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Introduction

The theory of homogeneous convex cones has been studied by M. Koecher,
E. B. Vinberg, 0.8. Rothaus and others. It is known that the theory is closely
related to the theory of bounded homogeneous complex domains; namely every
bounded homogeneous complex domain D is uniquely realized as a Siegel domain
of the second kind D(V, F) introduced by I.1I. Pjateckii—§apiro, where V is a
homogeneous convex cone and F is a V-hermitian form (cf. [3], [1]). Recently
S. Kaneyuki has proved in his paper [1] that & bounded homogeneous complex
domain D=D(V, F) is an irreducible K#hlerian manifold with respect to the
Bergmann metric if and only if the convex cone V is irreducible, that is, V is
not isomorphic to the direet product of two convex cones.

The aim of the present note is to give a criterion on the irreducibility of
homogeneous convex cones. In his paper [2], Vinberg has established a funda-
mental bijective correspondence between the classes of isomorphic homogeneous
convex cones and the classes of isomorphic T-algebras (see the definition in §1
as for T-algebras). For T-algebras, we shall define in §3 their diagrams. Then
our main thecrem is described as follows;

THEOREM. A homogeneous convex come is irreducible if and only if the
diagram of the corresponding T-algebra is connected.

In §1, we shall recall the fundamental bijection between T-algebras and
homogeneous convex cones from [2]. In §2, it will be proved that every
T-algebra is uniquely (up to order) decomposed into the direct sum of simple
T-ideals. This gives us an explicit decomposition of a homogeneous convex cone
into the direct product of irreducible homogeneous convex cones. In §3, we
shall define the diagrams associated to T-algebras and prove the main theorem.

The author would like to express his hearty thanks to Professors N, Iwahori
and S. Kaneyuki for their kind ecritieisms.

§1. Preliminaries.

A matriz algebra is a finite dimensional (not necessarily associative) algebra
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% over the field R of real numbers, bigraded with subspaces U;; (1,7=1,2, ---, m)
such that

W= 53 A;; (direct sum),

Iy Y
Wi U Ui,
and
Wi; Uee=(0)  for jJxk.
For any a,b,ce¥, the commutator of a and b is denoted by
la, bl=-ab—ba ,
and the associator of a,b,c¢ by

{a, b, c]=albe)—(ab)e .

An involution ¥ of a matrix algebra A= 3, %A;; is an antiautomorphism of % of

ey

order two such that

Wi =WUys for any pair (¢, 7).

DEFINITION 1 ([2)). A matrix algebra %= ;, %; with an involution * is
iy f=l
called a T-algebra of rank m if the following conditions are satisfied ;
(i) each subalgebra %U;; is isomorphic to the algebra R under an isomor-
phism p,

(ii) for any a:;€%;;,
Qiilii=pQi1)qi; ,
@ij055= (ki) %is ,

(iii) for all a,b,ce¥T= X sy,

isJ
[a, b, c]=[a, b, b¥}=0 ,
(iv) define the trace of an element a= Em ai;i (@ijeWis) by
¥, =1

n

Tra= 5_‘, olasi) ,

then
Trla, bl=Trla, b, c]=0 for all a,b,ce N
and
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Traa*>0 for all aeNA--{0}.

Let e; be the unit element of the subalgebra i:: ple)=1, then the element

e== éee is the unit element of A. We denote the dimension of the subspace
g1
A:; by mni;. Note that ny=n; for all ¢,7=1,2, ---, m.
DEFINITION 2. Two T-algebras U= i A:; and B= 2 B;; of same rank m
t =1 D ESS

are said to be isomorphic if there exists an isomorphism ¢ (as algebra) of A

onto B and a permutation ¢ of {1,2, ---, m} such that
(1) ela®) =pla)y* for any a€l,
(i1) ‘P(mij):’%mimi) '

(iii) dim B:;=0 for every pair (1, 7) with 1<J, (@) >e(J).

DEFINITION 3. A convex cone V in a finite dimensional real vector space R
is a non-empty open subset of R satisfying the following conditions;

(i) if z€ V and 2>0, then ize V,

(ii) if z,ye V, then z+ye V,

(iii) V contains no entire straight line.

An automorphism of a convex cone VCR is a non-singular linear transfor-
mation of R which leaves V invariant. A convex cone V is homogeneous if the
group of all automorphisms of V acts transitively on V. Two convex cones
VicR; (1=1,2) are isomorphic if there exists a linear isomorphism of R, onto
R:, by which Vi is carried onto V.. The direct product Vi< VexX: -« V. of
convex cones VicR; (1=1,2, ---,n) is the convex cone in the direct produect
R < R ++- X R. consisting of vectors (zi, Xz, - -+, &) with z;€ Vi (1=1,2, .-+, m).
A convex cone is reducible if it is isomorphic to the direct product of two
positive dimensional convex cones. A convex cone is irreducible if it is not
reducible.

