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Introduction

The h-cobordism theorem (dim=6) in the differentiable and the P.L. cases
has been proved by Smale (Smale {1}, Milnor [1}) and Mazur (Mazur [1]). In this
paper, we show that the topological h-cobordism theorem also holds for dimensions
=17.

QOur main result is the following

THEOREM. Suppose the triad of the topological manifold (W™; V, V') has
the properties

1D W, Vand V' are simply connected,

2) H(W, V)=0,

3) dim W=n=z=7.

Then W is homeomorphic to V>[0.11.

It is well known in the differentiable case, that the handlebody decompositions
correspond to the Morse functions. Our proof starts from analogous fact in topo-
logical case. To perform the proof, we newly introduce a concept of “topological
trajectory field”, in addition to the topological Morse function defined by M. Morse
(Morse {1]). This corresponds to the orthogonal vector field in the differentiable case.

Some powerful tools are obtained in the recent few years. Kirby [1] showed
that any topological manifold, dim=7, has a handlebody decomposition, and gave
conditions to extend a P.L. structure of a submanifold to the manifold. Rushing
{1] showed that a flatly embedded triangulable manifold can be considered as P. L.
embedded, locally, if codimension is more than 3.

Making use of them, we carry out the proof of the topological A-cobordism
theorem by the slightly modified Milnor’s method (Miinor [1]). We adopt the
terminologies of Milnor [1], if the situation is clear from the context. In §1, the
concepts of eritical point, non-degeneracy, topological Morse function and topologi-
cal trajectory field are defined. In §2, we obtain that any manifold of dimz=6
have a Morse function and a trajectory field by using Kirby’'s result. In §83, we
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show so called rearrangement theorem (cf. Theorem 3.1). Using Rushing’s result,
this theorem is reduced to the P.L. general position theorem. By the grace of
the rearrangement theorem, we can define the k-skeleton (M, N), of the handle de-
composition of M relative to N. (M, N); plays very important role in this paper,
because (M, N), has the following properties: (1) ={(M, N))==,(M), (2} if N has
a P. L. strueture, then (M, N), has a P. L. structure which is the extension of the
P. L. structure of N. In §4, topological “transverse intersection” of two manifolds
is defined. It is shown that intersection of the left hand sphere and the right
hand sphere may have this property under some conditions, by the annulus theorem,
(Kirby {1]), and by introducing P.L.-structure on the neighborhood of union of
the right-hand sphere and the left-hand sphere. So called cancellation theorem
(ef. Theorem 4.4, 4.9) is reduced to the P.L. case, using the property of the
transverse intersection. {See Hudson {1]1.) In §5, h-cobordism theorem is completely
proved.

1 express my hearty thanks to Professor I. Tamura for many valuable advices
and instructions, and Prof. Y. Matsumoto and Mr. 8. Ichiraku for several enlighten-

ing discussions.

§1. Definitions

We let R*, S*, B* denote Euclidean n-space, n-sphere, n-ball respectively. We
denote the interior of a manifold M by either Int (M) or M and the boundary of
M by M.

Let M™ be a compact topological manifold with or without boundary and let
f:M-> R be a continuous map. If M has a boundary oM, we assume that the
restriction of f on each eonnected component of oM is a constant map. A point
x€ M is called a reguler point of f, if there exists a coordinate neighborhood (U,
k) around

h:U->V

such that Unf Y f@) is an {(m--1)-dimensional submanifold of U and foh i(x,,
Cee, ) &, where VCR™ for w€lnt M, and VO R}, +={x€R™; x,2f(x)} or

"o i€ R™; x.Sfx)} for x€0M respectively. A point z€ M is a topological
eritical point if it is not a topological regular point. A point x€ M is called a
non-degenerate critical point of index i, if there exists a coordinate neighbor-
hood (I, k) such that, h{z)=0 and foh ™ traf, —(zt+ --» +xd)+{xi,+ - -+ 2%). Note
that 4 is uniquely determined for each non-degenerate critical point, by M. Morse

{1].
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1.1. DEFINITION. A map f: M- R is called a Morse function if

(1) f has no critical point on M and

(2) f has only the non-degenerate critical points.

