Products of fractional powers of operators
Dedicated to Professor Kdsaku Yosida on his 60th birthday

By Tosinobu MURAMATU

§1. In the study of fractional powers of operators H. Komatsu {3] [4] has
investigated precisely the space D3(4), 1=p=<co or p==co-— for a closed linear
operator A in a Banach space X such that

(1) NG+ A Y sM for 2>0,

where M is a constant independent of 2. In this paper we consider a family
A=(A,,---, A,) of linear operators of this kind which satisfy the condition that
(2) (+A) U+ A=A+ A1 A+ 48

for 0<2,71 Zk;j; kr“ly"'yny

”
(3) HxHD;al.m,an)m :Ex IixllD;jMJ,) .

To describe our results precisely we shall use the following notations. R.
denotes the set of positive numbers. For X-valued strongly measurable fune-
tion f{t) of t=(¢,,- -, t,), we introduce the norm

__ » dt \V?
(4) ligias= (], 100 4E)"7 it 15p<eo,

=sup|lAD if p=co,
RE

where |t| denotes the Euclidean norm and di=df;---dt,. The space LL(R?; X)
is the set of all functions whose norms defined in (8) are finite. L3 (R*;X) is
the subspace of L3(R%; X) whose members f{t) tend to zero as [{|-—oo.

For an operator A possessing the above properties, Dj .(4), 1spsS® or
p=co—, 0<o<m, is the space of all x in X such that 22(A(24-A)" )"z e LLUR,: X)
with the norm

(5) ||$|ll,;,mw ::“x”_{_Hza(A('z_‘*_A)-"l)mx“L;; (Ry:X) *

It is known that the space D} .(A) does not depend on m ({4] Proposition 1.2),
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so that we omit the subscript m on it.

Now let us state our results.

THEOREM 1. Let A:=(A,, -, A,) be a family of densely defined closed linear
operators in a Banach space X with properties (1) and (2). Assume that
0<Rea;<a; or «;~0, p-:1--X Reajje;>0. Then the space Dov-°"(A) con-
tains the domain D{A") of the operator A*—=A71- - AW and the inequality

(6) EEA“.’IJ““;)M1‘...‘,4;117‘) 4 gCHx}!“;ﬁ'...'q,ﬁ 4

holds for all z in D2t -9 (4), where C is a constant independent of «.

The inequality (6) is a gencralization of the inequality concerning mixed
derivatives of functions of several variables belonging to the Besov space
By (R (ef. (1))

el ot : - [CERETRIr N
(6,) I;Ijn‘;"llfgf»l~“;l."‘,F’U,n»f::;C[i(, [l];;qllp."',",g) for ©E Bq'p' In’
where Dooad! ™ {(@a) e (Gw)™, lal=a+---ba, . Our inequality (6) is more

general than (6) in two directions: firstly A,,---, A, are abstrac{ operators,
secondly ey,---, «, are not necessarily integers.

The space D) 2(A) is characterized as the mean interpolation space in
the sense of Lions-Peetre [5];

THEOREM 2. Let A-—(A,, -, A,) be as wn Theorem 1. Then the space
Dm0 Ay coincides with S(p, 0, X; p,0—1, D"), where D™= D{AY), A"=
Aft- AR« ranges over all m-vectors of non-negative integers with lal:=
@yl da,mm, and 0<0<1,

When - A;,---, —A, are infinitesimal generators of bounded strongly econ-
tinuous semi-groups G,,---,G, of operators, respectively, with properties that

(7) IGepisM for >0, j==1,---,7n,
and
(8) GGt =G t)G () for ¢, 6.>0, 7,k=1,---,n,

the space Dy’ 9'(A) is characterized as follows:
THEOREM 3. Let A,,---, A4, be as above. Then the space Dy (A) is
identical with the space of points x such that

(9) ol He= T~ G(E) ™l g s <o

where G)=Glt)- - -Gult,). Moreover, the norm of D9 (A) is equivalent to
the norm (9).
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§ 2. For future reference we note here some facts concerning linear operators
in Banach spaces.

