Generators of 2-primary components of homotopy groups of
spheres, unitary groups and symplectic groups

By Kunio OcucHi

Introduction

This is a continuation of the previous paper {31, in which I gave the genera-
tors of the 2-primary components of =.(Sp(n)), =(SUR)Y) and z.(SO)) for k<13,
and proved the relations among them. To continue these calculations, we need to
know more about the homotopy groups of spheres, and that is the purpose of §1
and §2; we shall prove the relations among the generators of the 2-primary com-
ponents of x,.:(S™) for 14=<k<19, which are not included in {1]. We shall add
further information about the generators of the groups =).,,s (c.f. (2.19) of §2).
Recently, M. Mimura and H. Toda calculated =.(Sp(n)), =.(SU3)) and z.(SU4)) in
[56] and [6]. So we omit the proof of this part, but we shall only define their
generators by the ‘‘composition method” to study the relations among them. (§3-
§5). In §6 and §7, we shall continue these calculations for =, (U,) for »=5 and
k<22 by using the results of the previous sections.

As we are interested in 2-primary eomponents of the groups, the remarks we
made in §9 of the previous paper [8] will be carried out in this paper, that is:
#z:(G) means the 2-primary components 7,(G; 2) of =.(G); and we use the terms
such as equal, isomorphic, in the sense of C,. In addition to this, if a=dg holds
for some elements « and 8 of an infinite eyclic group and for an integer d, we
are interested only in the 2-primary component ®d of d. In this sense, we shall
describe the relation as a=‘®d3 for convenience™,

In the last part of this paper, I have appended some tables of the relations,
summarizing the results of [1], [8] and this paper.

§1. Preliminaries

Throughout this paper, we shall use the same notations as in [1]: e.g. #* means
2-primary component of x,(S™, G. 2-primary component of the k-th stable homo-
topy group of the sphere, and K=z}, ,—G, indicates the appropriate iterated sus-
pension, etc.. First of all, we list the original generators™* of »7,, for k=19 below.

“* 1 failed to make this remark in [3].
“ Generators which are not represented by suspension, composition, nor by Whitehead product.
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Kunio Ocucui

e (n2]).

TS, (n22), H(po)=1s.

Veri, H( Y=y, 20 =7].

vty (nzd), Hivg)=t;, 2os=E%/,

R, el d €T, mEm (128), Ha")=4s, Ho")=1h,
H(o"y=113, Hlog)=1t15, 20" =Ea", 20'=E0", 20y=E’

en€xn,s (M28), H(gs)=13, 0,Ex%,s (n26), H(Se)=111.

ME .y (M238), Hirpg)=a"

t'exly, H( =g, 26 =y}or;, E% =208

renty, Hipd Y=, 21/ =130 5.

Luemln (n2B), H()=8a0, 20;=1xE%.

ey, vexli, HW ) =nh, HB)=79n E*#=0, E¥=0.

K S s (R2T), Hlk:)=¢3 OF Dya, 2¢7=070v%; mod (da’ o ayy).
pNexhy, plenh, plenl, p'ent, puSrnas (n213), H(pV)=4(,
H({'"')z'/]u”/lm H({I")E/lm mod {9?3}0{7130914} H(P'):80m
H(pis)=4ves, 20" =Ep"Y mod 6" oz}, 20"=Ep"” mod o’ cz}}
20’ = E?p" mod agonil, 2013=E4

G, 15 (n28), H(&)=vs00801; mod vso7go g,

{'enty, HE )=, mod 20, E¥'=0

w, €t (M214), H(wy)=rer.

el H(O*’)“ m3e, Ep* =0 mod E?zi}.

%Enmm (nz16), H(ﬂm)-—v.'n, )713:-0'18 mod o1g° 5.

Erl 1 n23), Hp)=p".

denrdy, H(E) =8, 28=yjc&, E% =250k

Ad(Eyeznly, H(A(E D)=

efemilr (nz12), HEl)=ve, eh=guowy.

e AMexll, & ezl lexll, & ent, s (n=12), viel, s (n=2186),
H(&")=1ig+ oo, HA ) =908 oF vis, H(E)=en+5n,

H(iY =g or Do1, H(E )= a0 mod 2as5, H(A)=135, H({)=vs mod 2e,
2 = FE 283 =E2E, 2A =FE1", 2A=E*¥, 2% =FE*3,

A& 154 1) =2(C o+ vfo) = oo+ 15 =0.

7w, H)= iy mod gs o, 26 =750 s

f” oo (n25), HC)=8p/, 28=E*7.

FuE s (M2 6), H@)=0t mod 20, 166=v40 o ays.

0] (E.’:’;;';'. ((1)')2&3 or Yag, Ew 323!)1401230.

Some of these elements are obtained by the secondary compositions:

wz (1)

G{"s‘ 2¢, 7 4;1
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(2) o"e{vs, 8, v} (OSZ3).
(3) &€{n, BV, vohi={, v, 7oty €0 S {Gus Btnis Vi ibe-s (R24),
€l it Btaiitn {v% 260,68 Gnestes
{264, v, Tnuope (n2H), (0St=n—5).
S0 {bny Jusas bnaste (R26), OSSN —2).
(4) € (g Zenrrr B 40"} sk $3) (029),
() e, 2vs, »o}s.
(6) e&{n, 26, phr, L€ {vn 8us E" 40’} s (026).
(7Y O's{owu, 2vis, Tt V{712 11, Y22t
(8) & {ew, 200,8 ¥l shnes (n28), PV {0”, 204, 81231,
g {a”, dus, 4013}, p’e{d, 8us, 2o}y, o€ {0y, 1666, 016}
(9) &e{d”, e, 2euh1, ¥ {15, 4o, Gaa}y, 7% {016 209, a}1.
(10 ‘_‘SE{#& 2012, 81231
(A1) i€ {as, 2025 vso}r, En€{ow, vig, g2}
(12) pe{y, dus, 4oudy Cse{Ls, 8tier 201631, To& {5, £9+ Do, E17}1-

Now, we list some of the Whitehead products of these generators below.

{1.3) ey, eid=1lrs, eg1=[e2, ez1=0, (5, s1=v5°78, [to, ] =a9°N16+ €0+ Ty,
Lo, ai]=0onc s, [ers, 513]:Eﬁ’ [ess, ] :24%51 Las, t17] Evfﬂwm mod Fy7 [y,
Lergy tro) =vfa+Eror [z, )= =21, Lo, 6] =BV 204,
[es, ¢5] =FEq'—205 [ts, 7}6] =0, [tg, ve]=—20s, [¢s &) ={¢g 6]=0,
T6, ps]=0, [¢6, Col= 220",
Leios 0] =200 117, a0, vii =01 er=010°P17, (10, £10]=Lt10, D101 =0,
Leres f1101=2010°C1ze
Laz 711 =E, [as, 012]= (B —-2{0).
Lesgs %4:‘! =40y, {04 vis] =201,
Leses 16} = Ep*! mod E*zi8, [as vis] = £(E°1-2u%).
{e18, us]=2(vF54E1s).
Proofs of (1.1), (1.2) and (1.3) are found in [1]**. The Hopf invariants and
Whitehead products of the other elements are calculated by the following formulae:

(1.4) H(as E3)=H(a) E3 for e, ferml.
H(Ea<8)=E*ac E™a H(73) for acsxit, e,
(1.5) For acsxt, 3=k,
ta 8] {[m 0 o B 13 B ' if k is odd.
Car, B]=
- (1Y gy, ] o B 180 E™"'ae if k is even.

@ Some of (1.3) follow directly from the results of [1].
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The following two formulae will play an important role, too.

(1.6) Eflge B 13— (=1) 7t m O m EP-ige B iy
=y, 01, tpager] o B2 PH(H) < E" 'H() for a=xh, fexi. (Toda's formula)

1.7 (at+Por=acr+ioy+la, fleHi).

(1.4) is well known (see [1]). (1.5)~(1.7) are modifications of the results of {2].

£2. Generators of homotopy groups of spheres

In this section, we shall prove some relations among the generators of 2-primary
components of the homotopy groups of spheres which are not included in {1]. We
shall do these caleulations step by step in terms of k in the notation =7... First
of all, we list the relations which appear on =7,, for k=13.

(2.1 o ve==v ogg, v opg=0, nioa”’ g‘sorr”::(r”’omgmo, fgoo’ =a" c f3=4L,
Groog=a’ o+ 6+ D, ’/9‘(7107—’894‘59, T © O 1 =000 7= Ex+ i, (R210),
En® n 8= 08ny 1 (N28), 75 0P8y Dnohn, 8= n0 D=0 (2 6),
usoas)=yz0 Eo’', a0 ovy=mz100, for some odd integer z,
III

U[f’m‘l(lﬂoﬂg) v O DgT=Eg0 Vi, & 0/’13~»-V S Egy L’BQ‘Q»xLGO&ng/b»“z”,

Ve 0/!9‘38\_13, to] Seri1.
The proofs are given in [1]. By using these relations, we add the followings.

ProrosrrioN (2.2):

(1) Veo"=0, EVoo' =2K¢, 0" ovyy=32v500,.

(2) 2uohnso=7ottn (RZ8).

(3) V5o G015 V50 8 O V50 Uge

(4) provie==vopgory, ploqu=1yo .

(5) 7ucle=Ey o przmod BV oproes, 5y0lan=0 (n25).

(6) Coomr=8le, te]oamy, Cuotu,n=0(nz7).

(7)) #owy=0.

(8) urtl'=0, puotl=aycris+t onun.

Proor: (1) H(EY co')=E% o E"W o H(a") (by (1.4))=(4+3) e gus(by (1.1)(3), (4))=0.
Hence, Evoa' e Erly. E(EV oa")=2v;0 Eo' =250 Eo') (by (1.7))=4(500a3) (by (2.1)).
EQEY=4(vs0mq) (by (LIXT). Since Erxl;NE-1(0)=0, it follows that Ev oo’ =2E%,
where E°Y0) is the kernel of the suspension homomorphism E': zfi;—=is.

Now, E(/ca”) = Evo2s' (by (1.1)(4)) = 4E¢’ = 0. Since the homomorphism E':
=321, 18 a monomorphism, we have v ca”=0.

Finally, E(a”ou)=20"ov= £270a:0 (by (2.1)). Since the homomorphism X:

2Sy—x]; is an isomorphism, we have ¢"cyi3= +2v0a0.
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[Notel In the following, when the proof is made by this way, we abbreviate
as follows: Ev'so’'€@Exly (H; (1.4), (1.1)X8Y4), E(EY -a)=ERE) (1.7),
(2.1), (1.IXT)), E=ziNE Y0)=0. etc.

(2) Substituting g for @, and 7 for 3 in (1.6), we have 1500 =750 5. Since
the homomorphism E°:z};—=i; is a monomorphism, it follows that H30 [ a =03 iy

[Notel In this case, we shall abbreviate as follows: ((1.6), (E3)"1=0).

(8) g2l to] =1L vel=1Le, vl ovns (by (1.5)) =2550 vy (by (1.83)) =1g08 (by (2.1)).
On the other hand, vsc{s, 6] =1s9(a9on6+8s+La)=1s0a99715, because o es+ryoy
=4igory,=0 by (2.1). Since the kernel of the homomorphism E: z};—={; is gener-
ated by the element vso84+-15055 it follows that Y50 a0 15 =215 08 OF byo Dy,

(4) Huzori)=H( sp5087) = d(vs0a8) ((L.4), (L1)S), (), (7), @.1).  H(z' o)==
H( o pe)=psoys ((1.4), (L1X8), (). H Y(0)=0.

(5) Auxiliary caleulation: EV og;o Exls+=do (2a9)={Ev o 77084}, because 2z4=0,

Exls={e} D{2s} D {Eo oni5}, and Ev oposg=Ey 02}=0, Ev op.0 Ko’ ops=Eqg'o(4s:)-
/)15*“0‘

Now, 7::L5& {fy°vs, 8s, Eo'}y (by (1.2X6))={EV 25z, 8Bes, B’} (by (2.1)). EV oy
S{EV oy, 25, 4B )3 (by (1.2)4) T {EV o %;, 8es, Ea’};. The above caleulation shows
that the secondary composition {Ev oy, 8, Eo’} is a coset of the subgroup
{EV¢p:ce5}. Hence, we have 70{;z=Ev o, mod Evonroes.  Since E(EV op)=
E(EY o7;085)=0, it follows that 7,0,,,=0 (n=5).

(6) (1.6}, (L.L1X8), (5).

(7) H(F'cr9)=0 ((1.4), 1.1)D), (2.1)), H Y0)=

(8) Auxiliary calculation: 7000 0738+ 732072,=0, because 733=0, and zil-7
={[ 10, ¢ io]ohgcf,‘zz}-o-

In the previous paper [38], we introduced a generalization of the secondary
composition, which we call the second derived composition, denoted by {«, B, r, 6}.
Now, we shall give two examples.