Let (W; Vi V), be a triad of the topological manifold and let f: W > [--
[0, 1) be a Morse function satisfying f1)==V; and f'(0)-:V,, then fis called a
Morse function of triad (W; V,, Vo).

Let f be 2 Morse function of M and let .7 be the set of continuous maps
g :[t, '] > M such that fog=id., where [¢, '] is a closed interval.

A trajectory field 5.5 of M associated to f is a subset of %% which
satisfies the following conditions.

(1) For any point z€ M, there exists g€ 9., such that Imgdw, and if 2 is
regular, then this g is unique. Hereafter we denote such g by g..

(2) For any g¢:[t,t'1 > M in 575, g(t), g(t')€{eritical points}idM, and
g((¢, t')) N{eritical points}==¢.

(3) For any regular point € M, there exists an open subset U in W and an
into homeomorphism A : U — (UnNffix)) < R (if x€6M, then replace R with Ry
or R;.,-), such that hl(y)=(b, fly)), where be f ' fz)Img,.

(4) For any critical point x€ M, there exists some coordinate neighborhocod
(U, k) around z such that A(x)=0 and foh '(z)=f(&)—~(@i+ - +a)+adod -
+a%, and hg is an orthogonal trajectory of fh~!, in differentiable sense with re-
spect to the Riemann metric in h(U), for any g€.75.;. Note that fh™' can be
regarded as differentiable function on A(U)CR". An element of the trajectory
field is called trajectory.

Hereafter we denote a Morse function on M by fi, and a trajectory of W
associated to f by F.s. If fis understood from the context, we denote simply

x instead of Sy ;.

§2. Existence theorem of the topological Morse function

In this section, we show that for any manifold which has handlebody struc-
ture, there exists a pair of Morse function and associated trajectory field on it.

Let N, N’ be two topological m-dimensional manifolds such that N’ is obtained
from N by adding a handle of index k with an attaching homeomorphism h: aB*
< B** —gN.

2.1. LumMA. Suppose N has a Morse function fy and an associated trajectory
field (9% such that (1)y fw(BN)=1, fu(N—3N)<1 and that (2)y there exists dy for
which fi'({1—dy,1]) is a collar neighborhood of @8N with the product structure
given by the trajectories passing through the boundary of N. Then N’ has a
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Morse function fx-, an associated trajectory field &7y and a positive number éx-
which satisfy the conditions (1)y- and (2)x-.

REMARK. Above condition {2)y is required in order to add the handle to the
collar of 9N and to adjust the attaching homeomorphism in the collar.

Proor. We define a real valued function of handle of index k, g: B*x B™*
SR bY gz, <o) Ts Tasgs <y By (@b - bab) @b, b o SRt -
+2%). Consider g’:veg-+(1-¢), where ¢ i8 a positive number such that 65>3¢
is hold, then there exist differentiable orthogonal trajectories on B* > B""* associated
to ¢’. Let a manifold (N—Q)U,~(B*x B™*) be obtained by adding B*<B™™* to
N- @ with the into homeomorphism g’/ :0B*x B™* - p(dB*x B"*)x[1--dy, 1],
where Q=:{(y, t); yEMIB: X B" %), te[l—dy, 1], t2¢'(y)} and ¢""(z)=(h(x), g'(z)).
Then by an easy observation, we have that N—@uU, B*x B™ * is homeomorphic
to MU (B*x B™ ).