LeMMA 2.1. Let A, B be two linear operators and assume that {4+ AV and
(- By~ exist and are bounded. Then the following conditions are equivalent:

(1) (a+A)yYpu+B)yt=(+B)yYi+-A)",
(i) (+A)'ze(B) and (7~ Ay 'Bx=B(i+A) 'z for x€ D(B),
(iii) (A--B)'ze D(A) and (¢-+ By 'Ax=A(n-+ B) 'z for x€ D(A) ,

where D(A) denotes the domain of A.
ProorF. Assume (i). Then for x€ D(B) we get

B(i-+ Ay 'we- B2+ A) (4 B) e+ B
= Bz~ BYy WA = A)" M+ B
={l—pl - B)" 'Y+ A) e+ Bl
=2+ AV Y1 —p{p = By Y+ Byx=(i+ Ay ' Br .

Conversely, assume (ii). Then we get

(4 B)y (a+ Ay T=(p+ B) A+ Ay N+ B)(p+ B) !
=(p+ B) Hp+ B) 2+ Ay W+ B) = (A-A) (e - BY

The equivalence between (i) and (iii) is proved in the same manner.

A closed linear operator A is the negative of the infinitesimal generators of
a bounded strongly continuous semi-group G(t) if and only if the domain D(A)
is dense and

(10, %l/zm(/“,%"A)”rn :|—<;M, for 2>0, mt:::]_, 2, e,
LEMMA 2.2. Let G(t) and A be as above. Then

(th A K" | £ Cy ™™,

where 0<Re a<m, and I(t)f:‘:StG(:)d:.
o

Proor. Evidently it is sufficient to prove the inequality for 0<Re a<1-:m.
Since I{tyx DL(A), we have

A“f(t)xf::c,,gmi"“‘/&(l + A I)zd2
1
for any z in X ([4]). Combining this with

ZAGH AU =120+ AT A =12+ Ay (1 -Gyl =2M°
and || [(t)]|£tM, we obtain
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/ oo
i!A"l(t)a;élécM%Sl‘2“"“”’Il$!{d2~i~'2cMzg atoa~2glld 2
1] 1/t
oM (Rea " 1—Rea t Hzl)

LEMMA 2.3. Let —A and —B be the infinitesimal generators of bounded
strongly continuous semi-groups G(t) and H(t), respectively. Then (A+A)™' and
(- B)"t commute for all 2, p>0 if and only if G(t) and H(s) commute for all
t, >0,

Proor. This lemma is an immediate consequence of the representations

(12) (21 A) ”xzs’gme““G(t)xdt ,
0
and
(13) Gz~ limexp(—tA(l+ntA) Dz .

oo

(See Hille-Phillips [2], K. Yosida [7].)
We shall frequently use the following well-known fact.
LEMMA 2.4. Let (M, m) and (M,, m;) be o-finite measure spaces. Then
the integral operator
Kﬂa:):g Kz, ) fyyma(dy)
My

is @ bounded linear operator from LP(M,, m,) into L*(M,,m,), 1€£pSoce, if
SIK(a:, Wimi(dz) , SIK(fc, Yima(dy) €,

where C 18 a constant independent of z and y.

§3. Proof of Theorem 1 is given by a repeated application of the following
LeEMMA 3.1. Let A,, A. satisfy the conditions stated in Theorem 1. If
O0<Rea<u,, then, for x€ D12 (4,, A,),

(14) A2y e1 0 apan SCIEND o100 g am
where p=:1—(Re afoy), zy=po,, and ty==pg,.
ProoOF. Let xe Di1.92(A;, 4.) be given. x€ D(A{) and the inequality
ﬁA‘fﬁ?“D;l Ap éCilxilDapl (A
is already known (Komatsu [4]). Also,

", m-_..._.!:(_”]ﬁ___ @‘“H‘ % de =I\T pepd 3 y M ir g
A"cwl‘(n')l‘(m—a) Xn YA (A AD))medd (m is an integer>oy) .
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Operating (As(zz+ A)7")* on both sides and taking norms, we have

(15) Hpm2(As(p+ A ATl S Sl + 91
where
fon=a| gt tia s 4y yald,
7

g(#)zczg“ TR (A Ay ) el dA
0
e TR (A (et A )]

Now, taking 7=0,/s,, so that c;+7 Re a=0,, we obtain

(16) i]gi!Li(R+;X) éc;!“a;ﬂ[);g (AD) o
Setting
/l'rz;(Rmx»—al , for 22‘,!7' ,
Kz, Z)::{
0, otherwise,
we have
rKOJ, R — Smfﬂﬂ, -1
o 4 o;—Rea o Iz T2
and
= 7 1 : —1ym d)
fy=e\ Kz, DA+ A" _2‘ ,
0
so that
(17 ”fuz,,j;uu;.\') éc;iizﬂ‘(}il(;“f‘Al)dl)mx“z‘,’,’{-:R+~._\'; ém!im“[;;, tap *

Combining (15), (16) and (17), we obtain

“Afx“n’ﬂmz) sCl2ly0,.00 (1. A2
» » .

which completes the proof of the lemma.

