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Introduction

Y. Ihara has shown in his paper *“ Hecke polynomials as congruence { functions
in elliptic modular ecase” Ann. of Math. 85 (1967) that the IHecke polynomials
H”(u) can be expressed by the congruence { functions Z,(u) of some algebraic
varieties V, defined over the prime field F, of characteristic p. But in his paper
the case of p=2 or 3 was not treated explicitly, and the purpose of this paper is
to give the expression explicitly in this case. All the methods and results of this
paper are similar to those of his paper. Later we shall often refer to his paper
and call it in short [HP]. Finally, since the purpose of this paper is to supplement
his work, the readers are assumed to have read [HP] and it is explained what
is pertinent here.

§1. Deuring’s works on elliptic curves and { functions of certain fibre varieties.

1-1. Notations. Let p=2 or 3 and 2 be a fixed universal domain, of characteris-
tic p. For any positive power g=p* of p, we shall denote by F, (<) and I."; (c
the finite field with ¢ elements and its algebraic closure in £ respectively. For
any field k (c2) a k-isomorphism class of one dimensional abelian variety defined
over k will be called a k-elliptic curve. For any elliptic curve E let j(E) be its
modulus in the sense of Deuring [1], [2], and ./ {E) be its endomorphism ring.
We denote by Z, @, K and 1, respectively, the ring of rational integers, the
rational number field, and imaginary quadratic number field, and its maximal
order. For any order [/ =Z+Zfw (f€ Z) of K where w¢ K satisfies (/1 =2Z+Zw,
we shall call f/7, its conductor. An J-ideal % will be called a proper (’-ideal
if it satisfies /= {a€ K{aW<WU}. We denote by G, the group of all proper (-
ideal classes, by k., the number of proper (J-ideal classes and by w, the number
of -units. We shall denote by _#, the set of all orders (7 of all imaginary

quadratic fields K such that <{p{)zl (where <I;> denotes the Legendre symbol)
- and that the conductors of /7 are not divisible by p». For each (¢ _4#, let p be
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a prime divisor of p in K. Put p, =pN /7, and denote by d, the order in G, of
the proper (-ideal class represented by p,.
REMARK 1. In our case we can check

so in every (¢ ¢,, there are only two units, i.e. x1.

1-2.  Endomorphism rings of elliptic curves. Now we shall summarize Deuring’s
works on the endomorphism rings . o/(E) of elliptic curves for our case p=2 or 3.

THEOREM D. (Deuring [1] p. 199-200 and §10). For any j (=0, € Q) let E;
be any elliptic curve with modulus j. Then o/ (E;)€ 4, if and only 1f 7€ F,,
and 7 \E)=Z if and only if j&F,. For any given (¢ 7, there exist precisely
h.. distinet je F,(7#0) such that o/ (E;)=/7, and the degree of such j over the
prime field F, is equal to d,, They comstitute h, /d, distinct complete sets of
conjugates over F,.

REMARK 2. (Deuring [17). In our case of p=2or 3, ./ (E) is non-commutative
if and only if its modulus 7=0.

1-3. Congruence £ functions of elliptic curves.

PROPOSITION 1. ([HP| p. 277). Let j€ Fo(5#0), E be an F,(j)-elliptic curve
with modulus j, (= (E)€ g, and d, be as before. Then the congruence J
Junction Z(u) of E over F,(7) has the form
(1) Zlu)= 1 5"?”‘,““1,7”?’?” V
(1-w)(l—plcu)
where =, is an integer of K satisfying p o =x,." and ’ denotes the conjugation
of K over Q.

1-4. Now we shall define a canonical family of elliptic curves. For j€ @
{(7#0) let E; be the locus of the following equation in the projective space P*(2):
YiZ=X?-X*Z+7) 2" for p=3,

and

XY~ XYZ=jX3+312° for p=2.
We can easily see that the assignment 2~ {0} 27— E; satisfies the following two
conditions:

(1) E; is an F,(j)-elliptic curve with modulus j,
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(i) the assignment £- {0} 37~ E; is compatible with specializations of ;.
We shall later use only these two properties of the canonical family.

REMARK 8. ({Igusa [4] p. 472). In our case we can see that the two defects
7=0,12 for p#2,3 come together to j=0 so that the canonical family has only
two defects at j=0 and j=co.