Define a map fy N >R by fuw'IN—Q=fyIN—Q and fy'|B*< B" *=g’, then
it is easy to see that fy- is a Morse function which satisfies the condition. Next,
we have a set .9y by

alJahi—t; Q€ Ty, abn-1y € Fgtspm—k, if Im (@)

g’ (@ Bk x B™ *)={x}

c{/N':: _ . y
w; 0 € Y, if Im(a)Ng”’(B¥x B" *)=¢

aly o’ € Tgkupn—r, if Im(a’)NGB¥ < B *=4¢

where aUa’|[f(z), 1]=¢’, aUa’|(—o00, fix)l=al(—oo, flx)]. This set .5 obviously
satisfies the conditions. Q.E.D.

2.2. THEOREM. Let M™ be a compact topological manifold. If M™ admits
a topological handlebody decomposition, then M has a Morse function fy and
associated trajectory field .

Proor. If M™ is m-ball, then define fy by fu(x)=xi+ - - -+2k and Ty is
given canonically. These fy and .y satisfy the condition of Lemma 2.1, hence
we now construct fy and &7 inductively in the general case. Q.E.D.

2.3. COROLLARY. Let M™ be a compact topological manifold, m=6, then
there exist @ Morse function and an associated trajectory field.

Proor. By Kirby [1] M™ is obtained from oM [0, 1] by attaching handles
since m=6. Take a canonical Morse function and a canonical associated trajectory
cn @M xi0,1}, and apply Lemma 2.1. Q.E.D.

Let (W; V., V,) be a triad of topological manifold with dim=6, then W has
a Morse function fy by 2.3. However, since fi(V,uU Vy)=0, this fiy is not a
Morse function of triad (See 1.1). Now, we show the existence theorem of the
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Morse function of triad by modifying of fi.

2.4, THEOREM. Let (W™*; V, V) be a triad of the topological mantfold.
Suppose that W be obtained from (VU V') x1 by adding handles, and that VI
be obtained from V=&l by adding handles. Then, there exist Morse function
of triad and an associated trajectory.

ProorF. Let V,x[I and V.xI be two copies of VxI. Let fy,.; be a canon-
ical Morse function of V,xI and .57,.s be a canonical associated trajectory field.
On the other hand V,xI and W have Morse functions f,.; and fi» and associated
trajectory fields Zv,«; and &} respectively, given by 2.3. Replacing fir with
fle=a;fw+b, and fy,er by fhpa=asfy,~;+bs, where a;, b, are some real numbers,
then we assume that (1) fit(1)=(VU V'), fir(W)=(0,1], (2) there exists some
6w, such that 4, satisfy the condition (2} of 2.1, (B) fipfdVexD{l-dy, 1),
S (-0y)= V, x0L.

Fig. 2.1.

Paste V,x{0} to V{l—dy}c WV x(1—-dy,1], and Vyx{1} to Vx{1--dy}c
Vyx [—V x(1—dw, 1]. It is easy to see that an obtained manifold is homeomorphic
to W, and has a Morse function and an associated trajectory field. Q.E.D.

2.5. COROLLARY. Let (W™; V., V1) be a triad of the topological manifold
with n=6. Then there exists a pair of Morse function of triad and an as-
sociated trajectory field.

ProoF. By Kirby {1}, W" and V,xI satisfy the condition of 2.4. Q.E.D.

The method of the proofs of 2.2 and 2.4 implies the following.

2.6. LEMMA. Let W be a manifold with or without boundary and let f: W
-> [0, 1] be @ Morse function which is given by Theorem 2.2 (or 2.4), with critical
points pu -+, Px, then f can be approximated by a Morse function g with the
same oritical points such that g(p)+g(p;) for 1+#7.
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ProoF. In the proof of 2.1, we can shift : so that the condition is satisfied.

27. DEFINITION. The Morse number p of (W; Vi, V)) is the minimum of
the number of critical points of f over all Morse functions f which has an as-
sociated trajectory field.

Hereafter by “cobordism” we mean the compact cobordism with a Morse
function and an associated trajectory field.