LEMMA (2.2): e {ns, BV, Ber, vity, #2162 {v1, 710, 2015, 91235, The first set is a coset
of the subgroup {ys;c&}, and the second is a coset of the subgroup {4o'-ai D
{pro+is}. Indeed, s is chosen from the set {7, Ext. (EV, 8:), Coext. (8¢, vo)}s
{p. 56 of {11}, and «; from the set {v;, Ext. (10, 2¢11), Coext. 2u;, £11)}; (p. 96 of {17).
From the definition of the second derived composition (p. 48 of [8]), the first half of
the Lemma follows, Caleulation of the moduli of these cosets is shown below:
@) pozhi+mdero={nces} (c.f. Prop. (6.5)(1) of [8]). (i) wrorii-talyebu=do oa),
{v7, Gloy D11} DEroris mod 4o’ o a1y, (e.f. Prop. (6.5)(ii) of {8]). (i) and (ii) follow from
(1.1), (1.2) and (2.1).

In {13, the following relations are proved ((10.7), Lemma (10.1) of {17}).
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2.3) vgely=20" 0 oy3, 21 =171 mod 4o o 744,

We add the followings.

ProposITioN (2.4):

(1) Volg=plopy=

(2) o"eopmrsals mod (vso08ov18), Lsorie= s s mod (257550 vig),

Cuovna=vno8u,5 (NZ6).

(3) #only=0, (}'OI‘“ =80 ¢12, v12] mod 8a%,.

Proor: (1) (H; (1.4, (1.1)3), (8), Prop. (2.2)4), (5)), H '(0)=0.

(2) Let E*:zis—=i!% be the k-fold suspension, then the kernel of E* (1=k<8)
is generated by v;o050vie. Since Ko oay)=2u0 by (1.1)(4) and (2.1), and since
Covva==yyol;s by (1.6), the proof i3 complete.

(3) B0 ozh)==0 (&% (LI, (B3 N0)=0. #o78,—20us, vis)EExi} (H; (1.4),
(L.1)X®), 9), E=iin(E*) '(0)={8si:}.

The following relations are proved in Lemma (10.7) of [1].

(2.5) Eno O =0 (nZ3), doo8,:=0 (n21l), D,cm.s=0(n=6),
Dut K1 =&, (NZ6).

We add the following relations.

PROPOSITION (2.6):

(1) o ctp=0"0p1=0, 0"oe3=06"0ba=1{ts, ts;oa11°015==0, #ory=0, #or9=0.

(2) wyell=Eg'oe;; or Eo'cfy, veoti=magces OT a9 g,

(3) i=0(nz4).

(4) K7*7">1:ﬁff"“"914+57

Proor: (1) Each of the followings is a monomorphism: E:zf,—=z%, E:
alorts, 0% zloxll, and K zloxl. Hence, (1) follows from (1.1)(4) and (9).

(2) Auxiliary caleulations: (a) Fy=FEa'ovyentid=zlo70, then FiOE Y(0)=
{Ed'"veyt-Eo' <o), Indeed, z8=0, = {Eo'ca}D{oi}@B{xs}. The kernel of the
zly-oxly is generated by {Eo'ce} @ {Eo'<i}. Eloicnm)#0,
Elregonen) 0. Hence, FiNE Y0)={Eqs co;00:}={Ea Ahr{-Fﬂ o933 by (2.1). (b)
Foeygompgorni+alyops, then Fon(E?) Y0)={mceis+0o9c51s}. The proof is similar
with that of (a).

Now, it follows from (1.2)(7) and (5) that ssct/'&{rs0011, 2r1s, Lt ={E6 o215,
Suis, it (by (R.1)), and En'oe&{Eo’ o, 2uis, it Since E(sol) = oo B =
vo© Leray tin] ooy (by (L3)) ==Ly, el f“s——[fj, ta)erizopeg (by (1.5))=0, the calculation (a)
shows that vsetV==Fo'ogys or Ea'co;. Similarly, we can prove that rect=ag0e5

homomorphism E:

or ogyobig.
(3) 13=1ey,,6080, (by 2.1))=0 for n=4.
(4) Auxiliary calealations: (a) wrozll = {s:0(t0, a0l ovie = {{vs, ¥:] 2210} = O.
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(b) =lsorie={groes°1is} B {proris} @ {23} =0, because ;&5 viemere 402 is =0 (by (2.1)),
e vig=E*u ops0e7) (by Prop. (2.2)4))=0, and »3=0 (by 3). (¢) Zrexmti={roais}=0
(by (2.5)).

These calculations (a)~(c) show that each of the first and the second derived
compositions™ below consists of a single element. Now, ;<%= {vs, %10, 2t11, Sutiofy
={v1, J10s 2011, Sr1oMua} = {¥2, Fu0, 2aa1, thi}e (by (2.1)) = {{¥1. 710 vui}, 25 vis}s (by Prop.
(6.13)(i1)) = {57, 2e15, 35} (by (1.2)(B)).  Hris)=Lts, o) =—2%¢ (by (1.3)). Hence, it fol-
lows from Proposition (7.17) of [3] that H{s: 2a5, +5hi=:3. Since H(a'oyy)=1ds
(1.4), (L.D&), (2.1)), xropgm=a"c51s mod Exhy = {&:}@{40"}.  E~(4p")=16p50 (by (1.1)
(A1), E™(a' 251,)=0, E*(x:o%2)=7-k=2. Hence, we can conclude that ;7. =0’y
+ 5.

Now, the following relations are proved in {11.

(2-7) T2 013=012° 419y TpO o 1= MO0 0 =000y 1 = 00 Pus1s (nZl?’),
— I !, . —_— . 2 — =
,11106619*0100,&17'?8&0, Tl O \’/}140815—-5‘}5", YnCOn, 8° bist0™ n®&nst (neb),

Ei=gnanu+8:7inc§u+1:511‘37}n+15 (n23)y v:z("n mOd dngﬂn‘,? (ngls)-

We add the followings.

PROPOSITION (2.8):

(1) puopV=0, pVopu=7sop"" =0, p"op=4L.

(2) £i=p,06,8=0 (R=6).

(8) peop’=4L, p'onu=a"opy.

(4) 6" op=0, o"opp=4{.

(5) (7100’/%7:'710"7]170518:0-

(6) F/°7/‘-z45,119°(718+09°/he mod {0'908100'024} ©® {'7901«?6}, E{""",’zszg[floy T30l

e /=0 mod {70 &5} D{EC YD pus}. ,,

ProoF: (1) By Proposition (2.6)(1), o”ondl={0"ves} D {a"o0a}=0. Hence
we can improve (1.1)(11) as 20/ =Ep'", so that we have E(7ii00")=0 and E(p"'7u)
=0, popNeEzl (H; (1.4), 1.1(11), and ExfyNE(0)=0 imply 750" =0.

Now, E(gs0¢")=75°(20")=0mod 700" o xif (by (L1)(11)). geva’o =gy oxid=0
(by (2.1)). Hence, we have E(g50¢")=0. Thus p'Vep=7s0p""=0 follows from the
fact that the homomorphism E:z$,—=z$: is an isomorphism. Fmally, ¢ v —4C
e B~ (H; (1.4), (1.1)(11), Prop. (2.2)(2), (1.1)8)). E(p" oqu) = 0((1.6), (1.3)), E(4L)
=4(Fo'opisoe5)=0 (by (2.5)). Hence, p"cpm= 4¢ follows from the fact that
E=30EY0)=0.

(2) i {ve o, viorae s (by (1.2)3)) = voo B4, v, Dro} Crgo 878y == 0. Leokpe =
Soe (St e gn) (by (2.1)=15ec a14c 7 =0 (by (2.5)).

) < Pipst derived composition’’ means ‘‘secondary composition’’ (See [3h.
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(8) Auxiliary caleulations: (a) 7sogeces = (Eo’ons + 05 + gg)oeis (by (2.1)
=B 75084 (by (2.5), (2)).  (b) 7090 Tio==(Ea’ o 7i5+Ls+ £5) o D16 (by (2.1))=0, because
' o0 byg a' vy = v aggo i (by (2.1)) = 71084 (by (2.5)), £5=0(by (2)), and esc2ys
=17y & (by (2.5)).

These caleulations (a), (b) and (1.1)(11) imply that E3z;op”) = 0 mod {£*¢
+75-4}. However, there is no element of order 2 in =% whose image under E*® is
B4 740&. Hence, E*7sop”) must be 0. While, - p” —4C' € E3, (H; (1.4), (1.1)(11),
Prop. (2.2)(2), (1.1)(8)). Hence, the fact that E=zj N(E®'(0)=0 shows that ys-p"”
=4f,

Now, p"ope=a’sps ((1.6), (1.3), E-(0)=0).

(4) oo p=0(1.1)(4), E~1(0)=0).

a0 =4 (H; (1.4), 1.1)4), 8). E=}nE-'(0)=0).

(5) It follows from the line 14 from the top of the page 156 in [1] that
g =0 mod Bl {opop}.  However, E“(gi50:3:)=0, while E>(s407)%#0.
Hence, we conclude that oeoe;=0. a0 pirosis=(e10+510) 7 €15 (by (2.1))=0 (by (2.5)).

(6) Auxiliary caleulations: (a) alieoroge C {ovorle} @ {aso52617}, because
wle = {aoonie} B {Do} B {ea}, Poooir=¢ts001; =0 (by (2.5)) and oeog0c a0 pu=0002s
+ agoneeer (by (2.1)). (b)) aeonil = {ayoris} @ {ovonuoei} B {o9o/uc}, because
aiges {V?o} ® {7]160 &7} @ {s116}.

Now, since (3, 2¢, 87)=(8m, 2¢, ) and pnorly=0 (by Prop. (2.2)(4)), it follows
from (1.2)(4) that peoos€ {8, 2eis, 716} 016 {03, 16616, 7160012}, and it follows from
(1.2)(8) that ¢ oy & {ay, 16015, 016} 02 © {079 1616, 160725}  Note that gigog1:=0160 72,
then the calculations (a), (b) show that pgog13=0’ o7 mod {osorde} B {oeo st}
@ {oomey.  Now, E=(pon)=(20)eq=0, E=(o'oqu)=2a)eq=0, E=(so0ul)
=2 Fo(ag o0 £17) =20 (by (B)), however E=(apor46)20. Hence, we conclude that p's7u,
= prgo gyt oo 11 Mod {rgorde} B {Fec a0 17},

By using the results of Propositions (2.6) and (2.8), we can improve (1.1)(11)
as follows,

LEMMA (2.9): 20" =EpWV, 20"=FEd", 20'=E%/",

Proor: The first part of this Lemma follows directly from (2.6)(1).

Now, o’ oxliepmn={a’ceonu}@{o obuepmu}={E{}P{n:08&}, because o'os o9
= (by (2.7), and o’ oy, 0p0=0" 01, (by (2.1))=wre 0100 04; (by (2.1))=7705 (by (2.7)).
Since Ep"vyuz=0 mod oo zbion. (by (1.1X(11)), it follows that Ep¢” cn..=0mod {E('}
@{5:8}. However, E{¢" ~7.)=E4{")==0 (by Prop. (2.8)(1)), we can conclude that
Ep"=2¢". Similarly, we can prove the last part of the Lemma by using (1.1)(11)
and Prop. 2.8)(1), 3).

By (1.3), we have that [ae 7] =E7Y mod E¥zii={a1s°p23} P {wis}. However,
we can improve this formula as follows.
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LEMMA (2.10): E7¥=[r4, 116! mod {mssuag}

Proor: Auxiliary caleulation: o505+ 727s0={@15° 022}, because asormnaeny
=552 7430=0 (by (2.1). Prop. (2.8)(2), (2.7)}, and 152 a0 =013 ° 122 (by (2.7)).

Now, it follows from (1.2)(9) that E** < {a::, 4024, 75} which is a coset of the
subgroup {75c/2:} by the above calculation. While {oi:, 4o, 50} D2{01z, 2004, 71}
=0, so that we conclude that E7* ={es, 4:15] mod {o160 22}

Now, we shall add the following.

LEMMA (2.11): The element wys is chosen from the coset*** ¢{Coext. (Et), v25))
of the subgroup {oyopn}.

ProoF: Ef=1{¢3, a3} by (1.3). Hence the complex S is described as S* lggﬁe:“.

Note that E¢ovs; =0 (by Prop. (2.6)(1)). Now, let us consider a coextension
Coext. (E4, vay)Ez29(SE).  Ho[Coext. (EH, va)] =¢ 0t (Evys)=Es=21y; by the de-
finition of H. Hence, the element wy; belongs to the coset ¢[Coext.(EH, v)] of the
subgroup ¢eiyc Enti=Ez = {a1° pa1}.

The following relation is proved in [1].

{2.12) E&=FE\V orr, vso08°vig==2u50 K4,

We add the following relations which appear on =),

PROPOSITION (2.13):

(1) 7uocwu=¢lh, fac0na=wz°ofas=8 (n214).