§4. Proor or THEOREM 2. It is obvious that
S(Z), 01 X; D, (/._‘91’ Dm)C-S(py 01 X; v, ’}Mly D(A?))L‘:D;g:m(A])

since D™ is contained in D(A7) (also see (4]).
Conversely, let z€ D{™.".?™(4) be given. From the identity

(18) g}(Fm.z(/?))2/’-”‘"“‘T(Z)S(/T)““‘R(/?)"‘” ,

where
RD=0+A)™ (- A)7

585
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T(/:),(%: Aj)/.'" g = 2( %AJ‘A;;)/"."MZ;‘ st 'L'nAl‘ . 'An ,
it
S(Z)" (}:AJ)};?E"I (2 A),Ak)/‘_7avr2A;.. . .A;;,,Al. . .An s
i Ik
and

i—t e ymutak
Pt et () R

which will be proved later on, it follows that
N .
S i TSGR gd i Fo N )5 F i)z
1

Consequently, setling

"C/‘;"”’T(Z)S(Z)’ R g for izl

wlA) ; \
( CminF, (1)x for i<1,
where
] i-h -1 1 ]“"1 <m:l,1>
E > "‘1 L3 IR P - oo ,
¢ {k‘fu( ) ( k )m%k; "\
we find that
&~ g” w4
0

for [NIN--A,) "¢ tends to = as N-»cc, Therefore, it is sufficient to show that
HZOW-“”A"G“(’E)HL;Lu«;_:x;gc”‘”“n;,”""-“"””" A

is valid for all m-vectors /= (5, ---, 3,) of non-negative integers with |3 S m.

Since the inequality

L et A iy, O ‘
fl20n 15 Asy (4)}*—= =econst.|lz]?
[} A

is obvious, we only consider the itegration over 1<i<e¢s. From the definition
of u(4) and the faets

N4+ AN, A2+ Ap~llsM
we have

A '5‘§|Af7?é(/i)§|écli"’"‘l >5z HA(A+ A" - (a+An) “mal .
Now, let ! be an integer greater than ¢mm, then «;>¢#m for some j. Since
HAYAFAD™ (- AT el S MU AT+ A) ™l

it follows that
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it <@m 5 e P - i d/.‘ - [P
{A m“(_An(/‘_: ‘4l) toeela ‘A/i) ”'Tf}p“’:: = C:?ZIC.‘!;)M“.) .
1 /. I |

Thus we have

T em 1 A5y (30 d')‘< oy
s AAa A :"Caiﬁ”i»*’l»j”'"""”“'"”i»n ,
; .
" ]

as we wished to show.
Proor oF (18). Induction on i. For I[-—1, the identity can be shown from a
simple calculation as follows:

_i_(Zv:an(/‘;)m):fwl,n;27;z:z,~-zR(,‘_)7)r ,__}:l m;.mnR(/‘.)m(;_j‘. Aj}—l
dZ i=1
f;m/“mn‘lT(/")R(/:)m%*l .
Assuming that the identity is valid for I—1, we have

d _a o
d). le - dZ(Fm)iﬂl Fm#l.!-'g)

:t.;‘mn—'lT(/‘A)S(/“)iAER(/‘.)m%l*l e g u~1Y'(i)S(Z)Kh':R(/}_)m'H
= A LSO A -G A= PR
;:Z"’"‘"T(/‘L)S(/.,)l“lR(i.)”"” ,

which completes the proof of (18).
REMARK. Our proof also gives

D™ (A)=Sp, 0, X ;p, 01, fﬁl DA™ .