1-5. Fibre varieties. The cannonieal family 7= E; being as above, let  be
a non-negative integer, and put

7 copies r copies
e A R W
V.= U UxXEx- -XE)cS'xP?x.--xXP?

0:jEQ
where S! is the affine line and P? is the projective space P?(2). By the properties
of the canonical family this point set can be regarded as a fibre variety defined
over the prime field F, whose base is S'- {0} and whose fibre at a base point
jis E;X---XE,; (r copies). Let Z.(w) be the congruence { function of V, over
the prime field F,, and for each positive integer m=1, let N\’ be the number
of F,= rational points of V,. Then we have

. C:)\ »14;7 {ry, m
log Z,(u) = LI m Na'u™.

For each j€ F, (j#0) with d;|m, the number of F,» rational points of E; is equal to
14pm—amid—mmidi= (1 —m;™4G) (1 —mm/ds)

where d;=[F,(j) : F,], 7; and 7 are the roots of the numerator of the { functions
of E,{cf. Lang [6] p. 164), so we have

NY= S {(L—mmd) (L mjmidy)r,
(2) o»éjef‘,,
jtm

For any non-negative integer r put
NoX, V) ={(1-X)1-Y)}",

, ,_."‘,X::*l ____ Yr+1
FO(X Y)= x_y "
and define the polynomials A, (7)€ Z[T] (0£l£r) inductively by
{AO_O(T)zl
A (T =(T+ 1A (T)=A, 1 (T)—TA, (T},

where A, ,(T) should be replaced by 0 whenever 0<I<r is not satisfied. We can
prove by induction on r that
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(3) Fo(X, Y)= 54, (XYIN(X, Y)

We have by Theorem D, Proposition 1 and Remark 1
dij=d., {z; 7} ==+{z,, 7,}.

Now, for any even integer »=0, we have hy Theorem D

(4) X Flam mpit = 5 b F(,m, 7 miy),
055 EFp cFp .
diim m

R
D

By (2), (3) and (4), we obtain
MAIN LEMMA 1. For any even integer =0 we have

T
(5) 2 A ("N :pvzyphﬁF‘-” (w mig, w midg)
di:im

§2. Hecke polynomials and their expressions by Z,(u).

2.1 Let T,(n)(nz=1) be the Hecke operators acting on the space of cusp forms
of negative even weight —k& with respect to SL(2, Z). We shall define

H? (u)= det (I-T.(p)u+pIu? ,

and ecall them the Hecke polynomials, where » denotes an indeterminate and I
denotes the identity map. Put

{6) {Uk(p)sz(p)
Udp™)=T:lp™) —p* ' Tulp™?  (m22) .

Using the well-known fact that the operators 7.(p”) can be represented simultane-
ously by diagonal matrices, we get

{7) log HP (w) = — 3 3n Tr U, (p™)u™ .

mo=l

(For details, see [HP] p. 285).

2-2. We have by the Eichler-Selberg trace formula (cf. [3] p. 229)

Tr Tin)= 3 E{Jza,m-z) o, p'}}~ SV g+

tp. o'} pe > 0, 423;{

{8)
NS | 27 0 ---k>2
+ola) 1y k=1 -n +{2d e

din
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Here {g, ¢’} runs over all pairs of mutually conjugate irrational quadratic integers
with norm n, (7 runs over all orders of imaginary quadratic fields such that
& 3p; F2(X,Y), h, and w, are as before; and in the second term 3}/, d*™*
) . - . .

should be replaced by “é"d“ﬂ when d=+/7 is a rational integer, and finally,
d(+v 1) represents 1 resp. 0 when +/% is rational resp. irrational.