2.8. COROLLARY. Any cobordism can be expressed as a composition of
cobordisms with Morse number 1.

PrOOF. Let @ be a regular value. We need to prove that f3#'[0,a] is a
cobordism. But it is obvious by the definition of the regular value.

The following theorem is obtained by the standard argument using the topo-
logical trajectory field. :

2.9. THEOREM. If ¢ Morse number of (W; Vo, Vi) is 0, then (W; Vi, V)
1s @ product cobordism.

As the differentiable ecase the critical points are in one to one correspondence
with the handles (Milnor {1] Theorem 3.14).

2.10. THEOREM. Let (W; Vi, V) be an elementary i-index cobordism with
a eritical point p, then W —(Vyx|0, ) is a I-handlebody, where 0<e<f(p).

§3. Rearrangement theorem

Let (W; V., V1) be a triad of the topological manifold with a Morse fune-
tion f, an associated trajectory field &, having two critical points p, p’, with
index 4, i’ respectively such that fip)<f(p’).

3.1. THEOREM. Let 2=X, dim W=8, and let V=f"(a), where fip)<a<fp’).
Then it 13 possible to alter the trajectory field associated to f on a prescribed
small neighborhood of V so that the corresponding new spheres Sp (right hand
sphere of p) and S), (left hand sphere of p') in V, do not intersect.

REMARK. We use the terminologies of Milnor {1} in this paper for the left
hand sphere and the right hand sphere and so on.

To prove 3.1 we nced the following

3.2. LEMMA. Let M™, N* be two compact triangulable submanifolds of the
closed manifold V. If M, N have the flat neighborhoods, and m+n<wv, vZ5,
then there exists a homeomorphism h: V — V, which is isotopic to the identity,
such that MM)NN=¢,

The proof of 3.2 will be based on the following theorem which is due to
Rushing [1].
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3.3. THEOREM (Rushing). Let P be a polyhedron, Q" be a P.L. mantfold,
and n—kz3, n=b. If f: P Q is a locally flat embedding on the open simplex
of some triangulation, then f is s-tame. (An embedding f is called :-tame 1f for
any >0, there is an isotopy e, of Q such that e, -1 and ¢, f is P. L., distance
{w, ez <: for all x€Q and envon.is,p,==1.)

PRrOOF OF LEMMA 3.2. Since v--n=3 or v—m=3, we consider the case where
v—nz3. Let f: R™":M >V be an embedding given by flatness. We identify
R M with AR ™ > M) and introduce a P. L. structure on fIR"" < M) in the
trivial way. Triangulate N and take sufficiently fine subdivision sueh that 21&““’”
MZN (B ™ » M) N, where N’ is a subpolyhedron of N which consists of
all simplices included in 2109””“ < M. By Theorem 3.3, there exists an ambient -
isotopy h, such that h,(N’) is a subcomplex of R*™x M and h, is the identity.
Apply the general position theorem, then we get the result. Q.E.D.

PrROOF OF THEOREM 3.1. Since S, and S}, can be regarded as flatly embedded
submanifold, and dim S, -+ dim S}-=(¢—~1)+# 4, the proof follows from Lemma
3.2, Q.E.D.

3.4. THEOREM (rearrangement theorem). Any cobordism c¢ of dim ¢=6 may
‘be expressed as a composition

C=0CCy v Cu

where each cobordism c. admits o Morse function with just one critical point,
and index (c))=index (¢;) if 12].
Proor. Compare Milnor [1], Theorem 4.1 and Theorem 4.8. Q.E.D.

Let W" be a compact topological manifold n=6 and let V,26W be a union
of components of W. Assume that W be obtained from V,* I by adding handles,
then W has a Morse function fi : W [0, 1], f5(0):=V, by 2.2. fi can be rear-
ranged to gw by 3.4, therefore for any positive integer k, there exists some re-
gular value a such that all critical points of g in ¢~ %[0, a]) have indices less than
k and all critical points of g in ¢g~([a, 1]) have indices more than %-+1. A submani-
fold g ([0, a]) is called k-skeleton of this handlebody decomposition relative to V.