(2) Knovnuu=vnokn,s (RZT).

(8) wpueg*=0mod gryo%a 023, HusofTe=* ongrtefs mod o150 7200 1o,

(4) vopgori=ggor;=2%.

(5) {omae=0, 70 =0.

(6) &oog3=28.

(T) ppoee=esopyy mod 287, pzoe2=2 3¢ 1y o a3 mod 28,

(8) psori=0mod 22, £1,5,,9=0 m25), 0, f1.,s=0 (n26).

(9) woEo'ea5=0, vsooi=2u;-15 or 0.

(10)  [eg, 6] ot/ =0.

Proor: (1) (1.6), (E®-X0), where E?: xj§—rii.

(2) Hx)ezi} and zovy=0 imply that H{ksovw)=0, so that ;o e Kz
Since E~:E=§;—G,; is a monomorphism, (2) follows from the fact that xov=zvox
in Gys.

(3)y En¥cnz={ug ael 45 mod dgoprzgeime (by Lemma (2.10)).  [eus, aelo7fi=
(716, 716] (by (LB)) =62 [ex7, 617 = g0 (s + wyr) (by (1.3)) = 7yg0 4 + 617 (by (1)).  The
“ ¢ indicates the canonical isomorphism me(SE)= mae(S™).
¢ 4. indicates the homomorphism induced by the inelusion S#*6c S%,
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second assertion follows from the faet that the homomorphism E:-{i—zl} is a
monomorphism. The first assertion holds, because E*(71=%*)=0mod o> tr23° %32,
and E?:z}--=z} i3 a monomorphism,

(4) Voigorky=eaorhs = e30n o8 = ar &0 012 (bY (2.1)) = 752 (by (2.7)) = 2¢’ (by
(1.1)(13)).

(5) Auxiliary caleulations: (a) 6”¢zio70 = 0(by 2.1)). (b) 7°Gis+Gooe=
(o9 @A}, because Guu={rom@{n}, Go={7°a}BAMBLY, wog=e*, goet=
70&=0, pog=nopoo (which is proved in (7)), v*ce=0. Now, {'epne {7, &13, Se21}1 0720
=" o {13, 2e01, g} (by (1.2)(®)), which consists of a single element 4" E'%'=0 by
(a). Hence, we have {o7s=0.

Now, 7508 =2us045 or 0 (K; (2.7), (2.1), E N0)={2v50r}.) While, g {'€y;0{s”,
€13y 2001} = {75, ", €13} 0(200).  However, E={7;, o, £33 © <y, 47, ¢), which includes
2(p, 27, £y=0, so that the calculation (b) implies that »-«xé(y, 47, ¢>. Hence, we
can conclude that 7,+{'=0.

To prove (6), we need the following.

LeMMa (2.14): Secondary composition {1y, 2u, vsoascvys}) consists of an ele-
ment &.

Proor: Auxiliary caleulations: (a) vioxil+rlerfy=0. Indeed, zii={ou}, =i
={a", and ooy =vs0 Ba'ovs=2(vseas0015)=0 (by (2.1)), 0" oviy = (4vs0a5)o115=0
(by (2.1)). () psoris+riovgoagors=0. Indeed, =io=={vselst@P{rs008°r16}, mé={7i},
and ool = B opoly=0 (by (2.1), Prop. (2.2)(5)), 7sorsobaoyie = EY o050 =

7/ opt=0 (by (2.1)), 752v6==0. Now, consider the secondary composition {1, 2014,
14}, which consists of a single element by (a). H{:}, 2uy, vii}1=471(2:0) o5 =14,
because ()= [ear ] ri=2:3 (by (1.8).  Hence {22, 2e1s, vhi}i=vs0aso015 OF 15008015
“brge s Now, &6 {4, 2015, via}r={ {04, 265, 28}, 200, tiob~ {7, 26, {05, 20, Vi3 )
Note that {gs, 26, 5070 e} Crlov fro= {vio e} =0 (by (2.1)). By virtue of the cal-
culation (b), we conclude that &= {7, 26, vs=a5°v15}.

Proof of Proposition (2.13):

(6) &oae{l, 2u, vo}ioaC{Y, 2vs, wyoaiady (by (1.2)(B)), which consists of a
single element 2&’. Because 2&' =75+ &; (by (1.1)(A3)) €730 {73, 2¢s, v6° d9° ¥16}1 (by Lemma
(2.1 {78, 20, veo e viehi C {20, 2ug, dao st C LY, 2ug, 2090 vi6}1={V, 2ug, vec o2t (BY
(2.1)), and /v Exfy={V orgolo} =0, #Yoveas=0.

(7)) psoey=e50 s ((1.6), (1.1)X8)), paoens Exiy (H; (1.4), (1.1)(6), Prop. (2.6)(1)).
NOW, f239 €15 Das+ 150 514 © e = 50 150 G155 fua =75 0 700155 0 (by (2.1)). While, z5° 5150722
= o150}y (by (2.1)) = E*(V o s v 7)o iz (by Prop. (2.2)(4)) = 0. Hence, moeerm =0, s0
that fgoe0.  Sinee E¥zi={7,° o015}, we conclude that g e14=7%5° 67 515, Thus,
(7) follows from the fact that Exi;n(E?) 1(0)={2¢'}.
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(8) ot = py:gra0as + psv e = 0 mod 287 (by (2.1), (7)), so that ppedy = 0.
Secps € EXYy (H; (1.4), (1.1X5), (2.1)), p-c=::s.. Hence, the last assertion of (8)
follows from the faet that E«: Exi-+Gy; is a monomorphism.

(9) vscEo'oais =204 0 (by 2.1)= + B¢ - 0, (by (2.1)) = + E*22") (by (6))=0.
To prove the second assertion, note that E*(x;-03)=0. The element « of =} which
satisfies the conditions E~a=0 and 2a=0 is either 2us-xy or 0. Hence, i;:0i=
2u5015 or 0.

(10) (e, ¢6] ot € Exbo(H; (1.4), 2¢'=0), Ex:NE Y0)=0.

Now, we shall prove the following two lemmata.

LEMMA (2.15): (1) We may chose ¢t from the coset {#, va, 7}y of the sub-
group {aisc71ee 2}

(2) We may chose & of =i, from the coset {7, 2¢, &} of the subgroup
{ri-&}P{gsorucaisy.  The secondary composition {v', 2u, ay¢ vighi consists of an
element & or —¢.

ProoF: (1) H{H, vy, guip i C{HWM), vog, i}y = {%28, ¥2u, 72731 (by (1.1)(9)), which
consists of a single element :3;. It follows from Proposition (5.11) of [3] that the
following diagram is homotopy commutative:

3
Sl3 PR - SZS U 939 — e SSO
| ; I
y l » id
v ~Ygs 728 v
S]3 U eQG - SZQ — S30
By

clusion map, p the shrinking map. By virtue of Lemma (2.11), we have E{Ev,
vas, s} ~ b o Lu(Fth o 7as) = ¢ Coext. (EY, va5) | v 30D 014~ Gy0 = us ooy (by Prop. (2.13)(1)).
E{EH, vy, 725} and ¢{Coext. (E, va;)] o750 are the same coset of the subgroup {oi,«
7210 p22}, S0 that we can chose an element ¢¥% from the secondary composition {#/,
vas, Jorh1 such that H(sf)=1% and Eefo=70my.

(2) Hips, 2u, &sh=dp)e s =8 2{ps, 26, £431 = 730 {204, &y, 29} = 730 & 750
Exzle 4+ do&s = {735} D {ya> o015}, Hence, the first assertion is proved. Now,
H{, 2ve, ag0vich= {75, 2v5, door1s}1 =65 (by Lemma (2.14)). E={y, Bug, avovigy S 2y,
2y, gord>=0, because ovr=0, and 2v°Gu=0. v «Ezl+rhoadiervr={ovelo}=0.
These ecalculations show that the secondary composition {v, 2uq, g9ovis}1 contains a
single element & or —&.

The following relations are proved in [1].

(2.16) o' Ly=2003 for some odd integer .

4719 L7= 20 cfis=a13°L20=0.
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We add the relations which appear on =" ;..

Prorosrrion (2.17):

(1) g onh=4F2

(2) 7}1*0 o 6%2 =4ufs mod 4E77, 7,'?7 “ ",33:4’/1}’%-

(3) &fy ¢ a0 9130 14 =451 mod 4.

(4) &Govg=r/n g,

(5) wvmsebs=ussagei=0mod vy .

(6) @Voup=40as mod vs05, 7 ovn=+2800,y,

{”’ﬂ‘izziﬁﬂIOCx&ECWﬂw mod 28« ayg,
¢l o= —ago e mod 4y - Lo, M3 ves=44,

(7) Wep"=0, B/ op"=0, v5-Er"=0mod 4Z;° o, v =0 mod 2%s: a5,

viee p13=0 mod 20100 £or.

(8) E’"‘513’455"))713':5"1'0:0:V’ = Eg.

(9) sé=popmemod 24/ 5 oy4.

(10) D Pas 1 = 2 17 (R23).

(1) oo l=4001, 0" o= £2855 044

Proor: (1) Ey*oply="{eg, 7161275 (by Lemma (2.10))= (1,5, dvis] = 4(2%0—205)
{(by (1.3))=4E®2. Since E:=zii—=i} is a monomorphism, we have (1).

(2) Auxiliary caleulations: (a) (o1« Ex$ + =ifoya1) o9k = {4E%). Because,
o160 Enfio gty = {o150 g o 75e} = {7162 4Lus} (by (1.1)(8)) = 0 (by (2.16)), and =z}l = {5,;} ®
{1} D{les, 0161}, E16°75:=0, Proo =150 3o 952 (by (2.7))=0, [ess, ¢16] =73, =4F%} (by
(1), (b) ;5o m3i+ i o (dum)={4E%1}. Because, o.4°733 = {01582} =0 (by (2.16)). Now,
Peo752E {a16, 202, Pao}1° 73T {016, 2025, drao}s (by (1.2)(9)). While, 4-% & {a16, 2723, 4150}
(by (1.2)(11)). /

The calculations (a), (b) show that these two secondary compositions are cosets
of the same subgroup {4£%2}, hence, 7% 75.=4.% mod 4E%.. The second assertion
is true, because 4£1=0.

(3) It follows from Corollary 12.25 of {17 that [z, arlegiy=d(5) =40k + 5.
On the other hand, Lar, ard o= (55 +mir) o 78 (by (1.3)) =4 f + 6l 74 (by (2) and (1.1)
(13)). Hence, we have ¢foy=451;. Since the kernel of the homomorphism E*:
 zB-zl? is generated by 4k, it follows that e5onp=4s; mod 44,3, By Applying
(1.6) to the pair (¢f, 72), we have elopso-tyacely="{as, aslerds (by (L.1)1A3)) = Et 13,
(by (1.3))==0 (by Prop. (2.6)(1)).

(4) &ewg—vois & Eriy (H; (1.4), (1.1) (3) (11), @.7). E(sg001s) = paonsory
(by (2.5)) = 75227210 (by Prop; (2.13)(2)) = 0. E3( o) = 2ugo8 (by (1.1)(3)) = 0.
Ex=i N (3 1(0)=0.

(8) E(isemgoe;) =0 (by (2.5). Since the kernel of the homomorphism E*:
zhi-vxl s generated by {i;&}, it follows that r;-osce;; =0modsscis. Now,



Generators of 2-primary components of hkomotopy groups ki

Y5e 08 E15 st Os i s =g 030 150 0y (Y (2.1)) =150 657016 OF v5 7 S3c 0y (by Prop. (2.2)(3)).
However, ezco3=5s5003=0 (by (2.5)). Hence, we have y;-05° 05710 750 £5.

(6) Applying the Hopf homomorphism, we can easily see that o™ .ovy, #70su,
& cva, oy and prscras are suspension elements.  Since o' crxlici= {0’ ey}
{0’ cf147v02}=0, it follows from (1.2)(8) that o :is= {0, 8t1q, 251 }1o = —a = {Beyy,
2014 vy =0 {15 (by (9.8) of [1D)=2xL: 05 for some odd integer x (by (2.16)). Hence,
we have proved the third assertion of (6). It follows that E(0" ova)=20"cru (by
Lemma (2.9)=+2Z;>0,5. Since the homomorphism E*: Exi;—xL is an isomorphism,
we have the second assertion of (6). Similarly, we can prove the first and the
fourth. Now, applying (1.6) to the pair (o, wi), we have oo+ fieors
=16, 616) < drgn (by (1.1 A1) =4E%A (e.f. (1)), 2100013 € Exdo={m- Sz} (H; (1.4), (1.1)
(11)). Since g13°02=0, we conclude that pgorg==4E°1. Since the homomorphism
E?:z}}—xi} is a monomorphism, we have pigores=44.

