On the class number and the unit group of

certain algebraic number fields

By Hideo Wapa

Let k,, k., -+ -, k,, be m quadratic extensions of the rational number field Q.
The fields &y, ks, - -+, k. are called independent if the compositum K=k, -k; - -k
is of degree 2" (over @). We shall suppose ki, k., - - -, k. as independent. Then

K is a Galois extension of @ with the Galois group of type (2,2, ---,2) and
there are exactly t-=2m—1 different quadratic fields between @ and K including
ki, ks, -, kn. We shall denote them with k,, 1=1,2,---,¢t. Let h; and e; be
the class number and the unit group of k;, and H, E the class number and the
unit group of K. Then it is known (cf. [3]) that
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where
:{m(?"“’—l) when K is real,
(m—1)(2»2—1)42m 11 when K is imaginary.

Supposing &, and ¢; as known (in fact k; can be calculated by the “class number
formula” from the value of the diseriminant of k; and a generator of e; (a
fundamental unit of k,) can also be found by the classical method,) the problem
of calculating H is thus reduced to that of determining E. In [2], Kubota has
given a method to find out a system of fundamental units, i.e. a system of
generators of E in case m=2. In §I we shall generalize this method and give
an algorism to obtain a system of generators of E, for any m=2. Thus ¥ and
H can be found in concrete cases. We shall show this in examples in §2, and
list our results on H and E for certain K's with Galois group of type (2, 2, 2)
in a table given in §3.

§1, A principle of reduction

Let K=k, k.- -kn be a field of the type described above and 4, p be two
(different) generators of the Galois group of K/Q. Put sp==z. Let K,, K;, K,
be the invariant subfields of K by g, p, r respectively, and E; be the unit group
of K,. Then clearly E,-E.-E; are subgroup of the unit group K of K. Put
furthermore F=K,nK,n K;, so that K/F has the Galois group of type (2, 2).
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Let ¢ be any unit in K. Then we have obviously (ef. [2])

AT . gh’ .
g e g g

(e

From this simple formula, we can conclude the following.

Assume the group K, E,, I, as known, i.e. assume as known some systems
of generators of these groups. Then a system of E can be obtained in the
following way. Let ¢, ---, &r; (221, 2, 3) be a system of generators of E;. Then
pick out the numbers which are perfect squares in K from among the 27+#r2tra—1

numbers
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where @, -+ -, =:0 or 1. We denote them by v,, vz, ---,vx. Then E is generated by
>k Eity oy Sirp Bty 70y Earg Gy <y Eary @DA V0, Ve, sV v

Thus the existence of an algorism for the determination of a system of E will
be shown, if we prove the following theorem.

TuroreM. Let K and k; be as above, and let d; denote the discriminants
of the quadratic fields k; (1<i<t). Let A be an element in K. Then there
exists an algorism to determine wheather A is a perfect square in K or nol.
If A is a perfect square, we can calculate explicitly its square root in the form
o+ ix a:1/d; where a; are rational numbers.

i?ROOF. We prove by induction on the degree of K.

1) When m—0, i.e. K-Q, then this is clear by the fundamental theorem
of arithmetic.

2) When m -1, ie. K-Q(1/ d) with a rational integer d, then an element

rational numbers 2 and y such that a+¥& d =(x+y/ d)?, namely if and only
if the equation

{a =% 4 dy?
b==2xy
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has a solution in @. Now this equation is explicitly solved in the form:
i
oy o/ OEV A=A ye D
Q5o i‘/ 9 R Yo 95

Our problem is thus reduced to the case 1).

3) When m>2, we assume that the assertion in the theorem is true for
K, K,,K; and F. If A is a perfect square in K, then so should be Ng/x A=
AA° in Ky, Ng/x,A=AAP in K,, (Ng/x,A’=A°A? in Kj, and it can be decided
by the algorism in K|, K;, K, if this is the case. If these are perfect squares,
we may consider by assumption the square roots B,—1/AA°, B,—=1 AA" and
B,=1/A°4r as explicitly given. As

(2) BB, -B;=ABs,
A is a perfect square if and only if B,-B,;-B; is so. Put now

b:NK,‘/FBir:-L/NI;IFA (eF),
&=B,-B,-B;+bB,+bB,+bB; ,
C=§+4&7 480487 (=Sgid) .

Then we obtain
(3) Bl'Bz‘Ba‘Ci‘;Es.
In fact

B.,-B;-B;-C=B,-B,;-B;-£+ B, B; By-(B,-B; - B +-bB,+bBi+bB "
+B,-B;-By-(Bf- By B +bB{ + bB; +bB{)
+B,-B;B;-(By - By - B;+bB; +-bB5 +bBy)

=B, BBy £+ bB\E+bB.E+ bB.&

)

.

