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Introduction

In [1], we introduced the concept of the trajectory field, and showed that
any topological manifold with dimension more than 6, has a Morse function with
associated trajectory field. The trajectory field corresponds to the orthogonal
vector field in the differentiable case. Therefore, this concept is useful to deter-
mine the structure of a topological manifold. From this point of view we have
a problem whether an associated trajectory field exists for any given Morse
function. In this paper, we give an answer to this problem, by making use of
Edward-Kirby [5]. Our result is as follows.

THEOREM. Let M™ be a compact topological manifold and let f: M— R be
a topological Morse function. Then there exists a trajectory field associated to f.

As a direct consequence of this theorem, we have the following corollaries.

COROLLARY 1. If M™ has a Morse function with two critical points, then
M is homeomorphic to S™.

COROLLARY 2. If Morse function f:M™— [a,b] has no critical points and
IM=fa)Uf~t (b), then fHa)~f ') and M~f"'a)xla,bl, where “~" stands
for “is homeomorphic to”.

COROLLARY 3. There exists a manifold which has no Morse functions.

Corollary 1 has been proved in another way by Kuiper in [2]. Corollary 2 is
an answer to the open problem presented by Cantwell [3]
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Proofs

Corollaries 1 and 2 are trivial by the theorem, therefore we omit the proof.

PROOF OF COROLLARY 3. Assume that M is a manifold which has no handle-
body decomposition, given by Siebenmann [4]. If M has a Morse function f, then
there is a trajectory field associated to f. By [1], a pair of Morse function and
trajectory field gives a handlebody decomposition. Hence M has a handlebody
decomposition. This contradicts the assumption. g.e.d.

To prove the theorem, we need the following lemma due to Edward-Kirby {5].
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LEMMA. Let M" be a topological manifold and let C, C,, C; be compact
subsets of M, such that Cc’;élCCli 672. If he:Co—> M, —a=t<a 18 an isotopy
such that ho i8 an inclusion, then there exist a posittve number ¢ and an
isotopy hy: Cy— M, —eZt=e such that il c=inelusion, and hileyci=hcsmc,s for
any t.

For the proof, see [6] Theorem 5.1.

PROOF OF THE THEOREM. Let ¢€ R be an arbitrary value. We need only to
show that f{[e— e, ¢! ]) has a trajectory field associated to Sl tigemepere,y for
some &,>0. Then the theorem is proved as follows.

Since M is compact, f(M) is compact subset of R. We can choose some
finite covering of f(M) from {[e—¢., cte]; ¢€f(M)}. By chopping these intervals
down if necessary, we have a family of intervals {[¢;, t{],i=1, ---, k}, such that
Uk [, #]=f(M) and ¢==t/_, for =2, ---, k. Then we have a trajectory field of
M by pasting up the trajectory fields of f'([t;, t/]).

Case 1. The case that ¢ 15 a regular value.

We can choose a number ¢, >0 sufficiently small so that [e¢—¢,, ¢-+¢] has no
critical values. ¥or any x€f c), there are an open set V., in E” and coordinate
neighborhood (U,, h.), h.: V.- U,CM, around x, such that foh, (@, 2z - -, Tm)
=2,. There is some into homeomorphism g,:2B™*-> V,N R, such that g.(0)
=h7(x), where R '={x; x==(x,, " *, Zm_r, ©)}. We denote g.(rB™ )= B,(r).

Since f'(¢) is compact, we can choose a positive number & with ¢ Z2>0 and
finite points @y, @z, -+, T, S0 that V, 5B, (2)x[c-e, c+es) and Uik, (B; (L)X
[e—ea, et ea)) == fHe—~e,, ¢+ ). Each h (B, (2)%{e~—e,, c+¢,]) has a product struc-
ture but this structure may not be compatible each other. Now we adjust this
structure by altering the homeomorphism h. ; to k% s inductively.

Fix a sequence of positive numbers {7)i%; which satisfies 2=7,>7,> -+ >74,
>1. Assume that A= U3,;171,15].(31',(7‘3@)X[C~~€3, ¢-+¢;]) has a compatible structure.
That is, there is a level preserving homeomorphism h;:Ci(7'y;) xX[e—e;, e+2]— A
(where, C(i'g)==11% ;,}L’,J.(ij(}"h)), such that the following diagram commutative.

AcM
A "\

/
34 J/ / hi

BzJX[C“sa; c+eg)

<34, C(73,) X c—es, c¢4] 7=1,2,---,1¢

Consider the subset D=h. (B, (V5:4))NCili'sisy) of Cilis). Then it is easy
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from the fact that D is compact and D is included in E?i(}"g,;), that there is some
positive number ¢, with 0<s,=¢;, such that k., (h7], (D) [e—ey cie ) TR ACHT,)
X [e—es, e+e4)).

Define an isotopy ki:D— Ci(is), —e;Stss,, by kdlo)=pr.ohitch, (7, (),
¢--t), where pr.: Ci(¥3) X[c—e,, e8] = Ci(73;) is a projection to the first factor.
Then, by the lemma, there are a positive number ¢; with 0<¢;<¢;, and an isotopy
LoiD—- Cily), —e,St<e,, such that

D) kb, (Bs, (T5i09) 0 Cili sirs) =inclusion
and

i) kdD—h,,, (Bs, (75::2)) N Cili'sis0) =k, for any ¢.

Now define new into homeomorphism h’.  : B, (Vs arxle—es, ¢be] > M by

(ki(]v:loh

s@)y et t); w€ B, (Taig) Nhz), (D).
hg;ﬂ(ft,c~§~t)r_—1 1 Fvf BE3 1

by (2, c+t); x€ B, Ty e =Rt (Cillaeie))

Then by the compactness 0f Ciy(i'3i+3)=Ci(Faies) UR%L,, (B:,, (75i.5)), there is a
positive number & with 0<ss<s;, such that A= U jii ’,J,(B:j(i"ms) X [e—sgg, ¢-H55))
has a compatible structure. This completes the proof of the case 1.

Case 2. The case that ¢ s a critical value.

By the trivial observation, we may assume that f!(c) has only single critical
point. By the definition of the non-degenerate critical point, there is a neighbor-
hood which has nice trajectory field. Starting from this neighborhood, we can
adjust the product structure of the neighborhoods of the regular points inductive-
ly as the case 1. This completes the proof of the theorem.
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