=7}-0"=0 (by Prop. (2.8)(3)), so that we have +/-p"’=0. Note that [x »1cH(p"
=ygceqe0 (8a,7) =0 (by (1.3), 1.1)(11)). Hence, it follows from (1.7) that 4 p)=
(4e) =0 =720 75 0/ =0 mod 7= ({750 20} ® {EL} @ {Ea’ /1)) (by Prop. (2.8)(6)). How-
ever, 73o&=0, 7:° E*{'=0 (by Prop. (2.13)(5)), and 7:° E¢’=4i.=0 (by (2.1)), so that
4(vgop)=2E(v50 Ep")=0. Since E-Y0)N2z%=0, we have 2(v;- E¢")=0 ie. v Ep”
E{v;o8) @ {485006}. On the other hand, vseEp’&vse {Ed’, 85, 2015} (by (1.2X(8))
C{bs@EU', 8!15, 20’15}1 = {2(‘/5"/ ﬂa), 8!15, 20’15}1 (by (2.1)) 32{V50(fa, 8.'15, 20’15}1, so that
we can conclude that v;cE¢’e2:3;, hence we have vscEp"=0mod4l;-0, and
veo o/ =0 mod 2{s0 0.  Similarly, we can prove that Evop/e Ezd, N E1(0)N2z4 =0,
v10° 015 Bx3 N 2rli={2010817}, so that Evcp”=0 and viocpi3=0 mod 20108,

(8) By using (1.4), (L.1)@A), A.1)7), (1.1)13) and (2.7), we have H(¢' &)=
H(e < 513) = H(& o nag) = H(v ¢ &) =50 85, B¢ 0 619) = EXe 0 D15} == I3 (&' 0 fpug) = K (1 0 &g) =2 0.
Hence, (8) follows from the fact that Exi,N(E®) '(0)=0.

(9) Auxiliary caleulations: (a) pyepenil 4+ =l Bon) = {21/ v 0},  Because
== {ess} ® {Dia}s fac e = gie ps ooy (by Prop. 2.18) (1) = 2/ oaryg, o pravving = 0
(by Prop. (2.13)(8)), and 8z =0. (b) /13“—(1!1 == f135 02 Yia (by (2.1)) = N3¢ f1a 03 (by
Prop. (2.13)(8))=0.

Now, it follows from (1.2)(4) and the calculation (b) that 4 {139, 2013, 8012}
On the other hand, 7scfu& {4s° r1s, 2e1a, Boria) = {113 1uy 2019, 813} (by (1.2)(10)).  The
calculation (a) shows that the secondary composition {g3¢%i2, 204, Boig} is a coset
of the subgroup {2//:0.}. Hence, we have zg=yyo s mod 24 o7y,

(10) (1.8), (1.1)(18), Lemma (2.9), (1.3); E (0)=0.

(11) The proof is quite similar with that of (6).
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LEMMaA (2.18): (1) We can define &’ as an element of {4a1, 17, o20}1, 47 a8
an element of ¢[Coext. ([, t], 71756151, such that 287=2{"= %a1-{ix and HZ")
=19~ E20.

(2) We can define & as an element of ~{20.,, ¥, 021}, 4 as an element of
¢ Coext. ([a1z, uzl, via)].

PROOF: (1) H{daw, vir, o} = 4 dogovie) o0 = flsc0n = 19?20 + §19° 520
=790 £ap+ iy (DY (2.1)), because A(phy)=aq°73s =404 (by (1.3)). Hence, we can chose
& from the coset {4ay, 117, 720}1 Of the subgroup 4oyeemii+=ilso0={201-{i:}, for
730 = {E1od; Crovan e {210}t (by (2.16)). Since 45" = 4(e1e) e {4710, v17, F20} = — {410,
419, vi7} 0021 = —Cioo ey (by (9.8) of [11)=2a10°,7, & is an element of order 8.

Now, Hppl Coext. ([eg,¢0], 7177 £15)] =¥ (10 £15)(e.£. Proof of Lemma (2.11)) =719 £2.
It follows from (5.11) of [3] that homotopy commutativity holds in the following

diagram:

i 2
8¢ o Foo SUyetie - 847
ot (
. L
: ~ J’p | -
M —nee 2z :S"‘

SoUed e S

where y=1{t, o], 7< Ext. (Lt 0], Qa0 1s), 2¢ & Coext. (M17° €18, 2t26), and 7 e & Coext.
([eay o1, Ti7o618). Hence, we have ¢[Coext. (Leo, t9], D170 €18)] 2202 C ‘=‘¢C’L*{Ll9, %],
E179 os, 2ep6y = — E{{ o) t6] 2 €17, 25, 226} = — E{09° 916" €17, a5, 226}, fOr [ 20, ¢9] 0 €17=(0y° 16
+9+Da) 17y e3=Decg1r=0 (by (2.7), Prop. (2.8)(2)). While, ®oweliv€a10°oE{pisoerr,
725, 226} (by Lemma (9.1) of (1N T E{a9°715° €17, 925, 2026}, which is a coset of the sub-
group {2a-8;}. Hence, if we chose an element 2" from the coset ¢[Coext. ([¢g,
tols J1z7¢18) ], then H(A")=ngoes, and 24”=+ay>L7, so that 1”7 is also an element
of order 8. Since the group »ii=ZyPZ, is generated by &” and 2/, it follows that
247 == +28". Let us chose the element 2”7 so that 217=25"=+a,0-{;; holds. It is
possible, because ¢[Coext. ([¢, ¢], 7177 £18)] is a coset of the subgroup Ezd,={015°:}.
(2) H{2m, vis, au}y == 47N 2apoviz)odae = 10020 = & + i (by (2.1)), because
3(7}:1)3 {e10 7’;’10]320‘10“/17 (by (1.3)). 2{2011, Vi, Garb1= {40'11, Yigs 0’21}1: “E{‘imo, Vi,
aati= —~KEZ”.  Hence, if we chose the element & from the coset — {204, vis, 721},
&’ satisfies the relations: H(&)=¢e+0sy, 25 =KE".
Now, consider a coextension ¢{Coext. ({[as, 6121, 131, then H¢[Coext. ({12, 621,
vig) = Ehi =i, and it is a coset of the subgroup Ex}i. Hence, it follows from
(1.1(14) that Zez¢[Coext. ([ a1, t121, 135} ).
By this Lemma (2.18), we may give the generators of =2.;s (n=10, 11 and 12)

as follows:
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(2.19) A= Zo+ Zo= {2 B - 1)
=25+ 2= T} B~}
73:‘;(';: 3:+A4’T'Z4:{§13}@{Efl“Egl}@{Efl+4;‘x:}-

£ 3, & and ¥ are the element of order 8, with the relations: 28" =24", 48 =47,
and 4E? =4E#=16%.

Now, we shall prove some relations which appear on =, .

ProrosiTioN (2.20):

(1) &'egu=Topup=ned =yl =0, yod’=py5"=0.

(2) Zepyu=FEo mod (Er1307s0).

(8) rleonau=0, g% 0wy =0, 7lsors=0.

(4) J(E)>93;=0mod 167,.

(5) T/n‘~§12—~c © 729,

(6) Vol'=yopeodi=eso811=0, {'>vp= :8d, Peol14= %85,

visewg = A o 70 mod & 0 gag, vipep¥ =0 mod {EE'°7230}@{E3' ©h30},
Dized=0 mod {ES o750} D{EL o950}

(7) 01?0‘/'?5:661701/33»

(8) V13°?365Efv'm0d51307731-

(9) #ogu=Eony, Joau=Eon5 mod {E 030} D{EA o7},

(10) "o B0 =g"o8=0, o'« EH=0,

(1 C5°‘/16°0’17=V5°/1300'17-

(12) &epg=1 o pgo0;.

PROOF: (1) E=("ope) = E=(" o) = E=(1008) = E=(1e°4) = E=(5s° 2 A) =
E=(ps0&")=0. Hence, (1) follows from the facts that the homomorphism E=:
28—Go, and E=:2}—Gs are monomorphisms.

To prove (2), we need the following lemma:

LEMMA (2.21): o belongs to the coset {[c, ti2], vis, 720} of the subgroup
{512Ovso}@{Ef'o?730}@{57’”?30}-

Proor:  H{[es, a2, viss aaps © {2eus, 183, Do}t D Legs, aredonst + F:'ég’fl,’ao
= {10030y DLES 0 9ao} DAELY omgo}. Indeed, [aiz, er2]ox 31»41743 = { B < 3o} D{EX o o},
and =ifo7s0 = {120 Ga0} B {ES o0} @ {E¥ =95}, Thus, the secondary composition
{Leeo, ti2], ves, Boop1 includes the element o or o'-+@. Since E~(0)=0, E“(g:)%0,
E={[t1s, t12], 133, 720}1=0, it follows that w'& {[e, ¢12), 35, Puo}s.

Now, let us prove Proposition (2.20)(2)~(15).

(2) It follows from Lemma (2.18)(2) and Lemma (2.21) that ey, & ¢[Coext.
([er2s a12], 3 o © — o t{ {12y e12], o5, P2a}1 D Eo’. The last set is a coset of the sub-
group {&13°%u}, hence (2) is proved.

(3) risonauE {016 2023, vao}ioyss (by (1.2)(AD) =a16° {2025, v30, Fas} Care5m35=0.
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The proofs of the other two are quite similar.

(4) It follows from Proposition (2.4)(3) that E¥:73,=0mod 8+s%;. Since 4(8s1s)
= 8eg, el oafy = vgoppoms (by (2.1)) =167 (by (1.1)(1.5)), we have A(Ed)ori:
== A » 755) =0 mod 167,.

(5) H(pi~&i)== H(E <) (1.4), (L.1)(14), 2.1)).  E*(7130& 1) =705 =72* (by (1.1)
(14)=1*9==0(by (3)). E=(&7y)=0. Hence, (5) follows from the fact that the
homomorphism E=: Exl—G,y is an isomorphism.

(8) vel'eavala”, sy, 2} (by (1L.2)= —{V, 0", g3} o (Qeop) C2nda=End. Veyedy
& By (H; (1.4), 1.DB). ss-{n e Exl (H; (1.4), 1.1(5), 2.3)). E=(/ oL )=E=(/7c%)

=:{), hecause the homomorphism E*: E=i,—G,, is a monomorphism. {ovs—8asc
=i (H; (L4), (1.1)(12), Prop. (2.4)2)). E=({'>v—8d:)=0. Since the kernel of the
homomorphism K= Ezl,—G), is generated by {167,}, it follows that {'cra=+8s;.
The proof of the next assertion is quite similar. Now, H(viicwu)=1%+H(ws) (by
1.4 =2dy . FEe@ueo)=veo=mncv=0. Note that H(A cnu)=¢son or +3, and
H(& o po)=e21529+24,.  Since the homomorphism E=: Ezi§—Ge is an isomorphism,
we conclude that vyomy=A oy or Xogu+&oge. Finally, let us prove the last
two assertions. v op*’ € Exi) (H; (1.4), 1.1)(12)). E*(vi2¢7*)=0, because E*p*'=0
mod (y¢v0) (by Lemma (2.10)), vopoo=0. Since the kernel of the homomorphism
E=: Exll—G, is generated by {E& o} @{EY o745}, it follows that vizo7* =0 mod
{E& < 53} B{EX 2930}, The proof of the last assertion is quite similar.

(7) (1.6), (1.1)(14), (1.8}, (3).

(8) Ew'=2my0vy (by (L.1{AE)) = [a1, vis) o vge (by (1.3)) = [y, vial = vigo Las, a17]
=0 (it o) (by (1.3)). Since vigowir = E¥X 0129)==0 mod E¥&’ 072) =0 (by (6)), we-
have vionfy=I%. The kernel of the homomorphism E:xil—=zl} is generated by
{513“"731}-

(9) Eiogu=[us a:l O7ag 0 Oy (by (1.3))= [as, aaale F23°730 (by (2.1)) =(EE —2512) 0
a0 (by (1.8))=E& o75. Hence #'oa3=5"c7s, because the homomorphism E':zii—
=2 i3 a monomorphism. Koo = [as, asloos (by (1.3)) = 77130514 + 51307731 (by (1.6),
(1.1)(14))==E130731, because 7igofra=EX& opy) (by (5))=0. Since the kernel of the
homomorphism E': xii-—»xi} is generated by {E¢& o9y} P{EX o430}, we have (9).

(10) o Et' = 6" o [tys, 712] (by (1.3) = (6", 6" o n12] = 0 (by (2.1)). E(0”8)=
(206")o E#=0. The homomorphism E:z}—=% is a monomorphism, hence we have
o olf==0. oo Ef0=0"5[ts, tss] (by (1.3)={6", 6] = ¢, 5} c(do11) > (4018)=16[1¢, ]
o11=0.