It is easy to see that for any handle decomposition, k-skeleton of the handle-
body decomposition is well defined.

§4. Cancellation theorems

Let f be a Morse function on the triad (W"; V,, V1) for e/, where e¢’ is a
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(W; V, V). pis a critical point of ¢, p’ is a critical of ¢/, Sg is the right hand
sphere of p, S/ is the left hand sphere of »’, .y is a trajectory field of W as-
sociated with f. Note that dim S;4+dim S},=(n—i—1)+i=n—1=dim V.

We define the concept of “topological transversal intersection” of two em-
beddings, analogous to the differentiable and the P. L. cases.

4.1. DEFINITION. Two embeddings f:M™<B*> V™" and g¢g:B"xN" >
V*™'* are called transversely intersect at g€ fIM=<{0n g0} xN), if there is a
homeomorphism 7' : B” x B* -» iM < B")1g(B™« N), s.t. 7(0)=q and there are maps
$:B" >N, ¢:B" » M, s.t. folgxlgn)=:7=go(lpmx @),

Since p is a non-degenerate critical point, we have some neighborhood Uc W
and homeomorphism ¢ : U > Uc R” such that U230, and Jfol=fix)~(a} + - - - +xtb)
F®ib oo - 2%, We may assume that UD3B™. An attaching mneighborhood
NSy (resp. 2NS,) of S, is the intersection of V with all trajectories passing through
¢ B B" YU (resp. ¢ (2B *x2B"* % cU). The definition of the attaching
neighborhood NS, (2NS,) of S, is similar. Note that there are canonical homeo-
morphisms A :2B%:« 8" %1 »2NS, <V and h':S*x2B"* "' »2NS/, where NS, is
an attaching neighborhood of Sp, and NS/ an attaching neighborhood of SJ.

4.2. THEOREM. Let W" be a simply connected manifold, n=7, n—2=i=1;
When 4=2 and i~n-—8, we add the assumption that V,, V, are simply con-
nected. Then we can alter the associated trajectory field mear V, so that h
and b/ transversely intersect at each intersections.

We need the following lemma to prove the above theorem in the case 1=2.

4.3. LemMa. If W, V, and V), are all simply connected, and i=2, then
there exists a compact triangulable submanifold K of V such that NS, is included
i K as P.L. submanifold of K, and K—S, is simply connected.

Proor oF 4.3. Since i=2, dim V,—dim S, =3, where S, is the left hand
sphere of the critical point p. By introducing a natural P.L. structure on NS,
and using the general position theorem, it is easy to see that Vy—S, is simply
connected, hence V—S8; is simply connected. The submanifold V—Int NS, is ob-
tained from 3(V--Int NS,) xI==3(NS) < I by adding handles. Let L be a 3-skeleton
of this handlebody decomposition relative to dNS,). Then V-- Int NS is obtained
from L by adding handles with indices more than 4, therefore (L)y=a(V—
Int NSp)=21, by Van Kampen's theorem. On the other hand it is easy to see that
HY(L, 3(NSg); Z,)==0, by the universal coefficient theorem and the assumption that
L is 3-skeleton. By Kirby [1}, L has a P.L. structure which is the extension of
the P.L. structure of d(NSj), accordingly K=LUNS; has P.L. structure. The
submanifold K satisfies the condition. Q.E.D.
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PrOOF OF THEOREM 4.2. We will show that there is an ambient isotopy
I',: V-V, 0=t=£5, such that 'k’ and h transversely intersect. We consider the
case Zi=n—Zi—1, since another case is similar.

At first, making use of Lemma 3.8 and P.L. general position theorem, S,
and S! can be altered by ambient isotopy, so that they intersect at finite points
ay, -, G and for each a, there exists some coordinate system (g, U around «,
such that U,N Sy is mapped to R"*1x0, and U,NS] is mapped to OXR* by ¢,.

