On B-group properties of pseudo-semi-dihedral groups

By Hikoe EnoMoTO

This note is a continuation of Kanazawa-Enomoto [1], where it is proved
that a semi-dihedral group of order 2°*% is a B-group if n>2, while in case
n==2 it is not a B-group. In this paper we shall prove the following:

THEOREM. Let H be a pseudo-semi-dihedral group of order 2%* with n=2,
1.e. H is a group generated by two elements x, y with the defining relations
pemyime, ylay=gmtt, where m=2". Then if n>2, H is a B-group. For n:2,
H is not a B-group.

We note here that ‘pseudo-semi-dihedral groups’ form one of the six types
of 2-groups which have a cyclic subgroup of index two. For the other five
types, all B-groups among them have already been determined (see [1]).

1. Let H be a pseudo-semi-dihedral group of order 4m as in the above theorem.
Then the center C of H is a eyclic subgroup of order m generated by #2. Let
h, k be in H. Then h and k commute if and only if one of %, k or Ak is an
element of C. Otherwise one has hk=hkz, where z-=-z™ is the unique central
involution in H. Now we decompose an element a:heZ”arh in the group ring

ZH into four parts as follows (o4 is called the -tk part of o):

G(:)ZZQh‘h, g = 2 ah'h!
heo hezC
e ah‘h, Ga= >, Gu-h.
h€yz0 rEYO

Also we put ¢’=ou+on and o’=04+ow. Then for ¢, r in ZH, we have
omTh=ty oz if 1#1, j#1 and i%j. Otherwise o cyy=tnow holds. For h in
H and ¢ in ZH, we denote by ¢(h; o) the coefficient of % appearing in o, i.e.
o= 2 c(h; 6)-h. For any mapping f of Z into Z, we define a mapping f* of
ZH mto ZH by clh; f*e)=f(c(h;a)) for ¢ in ZH, i.e. f*u)== Lf(ah) h for
a_hezl:!a,h ‘h. For ¢ in ZH we define the support S(s) of ¢ by

S(o)={he H; c(h; 0)7+0}
and the dual ¢* of ¢ as c(h; o®)=c(h™; ¢). (As to the definitions and basie prop-

erties of B-groups or S-rings, see [1] or [2]).

2. In order to show that H is a B-group for n>2, it is enough to show that
any primitive S-ring over H is trivial (see (1.4) in {1]). Now let ¥ be a non-
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trivial primitive S-ring over H and we shall derive a contradiction in case n>2.
LEMMA 1. B is a commutative ring.
Proo¥. For o, ¢ in B, put p=—or--75. Then we have

p=2(0m Ty H T T 0 Ty H 0w T 0 T H o T )(e—2)

and so we have pz---—p. Now we shall define a mapping f of Z into Z by
S(@)-la}. Then f*(mz--f*(v) holds, and therefore f*(v)e Z-H, where H= Eﬂhe ZH
(see (1.3) in [1]). But puy=-0 implies (f*(m)u=-0, and therefore we have f*(p)==0,
henc: p+0. This means or:cro for any o, ¢ in 9B, that i3, B is a commutative
ring, and the lemma is proved.

Now suppose that the simple basis of B is {r1, + -+, T, Tast, =+, Try Toey, = *,TF},
where =% t; (41,2, ---,8) and %4 7; (72841, ---, 7). If we put si=r; (=
1,2, ---,8), pyooryt o (st 1, -+, 7)) and W= iZTl Zpo;:, it is easily checked that
98 is a non-trivial primitive S-ring over H and ¢-—o¢* holds for any ¢ in .
Therefore in the following we may and shall assume that the simple basis of
Wis {1, ---, v} and ©:¥=7; holds for i=1, -, r.

LEMMA 2. Let o be in B. If we have ¢''z=a', then ¢ 1s contained in the
trivial S-ring V.

PROOF. 0wz~ vw implies (¢%)@==(0%5=0 (mod. 2ZH). Therefore if we de-
fine a mapping f of Z into Z by f(z)=x (mod. 2), where f(z) is equal to 0 or
1, then the support S{f*{(¢?)) of f*(s%) is contained in a proper subgroup {z, 1>
of H, since (f*(a®)) o=+ (F*(a¥))a 0. Because B is primitive, we have S(f*(s) (e}
and therefore we may write
(2.1 vtogee+2-p
with p€ ZH and a€ Z. On the other hand (¢ y; is equal to ‘él(om):’ and ¢’’2=a’’

implies (¢/)*:0 (mod. 2ZH). Therefore we have
{()‘2)(15:&:0&1))2'5 ((T(ﬁ\)gzlihe%: ”hi (mOd. ZZH) .

