ 1)uki - _“.i_k_ icos kn/d
611‘: (k !” ,
Icos (lc—! 1) o, — (E’%M)w lcos kol

then 5>1»~~—%‘w >0.59, and this shows that a-5-7y-d>1. Thus we may assume that

k
o4 1)y} —moZiomee x
. ],(EOS(H Yo l_ St D) lcos kgo l
leos (+1)p. )+ ~(—£~1—)~ Icos Feo; |
k 1 1 i7 1 .1
Now, we have lcoskgostmk»TArcsm <? <0<<,or-m< P} Arcsin—
because <,ni>~é~ and cos (k-+1)o; cos kx,o,r>0>. Therefore,
k
-+ Doy — ——— k+1 0.9—-0.9
5>AI.COS( )9;! (k+1) leos (k+1)@.! y 0 Sk D)
kE 1 1 k
I +1)e,l- 9+ =
lcos(c Yol -+ (k+1) " 0.9+ s 4D
0.9— 09'7}57
If k=5 or 6, then 0> i g >0.66. Therefore, since a>2x0.9759,
J . S,
09478 Vo
8>1 and y>1, a:f-y-0>1. If k=7, then
1
0.9—0.9 ~F==
5> - ‘/61 >0.499
0.9+ —=  —=

Ve V6
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and
. 3= 0.7x 3~ . = . P
sin ( e w> sin 2.7 ———  sin2.7->
> k+1 j&(k%ul) > f—rl > s99.
sin Py sin Er sin "g

Since 5>1 and 7>1, we conclude «-5-7-6>1.
Step 7. (Completion of the proof of Theorem 1).

() First let us assume that s=5 (and k=4). Then m{#) <m0, ---, m{?._), and
m(0) <m(8,), -+, m{#;_1), by Steps 8, b and 6. Thus by Proposition C, (a—0)x—0,)
must be a factor of F.(z) in Z[xz]. Therefore, #,40, must be an integer. But
this is a contradiction, because —1<#,-+0,<0 by Step 1, (2).

(ii) Let us assume that ~ 6 =s<5 (and k=4). Then by Steps 5 and 6, m{f)<
m(@.), ---, m@,.,). Therefore, by Proposition C, we have either 4,40, € Z or
g, Z. The first case is impossible, because —1<8;-+6,<0 by Step 1, (2). Let
us assume that the second alternative holds. Then, for a fixed value of s, there
exist only a {inite number of k’s such that the open interval from —2s to

——25*23(&1—)“ contains an integral point.
These are:
5 l 67 EE [10111]12}13[14 1516|1718 |19 20121}22' 23}'24

|upperboundofzc[4[8}5i4|8[6{5§10%7 67!5 12/816]6 15i10‘8%‘6

Now we can easily show that for any integer ¢ in the open interval —-2s to
—28-+3 (T@l_>’ F.(0:+0. This is a contradiction.

(iii) Let us assume that v 2 =s<+ 6 and k>300. Then, by Step 4, we have
m@)<m@.), -+, ml,). Now, quite the same argument as in the proof in (ii)
immediately proves the assertion.
(iv) The case v 2 <5<+ 6 and k<300 was already eliminated in Friedman [21.
(The possibility of type (5, 7) is stated in [2]. However, F;(x) (d=:5) is irreducible
over Z/5Z and this case is excluded by Proposition D).

Thus the proof of Theorem 1 is completed.
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Added in Proof.

After we had completed this work, we were informed that the same result
wag also proved by R. Damerell (University of London) independently. Damerell’s
paper is to appear in Proc. Cambridge Phil. Soc.

Partial solution of Theorem 1 was also informed to us: Juraj Bosik, Moore
graphs, where the assertion of Theorem 1 is proved for some special values of
d (for example, d< 64), by extending the method of [2].