Choose some into homeomorphism ¢:2B"* %1 -> S, and ¢ : 2B%-» 8} and identify
2B %! with ¢(2B"* 1), and 2B* with ¢(2B%. By adjusting some attaching
neighborhood ¢ and ¢, we may assume that h(z&iXfo""i"’)Z‘h'(BiXB"“"‘)f)
(B x B Sh(Bix B*+1) and that h/(2B'x0)>h(2Bix0). Hence we only need
to prove that A 7'R/lspixpm—i-t can be altered to intersect transversely with
id. | pivopn—a~1.

By using annulus theorem (Kirby [1]) to d(h A/ (B*x B" %)) and d(B*x B* i),
we have an isotopy 7, :2B*X2B" 1> 2B < 2B" 4 ; 0=t=<1, such that (1) 7o=id.,
(2) 7:59:23"><23”"’2“‘>:id-» (8Y Violh ™R ) 5ip2pm 2y =mid.

By Alexander trick there exists an isotopy /';: V> V; 1£t¢<2, such that
Toh™'h | gipr-21=1d., and I'y; 1St <2, leaves (7,h~'h/(B?x B*"1))° fixed. Therefore
we have an ambient isotopy I'.; 0=5t<2, such that A=I"h " 'h |ypicgn-2-1 trans-
versely intersect with id.|g2.pn-2-1 at h7'a,). However, by this ambient isotopy,
it may happen that new intersections of A(2B*:0) and 0x2B" %! in Int (2B
W QB Bl );"“‘“‘) are generated.

We will eliminate these intersections. Let V/==2Bix2B"i1.- iy B"# and
let D=2:B x0—LBx0, 2>£>C>1, be a subset of 2B'<0 -B 0, which satisfy
ii((ZB‘><O~f~f?“><0)wD)ﬂ(0>< 2B* i N=¢, When 242, every components of V/--S,
=S+ 1w B*i-t gre simply connected. By Theorem 3.3 there exists an c-isotopy
e.: V> V', 2<t=3, such that ehl, is P.L. We choose ¢ so small that e,(h(2B
% 0— B¢ 0)— D)N0X2B** =2, and e,sy.=id.

By the P.L. general position theorem there exists an ambient isotopy ¢.: V'
> V’; 83<t<4, such that el,p-=id., e A(D))NOX2B*"*"! consists of finite points,
and that edR(D) and 0x2B™ 1! intersect transversely at each point in the P.L.
sense (see Hudson {1}).

It is easy to see that the intersection number of e, k(D)) and 0x2B**1 js ¢,
hence there is an ambient isotopy e,: V' - V', 4<t<5, such that el;v.=id.,
and e,JZ(ZB‘><0~§‘><0)00><ZB"”H::¢. Extend this isotopy e,: V' > V/; 25t55,
to the isotopy I',: V— V; 2<t<5, in a canonical way, then we get the desired
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sotopy ['¢; 05255,

When /-2, we take K instead of V', where K is given by Lemma 4.3.

Q.E.D.

We obtain the following corollary as a direct consequence of the above theorem.

4.5. CoroLLaRrYy. With W, V,, V., NS,, and NS, as above, we can alter
the trajectory field near V, and can adjust NSi, NS, so that NS, \UNS, has
the canonical differentiable structure (therefore, has a P.L. structure, too).

Proor. Move S by ambient isotopy in V so that h and R’ transversely in-
tersect by 4.4. And adjust NS/, and NS; so that (NS,--h{(B{> B} **'y --- UBj
~ Bi# 1)) NS¢, where Bf» By #'3k/"Ya,) is given in the proof of 4.2. We
can induce a differentiable structure to NS, UNS,, from S B* 1 and S" 1w B
in a canonical way. Q.E.D.