(11) Ceomroos= 8l ts]voi (by Prop. (2.2)(6)) = 165 = veo peoa1s (by (1.1)(15))..
Since the homomorphism E=xi,—=$; is a monomorphism, we have (11).
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(12) & pg—2' = o o€ Exiy (H; (1.4), (L.1)3), (1.1)(D), Prop. (2.13)(7). EX¢’ o t1)

=E e psoay5)=0; Exi N (ED 10)=0.

In the following sections, we use the same notations as in {31.

§3. Generators of m {U;) (A<22)

Homotopy

groups of U, U, and Sp, are calculated in {57 and [6], so that. in this section,

we shall give the original generators’® of 2-primary components of the groups, and

investigate the relations among them, in terms of ‘‘composition operation”.

First of all, we shall list the original generators of =,(Sp.), =(Us), and = (U)®

(k£13), according to [8].

3.1)

(3.2)

(1) "ie~(Spo).

(2) o"i€m(Spy), Ploi=4e', e {"42), v, 46},
(3) 1"hEmlSp, B o=ws, 7 (@), ¥, w0} ©,

( 4 ) (l)”i:) e ?.‘”(8?93), pg(u”f; “-—-“8(11, (U"?;EE {‘i”s’g, T”?D, 8!10}.

(1) lex(U.

(2) eV, pht’i=a, i=1or"}

(3) oien(Uy), pioi=20, o'te{'i(3), 73, 24}.

(4} uber(Us), p;u?o::z;,or;ﬁ, uhe {'3(8), Ta, vao i}

(8) whenn(Us), piuli=13, ufie{i3), 73, vi}, 2ul, =758 oes.
(6) ubh.ez(Us), phube=a", ul.c{u?, 4u;, v}, 2ul=738)- 13,
(1) otez(U), pio/i=20, o't {1 t'5(8)v/, 2¢4).

(8) rien(Uy), Par’s=7nq, rie{i*? i@) v, 5}, 2r'i=w'i(d)ovs.
(9) oiea(Us), pha's=8t, w'de {14, 1"}, 8es}.

(10) uexo(Us), phuiz=4ve, uie {04, '}, dvs}, 2ule=uls(5).
(11) ohEzu(Us), pho'li=8as, o & {i"™%, r T, Bug}®.

(12) yheno(Us), p;?"?zz%u ree {455, T’Ii’o, 7?10}. 22’/?2:’314?2(6)-
(13) w'yexu(U), pio'ls=1603, o'l {P'"S 1'%, 166},

We proved some relations among them in [3]9:

3.3)

1
2
@
)
&)
6

( 1 ) u)"% © V7=4;’”‘i)'g.

Generators which are not represented as the form of wof.

7x(G) indicates only 2-primary components of the homotopy group.

c.f. remark in the page 65.

We denoted 7”{ by 77} in [8]. Note that sey=2y"% for some odd integer =.

'8 :i/5'40 ZJ: 7”2

7 1o 7 s N

There are some misprints in (10.21), (11.21)(ii)(iv) and (11.28)ii) of [3], which should
be corrected as deseribed here.
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(2) 7" o=1"i2) &5, 2r"Nporvio=1"}(2) ¢,

(3) @y =380 a3

B4 (1) oLop=riB)ey, wiod=i@) ok, oloa" =0, wice=cH3)08.
(2) u?(,o-/}m:(), ufe - vip=0.
(3) u’x‘myur»o.
(4) ulzon=0.
(B) otop=4y, ofori=c34)og.
(8) 7laove=xuh(4), 1o p=ub( @)+ 4l yh,.
(7) ofene=4">*olborl, o'fouy=—2ul™®.
(8) wubocpe=20" o lroy"isory,.

(9) o /¥ :87”(1;2-
(3-5) l“ 4 (I)//.'}Z = 2{”,3, lf,; G (l)”?L = “"“1;1 .

where 13" : Sp,—U., indicates the inclusion map. ‘
Now we shall add some original generators which appear on =, (U;) (14<k<22).
LeMMA (3.6): (1) There is an element uls of the secondary composition
t'5(8), 93, vso 51}, which consists of a single element, such that pLuls=v;055 and
2ui4==0.

(2) There s an clement uls of the secondary composition {uls, 2c, 8510}1,
which consists of a single element, such that pluls=yionas e and 2uls=0.

(8) There is an element uly of the secondary composition {uls, 4ers, 4715},
which consists of a single element, such that pluly=p" and 2uli=r"}(3)c x,.

ProoF: 7/§(8)+=ls=0, 8z, (Us)==0, 4713(Us) =0. We shall prove later that w'3oyso 5,
=0, Utyverg=uloo0i0=0 and ulsoe; =ulon;=0. Hence, 7/§(8)>xds+75(Us)orsois
=20, uloo7itrz1(Us)» 80110, and ufroxi§+m5(Us)o4o13=0, which imply that each
of the secondary compositions in Lemma (3.6) consists of a single element.

Since d(¢s)=1'57y, it follows from Proposition (7.14) of [3] that pi{i"*2c’§, g4,
vivbrte=vso by Pi{ule, 200, 80’10}1*{%“03' 2¢10, 8101 (by (32)(4))5'-«‘537]8{779, 2019, 8a10 11
=2 Ys T fly (by (1.2)(4). wi{ul:, 4, doa}s = {a", 401y, 4010}s = ."W (by (1.2)(8)). By
congidering the bundle sequence of U,;/U.=8% we see that 2ul;=0, 2uls=0 and
2udy—=0.

There are some relations among them as follows:

Prorosimion (3.7):

(1) wficysefy=wioysogs=0. (2) @fops=1"3(8)op.

(3) wforgo =0, (4) ofovsoasor;=c§(8)c ;.

“ There is a mistake in (11.28)(V) of [3]. In its proof,
{1754, @S@ows, destove= —~'S3: {3, dus, vs} == — uda(5) = —2ul,.
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(5) ofers:le=0. (6) oicsm=r538):¢.
(7)) o'isph =0, (8) wivpg=c3(8)s 0.
(9) ulp:ep=ul-,0=0. (10)  wiee f20=0.

(11) ulpoaie0 07 =0. (12)  uto&o=0.

(13) whcen=ulisz,=0. (14)  uiie gy, =0,

(18) udi:oi55=0. (16) ui =L =0.

(A7) uiscrp=2wtcrs0 0. (A8) ulicepn=ulsof.=0.
(19)  wudso p0=0. (20) wlseme=1ul o115
@1 ulsrfe=oiorsoua. (22) ulse 7i5=0,

(23) ulzors=0. 24y ulio7a=0.

PrROOF: (1) phlefcrs-by)=2u;5-5s (by (3.2)(3)=0. Similarly we have pife/i-
vseogg)=2vs-85=0. It follows from the bundle sequence of U,/U.=8" that p} (0)
=¢%576(U)=0, so that wioyseiy=wiorsoez=0.

(2) o3 pe{58), 73, 20} o 115 =7"83) o {75, 20, 1} 275B) 0 2 (by (1.2)(6)).  Since
38)o mdc = {c'i(B) o oy} =4"%% 0 (s 15)=0, the secondary composition {z’3(3), 7
24} consists of a single element, so that oz, =<"5(8)- /.

(3) il vso ps)=2u50s=0. By considering the bundle sequence of Us/U.
=85 pi H0)=v*Lx:(Us)=0. Hence we have o'fsyze pg=0.

To prove (4), we need the following lemma.

LEMMA (3.8): The secondary composition {13, 2e, 13, }s consists of an element
Y50@go Ly OF L5odgo byt ys0750 flo.

PROOF: :30E%:zh,={15:801,}=0, =il ={0"vh) = {4oamy ;53 =0, Hence
the secondary compesition {15, 2¢1;, +1,}s consists of a single element. Since A(vg)=
Loy aa) e o= (B —200) o v (by (1.3))= —244, it follows that H{:%, 2¢,, v, le= 471 (Q]) 024
=34, On the other hand, H(vs2osc ) =15 H(ay) - 15 (by (1.4)) =3 (by (1.1)(4)). Since
HY0)=F={:={vs>75° )}, we have Lemma (3.8).

Proof of (4) Note that w”s‘“!—‘5'\”/}a“//lé)i(v'g"‘Vs“/la""/w:«‘() (by (8)). Hence it fol-
lows from Lemma (3.8) thae oiovrasovis&{wost, 20y, vhle. On the other hand,
3(3) e & € {5(B) 83, 2ay, vin}s (by (1.2) 8)) = {w/80ui, 20y, vii} (by 8.4)(1)).  Since
mo(Usyerie=={ubsvsis} = {208 vy0a80u15} (€€ (17))=0, we conclude that o'fovzomgouyg
=7'5(8) < &.

(5) In Proposition (2.4)(2), we have proved that v«{s=c"" ;. mod vsoLee vyg.
Since o'loa’ =0 (by (3.4)(1)), and o'iou;005=0 (by (1)), it follows that w'fcugole=0,

(6) o5 {r'i®3), 73, 20} 0 &5=7"53) o {3, 2ts, &} D '¥(8)~ ¢ (by Lemma (2.15)(2)).
Since i)=& ={r"i(8)o75-&}=0, we have méc-s;r:~v,(3) o &,

(7) Tt follows from (1.2)(8) that w'icpV=0'tcla", 21, a1}y ={w?, 0, 25}«
8713 m13{Us) 2 813 =0.
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(8) Note that 4m,5(1/3)==0, and o'} ps» E=13=0. Indeed w'doprscE1i= w50 gt g
(by Prop. (2.13) (M) =7'4B) =1/« g 715 (by (3.4)(1))=0, 3= pz5¢ £1,=0 (by Prop. (2.13)(8)).
Hence the secondary composition {w'ie s, 4ers, 4715} consists of a single element.
Now, o'to fiy= {2 s, 234, 801431 (by (L2)A0N) ={"3(8) = ¢/, 4ers, dara}1 (bY @) =75(8)
(by (1.2)(12)).

(9) ulsoeo & ulse {450 Vit 2e3) (by (1.2) (3)) = {io, %i0s it} 205 C 2m16(Us) =
Ul o Sro=Ugo Ero-+UTe e Procayy (by (2.1))==0.

(10) Sinece ul;orio = oo =0, it follows from (1.2)(4) that ulyosze
Euloo {10, 211, B} = {%, 710, 2011} 8012 Cwy2( Us) 28012 =0,

(1) It follows from (3.2)(4) that wulemecrvy € {&'H8), 43, vavyi}odors
= 3 (8)e (g, e, dgoviey = — TE@) {0 g6 4E, dovris} C —T5(8)2{Y, 4u, d9o e}
m o ' Y(8) o {1, v, dogorie) = — TE(B) o {V, v, 2u90 012}, which contains 3(8)c&'o0y;
=2¢"3(8) & =0 (by (2.1) and Prop. (2.13)(6)), and is a coset of the subgroup 58}/ ¢ =fs
+'¥HB) s mdoo gre o7 {20°8(8) 0 €'} =20, because xiy=0, verb={Vca" a3} B{V > Seotis}
=2& (by Prop. (2.2)(1) and Prop. (2.13)(4)).

(12) It follows from (1.2)(8) that ulyo oS uls o {vic, Bess, 201336 ={ulo, v10, 813} 22014
Gl U)o 201=2u v vyy 0 1450,

(13) It follows from (1.2)(3) that uj,cen&ulio (i, 2z, vis} = —{uli, 711, 2er2} o iy
U)o rds={r’3(8)o &' 01} } =0 (by Prop. (2.2)(7)). u}iedu=ulicen+udionc02=0.

(14) The proof is quite similar with that of (10).

(18) uhiconovis=ulio[ay, m] (by (1.3))="[ui, ul]=0.

(16) It follows from (9.3) of [1] that 2zl &{vi1, ou, 160} for some odd integer
xz. Hence, wlioCnecubi{vy, ou, 16miy=—{ul, vi1, 714} 216622 C 1675(U3)=0.

(IT)  prlulsvvie) = 6" ovyz (by (3.2) (6)) = 4(vs00s) (by (2.1)). P4 (20" e vy o as)
=4y ae).  Since ph W 0)=13%x(U)=0, it follows that ui;cv=20" 150 o

(18) It follows from (1.2) (8) that wf:osie€ulso {ie, vy, 2vis} = — {2, 712, 218} 92012
G U)o Qo0 uleodp=ulioentulzogaeop=0.

(19) The proof is quite similar with that of (10).

(20) The proof is quite similar with that of (17).

1) Ph(leo i) =vgo 5501 (by Lemma (3.6)(1)) =255 s (by (2.12)).  Piw'do 50 )
«=2vioxs. By the bundle sequence of Us/U:=8% we see that pi (0)=1"%ms(Us)
={}(8) oz}, hence we have (21).

(22) wls ‘k‘f/m:{uim 2t10, 8010} R/t (by Lemma (B.6)@N=1uli~ {200, 8010, 771:} Cudpoziy
={udy o gro- £ D {udo o ro } D {ude e 1110} =0 (by (3.4)(2), (10)).

(23) The proof is quite similar with that of (22).

