Determination of some Frobenius types I

By Nobuko IWAHORI
(Comm. by K. Yosida)

1. Introduction. Let us denote by 2 the set {1,2, ---,n}. Let G bhe a subset
of 2x 2 of Frobenius type in the sense of [1]. Following the notations in [1], we
denote by 4; the set of all column vectors u in R* satisfying the following two
conditions:

(@) w-P=wu for some stochastic matrix P which has G as its support,
(3 ?El w; =1, for u={(us, Uz, + -, Un).

In [1] we have proved that the closure 4; of 4; in R* is a compact convex
set in R®, and in fact J; is the convex hull of the finite subset Ef = (V. Ce (G},
where {G) denotes the set of all G-cycles (see [1]) and for every C in {(G) there is
associated a vector V¢ {which we call henceforth a G-cycle vector) as follows: let
C={t, % - -+, 1,0, then

i ch(ul, Uz, ** -,un) .
where

(1/p if C passes through the k-th vertex,
= 10 otherwise.

The purpose of this note is to determine all subsets G of 2 x @ satisfying the
following conditions.

(I) G is of Frobenius type.

(II) There exists a G-cycle Cy with support 2. Thus C; has the associated G-cycle
vector Viee=n"1,1,.--,1).

(111) Let F' be the mapping from the set (G) into the set 29 of all subsets of £
defined as follows:

F({Cy=Supp () .

Then the cardinality of the image F{(G)) is 271,
IV} For every G-cycle C, the associated G-eycle vector V. is an extreme point
of 4.
We shall show first that if G satisfies (I) and (II), the cardinality of F{(G)
is at most 2*"!. Then under these conditions we prove the following:
THEOREM. There exists one and only one subset Go of 2x 82 satisfying (I),
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Iy, (ID, {(IV) up to permutations of the set 2. This subset G, is given by the
Sollowing incidence-matrix;

Go:

* 000 -*
*000.0

2. Determination of a class of graphs of Frobenius types.

Let G be a given subset of 2x2 of Frobenius type and let <G> be the set of
all G-cycles. For any cycle C in (G), we denote its support by Supp (C), i.e.

Supp (C)={i1, 72, - -, 1,3 for C=di, s, -, 1) -

Let C,C’ be in <G). Then we say that C’ is a proper sub-cycle of C if Supp (C')
is a proper subset of Supp (C).

Now let ©=1{C,,Cs, ---,C,) he a sequence of G-cycles. For each vertex j€ @,
we denote by m(j, &) the number of indices % in [1,r] such that 7€ Supp (C,).

DEFINITION. Let k be a positive integer. Let C be a cycle in <G> and let
&=(C,C,, -++,C,) be a sequence of G-cycles. We say that © is ¢ covering of C
of constant m ultiplz'citu k if the following conditions are all satisfied:
(i) Supp(C)= u Supp (C),
(ii) each C; is a prope1 sub-cycle of C,
(iify m{j, €)=k for every 7 in Supp (C).

In particular, if k=1 in this definition, we say that & is a disjoint covering
of C.

LeMMa 1. Lt ©={C,C,, ---,C,) be a covering of a G-cycle C of constant
maultiplicity k. Then

(1) Ve=3 MO

)k e

In particular, V¢ is not an extreme point of Jg.
Proor. Fix a vertex je Supp (C). Let {Ji, 72, --+,7:} be the set of indices 1

in (1, 7] such that j< Supp (C;), Then the j-th entry of 21 lf(c; )k Ve, is given by

SC) -k TC;) T UC)
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But this is equal to the j-th entry of V;. On the other hand, if j¢ 2—Supp (C), the

j-th entry of V. and 27 () Ve, are both zero by condition (i). Hence we proved

(C)-
(1). Now, since the sum of the entries of Vi, Ve, ---, Ve, are all equal to 1,
one has
N UCY
l—igx W)k -

On the other hand, at least two Vi,, Vi, are distinct by the condition (ii). Thus,
Ve is not an extreme point of 4;, q.e.d.
LEMMA 2. Let C be a G-cycle of length m and let p be a given integer with

m L
I=Zp<m. Suppose that there exist exactly ( ) subsets of 2 each of which is a
¥4
support of a proper sub-cycle C' of C of length p. Then C has a covering S of
m—1
constant multiplicity ( 1 > .
p_._

m

Proor. Let &=(C;, Cs, -+, Ca), M:( ) be the sequence of all proper sub-

p
cycles of length p of C (arranged in any order) such that Supp (C;)+Supp (C;)
for ¢%j. Then the conditions (i), (ii) above are easily verified. Furthermore, the
m—1
condition (iii) is also verified by taking kx( 1 ), q.e.d.
p.._.