The proof of the “first cancellation theorem” is similar to the P.L. case.

4.6. THEOREM (first cancellation theorem). If S, and S} transversely
intersect at a single point q, then the cobordism is a product cobordism.

For the proof, we need some notations and lemma.

We say that a topological manifold G is a standard model of (4, 4+ 1)-pair if G
is a disjoint union of 2B+ < (1/2 B**") and B’ »< B""* by identifying (2, ---, %5,
Tiits Tasey + ooy B) €H@B (172 B 4Y), 24,0, with (®y, ~ -+, @3, €% 01, iz, -0y
z,)€ B*xaB", x5.>0.

<BixBn—i> <23'i-‘r1xB’iz~i—l";
1z A

— 2812 1

H?:' £
- i - identify shaded arcs
Fig. 4.1.
Define Morse function fyign—2 on BIXB"™% by fpiopn-i(zy, -+, ¥,)= —(al+

Py atat o Rt and f7 on 2BIX(L2 BN by fi(w, R T Y.
e vvv oogh badeat - -+ 4, then we have the differentiable orthogonal trajectories
on B B"* and on 2B’"'x(1/2 B’"*1). We obtain family of curves on G by
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pasting trajectories at identifying points. Let A, 1/2A4 be subsets of 2B+

1/2 B’"~t defined as follows; 2B+ A’=B*1U{x; i+ -+ 232l 2;:,,>0
1/2 A’=1/2 B¥*' {z; 2i+ --- +2°£1/4}, then A=A'x12B"*" 12A=1/2A"X
1/2 B/"1,

4.7. LEMMA. There exists a homeomorphism h:G--(1;2 By B U1/2 A) -G
such that hloB'x B™2U(@(2B"+)x1/2 B™-i1— ) is the identity.

PrOOF. It is easy to see that G collapses to G—1/2 BixB"iU1/2 A. There-
fore the lemma is trivial (see Hudson [1]). Q.E.D.

PROOF OF THE THEOREM. Let G be a standard model of the (4, 241)-pair,
and let NSp=B{xSp and NS,=8] x B2+, then there exists a homeomorphism
¢: E=Dpx B UD} % Bf~*' - G which corresponds the trajectories of D, x B}U D]
x B3™*' with the curves of G, and ¢(p)=(0,0)€ B‘xB"%, ¢(p')—(0,0)e B
x Bt

By 2.9 and thickening handle, ¢¢’ is obtained from ¢ by adding 2--1 handle D
w Byl By 4.7, cc’=(cc’-E°)Um_E is homeomorphie to (cc’uE)Um(E“g@“‘(l/fZ
B'x B*™11/2 A)=cc’—¢{1/2 B*x B**J1/2 A). It is easy to see that f has no
critical points in it and that each trajectory intersect at single point with its
boundary. Q.E.D.

Now we will show that the “stronger cancellation theorem” is reduced to the
P.L. case.

Assume that S, and S; are transversely intersect in V with respect to the
attaching neighborhood. As it was proved (Corollary 4.5), NS{ UNS; has differenti-
able structure, in which S, and S are differentiable submanifold. An intersection
number (in topological category) S;-S; of S, and Sy is the intersection number

S: -8, in differentiable sense (see Milnor [1}). Thus it coincides with algebraic in-
tersection number.

4.9. THEOREM. Let (W™; V,, V,) be o triad, and let W, V, and V, are
simply comnected and let 122, A+1<n—8, n=27. If Sp-Si =21, then we can
alter an associated trajectory field near V, so that right-hand and left-hand
spheres in V intersect in a single point.

Proor. Choose a handlebody decomposition of V—Int (NS, UNS;), and take
the 3-skeleton K’ of this handlebody decomposition relative to 8(V—Int (NS, UNSy).

Then the theorem is reduced to the P.L. case by introducing a P.L. structure on
K’ (NS, UNSp). Q.E.D.