Using this trace formula (8) , we obtain

MAIN LEMMA 2 (cf. [HP] Lemma 6). In our case of p=2 or 3, the trace of
the operators U,p™) (m=1, k=2,4,6, --.) can be witten as follows:

Tr Uilpm= = {_th(‘k_m (ﬁgm’;df, ﬁg,m’d(’”

cESp
dalm
(9) —lm'l;n") 1 "‘]1'>2
—clk, 2mim ‘
clk, m)p [—p”‘/c:Z
1(k~2)
with clk, m)=elk, p)-(—1)2 - modd,
1, . -1 (k~2)
clk, m)mlz(k 1 {p—-1)+ { ( >}
0.~ k= 1 (mod3)
:1%{1_< 3)}{ 1. k=—1 (mod 3)
P71 k= 0 (mod3)
- m even ,

- k=0,2 (mod 8), p=2 0r k%1 (mod 8) and p=3
- k=4, 6 (mod 8), p=2 or k=1 (mod 3) and p=3,

(TV ) <Q( ) and <_‘3> = <Q(~/~3)) .

p P » »

SKETCH OF THE PROOF. We shall call a quadratic integer p primitive if p'p
Put pwli‘/—l i p—1+v -3 and

V2 2

elk, p) ={

is not an integer.

o {
Il(m)={ {p, 0} | po'=p™ p prlmltxve,(Q;) ):1 } ,

1 1
{ (~3)2"w or —(~8)2"0 - p=3 )
-1

{0, m even, o{—p) 2 " =root of unity in @(p) other than 1 } ,

{{p, modd, p=(—p) 2"
m={io. o
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Idm}:{ {p, p'} !pp':pm, o+ primitive, (QZ()‘O)):_—I } .

Now we can decompose the first summation term on the right-hand side of the
trace formula as below (¢f. Remark 1j:

y sl frpeapmle s w4 ow
{o, 6’} PECT { ’LUﬂ j’ {g, priciimy pe {o, p'}El2(m} pE

M

N

py 2 4+ X >
(o, p’i€I3(m) pec” tp, p’)Elsm) pEd

As to the first, third and fourth terms of the right-hand side of this equation,
the results are similar to the corresponding terms of [HP] (cf. [HP] §5 (54), (56)
and (67)). As to the second term (ef. [HP] p. 292 (62)),

am)= B 0% {,@»,F(k_z,(p, p’)}
fo. priGIaimy pC & 'ZU(,

R vy
mj ~(—p)? “ 2)(1+7>+ +p2( 1)><e(k, p) .- modd
(o .- meven.

This term appears in the trace of U,(p™ as

1
e (R
o 3

—(—p)

0 <. m even.

Xelk, p) -+ modd
— P10, (m —2) -+ 01 (m) =

So, by comparing this term to the corresponding term of [HP], we can prove
Main Lamma 2 (ef. [HP] p. 294 (71)).

REMARK 4. In [HP] p.287, the term 7

-1 R . .
12 —H-—4 in ¢, is mistaken and

F4

should be replaced by pi; —~H+ 4.

2-3. By Main Lemma 1 and Main Lemma 2, we have

k-2
~Tr Uk(p"‘):l};.;]flk_z.z(p"‘)Nm(”

(10) Lo
ek, Lp?® ---modd+ 1---k>2
+ *1m“—° {_ "o fooe
clk, 2)p® *=% ... m even ] p k=2.

Now for any polynomials A(T)= %a,,T"e Z[T] and for any non-negative integer

7, we shall define
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(11) ZAA, wy=T1 Z (pru)®™
noi

where Z.(u) are the congruence { functions of the fibre varieties V, over the
prime field F,. Since the Hecke polynomials ean be written as
P J T1 1 N Y g T
12) HPy=exp{— 3 - Tv Udp™u™ ¢,
| «Sim

so from (10}, {11) and (12) we obtain by simple computations the following Theorem.

MAIN THEOREM. In our case of p=2 or 3 the Hecke polynomials H'Y (w)
(k=2,4,6 ---) can be written by means of the congruence & functions of the fibre
varieties V, as

) k-2
(13) HP ()= ngZz(A:.-vz,t, u) X 4{u),

Doy - ;.(c(k, 1 telk, 23] ; (ke2) ~A‘2 {~otk, Dok, )
where diluyj=1—p° %) X{1+p U}

(I—u)t k>2
l—pu) - k=2.

REMARK 5. We can easily see that ek, 1)xclk, 2)=0 (mod 2), so the first
two factors of 4,.(u) are rational functions of u.
REMARK 6. In [HP], the factor of 4,(u) which contains ¢, is not correct because
¢, depends on m; it should be corrected as above.
University of Tokyo
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