LEMMA 3. Let C be in {(G>. If there exists a vertex j in Supp (C) such that
J€Supp (C') for any proper sub-cycle C' of C. Then Vy is an extreme point of
dc. Furtheremore, for every proper sub-cycle C' of C, Vo s an extreme point
of de.

PrRoOOF. Suppose V¢ is not an extreme point of 4;. Then, since 4, is the
convex hull of the set {Vi; C’'€(G)}, there exist Ci,C:, ---,C, in <G> and
a, >0, «+-a, >0 sueh that
(2) VC:éaiVCi, éaizl’ VC¢VC£ fOr 'izl’---’/)"

i d=1

=zl
Then, one has immediately that
Supp(C) 2Supp(C;) for 1=1,2, ---7.
Now comparing the j-th entry of (2), one has

1 oy
(3) w0 "2 e

Let & be any vertex in Supp (C)—Supp (C1). Then comparing k-th entry of
(2), one has
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r .
- RS
I1(0)) kes%p(cn LC)) <iﬁ7§ 1C)

1« a;
But this contradicts with (8}, q.e.d.

Now, we assume that there is a G-cycle Cy of length n. Let F he the map-
ping from {G) into the set of 22 of all subsets of 2, defined as follows:

F{Cy=8upp (C) .

We denote by #(G) the cardinality of the set F({G)). Then we have the following:
THEOREM 1. Suppose that V¢, is an extreme point of dg, then plG)<21,
Moreover, 1f p(G)=2"", then

“) Np+Nﬂ~,,:<z> for any p 1<p<n),

where N, is the number of all subsets of Q which are supports of G-cycles of length p.

ProOOF. Let (A4, B) be a partition of £ (including the trivial one such that one
component is empty), and denote by P the set of all the partitions (4, B), where we
identifiy (4, B) with (B, A). Now let us consider the mapping f from Eg (the set of all
G-cycle vectors, see [1)) into §5 such that f(Ve) ={(F(C), @—-F(C)). We claim that f is
injective. In fact, if Vi, # Vs, then we have Supp (C1) #Supp (C:), hence F(C))+#
F({Cy). Let us note that F(C)) = Q2—~F(Cy) and F(Ce)+2—F(C)). Indeed, since Veo
is an extreme point of dg, for any (A4, B) in B, at least one of 4 or B can not
be the support of a G-cycle, otherwise we would get a disjoint covering of Co.
Thus f is injective and p(G)<|P| =21 Suppose the cardinality of E¥ is equal
to 2"1, then f is bijective. Thus for any (4,B) in §B, at least one of 4 or B
should be the support of a G-cycle. So we have N,,+N,,_,,=<%> for any »
(I=p=mn). P

LEMMA 5. If V¢, is an extreme point of dg and the number of all extreme
points of g is 2%, then for any G-cycle C, of length p, there exist

1) a G-cycle C,-1 of length p—1, such that Supp (C,-;)cSupp (C,), for any p

(1<p=<n), and
2) a G-cycle Cy41 of length p+1, such that Supp (C,..) DSupp (C,), for any p
(1sp<n) respectively.

ProOF. 1). Note that we have p(G)=2"", so we may apply Theorem 1.
Suppose for some p (1<p=n), C, has no proper sub-cycles of length p—1. Then,
putting C,={i, %2, ---,7,7, any subset of Supp (C,) consisting of p—1 element in
Supp (C,) is not a support of a G-cycle. Denote these subsets by Dy, D, -- D,

PAN
where D,={i), %, ---,%, ---,%,}. Then each 2—D, is a support of a G-cycle of
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length n—(p—1) by Theorem 1. Now take a G-cycle C* with support 2—D,, then
we have a covering {CV,C®, ..., C®,C,, ---,C,} of Co with constant multiplicity

p. 2). Suppose for some p (1<p<n), théfé is no G-cyele ¢’ of length p+1 such
that Supp(C’')>SupplC). Put 2--Supp(C,)={Ji, -+, Ju-p} and D,=0—Supp(C,)—
[7l1<t<n—-p). Then each D, is a support of a G-cycle C* of length n—(p-+1)
by Theorem 1. Now we have a covering €= {C, .. ‘,C“""’”,g,,_,; -+, C) of Gy with

#e(ptl)

constant multiplicity n—(p+1).

THEOREM 2. Suppose that G 18 a subset of QX2 of Frobenius type such that
() G has a cycle with support Q, (ii) every G-cycle vector is an extreme point of
de, (i) the cardinality of E; s 2*Y. Then there is ¢ permutation ¢ of 2 such
that o(G)=Gs, where G, 1is the subset of 2 §2 given by the following incidence-matrix
koK ok ok, 0%
£ 0 * ® L, .. ¥
x g 0 * ... %
Go=| - - - .

