On the Pontrjagin square and the signature

By Shigeyuki MORITA

§1. Statement of results.
Let V be a Z,-vector space and let
1 VRV - Z,
be a non-singular symmetric pairing. A function 7: V - Z, is said to be quadratic
with respect to p if
a+y)=y(e)-+i(y)+jmaQy) for all =z, yeV,
where j:Z,— Z, is the non-trivial homomorphism. Then according to E.H.

Brown [1], we define the Arf invariant o(V, 7)€ Z; as follows.
If we put a(n)= 3 47 €C, (where i*=—1, and Z, acts naturally on {1,1,
6V

—1, —1}), then it can be shown that (see the proof of Prop. 2-3)
(r(r,)8:(\/ 2 dim 8 .

therefore

aly)=+/2dim ¥, (i?féz_ )

for some m€ Z;. We put o(V, n)=m.
Now let M*" be an oriented Poincaré complex of formal dimension 4#, then
the Pontrjagin square
Py H¥™(M ; Z,) — H*"(M; ASYA
18 quadratic with respect to the cup-product
1 MM Z)QH™(M; Zy) > HNM; Z)=2, .
Hence we can define
o(M, Pyy=a(H™(M; Z,), P;)€ Zy .

Our results are
THEOREM 1-1. If M* is an oriented Poincaré complex of formal dimension
4n, then
o(M, Py)=signature Mmod 8 .

This theorem was conjectured by E.H. Brown in [2].
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COROLLARY 1-2. Let M** be an oriented Poincaré complex, them signature
M:=+0 (mod 4) if and only if

PZ(Z’Zn) .__0 .

Here v, 18 the 2n-th Wu class of M.

Theorem 1-1 and Corollary 1-2 will be proved in §4.

1 would like to express my gratitude to Professor A. Hattori for many advices
and encouragement.

Added in proof. 1 have heard from G. Brumfiel that he and E. H. Brown,
E. Thomas also have proved Theorem 1-1.

§2. Some remarks on the Arf invariant.

The following proposition is due to E. H. Brown.
Prorosition 2-1. (i), Let #.: V> Z, (1=1,2) be two quadratic functions

with respect to 1. If we define
e Vi@V, Z,

by (nina)@y, wn)=mnx:)-Fnalws), then wi-tve is quadratic with respect to s+,
and

o(Viet- Vo, 7t p2)=a(Vy, 1) +a(Vy, 1)
(if). If L:V->Z, is linear, then
a(Ly=24v  gf  [=0,
a(L)=0 if L0,

(i) If »: U Z is a unimodular quadratic form over Z, u: URU > Z,
18 well defined and quadratic and

o{UJ2U, %)= signature y mod 8 .

COROLLARY 2-2. If V=A®B, dim A=dim B and ¢ is zero on A, then Jor
any quadratic function n:V ->Z, with respect to 1 such that 7(A)=0,

o(V, n)=0.

Proor. Let A,={a+b;a€ A} for any b€ B, and we give a Z,-vector space
structure on A, by

(@, +b)-{as+b)=a,+a:+b .
Consider the function 7 : Ay — Z, defined by
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e +by=y(a-+by—5 by =7 ulab) ,

then 7; is linear with respect to <, hence by Proposition 2-1 if b0, then aln,)
=0, and if b=0, then a(r,)=2%"4, Therefore

a(p)= 3 aly] A= 3 aln) i7"V alyg) =20
be B belB
Hence

o(V, 1)=0 . Q.E.D.

Now let M* be an oriented Poincaré complex and let 7 : H*(M; Z;) - Z, be
a quadratic function with respect to the cup-product, then we prove a formula
relating o(3, ) with %(v,), where v, is the n-th Wu class of M.

PRroPOSITION 2-3. In the above situation, o(M, r)=r(v,) (mod4).

Proor. We write V for H*M; Z;). Consider

74 VEV - Z, .
Let V.={{utv,u); u€ V} and we give V, a Z,-vector space structure by
(uy+v, wy) -+ (e, o) ==+ ua+2, 1+ 42) .
Consider
201V, V,— 2y,
we have
2n(u+v, w)=nu-+v)-+p(u)=7@)+2-5(u) + 7 puRv) = nv) -+ 7 1 lu@u) 47 () .
Hence if we define v,: V,— Z; by
Bl v, w) =27 (-2, w)—7(v) ,
then %, is linear with respect to -+. Now if
wr--uv=0 for all uevV,

then v=v,, the n-th Wu class. Hence if v+#v,, then a(y,)==0, and a(yp,)=2"""
(by Prop. 2-1). Therefore

a2)= T a@rlV.)= 3 aly) i7" =aly,,)-i7 O =g V.37
%€ %e
14_% 2%{vn)

— Oitm ¥V, -
=2 (vz,

Hence

20({M, 7)=20(V, ) =a(VEV, 54-7)=27(v,) ,
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hence
o(M, 1)==1(v,) (mod4) . Q.E.D.