Hence (2.1) implies
(2.2) 3 hi*==a-e (mod. 2ZH).

hEN e’}

For h, & in <{&>, the equation A’=k® implies A=k or h=kz. Hence (2.2) im-
plies that if & (e, 2)€ S(¢’) then hz€ S(v’) with e(h; o)=c(hz; 6). Therefore we
may write

o’:=b-e-te-zta-(etz), beeZ, ac ZH.
Then (¢6/—(b—c¢)-e)z==0'—(b~—c)-¢ holds, and therefore (¢6—(b—c)-e)z=0—(b—c)-e,
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since ¢’’z=¢"’. This implies o—(b—c)-e€ Z-H, hence ¢€ Ly (see (1.3) in [1]).
LEMMA 3. Let o be in B. Then ou,=:0 implies o0 2f n>2.
PROOF. ¢4, =0 implies (¢%)u.z==(¢%)in {122, 3, 4), since

2= (02 )2+ (0@) + (0w) 2+ (0@ 0w 0w 6+ 0w o)e+2) .
Then by Lemma 2 we may put
a?=q-¢+b-H a, beZ.
In our case we may assume that ¢ is simple, and put
t=1S(e)l, u=|S(e)l, v=1S(sw)l .

Then considering the coefficient of ¢ and the sum of coefficients in each
part of ¢%, we have

3.1 t+utv=a-+b,
3.2 t2tuttvi=q-+bm,
(3.3) Qup=2vt=2tu=bm .

If tuv+0, then (3.3) implies t=u=v, and we have {?==a from (3.2) and (3.3).

Then (3.1) implies
3t—12=b>0.

This means t=1 or ¢=2, but then we have m=1 or m=4 respectively, con-
tradicting to our assumption n>2. Therefore tuv=0, and so at least two of
t, v and v are equal to zero. Hence {(S(0)> is a proper subgroup of H, and so
¢ must be equal to zero.

LEMMA 4. Let g be an odd integer and o an element of B. Then B contains
uniquely an element o%01 such that c(h?; o'9))==c(h; o) for any h m C.

ProoF. The uniqueness part follows from Lemma 3. To show the existence
of o191, we choose a prime number p such that p>2~h}gg{lc(h; o)}l and p=g (mod. m),
and put

g =0+ omt+ow.

Then g and oq; commute, and so we have
(4.1) U”E(Gm)’%*(mo))”Ehé c(h; o) -hi-+(ow0)? (mod. pZH).

Now we shall consider the product of 7 elements of S(sw). Suppose a: of
them are elements of S(ow) (=2, 3, 4). Then the product is in C if and only if

each a: is odd. Now suppose a: of {ji, Jo, -+, Js} 18 equal to © (=2, 3, 4), and
each a: is odd. The we have
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Gy Oyt Oy =Gy =0 04, 001 8T e85,
TEGGy T Ty .
Continuing this process, we have
GG " G = 0Gy GG 0G5 =0G 06« FGpep -
Hence we have ((6/:)")1,=20 (mod. pZH), and then (4.1) implies
('7”)uf=’ih§16(h; 6)-h* (mod. pZH).

Now we define a mapping f of Z into Z by f(a)=a (mod. p), !f(a)l<%,
and put o=f*ur). Then ¢} is an element of B and o'¥I=0¢? (mod. pZH).
Therefore c(hv; vl9):==¢(h; o), and the lemma is proved.

The following lemmas are proved in the same way as in [1].

LemMMa 5. (1) If g, ¢’ are odd integers, then (a0 3=0lee'), and if g=g’
{(mod. m) then olod.ols’],

2) h%f‘;o(:(h; g)== %‘.oc(h; otol) and |S(ou)l=1S((ebNw).

3) For any o in ¥, there is an element p in B such that o=plel,

LeEMMA 6. For g odd, the mapping ¢, of B into B, defined by ¢ (0)=d'9),
is & ring-automorphism of B.