The converse is also true.

ProoF. We show first that any G-cyele includes one and only one G-cyele of
length 1. The existence of a G-cycle of length 1 is immediate by repeated use
of Lemma 5. Let us show its uniqueness. Suppose there is a G-cycle C, of
length p such that which includes two different G-cycles (p>, {(p2> of length 1.
By Lemma 5, there exists a proper sub-cycle C,.; of C, of length p—1. We
claim 9 € Supp (C,-1) and p:€Supp(C,..). Because if (») is not a proper sub-
eycle of C,.i, then {C,.., {p>} is a disjoint covering of C,. This is impossible,
since V¢, is an extreme point of dc by our hypothesis (ii). By repeated use of
this argument, we get finally a G-cycle C: of length 2 such that p, ¢ Supp (C.) and
22 € Supp (Co). Then {Kp>, {pz»} is a disjoint covering of C,. Hence V¢, i3 not
an extreme point of 4, but this is impossible. Therefore we have seen that there
exists only one G-eycle (3> of length 1 and every G-cycle C satisfies 7 ¢ Supp (C).
By a suitable permutation of 2, we may assume t=1.

Next let us prove that N,,:(Z:D for any p=1,2, ---,n. Since 1€ Supp (C,)
n-—1

for any G-cycle C, of length p, we have N,=<p__ 1

). On the other hand using

(4) in Theorem 1, we have
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() mers (G5 00)( )

n—1

therefore one has N,,x( 1) for p=1,2, ---,n. Denoting (i, ji-th entry of in-

cidence-matrix of G by »i;, by <1>€<{G)> and N;=1 we have pu#0, p;;=0 for
alli1#1. By sz‘:(n—;:l > we have (noting that every G-cycle C satisfies 1 ¢ Supp(C))
P20, Puf0, -« -, Pra#0 and pa+0, pn#0, -+, p,;#0. Now let us consider the
following cases, for any 4,7¢ @2, i1, j#1, t#].

Case 1) p;;#0 and p;;#0.

Case 2) p;;=0 and p;;=0.

Case 3) p;;+0 and p;;=0.
Case 1) is impossible, since Ngr-<n;1> and all G-eyeles contains 1 in its support.
We can see that Case 2) is also impossible. Suppose in fact for some 7, j we have
p.;=0 and p;;=0, then there is no G-cycle Cs of length 3 such that Supp(Cs)=
{1,4,4). It contradicts to the fact Ngz(”

2
Let us introduce an ordering in £—{1}. For 4,7 in 2— {1}, we denote ¢ if

). Hence only Case 3) is possible.

pi;#0. We prove next that this ordering satisfies the transitive law: i1€J and
<&k, then i<k. In fact, suppose p;;#0 and p;+0, then we have p;+0. Be-
cause, if p:r=0, then we have p.;#0, therefore we have a G-cycle C=<i,J, k>
whose support does not include 1. But this is impossible. It is then immediate to
see that @ — {1} is a totally ordered set. Set @—{1}={is, 15, « - -, 1.} With {, <8< - <4,
Let us define a permutation ¢ of 2 as follows:

a(l)=1, o(tz)=2, -+, 0li,)=n.

We have then (i,7)cG if and only if (¢(i), o(j) € Go by our construction of .
Hence one has ¢(G) =G, and the proof of the first part of Theorem 2 is complete.

Conversely, let us show that G, satisfies the conditions (i), (ii) and (ii). We
atart from the following observation: if C=<ii, s, -+-, 4,0 is a Ge-cycle, then
1¢Supp (C). So we may assume that i,=1. Then by the definition of G, it is
obvious that 1=14,<4.<-+-<4,. Conversely, for any subset {&, % ---,%,} of 2— {1}
with fa<Cia<C- - <1, it is immediate to see that the cycle <1,z --+,7,> is a Go-
cycle. Thus we have a bijection 8 between (Go) and 29-1 given by

C e {Go) «—— B(C)=Supp (C) — {1}.

Especially, <1,2, -++, n) € {Goy. This proves (i). Let C€<Go, thenle Supp (C) as
we have seen above. Hence by Lemma 4, V. is an extreme point of dgo. This
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proves (ii). The number | E; | of the extreme points of .TGO is equal to the number
of Gs-cycles by the observation above and by (ii). Hence P Eg, | =[20-1 =201,
This proves (iii), q.e.d.

Northeastern University
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