(24) udyonm= {u.%z, 4@, 4a12}3 720 (by Lemma (3.6)(8)) =uls o {4012, 4712, 110} Sudp o i
== {uf o oo e} D{uds 01 D {uds o 12} =0 (by (3.4)(4), (19)).
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§4. Generators of =, (Sp:), (U, m{Rs) and m:{Rs) (k322)
In (9.1) and (9.2) of {31, we defined the original generators of =.(En) (k=7
n=1,3 4,7 8):
4.1 (1) den(R), peti=a, ti=kie]
(2) Aex(Ry), pedi=72, A8(5)=2ri(5)
(3) ciExa(Ry), pari=ts Ti=k*<
Let ¢q: Sp>—R; and ¢’ : Ui—Es be the projections of the well known coverings,

i

then the original generators of = (H;) and #.(Rs) are given by these projections
((12.7) of [3]):
4.2) (1) gquoi=rien(Rs), peri=4dv, ri€{zi(5), v, 4a}.

(2) Q*T”fozr‘?oe“m(R Y, Pa¥io=1i, 7’?0E{’§(5); v, v}

(3) gho'i=riem(Re), peri=17;, 2ri=7i6), ric{i®, ci(B) ey, 7i}.

(4) qii=ricms(Rs), puri=vs, rie{i®® «4(8) 73, v}
Relations between these generators and other elements are obtained from (3.3),
(3.4) and (8.5) by applying g« and ¢j.

Now, we shall define some original generators of =.(Sp.), =(U), =«(R;) and

=(Re) for 14sk<22, Let

P U—S*xS'=U,/Us, po: S7XS™—8%, ps: S*XxS%--S7

be the projections, then commutativity holds in the diagram

qx

(4.3 xk(Spa) - s T k(Ro)
¥ at |

7 A(U.i) e » 71(R)

Dix |
Di ; - lpu«
k(S) e m(SPX ST o mi(SP)
Psx pz*

LEMMA 4.4): (1) There is an element 8i,€714(Sps) such that I*-si,=w'}cd’,
2sti=wioa’, 481= 0"} Q)e 1 and pisis=20'. Denote qusi by ris.

(2) Each of the secondary compositions {c"}2), 2¢', 2e5} and {"4(2), v/, 0"’}
containg sii.

(8) There is an element 75, of the secondary composition {i%°% §(8)ogs, 740}
Cmu(Re) such that prii=nscsg, 2r5,=73(6). Denote (¢} 'ri, by uls. Then, pluls
=o', 2uly=o'toa’ and Suly= i d)o 1.

PROOF: (1) According to [5], p¥:=u(Sp:) — Z;={2+'} is an epimorphism.
Note that pi(w'i:0')=20', and that p(rica)=yf-0'=0 (by (2.1)). Hence r}«o'c
1e=14(Rs), which implies that o'ics’'€lix(Spy) by (4.3), that is, there exists an
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element si; such that [*ssf,=o'{v0’ and pysi,=24". Since l*2a"%=2u (by (3.5)), we
can easily see that 2¢%,=u"}+0'. Since 7,4(Sp:) is a eyclic group, it follows from the
bundle sequence of Sp./Sp;=87 that 4sf,= +7"}(2)- /.

(2) Note that A(s')=2:"}¢ (according to [51). Applying (7.14) of {3] by
substituting (Sp., Sp) for (Y, A) and (S7, ¢°) for (Z,2°), we have p7{"}(2), 2¢,
ey =720 )0 2005 =24". Similarly, we have p}{r"}2), v/, 6"} =Es"=24s". Hence,
s, belongs to each of these secondary compositions.

(3) Applying (7.14) of {3] by substituting (R, Bs) for (Y, A) and (S°, €°) for
(Z, z°), we have p,{i®%, t4(8)o 7, psoes}=7soee. Next, 2{i%°, t3(5) = 7s, psces)=—1¥%0
{8(6) o 713, M= €5, 2es3} & — 1%+ {4(B), 2¢', 2013} 3 —7]4(6) (by (2)), which is a coset of the
subgroup 248 °7(R;). Hence we can chose an element 7%, from the secondary com-
position {i%%, £§(5) o7, nuo &5} such that pyris=y;-8 and 2ri;=7(6). Denote {(g}) '},
by uis, then it follows from (4.3) that 2ui;==l*-s{,=w'¢>a’, so that piutli=0" or 54'.
It is easily observed that we can chose r{, such that plul,=¢ without any change
of other relations. 8ul,=4wi a’=12Q@u/ 300 )= 147 2"}(2)c p = £2'5(4) = o2,

LEMMA (4.5): (1) There is an element s, of the secondary composition
{z"4(2), 2¢, pis}r such that pysiy=0"cps, 285==0, and Veshi=ul j+47" 0.

(2) There is an clement uls of the secondary composition {y'3, 8, Eo'}y such
that piuls=yn end 2ul;=o'i{d)«;. Denote ¢ uls by 7. then puris=E& mody;oss
and 2riy=k% o'?o ;.

(3) There 1s an element siy of the secondary composition {y"3, 8o, 2010}s
such that pisis=C:, 4slsa=e"3:¢; and 8siy=0.

(4) There is an element si, of the secondary composition {”’32), 2¢/, o5}
such that pisii=a cay, 288, =800y, and l*o83, =ul,o0,s mod 8uiiom,,.

(5) There is an element 85 of the secomdary composition {="42),2¢, 513}
such that pi8—=a ¢y, 28:=0 and [*o§h=ulony,.

Proor: (1) Considering the bundle sequence of R;/R;=3S% we have the fol-
lowing exaect sequence:

),
0 g ZS C—i:- Fon

Tis(Rs) —— 0

where Zs={v;00s}Cris. wis(Re)=2ZsPZe={r§cas}P{r}io71s} and =5(Rs)=Z,. Note
that pu(rfoos)=vsoas and Pe(rhion)=ysoeeopu=yioe;=4vs00s (by 2.1)). Hence it
follows that 4r{oos+rionu&iens(Rs), which implies that there exists an element
sis such that Mosis=4yfoos+ulion,. Then pYsh = pi(l*osk)=0"o7,. Since li:
18(Spa)—ri(U) is a monomorphism, we have 2sf;==0. Now, consider a secondary
composition {z"§(2), 2¢/, 713}1, then p{r"i(2), 2¢', 7ishi=0" o9 (c.f. Lemma (4.4)(2)).
Hence it follows that si;e{r"§(2), 2¢', 71s}.

(2) Consider a secondary composition {8, 8s, Eo'}i.  Pi{y’}, 8, Eo'} C
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r7,-71

8¢, Ea’};, which contains g:. Considering the bundle sequence of U/ U:=8°%S87,
there exists an element & such that pua=® el (by Lemma 6.2(3ii) of
[51). Note that =s(U=2Z- P Zy={uls} D {?:{s} (accordmg to {5]). Hence a-+
2uls(d) +yw'dd) G2 iyt 8, Ea’}, for some integers  and y. Let us show that y=0.
Indeed, pu(gio’$(4):=Cs) = pa(kic i Cs) = Pi(w? &) =28 However, p.-qi{y’s 8u,
Es’}C{vs, 8¢, Ea’};, which does not contain 27;,. Now we define ujs=a+xuis4)
(=0 or 1). Then plLuls=u: but p(giul)= mod piuls=ys-iy (by Lemma (3.6)
(1)). Since 2ui(d)=0, 2ul;e={2r'%, 8, Eo'}y={w'i{4)vs, 8, Ea’}, (by (3.2)8)). 1t is
easy to see that the last set consists of a single element «'¥(4)-{;.

(8) Consider a secondary composition {7"%s. 8eio, 2050}, Duire 8o 2000 &
{>+, 8t10» 2510}1, which consists of a single element £; (by 1.2)(6)). 4{y"50, 8t10, 2710}
{4y, 8eroy 2010} = {2 17, 8ara, 2a10}1 (by (8.3)(1)), which consists of a single ele-
ment o"2<C:.. Chose an element s}y from the secondary composition {33, 860, 2710}1,
then plsls=C; and 4sis=«"%<;. It follows from the bundle sequence of Sp-/Sp.
that si; is an element of order 8.

(4) Note that p(rica)=7s°85001.=0 (by (2.5)). Hence by the diagram (4.3),
utoaE87(Spy), that is, there exists an element si; such that lfesi=ulom..
Then pysi =pi(uisoo)=0" oo, and 14(2s%)=2ul))conu=101sic01) (by Lemma (4.4)).
Considering the bundle sequence of Rs/R:;=S8°% we see that the kernel of Il is
generated by 2¢7i(2)-p o1, =16s%,. Hence, if we chose the element si, so that
283, = s%, 5y, holds, then lfcsh=uliomsmod8uliery,. It is easily observed that
st e {r"3(2), 2¢, 15}

(5) Note that pi(utioen) = ooy and pu(rice) = o =759 =0 (by 2.7).
Hence, there exists an element @& z:(Spy) such that Moa=wul,o¢y and pla=a'oey.
Now consider a secondary composition {z”}(2), 2¢/, eahi.  PY{z"3(2), 2¢/, Fishr=0" w14
(e.f. Lemma (4.4)(2)), and 2{r"4(2), 2¢', e15}1 = —1"3(2) o {2¢', £13, 2eay } == —§(2) 0 ¢’ 0 {2013,
€13, 201} = t78@) o ooy = (20 06§ = 0 (by (2.1)). Note that " ir(Spi) = Z,
= {"}(2)oy'}. Hence, either a or a - 2c"}(2)oz/ belongs to {+"i{2), 2¢', &15}i.
However, 14(20"52)op) = 20'3(4)c g/ = 0. Let us define either §: =« or & =a
+27"4(2) o/ so that §%, is contained in {”}(2), 2¢/, £1s},. But any way, pi8i;=a'vey,
28%,=0 and losh=ulicen.

LEMMA (4.8): (1) There is an element ul, of the secondary composition
{uls, 8u, 2a14}s such that piud=p", 2ub=0'1cp” and 8ul,=<"54)- 1.

(2) There is an element s} € zos(Sp2) such that pisi:=p", 4shr=u0'%:p", B3,
="}z and l*osh=ul mod 2y'5o«s.

Proor: Considering the bundle sequence of U,/U,=8°xS’ there is an ele-
ment a of 7:(Uy) such that p.a=08p" Erh@rl (by Lemma (6.2)(il) of [5]) and
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2a=0'1-p"”. Note that aclinx..(Sp;). Now consider a secondary composition {ui,,
160, oa}s. Piiuls, 160y, 014} {0, 160, a14)s, which contains p”. 8{ul,, 16¢14, 014}s
= {4uly, 1604, dou}s = {Bul,, 4oy, 4oy} = {20H4) o o/, 4414, 4014} (by Lemma (4.4) (3)),
which consists of a single element /5(4)< 2 (by (1.2)(12)). Next we note that =:(Us)
=2 o= { e’ o vy ok ¥ {2'4(8)o '}, Hence we can assert that a+2w'3(4)ovsoks or
Qa4 20/3(4) ~vyuny i contained in {ul,, 1664, 7143s for 2=0 or 1. Define sk & x2(Sp:)
and ul&x,0(U,) 80 that Hesh=a or 9, ub =l csh+ 2034 ovsone {ul,, 164y, a15}s
holds, If we note that «'i(4)-5=2y"i, we can easily observe that the Lemma (4.6)
holds.
Now we shall prove the following relations:

ProrosiTioNn (4.7):

(1) m"; oy m’f o=, (2) ofe p=0,
(8) o’5err=0mod "§(2) p v a4, (4) y"Soee=7"To°bw=1"42)¢ &,

(5) 7 o 7o ,_z‘”j(Z)w/L; o7 mod 7 }s(z) oH3 iy,
(6) T ]()"Cm:;45:1 m()d T//;lg(z)"/l,“'(fm, (7) Sf.; ‘«77]430,

(8) sisovy= 2"y a0, (9) stioen=si0,,=0,

(10) stff?il'sﬁ‘lT"%o @ T 1oy (11) sisors=0,

(12) st”ﬁlafffﬂ:i(z) o prgo gy mod v74(2) o g0 &y,

(13)  sisovie=4si; mod "}(2) o p 0 14, (14) sbiepu=sisoo1; mod 2:74(2)0 7.

Proor: (1) »le"%08;)=4e; (by (8.1)(2)) =0. Since p{ Y0) = i4z:1s(Sp) =0, it
follows that «'(ce;=0. Similarly we have o”f¢5,=0. In the same way, we can
prove (2), (8), (T), (8), (10), (13) and (14) by using the relations: v;ofip=Crous
=40 cay (by (2.83) and Prop. (2.4)(2), 20" oviy=t2umcay (by (2.1)).