If C is a perfect square in K, F(1/C ) is contained in X. Hence F(1/'C ) is F
itself or there is some quadratic field k;=@Q(1/d; ) in K such that F(1/C )=F-k,==
F(1/d;). In the latter case, as F(1/C )/F is kummerian of degree 2, there is
some element g; in F' such that C=d;-g;. Hence by (8), B,-B,-B; is a perfect
square in K if and only if C or any one of C-d, (1<i<t) is a perfect square
in F. By our assumption, we can decide if this is a case by the algorism in F.
From (2), (3) we obtain
JaVBBB ¢

= B, VTB’
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and if VCeF or VCd,eF, then & 1/C, B, can be expressed in the form a,+
St a,17d; by our assumption. So A can also be expressed in this form. Q.E.D.
Remark. Now if we put,

By By By +bB—bB,—bBy ,
~B,-B;-B;—bB,+bB,—bB,; ,
=B, B, B;—bB,—bB,+bB, ,
Ci=&+&54+65+85, 71,23,

iy e VT
e

&

we have obviously

(4) B, B.-B, - (§+&4E&+&),

e bed

and we obtain
(5) B,-B;-B,-C;:&,  §+1,2,38,

in a similar way as we obtained (3) above.
From (4), (5) we have

(6) Al/Bl‘Bz‘Bx = 4 (\/C+V/C1+1//Cg+1/03 ).

This formula is more convenient to calculate explicitly 1/A.
When Ng#Bi+<1 and B;=B;=1, we get from (6) (cf. {2])

; ;_:V/SKll;‘(Bx"‘*r‘1“)“*“'\//;81:‘//-'(-81_1)
(7) VB, = DRI VARIEAT

As a system of generators of ¥ can be found, a system of fundamental
unitg of K can be obtained using the free group theory.

§2. Esxamples
. K Qu 21 3)
Put & Qv 2 ks Q0 3 ), ks~ Q(V 6 ). kii--1,2,3 are real quadratic
fields, so each /; has a fundamental unite;. ¢, ¢==1, 2, 3 are given by: ¢,=14+1"2,
£2241" 3, &-5+2176.

K
e
Q1 '2) Qv'3) Qu'e)
~_ |

Q



On the class number and the unit group 205
To find a system of generators of the unit group E of K, we have to pick
up the numbers which are perfect squares in K from among 7 numbers
gfel (=10 a,F,7+0 or 1.

For the value of (e, 8,7) other than (0,1,0), (0,0,1), (0,1,1), &<l does not
become totally positive, so that these three are only possible ones. When
(ar Bv 7‘):(0, 1, 0), then

E=1-g-1+1+e+1=Aeu+1)=23+1783 ),
Cf:SK/QE:Z-’l «

As 1/C (=216 ) is an element of K, & is a perfect square and its square root is

lwz+ve).

_ &
Ve < e

In the same way /& =1"2+1"3. Thus a system of fundamental units is
{e1,16,1 e ). From (1) the class number of K is

H= 212 (E:TLed TThi= i 411,

II. K=Q/2,v'3,V11)
Put %,=Q(1 2), k=Q(V 3 ), ks=Q(1/ 6 ), ki=Q(1V'11), k:=Q(\/'22), ke=
Q1/33), b:=Q(1/66), K,=Q(1v/'2,13), K,=Q(v/ 2,1/11), K;=Q(v/ 2, 1/33). '

Q' 2,V/3,1/11)

Q' 2,V'3) Quv'2,V11) Q2,V38)
Qv 2)
Let ¢; be a fundamental unit of k;, then from I a system of fundamental units

of K, is {ey, Ve, V& ). In the same way {e, 1 &= ; (31241729, V=TV 2 +

3111} and {e, &s=23+41/33, 1 e:=41"2+1/33 } are systems of fundamental units

of K,, K, respectively. As 15 (=21/34+1711) is contained in K, we shall pick
up totally positive units from among 63 numbers

e‘{]/eaﬁV‘éa/"V/ed 51/&5”]/-8—‘:9 (#1), a,---,0:==00r1.

They are VeV'e Ve, Vea-Vea-Ve, Vea-vea Ve Ve, eV e Ve,
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&V e Ve, oV e Ve 1V e and eV e, - 1/ e, -1 e, The unit Ve -1 e, -1 e is a
perfect square, because

Co Sk Sum, (Ve Ve Vs~V ey~ 1V e,—V e )= 44-(1+21/ 2# is a perfect
square in K. As C,=132-(0+172 %, C,=36-(3+12 2 and C,=12-(5+21/ 2 12,
the unit e+ 1V e,-1/ ¢, is the square of

Veyee,er ﬁ (I/C+V/Cl + V/Cz + ‘V/C:«V)
; (943172 +51°8 +21/6 +1/11421/22+1/33+1766) .