We shall close this section with a fundamental theorem of Vinberg which
is essential for our later considerations. v

For a T-algebra A= f_‘,l‘llu, we put

i

X={reW: z*=z},
TW={x= ﬁlx‘:j (i;€Wiz): mij=0fori>7, £::>0 for all ¢}
i,j=

and
VR ={tt*: teIO}.
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It is known that T(¥) is a connected Lie group acting simply transitively on
Vo).

THEOREM A (Vinberg [2]).

(1) For any T-algebra %, the set V() is a homogeneous convex cone in the
real vector space X. Isomorphic T-algebras correspond to isomorphic convex
cones.

(ii) For every homogeneous convex cone V, there exists the unigque (up to
tsomorphism) T-algebra U such that V is isomorphic to the cone V).

§2. Irreducible convex cones.

DEFINITION 4. A T-ideal % of a T-algebra % is a *-invariant two-sided
ideal; ie., Y is a subspace of U such that U ?ic:i{, AN and A=,

Obviously % and (0) are always T-ideals of U and are called the trivial
T-ideals. A T-algebra is called to be simple if it does not contain non-trivial

T-ideals. For a T-ideal % of a T-algebra A= _ﬁ'}l‘)m, we put
1.7

ﬁuxﬁﬂmﬁ.
Then we have the relation

A= i *flij (direct sum).
-~

™
In fact, for any element a= 3 ai; (a:;€ %)), aij=(eia)e; where e; is the unit
1,921

element of the subalgebra ;. The subspace Ui is either (0 or equal to %A,
for W is of dimension 1 from the definition.

LEMMA 1. Let N be @ T-ideal of a T-algebra M= i Wi; of rank m.
IES!

(i) If Yi=(0), then Nyj==T;==(0) for all § (L=<j=<m).

(il) If W=, then Wij=Ns; and Nye=Wz: for all 7 L<j<m).

Proor. To prove (i), we assume that 91;]»#.(0) for some j, i.e., there exists
a non-zero element a€ ;. From definition, we have Tr aa*>0 which contradicts
aa*e N, Wi Wis=(0). Hence ‘5[;1-:(0) for all j. Similarly we see that ‘51,-5:(0)
for all j. As for (ii), for every 7, we have ;= W;;c%;; and Wyi=Ns e Nya,
because ¢; € Ni. (g.e.d.)

Lemma 2. A T-ideal of a T-algebra is a T-algebra.

PROOF. Let 9 be a T-ideal of a T-algebra U= f} %;; and 4 be the set of
indices 7 satisfying %i=%;;. From Lemma 1, we ,éfr: identify % with W5

tJE S
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which can be considered to be a T-algebra. (g.e.d.)
A T-ideal of a T-algebra is simple if it is a simple T-algebra.

Let A= ﬁ A:; be a T-algebra of rank m. A non-empty subset d of the set

1, 7=1
4=1{1,2, ---, m} is admissible if W;;=(0) for (3, j)eﬁx(dmﬁ). Furthermore, an
admissible subset is called to be irreducible if it does not properly contain an
admissible subset. Note that the complementary subset of an admissible subset
is also admissible. Hence 4 is always represented as disjoint union of irreducible
admissible subsets.
PROPOSITION 1. There exists a bijection of the set of all T-ideals of a given

T-algebra A= .ﬁlﬂlﬁ of rank m to the set of all admissible subsets of the sel

4=1{1,2, ---,m} of indices. Especially, the simple T-ideals are mapped onto
the irreducible admissible subsets.
ProoF. We define the mapping ¢ by associating to each T'-ideal 9 the

following subset of 4:
AM={ed: W=} .
From Lemma 1, we see that 4(51) is admissible. Let 9% and %’ be two 7T'-ideals

of U such that A(ﬁ):d(‘ﬁ’). Again, from Lemma 1, we obtain the relations
‘ﬁ;;z‘ﬂé; for all 4,7 ; hence A-=9’. This implies that p is injective. Next, let 4

be any admissible subset of 4. We put ﬁ:_iﬁlﬁ where ;;=; for i,jeZ and

e
9:;=(0) otherwise. It is easily checked that % is a T-ideal of U satisfying
4@)=4. It follows that s is surjective. For the second part, it is sufficient to
note the following result; let 9 be a T-ideal of A and B be a T-ideal of the
T-algebra 9%, then B is a T-ideal of A. (g.e.d.)

THEOREM 1. Any T-algebra is uniquely (up to order) decomposed into the
direct sum of simple T-ideals.