(3) 2w'lors=a3ou00% mod do3o o’ vas (by (1.1)(10).  «305:=0 (by (1)), 40’5
' oayg= 20" Y 2) o vy (by Lemma (4.4)(1)). Hence o'iexy = 0mod {"}(2)o ' v 01} D
{74 @) enso ). Now, oForropn=0"% o000+ 0705 (by Prop. (2.6)(4))==0. Indeed,
woa’oby =0, and o3& € w'io{er, s, vis b= —{w''}, &7, 205} o vt C ma(SD2) 0 1l =
{rioovio}eP{sisopusoris} =0. However /§(2)o7yo fraopu=1"5(2) e i o p1s=2c"4(2) 0 p2' %0.
Hence we conclude that o'3ox;=0mod "}(2)» /v o 1s.

(4) yacewe {y e 710, Bty1 viite (by (1.2) (3)) = {"§(2) o &3, 2e11, 111 }6 (by (3.3)(2)),
which consistq of a single element t74(2) - &;, because &50 Bz =¢32(8r1,)=0, 712(Sps)o
piem 7 lan(SP) o rh C 1 b s(Spa) e v =0, Hence y"35ce=0. Then, y"{o0=y"5°
g1+’ oo Mo con=1"§2ceyca; =0 (by (2.1), 2.5)).

(5) 7 Foof210 € mio(Spe) == Zo+ Za= {t"} (D) o350 &} D {t"}(@) o 5212} (according to
5H. ¢~ To AR /T mOY/‘m“ﬂu(by Prop. (2.2)(2))= 3(2) 83”/111(by 3. 3)(2))_,11;1(2)
72 pao o (by Prop. (2.13)T). ”i(2)eyso80n10=27"}(2)-&'=0. Hence we have 7"}
20 H2) 0 pry o a2 mod T7§(R) o g0 &
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(9) sl S 8ise {Fu, via 201s) (by (1.2)(8)) = — {814, 15, v1s} o 2019 C 2 1a(SP2) 0 1ye =
0. shietu=siieutshionucos=0 (by (2.1).

(11) sisems & {z7M2) o ¢, 203, 13} o215 (by Lemma (4.5) (1)) = —<"§2) ¢’ {2013, AL
pisy C3@) e s 2l =0.

(12)  sis=7s€{r"Te, 8eros 20} i =7"T0° {8t10, 2710, 715}, Which contains 7%= 10
+r%0e et (by (L.2YA). 17ios 0= Y 2) o gy 0 oy mod T5(2) 0 '3y )’WT’«\ "b:xxo::)‘”iv LA
(by 2.1)=z"42) 2 &5o7:7 (by (4)=7"3(2) = 55 &, and the set 7" 5o {810, 2710, 712} 18 @ cosEL
of the subgroup ;" jecxifons= {z"}{2) o728} (by (4)). Hence we conclude that
sige =T ""4(2) o 130 012 mod 5(2)« 73 &g,

ProprosiTioN (4.8):

(1) o'trer=4y'{oas,

(2) wo5:=0,

( 3 ) w'% 5/17:4ufg,

(4) ofovoap=+2uioryy,

(5) o'fcy, =2y,

(6) ol =2l%8%,

(7)) @'tonr=yioogori; mod duiso oy,

(8) w'éaé?:“—o,

(9) v§-Ed'=2%00s,

(10) 7Seosops=ulionistr'ieest+y'so bp mod #hmie(Us),
(A1) yiepsoge=uio(4) o oot uli(4) o v+ 4utiovy,

(12) y'icoseonis=ulo(4) o a0 mod udy(4) o iy,

(13) 7y'bopso /17'—‘4” osts+uis(4),

(14) 7r'§0s= xuis(4)o o1 mod ule(4) o v,

(15) r'iessovie=ule(4) o ris mod 2ulz(4)c ays,

(16) ylooi=ulicai+ulion, mod {T5{4) o 1 }D{2"8 > ks,
A7) ulsomezyio ps mod {udi(4) osi JD{ul(d) > 710},
(18) wulsesis=0 mod 2r'¢ > s,

(19) ey ioorhoz=ulsd)+r'dcvs mod ulioyiy,

(20) [toy"igoawe=aulscvy for some odd integer z.

PPN

Proor: (1) In the diagram (4.3), DixoDeslw’fos)=7ioe; (by 4.2)(3))=4dvs0 0y
(by (2.1)), and 224 o P14y b0 as)=4v;0 05 (by (4.2)(4)). Considering the bundle sequence
of Rs/R;=8% it follows that I :z5(Sp.) — mi5(Us) is a monomorphism. Hence
w'tog;=4y'8cms. Similarly, we can prove (3) by using the relation: 7ieu, =44 (by
(1.1)8).

(2) otodr=otopogstotoo oguto/roe (by (1), o'iopcas=4y'§-as (by (3.4)
). o'ted’opy=2uticn =0 (by Lemma (4.4)(8)). o'foer;=4dr'{vss (by (1)). Hence
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we have o/i-0;=¢.

(4) o'fori00y= o't {xo o1y, for some odd integer x (by (2.1)) = = 2ui;<1,, (by
Lemma (4.4)3)).

(8) phlltoyisrao)=vi-mo (by (3.1)(3)), hence I*:r"iy=zulic v, mod 9" 5m::(Us)
for some odd integer x. Since 2m{Us)=0, we have 2l :y"{sc010= £ 2uls<>5. Now
Dl s 7)== 2uq, 80 that w'iov;z2204y"4 mod ' 5xo(Us)={ul(4)}. However, if o'jcr,
=28y uly(4), then o'isvoa0=2l7"{yc a0+ ute(4) ca10, which contradicts to (4).

(6) o1ty {0100, Ba, 2010ts (by (1.2)(6))={21*- 7”%0, 810, 2010} (by (B)), which
consists of a single element 2¢%, (by Lemma (4.5)(3)), because 20*cy”i;0=1=0, and
2 (U v anC20487,,(Us)=0. Hence we have w'?+{;=2s%.

(7) pilw'i-re)=2u1= 07007 mod 4o’ o4 (by Prop. (2.5)(4)). pi {(0)=1lzu(Us)=
{25@) ol vt ={Bulsoou}. Piulicow)=0" cowu, Puieasri) =m0 uii=(d" 3/ Ve
er5r) oy =8r00%, (by (2.1)). Hence it follows that ofcar=y"oasc1i; mod 4duficam.
In the same way, we can prove (10) and (17).

(8) It follows from Proposition (2.6)(4) that &;=s75%u+a’5yy. Hence o'foé,;
=w'fea’ o hig (by (1)) ==(2uls) < 514 (by Lemma (4.4)(3))=0.

(9) 7'4< Ea' "‘2)’ soag=y’ so (E”’-Z(TB):T'?W Les, 61=0 (by (1.3)).

(11) 7lopseey=yhonsobetyieqiome (by (2.1)). It follows from (3.4)(6) that
Yienae p=ygovi=uii(4) ory, and T't‘s“’#goﬂmiu?u(‘i)C'ﬂlo+4l4“)’"%o“0'w AR TR e
4utyovy, (e.f. Proof of (5)). Summarizing, we have y'iopsose=uio(d)oao+ul(4)ori
+4utye v,

(12) Note that ime(Us)opis = {uls(d) o7} B {2ufsepie} = {ufi(4)°:1:} (by Prop.
(3.7(20)). 1t follows from (10) that y'§caseyi; = dul,ov+7doso e+ a0 mod
wh{d)oriy, so that ydoasoyls=ul(d) oo mod uf(4) o, (by (11)).

(13) Consider the secondary compositions {41*<y"'5, 810, 2010}s, {30, Bero, 2010)s
and {y’4<7%3, 209, 2010}s.  Each of them consists of a single element. Indeed, 41*c
e il nld=yiogie nl§a=0 (Prop. .19, =i(Us-2m € 26,ms(Us)=0. Hence
it follows that 41*-sfy= {41357, 8tia, 2010}s = {uie(4), 8tro, 2rio}at+ {7448, 8ero, 2010}s
(by (3.4)(6)) = uis(d)+7"§ 0y 1o (by (8.5)(2), (1.2)(4)).

(14) ydolee {09 3@) 0y, po} oys = —TH3{'3(8) o, 75, Lo} = — 030 {H(3), a0 s,
Loe= =830 {275(8B), 9y, vso s}, which is a coset of the subgroup #**cmy(Us)ovsolat
5(4) v =l = {2ul(4) o a1z} (by Prop. (3.7)(5) and (3.2)(6)). Now, pi{:'3(@®), 73, vsola} =
w5 Ca, Pa(tdzoain)=0"" 0 a2 =508 mod vso v vie (by (3.2)(6), Prop. (2.4)(2)), and pl(ulso
via) =150 Pgo vy (by Lemma (8.6)(1)). Note that pi '(0)=t4ria(U:)={2u}:05:2}. Hence
we can conclude that y'{-&e= +ulso0 mod ulsove. Similarly, we can prove (15).

{16) Operating the projection p}, we obtain y'§caoi=ulsc e+ uiio8s mod thmaa(Us)
={r'3(4) o/ }eD{2’ o5}, Note that ¥547§=0. We shall show later that ui(8)=0,
but /38’ x0. Hence we have yicai=uloe+ulic S mod 2y'éexs.
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(18) uis:2ise{r'§, 8ts, Eo’o1ish C{y%, 8es, ravo11= 1150, which is a coset of the
subgroup yi-Exli={y{cxs}. While, 0=0"-5; (by 8)) & {&'ioups, 2, ryoan o vins (by
Lemma (2.14)) = {477}, 2es, vs 2011238} (by B DBNC {774, 84, vsva - 1is)s.  Hence it fol-
lows that ulsoric=0mod 2y'f-xs).

(19) Considering the bundle sequence of R¢/R;=3S% we see that the kernel of
the homomorphism pssepis : m16(Us)—=is is generated by ule(4)+7"854 and ud,-7i,,
that is, lize(Spo)={ules(d)+y'%- ;s}xﬁ{uu*ﬁ;}- Note that =e(Sps)=ZuPZ:={y" o>
sio} @ {sise7is}, and that I*osiseqis=ulopi, (by Lemma (4.5)1)). Hence we have
Deroosio=ule(d) +178c 0 mod s o 7.

(20) This is proved by the method of (7) and (19).

§5. Generators of m(Sp,) (n=3, 14<5k=<22)

Let us define original generators of (2-primary components of) =c(Sps), =:(Sp:)
and =,(Sps) for 14<k<22, and prove the relations among them.

LemMma (B.1): (1) There is an element y'}; of the secondary composition
{0732, v, 4vio) SUuch that piy"ii=4v, and 2y"3,=si,(3).

(2) There is an element si; of the secondary composition {i"** "%, ;oo on}
such that pish=7nc01: and 2si,=0.

PrOOF: Note that 47"35ovy0=2:"42) ¢ =0 (by (3.3)(2), and y"{o 70 au=7"%"
e10+7"16°510=0 (by Prop. (4.7)(4)). 1t is obvious that piy"} =4y, and pish=7ucmm.
73, is a generator of the cyclic group of =.,(Sp.) by (10.1) of [3], hence by the
bundle sequence of Spa/Sp.=8", 2Zy"5,.&1"3 2z ,(Sp.)={s3.(8)}. We can chose y"3,
so that 2y%,=$%(3) holds. Since =1s(Sps)=2,, it follows that 2s},=0.

Now the following relations hold:

ProprosiTiON (5.2):

(1) w " ovy = “"“47’"3 (2 ) 2’"”%1 PFy = ""9%8(8)1
(3) o Boen=a3 00y =0, (4) o 110/11|1‘:r”§(3)ﬂﬁa,
(5) @"lieli=+4s3:(3), (6) 7o ﬁu_su(3),

(7)Y r"aeru=0, (8) r"lican=+8,(3),
(9) r"liceu=85(3)=0, (10) r"hebu=8%(8)eas,
(11)  sleonie=2s%(3), (12) slyovip=88(8)vmys.

ProoF: (1) o"dicvie{d" "5, Bauo} vy = —1"%%:{y"%, 84, v10}, which con-
sists of a single element, because "5z, (Sp:)=0. Now pY{r"%, 810, vio}={v1, 8t1q,
vioy =E%"" (by (1.2X2))=40s’, hence 2si, or —2s%, belongs to {1}, 81, v10}, that is,
"3 ovy = +28%,(8).

(2) 20" cone{i™? 750, 8t10} 02011 (by (B8.1){(4)) = — "2 {3}y, Bry0, 2710}, which
consists of a smgle element —si4(3) (by Lemma (4.5)(3)), because %%z (Sp.)=0.
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(3) o' =t e o, Big} 61 (by (3-1)(4));7://3’23{7’/%0; 810, 10} C37 i ~19{Sp2)
=0. Similarly we have w},-5;,=0. ‘

(4) Note that o"}isvhi=a{1900410=0, and "o 7u=1"}3)> s (by (3.3) (3)).
Hence by (1.2)4), o"hepe{aheq, 2ts, 8a10}r={c"48) © 113, 261, 8312}z, which con-
sists of a single element ¢"i(3)- x5 (by (1.2)(10)), because =3(Sps)=0.