COROLLARY 2-4. Let M* be an oriented Poincaré complex, n ;odd, and let
p: HYM; Z:)— Z, be a quadratic function, then
o(M, 7)==0 (mod 4)
i.e.,
olM, 7)=0 or 4.
Proor. By Proposition 2-3,
(M, y)z=r(v,) (mod 4),
but since n is odd and M is orientable, »,=0, hence

a(M, 7)=0 (mod 4). Q.E.D.

§3. The Bockstein Spectral Sequence.

Let M™ be an oriented Poincaré complex and let {E*, d,} and {E, d"} be the
mod 2 Bockstein spectral sequence in cohomology and homology respectively. Then
by Browder [1], we have

ProroSITION 3-1. (). {E* d,} and {EL,d"} are dual each other by the
Kronecker index.

(1) EX=H*M)/Tor (23Z,, Ez==H(M)/Tor RZ,.

Now since M*" is orientable, we have

Bt = oo B 7,
and

ElL,=E}= - =E,=2,.
Let 1€ Ej,= -+ ==K, be the mod 2 fundamental class. Then we can prove

PrOPOSITION 3-2. The Poincaré duality holds for {E*,d,} and {EL,d’};
(1) The cup-product

11 E1QES - Egv

18 well defined and similarly for the cap-product.
(1) Ny Bt EL., is an isomorphism for all k and r, and

d(xnNu)=d"xN s for all x€ E%,

(i) The cup-product
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18 non singular.
PrOOF. (i) If =1, then it is clear. Assume the statement holds for »<m,
then we define

#:En QEh - En}
by
r([21R[y) =[x,
where € E?, d,x=0 and y€ E¢, d,y=0. Since
dulz-y)=d.x y+e-d.y=0,
and
A y=d,(z’-y) for »’eEL",

£ is well defined.
The proof for the cap-product is similar.
(ii) Clearly Np,: Ef > El, . is an isomorphism. And

dix N pay=dx 0 potaxnNdiss,
but since M is orientable, d!x;=0 and
aNx N pe)=d, 2 otz .
Now suppose
Nps: B¥ S B, and d'(@xNw)=d,x()
for all r=m and x€E%.
Then we define
N Eryo— ELY,

as follows.
Let 2€ Ek and suppose d,x=0, then [z]€ E%,, and d™(aN t)=d,zN rg==0.
Hence

lzNple ERTY
and we define
[z]Npe=lxN ).

Now since
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[+ dni’ ] =l d 2’y 1 )=z 0 1] 4 {d i O 120
=[rim]+ld™a 0 )]=[2 1)

My, is well defined.
{a) [ip is epimorphic,
Take any [yl€ E}.tY, y€ El-x, d"y=0, then there is an element x € Ek such

that
Y o=y .
Then
Q==d™y==d™ax N ) =dnx N,

hence dnx==0 and [z}€ E% ...
Therefore

[x] N m=[y]

and N/, is epimorphic.
(by Ny is monomorphic.

Suppose
[x]N =0,
then @ =d"y for some y€ K, ,_,. Let 2/ € EL' be such that
&' M=y,
then
dnt’ N po=d™ (@' N 1) =d™y .
Hence
Apt’ O pte=a N s, w=do, [£]=0.
() d™ ([x) N p)=dpia[] N 2, for
A" (2] N )= do 2] 0 o] N A™ Yy =d ) N 2z
(iii) Suppose
x-y=0 for all z,
then
E Yy =0, <z, yNp>=0
hence y=0. QE.D.
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§4. Proof of Theorem 1-1 and Corollary 1-2.

Let {E*,d,} and {E%, d"} be the mod 2 Bockstein spectral sequence for H*(M)
and Hy (M), where M** is an oriented Poincaré complex. We prove the following
statement by induction on 7.