LeMMA 7. Let g be odd, and {oy, -, 0r} be the simple basis of B. Then
(01093, -+, a,490) is a permutation of (o1, ---, a;), and 1S(s:)|=|S(e:Lo7)].

Now we shall define a rational element of ¥ as in [1]: an element ¢ in B
is called rational if and only if it coincides with of¢) for all odd integers g. All
the rational elements in ¥ form a primitive S-subring ¥’ of B. We can show
that ¥/-=Bo implies V==L, as in [1], and therefore we may and shall assume
B-=W in the following.

Now suppose V:#Uy, Then there is a simple element ¢ in B such that S(z)
3¢, z. By the rationality of ¥, we have ryz=ry, and then (Nuz=(w (1=
2,3, 4) hold. Hence by Lemma 2 we may put
8.1) Poqoetb-H a,beZ.

Now put s=[S(rw)l, t-=IS(re)l, u=|8(zw)l, v=IS(ru){. Then considering the
coefficient of e and the sum of coefficients in each part of 4%, we have

(8.2) s+ttu-tv=a-+b,
(8.3) sttt utvi=a-+bm,
8.4 2(st+-uv)=2(su-tv)=2(sv-+tu)=bm .

From (8.2) and (8.3), we know that d(m--1) is even and so b is even, since
m~—1 is odd. Therefore (8.1) implies
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(8.5) 2z==q-¢ (mod. 2ZH) .

Now we shall consider the first part of 2. The solutions & of h2=x* are z?,
%z, yz®*w and yx*wz, where z=x™ and w=2z"/%. Therefore (8.5) implies that
he S(zw) is equivalent to hze S(zw) if hy, vz, since tmz=ry. We shall show
that this equivalence holds even if h=y or yz.

By way of contradiction suppose twy=0+y, 0€ ZH, S(») 3y and pz=p. Then

(e=2rpm e +7wmcw(e+2)

=g yle+2) (mod. 2ZH).

Therefore (8.5) implies 7 ¥(e+2)=0 (mod. 2ZH), and then we have taz=1w4,
since tw is simple. Similarly we have c@2z=r and therefore we may write

r=tldy
with ’z=’, S(z’)3y. Then we have a=1, since
b=c(z; t)=[S()=|SE)-1=a+b—1.

But we have (a-+b)?=a-+4bm from (8.2) through (8.4), and so b=4m—2. There-
fore |S(z)|=a-+b=4m-1. On the other hand [S(z)|<4m—2, since S()3e, 2.
This is a contradiction and thus we have obtained the following

LEMMA 8. zwz=rtw.

Now we can complete the proof of our theorem just in the same manner
as in [1], exchanging the 3rd part for the 4th part.

3. We shall show here that a pseudo-semi-dihedral group of order 16 is not a
B-group. It is shown by the same idea as in [1], but we shall give here another
type of example.

Let G be the Weyl group of the simple Lie algebra of type (I:). Then G
is the semi-direct product of S and D, where S and D are isomorphic to the
symmetric group s on five letters and the elementary abelian group Z:xZ:x
Z:x Zs of order 16 respectively. They are described in the matrix form as follows:
S consists of all permutation matrices of degree five, and D consists of all diagonal
matrices of degree five having +1 on its diagonal and whose determinant is one.

Now put
0 0 0-1 0) ~1 .0 0 0 0
{1 0 0 0 0 { 0 1 0 0 0
=0 1 0 0 0], y= 0 0-1 0 0
0 0 1 0 o] L0 0 0 1 o0
0 0 0 0-1) Lo o o o 1
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Ther the group H=<z, y> generated by z and ¥ is isomorphic to a pseudo-
semi-dihedral group of order 16, and S H consists of identity matrix alone.
Therefore we have G==SH=HS and we may regard G as a permutation group
on H with H as a regular subgroup. The isotropy subgroup of e is S, and H is
decomposed into three S-orbits Ki, K» and K, according to the number of nega-
tive entries:

Kll‘:{e} 3
Kf!:“i{may z*, xﬁv yxsv yﬂﬂ} y
Kzs:{x, xzy xar fE7, Y, Yz, '!ng, 11373, yx‘r ywe} .

Since KiS=SK: (=1, 2, 8), and {K>=={K>==H, S is a maximal subgroup
of G; i.e. G is primitive as a permutation group on H. Therefore H is not a
B-group.
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