§5. Proor oF THEOREM 3. First we shall show that

(19 lu ™ --Gw)" sl 2 ey £ CHIET Q- Gl pmx0
for j=1,---,n. To this end we employ the following identity

(20) ‘;:‘JO (7;:’ )(_l)k{(tk,_, 1)mum~—l:4_w (tk’ ,;.‘u)m}::ro s

which is verified as follows:

o e (g [ T N G (e e
=0\ k = 7

o\ k =0
= 3 (”?)(— 1y ¥ (m)(~~ 1)m-kgikymet
=0\ ] o\ k

=% () v
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Using (20) with u replaced by G.(u) and ¢ replaced by G,(w)G(t), we have

-Gl = 2 (- D> (’Z ){(Gl(ku)G(kt)wl)”‘G,(mu»ku)
(GG (ku—u)—1)"G(mu)} .
Thus, setting fit)={|(1 -G{))"z|, we obtain

la-Gei=m 5 (7 Vifeu-+ it e+ fhu et Rty R}
=
where t'=3(ty,---, t,). Integrating this inequality over 0=¢,,---, t.<u, we have

10— G () el < f- S (m )X . S"{f(ku-aktl Kkt flew—u--kt, , kthdt
1] 6

S\ k
s S e
U [ 0 0
If we set
Ku, y=u""|t|**, for 0Zt,=2mu, 0st, -, t,Emu,
==(), otherwise,

then %7 times the right hand side of the above inequality is expressed as

cMS K, t) ftrof(t)-%t; ,

so that its Li(R,; X)-norm does not exceed

cCMNIt Oz nr iz

since
dt.

K(u,
Snl W 0 e

e du
SQ K, % =<c, .

This completes the proof of (19) for j==1. The other cases are proved analogously.
If the right hand side of (19) is finite, then w(1-Giu)mze LLUR, ; X), §==1,- -, n,
so that x€ D) -*"-*'(A) by [4] Theorem 4.3.

To prove the converse inequality

(21) |Ht|_°(1“‘G(t))m$”[‘£(Rz;x, gC”x“Dz‘;’.“‘.U) (4}

it is sufficient to verify
(22) l“t!“a(l‘*Gl(tl))kl' ° '(1'_-Gn(tu))k”'x”1,£ (R::X) écnxnpzﬂ" A 2N

for any n-vector k=(k,,---, k,) of non-negative integers with kl=k+- - +k,=
m. Since m>o, there exist real numbers «,, -, a, such that
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s=ayteea,, 05aSk;, §ol

and that atmost one of them, say 0<a,<k,. From Lemma 2.2 and the faect
that

1-Git=AIt;, IJ(S):szGJ(u)d“ )
°
it follows that

LK —G () == ] 1ﬂ L A%t ) (L~ G(t) 1y

<G 1 "1 (L= Gty

j

where y=As2---Anrz. Consequently, we obtain

e {1 16 ) 5l g e

=C - G Eygyllp toe? .. faa? e
s L{X I(1—~G(ty) ly”’dtlgm;ﬂx'“ ! it }

:cz{s 11~ Gy(e )y oo ’dt} "

=Goliyllpss ay (see (4] Theorem 4.3).
But, by virtue of Theorem 1, it follows that

: |
]l’y“g;, (4p __quiﬂfﬂylga.”',"; 4 v

and Theorem 3 is established.

§6. ExaMpLE. Let X=LY(R"), 1£q=oo, Gilt)el@=—e¢lay, -, &4, -, &)
Then G,,---, G, satisfy the conditions stated in Theorem 3, and their generators
are —a/0xy, -, —0/0x,. The space D}(3/0z;} is the space of all ¢ such that

oo . e
(23) j{ SO t““p“lﬁ""'m(tej)‘i‘-‘” Z'l (R ) dt} < &> ’

where Ha)e(z)=e¢lz)—clz—a), e==(1,0,---,0), -, e,=(0,0,---,1). By virtue of
[4] Theorem 2.6 (23) is equivalent with

1/p
(24) {X —ap— l”JHte})( ) ‘J”“Lq " dt} ¥ ’

where a-+v=g, 0<a<1, v is an integer. Thus D}t (d/éx,, -+, 4/03.) coin-
cides with the Besov space By"L.-- 7' (R") (see Besov {1]), and (6) is a special

case of (6).
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It is obvious that the space D™ in Theorem 2 for the present case is the

Sobolev space W7{R"), so that from Theorem 2 we have

B{“W;Om) (Rn):zs(py 0’ Lq By 07‘11 W?(Rn)) .

Finally, Theorem 3 gives us that the Besov space By’y °' is identical with

the Lipschitz space A(o;q, p; B in the sense of Taibleson {6].
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