(Q,); Pi" : E*— Z, can be defined so as to be quadratic with respect to the
cup-product

I EPRJE® > Bt =27,
and o(E?, Pi")=e(E}2, P{V).
If r=1, then (g,) is trivial and
(B, P{")==a(M, P.) .
Now assume (@,) holds for r<m, then we define
P{rv B - Z,
as follows. If [z}€ K., x€ E%, d,.x=0, then we set
Pen ([e]) = Pi™ (z) .
To show that P{™*" is well defined, it suffices to show that
PM™(im dn)=0,
for

P™ (g+-dpy) = P (2)+ P (dmy) +3(z- dmly)
= P{™ (2)+ P{" (dny) +idn(2-y)
= Pi"™ (2)+ P" (dmy)

where z€ B2, d,x=0, y€ E%*', Here we have used the fact that d,/E% =0
which follows from the orientability of M.
Now let d,z€ E%, x€ E**!, then if x is represented by an integral cochain «,

du=2"-a
and d.x is represented by 1/2™-6u=qa, [a]e H*™(M; Z) and
P (dmx)=Pila] .

But clearly 2™[a]=0, hence [a]® is a torsion element in H**(M; Z)=2Z, there-
fore

[al=0, PJlal=[al?*mod4=0 .

Clearly P,™*Y is quadratic with respect to the cup-product.
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Next we prove o(E%,, PV )=ag(E%, P;V). Let {), [2z], - - -, [25] be a basis
for K%', and let

V:=the subspace of EZ*, spanned by &, @, -, £s, €€ B3, dnz:=0.
Let
V={ye E¥;z-y=0 forall z€V},

then

LEMMA 41, Er=V&V.

ProoF. 1f z€ VN V, then since 2€ V, we have d,r=0 and [x]e EZ%,. Let
[yle E%%, be any element, then we may take y in V and

{z]-ly]=[z-y]=0 .
Hence [2}-0 and since VNimd,=:{0}, we have
=0 .

By counting dimension, we obtain the lemma. Q.E.D.
Now we have

o(E2, PiYy=a(V, Pi™ |V )-+a(V, P, V),
but clearly
oV, PP V)=a(E}%,, P70,
hence we have only to prove
ao(V, P V)=0.

To show this, it suffices to show that there is a subspace AC V such that

Wy M (A)=0,

(il) The cup-product is trivial on A4,

(iii) dim A4=:1/2-dim V. (See Cor. 2-2).

Now we claim that the subspace

im(d,: B3> ENaV

satisfies the conditions above.
(i) has already been proved (well definedness of Pi™t%).
(i) If dwx, duy€im(d,: B2 — EZ), then

dnmdm'y:dm(fvdmy):o s
since M is orientable.

(iii) First we prove
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LeMMA 42, dim E¥=dimker (d,.; E2* > EZ*"Y - dimim (d, : B2 - EE),
PRrROOF. We have

(1) dim E3"— dim ker (d, : E5" — E¥ e dimim (d,, : B3 — EivH,

Now we prove that

im(d,, : B2 — Ei»'Ne=ker (d" : B, - Egy) .
In fact if a€(im(d, : Ei" > Ei"*"))’, then
dnx, a>=0 for all ze€E% .
Hence
Lz, d"a>=0 for all =x.
Therefore
d"a=0 i.e., a€ker(d™: Ef., — El).
Conversely, assume d™a=0, then
{dmie, a>={x, d™a>=0 for all x.
Hence a€(im (d: E5* — EE"))4L.
Therefore

(2) dimim (d,,: B - B3 )= dim Ef . —dim ker (d™ 1 By — E).
Consider the following diagram, which is commutative by Proposition 3-2.

) dm
EZ“111+1 I— Ez';t

a“

Ziﬂ/lz Zlﬂ.ﬂz
EZn«l E}vs
m ? 43

“m

We have
(3) dim Ey7.,— dimker (d™: Bty — E) = dimim (d,, : E2* - KEE*).
Combining (1), (2) and (3), we obtain the lemma. Q.E.D.

Proof of (iii);

dim V= dim E2*—dim E2",= dimker d,-+-dim im d.»
—(dim ker d,,—dim im d,,)==2-dim im (d, : B2~ — E5") .

This proves (iii).
Thus we have proved

B2, Pi0)=o( B, P™)
for all m. Therefore

oM, Py=o(E?, P})y=a(E2", P{)=signature M mod 8 (by Prop. 2-1).
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This proves Theorem 1-1.
Proor oF CorOLLARY 1-2. By Theorem 1-1

signature M mod 8=9d(M, P,)
and by Proposition 2-3,
o(M, Py)==Ps(vy,) (mod4),
hence

signature M=P,(».,) (mod 4) . Q.E.D.
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