In the same way it is assured that Ve 1/ a1 e and Ve 1V e 1V a1 e
are perfect squares, and that the four others are not so in K. Hence
e, Vs, Ver, Vies, Vts, ¥estaer and 4/536\587 constitute a system of fundamental
units of K. The group index [E;ﬁeiJ is obviously 28. From (1), we obtain

Ho 2Tl h 1.

§3. A table of £ and H

We shall give a table of ¥ and H for all the fields of type K=k, k. ks
with independent k; such that, if K2>Q(1/d;) 1<i=7, the following conditions
hold:

1) Al |m;| <100, 1<i<7, where m;d; when d;=1 (mod 4), m;== id* when
d;=0 (mod 4).

2) When K is imaginary the group E®: {3 sc E} is not contained in ‘ﬁ‘ e;.

(When E*® is contained in I'Iei, we can easily find a system of fundamental
§o]

units. (Cf. [1], [2]D.)

The field K- Q(v/m,, 1/ my, V'ms) has T quadratic subfields. We shall put
ki=Q(V/my), ke=Q0V/ms), ka=Q(V mims), ki=Q/ ms), ks=Q/ mimy), ks =
QW myms), kv=Q(v mimams). & in the table means a fundamental unit of k..

D KeQ(v 2,173,165

614172, Ve=312+16),
V=1 2418, s 3(1+1/6),

Ve =33+ 24V 5+1/10),  1Va=301/6+110),

Vele e, 364517 2+21 8417 6+217 5+1710+21/154+1730) ,
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2) K=Q/' 2,V 3V 1

S 1 + 1// 2 [ 1 '52 ".12{\‘/'{ 72'*“1‘// 6 \) *
V=1 24173, Ve 3034V,
V=1 64+ 17,

Yoo, = 36+51 2420 3+317 6420 T+1 14421/2141742)

3) K=Q(1'2, Vv 3, V1Il)
e=14+1"2, Va3 241 8),
V=17 2+1" 8, Ve 381 724+1722),
1V e=21 3+111,
Yeeuer= 2841 2421 3+316+21114+17224166) ,
Yeerer—=3(9+31 24517834217 6+1711+21/22+133+1766 ) ,
H=1.

H K=Qu'2,V3, V1)

S;“l+l/2 y 1/(/52:3%([// 2*{“1// 6 ) ,
V=1 24138, &= 5(8+71713),

Vewses=2(5+31 241 13+1726), 17&=21 3+1718,
Yeloe =845, 2431/ 3431/ 642171341726 +1/39+1/78),
H=1.

5 K=Qu 2,V 51V 1)
e=1+1'2, o 3(14+V75 ),
Veen=3B34+V 241V 5+ 10),  Ve=33 2+114),
V=2 2+1/7, Ve=3(1104+114 ),
Yoo, 38491 248V 5+51/10461 T+51/14+21/35+1/70) ,
H=1.

6) K=Q(1/2,1/15,1/21)
g=14+1"2, e-=4+1715
1 eres =36 +51 24+21/154+1730), e--3(5+1721),
Ve, =5(T+31 2+1/2141/42), &=6+1/85,
1V eetr=%(42+ 251 24-61/85+5,/70) ,
H=2.

207
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7 K-=Q(v 2,17 3,1 where i=1/—1

5{’1%1/2 ’ l/é;’:%(v/Q"é‘V/iGi) y
Yicep,~2(4+31 2420 8341V 6421/ ~1+1/ —2+1/~6),
H-1.

8 K2,V 1,19

o 1412, Ve HEY 2+V14)
Yiews- 34131/ 2421/ 741/ 19421/~ 141/ ~241/ = 14),
H-2

9) K Q21114
a=141"2, V=33V 2+122),
Yigee, 314491 24+41/11+8,/22
+4y/ 145/~ 242/ —11+1V/—22),
10) K=Q1/ 2,1/19,%)
a1+ 2, Ve 3(18)/2+31/38) ,
Vicee,=3(18+131/ 2+41/19+431/38

H--3.

11) K=Q(/'2,1//23,%)
& == 1 -4 l/r 2‘ ' V/gé;: %(51/2+ -1/46 ) ]
Views=3(34+271/ 248123451746

H=6.

12) K=Q( 2,13L,9)
e14+1/2, Va=330/2+T/62),
Yiewy = }(224+1T1/ 2+ 4131 +31/62
+12y/ =145/ —24+2/ =31+ —62 ),
H=12.



On the class number and the unit group 200

13y K—Q172,1 43, D
sesldy 2, Pee 391 2491 86),
Vieee, - k(158 + 1111 2241 43
41717864641 —1+471 —2+101 —43+71 861,

14) K=Q(/' 2,1V41,1)
e=14+1"2, Ve 3T 241794)
Vieses— 1126+ 9717 2420147
+131/94468) —14+29) 216, —4T+717 —98 ),
H-20.

University of Tokyo
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