On some discrete subgroups of SLAR)

By Kisao TAKEUCHI

Let A be an indefinite quaternion algebra over @, i.e. 2 normal simple algebra
over @ such that AXeR=M:(R) and let O be an order of A. Denote by tr(y)
and n(;) the reduced trace and the reduced norm in A respectively. Put

Ui{i € O[EO::O’ n(s) ::1} .

Then by the isomorphism AReR=M:(R), U can be identified with a discrete
subgroup [I'o of the special linear group SL:(R). The group SL:(R) operates on
the upper half plane H={ze€ C|{Ilm z>0} by the operation

_aztb _fa b
H3z2—¢(2)= oz id e€H for g—<c d)eSL».(R).

It is well known that s is a Fuchsian group of the 1st kind, i.e. I’y is a prop-
erly discontinuous group and its quotient space H/I'¢ has finite volume. Let I”
be a subgroup of Iy of finite index. We call such a group I the Fuchsian
group derived from the quaternion algebra over €. In this paper we shall prove
the following theorem.

THEOREM. Let I be a Fuchsian group of the 1st kind. I' is derived from
a quaternion algebra over @ if and only +f I' satisfies the following condition.
(1) tr(y) is a rational integer for every v in I,

In order to prove our theorem we must prepare several propositions.

PROPOSITION 1. Let 7 be a Fuchsian group of the 1st kind in SLAR) such
that the set tr (") is contained in a finite algebraic number field k. Then there
exists an element g in SLx(R) and a finite algebraic number field K such that
g ' I'g<SLAK).

Proor. Take a hyperbolic transformation y in I" and denote by ¥, . eigen-
vectors of y and by 1, 17! eigen-values of 7 respectively. Since |tr(;)|>2, 4 is
a real number. We can choose U, V; such that their coefficients are in the

. 1 p .
4 . == 8 e . )’g i .
field k(©) and det (¥, A)>0. Put g: Vdet (s, 912)(‘211 ) and K=£k(4). Then

/_0_1). Take an element 7'::(? 3) of /" such that ¢>0 and put

A
0

Pt
gg:<‘/; ~9E> Then we know that (g:1g:)7'/'¢g1g: contains two elements

gx“‘Hh:(
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___2 0 [T oo [C by
(g L) @D and n=( ) Gr0).

Take an arbitrary element 7&(3 2) of (g1g92) ' g1g-.
By the following relation

(2) (6 ;21)(5 (Ii)):(ﬁi?;: zf?d>

a-+b and Za-+i-'d are contained in k. Hence a and d are contained in K. Es-
pecially a:, d: are contained in K. Since det (r1)=aidi—bi=1, b: is also contained
in K. On the other hand, by the following relation

(3) ((1 b‘<a1 b1 :(aaﬁ—b ab1‘+bd1>
¢ d) 1 d. cai+d cbi-dds

aai+b and cbi+dd: are contained in K. Hence b and ¢ are also contained in K.
PROPOSITION 2. Let the assumption be the same as in Proposition 1. Put
ko=Qtr(Nire ) and A?ﬁko[rlz{éxaiﬁlaieko, viel). Then A is a quaternion
algebra over k. N
PRroOF. By the Proposition 1 we can assume that I" contains two elements

n=(y )@, n=(4 ") (4u0) and I'SSLuKe) where Ku=ks() is equal

to either ks or a quadratic extension over k.. Hence we have ASM:Ko) and
1£dim.(A)<8. We shall show first that the radical R of the algebra A is
trivial. Since R°={0} for some integer e, we have tr(y)=det(;)=0 for every

element r=<z ‘ID in B. By (2) we have a+d=0 and ai+di*=0. Hence

a=d=0. Moreover, by (3) we have b=¢==0. This shows E={0}.
Let Z be the center of the algebra A. We shall show that Z=ko-1.. Take

2) of Z. By the fact that y commutes with jo,

we have b=¢=0. Since y commutes with y;, we have a==d. Hence y=a-1.. By
(1) ¢ is in ko. Hence A is a normal simple algebra over ko. Put r=dimg, 4.

an arbitrary element rrz(a
c

Then 1£7<8 and r is a square number. Hence r=4. This completes the proof.

PROPOSITION 3. Let I" be a Fuchsian group of the Ist kind in SLx(R) such
that tr(I") is contained in the ring of integers O: of a finite algebraic number
field k. Put ke=QUtr(Mlre ),

d
A=kl [=(2, aqac ko, 1€ 1)
and 0=04[I={3 aiyilai€ Os, 7€,
(3=

Then O is an order of the quaternion algebra A.



Some diserete subgroups of SLAR) 99

Proor. It is trivial that O is a ring and generates the algebra A over ko.
‘We have only to show that the ring O is a finitely generated Oi,-module. By the
preceding propositions we may assume that the group I” contains two elements

L (* 0 o . _far b .
,qm(o /_ﬂ) (#2+1) and ,x-«(ll di> (bi20),

and that I" is contained in SL:(Ko) where Ko==ko(2). Take an arbitrary element

r:c 3) of O. Then by the condition (2) a+d and Ze--/"'d are in O, Hence

a and d are in the ideal
_1
221
ideal of K,. Hence O is a finitely generated Oi,-module.

Proor or THEOREM. It is trivial that a group I” derived from a quaternion
algebra over @ satisfies the condition (1). We must prove the converse. Put
A=Q[I'] and O=Z{[I"]. Then by the preceding propositions we know that A is
a quaternion algebra over @ and that the ring O is an order of A and that the
group I" is a subgroup of the unit group of O. We must see that the quater-
nion algebra A is indefinite. Since R[A]=R[I']J< Mx(R) and R[I'} is a quaterni-
on algebra over R, we have R[A]=M:(R). Hence AReR=R[I']=MxR). The
unit group of O can be identified with a Fuchsian group [’y and I” is a sub-
group of [I's. Hence /" is of finite index in Io. This completes the proof of

L 10k0. By (3) aci+b and c¢bi--dd, are also in

pr -

Or,. Thus we know that all coefficients of y in I” are contained in an

our theorem.

COROLLARY TO THE THEOREM. Let I' be a Fuchsian group of the 1st kind
contained in SL:(Q). Then I' is commensurable with the unimodular group
SL«Z) if and only if tr(y) 18 a rational integer for every element y in I'.

Proor. If I' is commensurable with SL:(Z), by the lemma in {1], we
know that /" satisfies the condition (1). Conversely, we assume that I” satisfies
the condition (1). Put A=Q[I"}, O=Z[I"]. Then A is a quaternion algebra over
@ and is contained in Mx(Q). Hence A=M:(Q). O is an order of M(Q). It is
well known that there exists an element g in GLH(Q) such that OC g Mu(Z)g.
Hence group /” is contained in g™'SL:(Z)g and is of finite index. Since ¢ 'SL(Z)g
is commensurable with SL.(Z) group I’ is commensurable with the unimodular
group SL:«(Z). This proves the corollary.

In the paper [1], we needed three conditions to show that group /" is com-
mensurable with the unimodular group SL:(Z). Now this corollary shows that

‘we need the only one condition.
Let k be a totally real algebraic number field and let 4 be a quaternion
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algebra over k& such that AQeR=M.R)xKx---x K, where K is Hamilton’s
quaternion algebra. Let O be an order of A. Put U={:€0|c0=0, n(e)=1}.
Then U can be identified with the Fuchsian group 7. Tr(y) is an integer in k
for every 7 in /'. If we could prove the converse, this would be a generalization
of our theorem. However, this is not true because we can find some counter
examples in [2] which are well known as Hecke’s group.
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