§5. Cancellation of the critical points

We will cancel the critical points of the middle dimensions by the method es-
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sentially same as differentiable case (see Milnor {1}]).

5.1. the THEOREM. Let (W; V, V') be a triad of dimension n27, possessing
a Morse function with no critical points of indices 0,1, or n—1, n, and let W,V
and V' be all simply connected. If H (W, V)=0, then (W; V, V') is product
cobordism.

Proor. We adopt the method essentially the same as Milnor [1] except Lemma
7.7 of Milnor [1]. We need only the following lemma to complete the proof.

Q.E.D.

Let V3! be a topological manifold, and 4 : S*' % R*"*~> V, and byt RO S
Vo 1:=1, - - -, k, embeddings, such that, S;N8;=¢, for any i+7, where Sy=h(S*
<0), 8;7:h,(0x8%41), and let ¢ €S, and beS, be given points.

5.2. LEMMA. Assume that nz7, 252502, then there exists an embedding
(0, 3) x R¥ < R >V, such that

) ¢l0,3)x0x0 8 a curve which intersects each of S, and S, once orthogo-
nally in o1, 0, 0)==a, #(2, 0, 0)==h.

2) o US)=1XR*1x0, o7 HS)=2x0x B+,

3) The image of ¢ misses the other spheres. Moreover, ¢ can be chosen so
that ¢((0, 3) X R*1x0) intersect S, at b with intersection number --1.

PROOF. At first, we choose some locally flat curve ¢,:(0,8) - V,, such that
#1(0, 3) intersects each of S, and S, once orthogonally in ¢,(1)=a, ¢,(2)==b. By M.
Brown and H. Gluck [1], an arbitrary locally flat simple closed curve in V, has a
trivial tubular neighborhood. Hence we can choose an embedding ¢’ : (0, 3)x R*1
XR" 3=t - V,, such that ¢'(s, 0, 0)=¢,(s). Then applying the method of Theorem
4.2, we can construct an ambient isotopy I",: Vo V,; 0=¢<1, such that I"y==id.,
and that I';¢’|(0, 83) X R*"'!xX 0 transversely intersects with flpign-2-1 at b with
intersection number 1, and 7",¢’] .5 «oxgn~2~1 transversely intersects with hlgi-i.zn—2
at a. Eliminate new intersections of I'1¢l .5 xox0 With Sy and S, by the general
position theorem and Theorem 3.3, then we get a map ¢:(0, 8) X Ri~t x R -1
=(0, 3) X Biix Brat s Vs which satisfies the conditions. Q.E.D.

Now, we will state the theorem we have been striving to prove,

5.8. THEOREM (h-cobordism theorem in the topological case).

Suppose the triad of topological manifold (W"; V, V') has the properties

1) W, Vand V' are simply connected,

2) HW(W, V)=0

3) dim W=nzT1.

Then W is homeomorphic to V[0, 1].

For the proof we show the following
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5.4. LeMMA. Let V* be a closed manifold, v=6. If V is simply connected,
then arbitrary Aat embeddings f, ¢:St-> V are ambient isotopic.

Proor. We denote S,=ASY). S,=¢(SH< V. Then we may regard as S; x B*',
S, R*™'c V. By the theorem 3.3 and the general position theorem, we can as-
sume that S;NS.=¢, and therefore, that S;X R* '"NS, X R* =g,

Fix a handlebody decomposition of V—(S;x B US, X ﬁ"“) and take the 3-
skeleton V’ of this handlebody decomposition relative to 6{V~(S;x B U.S'g,\’é"”‘)),
then the lemma is reduced to the P.L. case by introducing a P.L. structure on
V/UuS < B S, x B™t, Q.E.D.

Proor oF 5.8. By the above lemma, Theorem 4.2 and the same argument
with Milnor (1], we can eliminate critical points of indices 0, 1, n—1 and n. Now
Theorem 5.1 gives the desired conclusion. Q.E.D.
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