Proor. Let %A= _il‘ll,:j be a T-algebra of rank m and let the set
i,7m

4--{1,2, ---, m} be represented as disjoint union of irreducible admissible subsets
4y, -++, 4-. By W we denote the simple T-ideal corresponding to 4« (1sksr) in
Proposition 1. Then % is the direct sum of simple T'-ideals i, ---,%,. Next,

let ‘élzkfﬁlk be 2 decomposition into the direct sum of simple T-ideals. Then
=1
we have the relation A:kq 1Al(‘fh;) (disjoint), where AQ) is the irreducible admissible

subset corresponding to T-ideal 9. under the bijection in Proposition 1. Since
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4 is uniquely decomposed into disjoint union of irreducible admissible subsets,
the uniqueness in this theorem is proved by using Proposition 1. (g.e.d.)

Let us define the direct product of two T-algebras A= f} Ai; and B= 2" Bij.
2 ‘

$,7= i 7=1
We denote by €==UxB the direct product of algebras. Now define the subspaces
€;; of € as follows:

Wi; (1=i,55m),
(252‘7: SB*:'-m.j-—m (m</l«, j§m+n) '
’x (0 (otherwise) .

et

Then € is bigraded by 6:; (11, j<min): €= ¢:; (direct sum). We define
i

i
an involution of € by (a,b)*=(a*, b*) (@€ ¥, beB). One can easily verify that
the algebra ¢ with the involution * is a 7-algebra.
LEMMA 3. Let G be the direct product of two T-algebras N and B. Then
the convex cone V(6) is the direct product of the convex comes V) and V(B).
PrROOF. Since the group ¥T(C) is the direct product of the groups T(A) and
T(B), the homogeneous convex cone V(§) is the direct product of V() and V(B).
THEOREM 2. Let A be a T-algebra and V(A) the homogeneous convexr come
corresponding to A. Then V) is irreducible if and only if N is simple.
Proor. If % is non-simple, then V@) is reducible from Lemma 3. Con-
versely, if V() is reducible, then there exist convex cones Vi(i=1, 2) such that
V() is isomorphic to the direct product of V. and V:. Then Vi is homogeneous
(cf. [2)). Let A be the T-algebra associated to Vi, then V(W; x%s) is isomorphic
to V() from Lemma 3. Hence % is isomorphic to the direct product M xUe
which is a non-simple T-algebra. (g.e.d.)

§3. Diagrams of T-algebras.

First of all, we shall introduce the diagrams of T-algebras. By use of
them, we can easily find when homogeneous convex cones are irreducible.

DEFINITION 5.  For every T-algebra A= 3 %; of rank m, we associate to
je=1

tj=
A the diagram D) consisting of m vertices, denoted by 1,2, ---, m and of line
segments joining vertices ¢ and 7 whenever %;;==(0).
Note that W:;2:(0) is equivalent to Uji=(0).
EXAMPLES. By H*(n, R) we denote the homogeneous convex cone of all
positive definite real symmetric matrices of degree n. Let U™ be a T-algebra
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associated to H*(n, R). Then ™ is isomorphic with the T-algebra of all real
matrices of degree n. Thus ni;=1 for all 7,7. Hence N® has the following
diagram

2 3
Let % be a T-algebra of rank 4 such that mus=n=1 and nie=N14=Nay==Na4=20,
It is easy to see Wo=N@ XN ; thus VAo)=H*(2, R) xH*(2, R). The diagram of
Ny is as follows;

The diagram of a T-algebra is called to be connected if for any vertices 7
and 7 there exists a series of vertices i==1s, %1, ---, =7 such that the vertices
tx—: and % are joined by a line segment for all k (1=k<s). In the above
examples, DO®) is connected but D) is disconnected. We can see easily that
there exists a bijection of the set of all connected components of D(¥) onto the
set of all irreducible admissible subsets of 4. Hence, from Proposition 1, we
have

THEOREM 8. A T-algebra N is simple if and only 1f the diagram D) 1s
connected.

Thus we obtain our main theorem by use of Theorem A, Theorem 2 and
Theorem 3.

THEOREM 4. A homogeneous convex cone V is irreducible if and only if
the diagram of a T-algebra associated to V is connected.

Let V be a convex cone in an m-dimensional real vector space. Then we
call n the dimension of V.

COROLLARY. Let V be a homogeneous convex cone and m be the rank of
the associated T-algebra. If the dimension of V is at most 2(m—1), then V s
reducible.
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Proor. Let ‘N::S] ;; be the associated T-algebra to V; V=V®). Since

3,71

the dimension of V(¥) is equal to the dimension of the subspace 3 %;; of %,
isi

the number of the pairs (¢,7) satisfying dim ;=0 and i<J is at most m—2
from the assumptions. This implies that the number of line segments in the
diagram DY) are at most m—2. Hence the diagram D) can not be connected.

From Theorem 4, the cone V is reducible. (g.e.d.)
Yokohama City University
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