(5) w'h~Lue{w o, Bus, 2m1)s (by (1.2)(6)) = { +:25%,(8), 814, 2014)s (by Lemma
(6.1)(1) and Prop. (5.2)(1))=={ + %8} o, 814, 271435 (by Lemma (4.4)(1)), which consists
of a single element +w”4-p” (by (1.2)(8)), because 25i,(8)oxit=0, 2=,5(Sp2)-ass5 = 0.
Since o5 p"=4s% (by Lemma (4.6)(2)), we have o'}, ~ ), = +45%(3).

(6) It follows from the bundle sequence of Sps/Sp.=8*" that % : =5(Sp.) —
m15(Sps) is an isomorphism. 7(Spy)=Zy={s};}. 71:(SPy)=Ze={r"} 7} (by (10.7)
of [3]). Hence we have s{5(3)=7"4i 74

(7) This is obvious, because y’%; v &71:(SPy)=0.

(8) 7"yeogc {1735 7"/?0, 4vio} w14 (by Lemma (5.1)(1))= — 4320 {T”%m 4vyg, o3} =
~ i {4 2), V', ve}y 4o, ais) (by (8.1)3)). Now H{ws, 4ve, 012} D H{vg, 70, 7loca12}
= (v o) 7/%1 ‘me‘*f—'r/%xoﬂm (by (1.3)). H(o"o0:3)= 711”’13 Since {vs, 4vs, '712} is a
coset of the subgroup vgoade+rzloaa={vgolo}+ {003} = {0’”00’)3}, it follows that
{v¢, 4uy, 012} Is the subgroup generated by o” ooy 732 {"}(2), v/, 6" va13} consists
of an element s{,(3)>71,=25%(3) (by Lemma (4.4)(2) and Lemma (4 5)(4)), because
V5m(Spe) e o' a1s) = {2075(8) 0 0’ v 014} = {4814(B) o 14} (by Lemma (4.4)(1))=0. Now
{+/, ve, 4y} consists of a single element 2¢ (by (1.2)(5)). Finally, note that 7/%2c
{10, 410, 713} is a coset of the subgroup %%cz(Sp)oaiy={s}(8)c o} ={2s%(3)}
(by Lemma (4.5)(4)). Summarizing these facts, we conclude that —1"/320{y"%,, 4uye,
migy=—1"%20 {17}(2), 2¢', 713}, which consists of s4(3) and —s%(3), so that we have
v s e oy g (8).

(9) It follows from (10.10) of [3] that there exists an element s!; & z.5(Spy)
such that p;"ﬂr-m Hence 7"loe=d(es)=dopi(sh)=0. Now, ri,0e, e {1732,
7 Tor DY RV {7 Tor dvig, £rgp =200 {2) fov vie, 2018, Fm}“?"'g : {Tﬂé(z) o¢’, 23, £13}
(by (3.3)(2)), whlch consists of a single element 85(3) (by Lemma (4.5)(5)), because
Vil Spa) - £e= {81(3) c 1} =0 (by Prop. (4.7)(9)).

ORI S PP i PR IVE S ¥ 210 015 81(8) v a5 (by (6)).

(D) slyonie&@ {2752, 1", frocon} o gle=14"o{y"}, niwc a1, 4is}, which consists of
a single element, because "5z (Sp2)=0. Now p{{y"i, 410, 710} C {17, 4v10, 013},
which is the subgroup generated by 2¢'cayy (c.f. Proof of (8)). % Y0)=1/=:(Sp))
== {r"}(2) o s o 2 JD{U@) o i v 015} However =7}(8) o 1/ 551 =0, 50 that 253,(8) or 2s(3)

+"§8) v s p1s belongs to 7270 {50, Yroc o, Wi}, that is, sfyoziy=2s%(8) mod «74(3) -
p3ofu. $1(5)=0, s3,(4)=0, but "§(5)onso4%0. Hence we can conclude that siyo73,
=28%,(8).
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(12y  shhe {372, ¥ a1, 717} (by Lemma (5.142)), so that sfsou&E {7 ¥ v om0
Tihore= — U3 {y" o a1, 715, v1s). which consists of a single element, because
3L m10(Sp2)=0. Now pl{r"e= 710, 11 vis} C{ro o, fury vash={ Fa’ 2214, %15, 125}, Which
consists of a single element <2, (by (1.2)(3)). Note that pJ(5 +8f g =0 ve+
a’sp0 015 (by Lemma (4.5))= 0" <21, (by (2.1)), $5:(3)=0 (by (9)), and pY¥ (0)="4(2) 2.
Hence we have sjyora=835(38) cos mod (273(8) = 2¢).  sh(B)=0, si:(4)==0, but "i(®)-
%0. Hence we conclude that sj;or0=55:8) 0s.

LEMmMa (5.83): (1) There is an element o'}, of the secondary composition
{2743, ¥4, 82¢14} such that pye’i;=32¢s.

(2) There is an element y"is of the secondary composition {i"*% y", 114
such that pfy"s=vs and 87"s=20"}(4)c oy for some odd integer x.

(3) There is an element st of the secondary composition {1'*%, ;" 4o}
such that piste=4os and 4sh;= £s3.(4).

ProoF: Note that 32y7%,=0, y"ticviy=0 and 4y"Lo0=0. Indeed, 32"} =
1651,(3)=4r"}(8) = =0, 7"3scv1=0 (by Prop. (6.2) (7)), and 4y",s0,,=455,(3) = 0 (by
Prop. (4.7)(6)). =:s(Sps) is a cyclic group generated by "%, and 7.(Sps) is also a
cyclic group by [8], so we can chose y”{; and si so that (2) and (8) hold.

ProprosITION (5.4): The following relations hold.

(1) &"fsoms=0, (2) o"soms=641"1,

(38) @'{sc015=+8sk, (4) 7"lsome=st(4).

PrOOF: (1) o"hops€nio(Sp)=0.

(2) &"Le{d", 4778, 8ey )t = {1743, "%(8) 20", 8¢5} (by Lemma (5.1)(1) and Lem-
ma (4.4)(1)). Hence o't ovis& {143, w"#8)oa’, 8tus}ovis= — 13 {58} o', Bt1s, viu},
which consists of a single element +a/3(4)c&; (by (9.2) of 1), because "%z ;(Sps)
=0. Now Ho'id)-;=48%,(4)=64y"1s (by Lemma (4.5)(8), Prop. (5.2)(2) and Lemma
(5.3)(2)).

(8) Note that the secondary composition {sii, 8¢, 14} contains the element
283, by Lemma (4.6), and that o/fse {273, 2y, 160, = {13, s1.(8), 16¢,4}.  Hence
W50 a1, {1743, 854(8), 1605} oays= — 17430 {81,(8), 16¢1s, 011}, which consists of a sin-
gle element —2s3.(4)= +8si, (by Lemma (5.3)(3)), because 7""*4x5(Sps)=0.

(4) 1t follows from the bundle sequence Sp;/Sps==S'? that J: =i — =z15(Spy)
is an isomorphism. Since =(Sps)={8h(4)}, it follows that s{y(4)=d(nis)==7"1s< s

The following Lemma obviously holds.

LEMMA (5.5): (1) There is an element o'}y of the secondary composition
{4754, ¢'"s, 128016} such that piw5,=128¢.

(2) There is an element v, of the secondary composition {i"*3, y"ts, 2uis}
such that pr"%=2us and 4y"%= +s4(5).
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PrOPOSITION (5.6): The following relations hold.

(1) "o ue=t"}5)o s, (2) o"lsoe= £1287"%.

Proor: Note that o}, = "}(8) 2y (by Prop. (5.2)(4)), and "%~y = +4s3:(3)
{by Prop. (5.2)(5)). Then each of the proofs of (1) and (2) is quite similar with that
of Proposition (5.4)(2).

86. m(U;) and = (U,) (145ks22)

First of all, I must correct some mistakes in the previous paper [3]. There
is a misunderstanding about s, -(U,) in (11.10) of {8], which should be corrected
as follows:

Lo+ Zi o, for n=2mod 2, n=3 mod 8§,

Z cns for n=1, 5, 7mod 8.

6.1) 2o (UL {

where t(n) is the integer defined as follows:

16 for n=0, 1 mod 8, n=10 mod 16, =59 mod 64,
8 for m=4, 5mod 8, n=2mod 16, n=27 mod 64,
4 for n=6 mod8, n=11 mod 32,
2 for n=7 mod8, n=3 mod 16.

t(n)=

Hence, there are some changes about (11.16), (11.17) and (11.18), so that from Line
9 of the page 69 to Line 11 of the page 70 of [3] should be corrected as follows.

Let n=2mod 4 (n=6), then y'4,:4,==0 (c.f. the proof of (11.5) of [3]). Con-
sider a secondary composition {73, v, 20,6}, D5{7 B0 vin 2eonis CA{N2uety Yoy 2toniohy
which contains &y, 710 {178, 15, 200,63 = — {07, 78, 13,3 2 (2604, 1), Which con-
tains —2ul)/s. In this case, the bundle sequence of U,.,/U,=8%"! becomes as fol-
lows:

ot P T 4
”.;:‘ : '}' e T 1( Ur“ l) e Rop e?( Uu) D 7‘52:5‘3

where f%ifi%:‘:Zf::{V%ml}, -v’«“:n.l(U;—H1)‘;2«1(:”2):{%’5:31 ’ 7:3,“7(U“):Zg@2,(,—,, and "gffé
=hy={anat. If n=2mod8 (n210), then dn+2)=4 and #(n)=8 or 16, and if
ns=6 mod 8, then d(n-+2)=8 and t(n)=4. Hence we conclude that

(6.2) I‘f ﬂ§2 rnOd 8 (n?lo), i‘-:!n.,‘.‘(Un>:ZB@Zl(m:{ui’!r:e‘T}@{r’grn = ‘7‘.’11}’
and if n=6 mod 8 (ngﬁ)’ Ty ?( Un) == ZJ@Z-i = {)J‘Su g UZ.‘z}@{ug)u—T}’

where wi,, €)', vin 26,6} Such that piul,,c=ewn 1 and ui,,odn+1)=2us’.

Next, considering the bundle sequence of U,/U,.;, we have the following (c.f.
11.7) of [3}).
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6.3) For ralues of n=7%,
P Znewainen B L= {ub s} P{r, 005} for n=0mod 4, n260 mod 64,

B Z cnesiiwaans 4= U, 65 for n=6mod 8,

Fao U= D Z syt 168 L2 = U 6} By L0280} for m=5mod 8,
BZ edmindans b 16=1Ul,,6r for =83 mod 4, nx11 mod8§,
where ul, s {2 ik, - 1)ow, o} except for n=Tmod§,
and Ul e & {1, 78, 200, 2} for m=T mod 8.

Note that for n=5, oica&me(Us) and pho’dc oa=8q4.

Now let us define original generators of the 2-primary components of =;(U.)
and :QQ(U 5).

LEMMA (6.4): (1) There is an element uly of the secondary composition
{134 y'E, dose v} such that piuis=4aqovis and 2uie=0.

(2) There is an element udy of the secondary composition {uls, 272, 8s}s such
that pludy=4L, and 2udy= tul(5).

Proor: (1) Note that =(Uy)=ZDZ,={ul(d) oo} D{uis@) o6}, it follows
from Proposition (4.8)(14} and (15) that the boundary homomorphism 4: =3 — =o(Uy)
of the bundle sequence of U;/U,=S? is an epimorphism, that is, @} : zig(Uy)—s
71{Us) is a zero-homomorphism. Hence 2{¢'>4, y'§, dogov;s} = {&/™4, V4, dagops)} =
— 54y, dasovis, 208} T2 mis(U) =0, so that 2ui=0. It is evident that p,{7'*4,
7’8, doscvis} =40gc v,

(2) 2ui:cap=ul(b)ooin (by (3.2)(10)) € ¢/ 4a19(Us)=0. pi{uls, 2012, 8e1s}sC {4rg,
2013, Br10}s (by (8.2)(10)) =755 {711, 2013, 8eio}s, Which consists of a single element 73> 72y,
(by (1.2)@4)=4&. 2udoe{2ujs, 2012, 8ui}aC:{ulx(5), 4012, 4t10}s, which contains uly(5)
(by Lemma (3.6)(3)), and is a coset of the subgroup u}.(5)c=ki+4m.0(Us)={2ulu(5)}
={z'}B)o 13}, Hence we have 2ul;= 3 ul(5).

LEMMA (6.5): 20/ ioag=—uls5).

PROOF: 2w'3oaeez {474, v}, 8} o B’ = —154o {1}, 8ts, Koo'}, which consists of a
single element —uis(5) (by Lemma (4.5)(2)), because i'24xo(U,)-209=0. Hence we
have 20'}c09= ~—uls(b).

Now, (8.4)(6) and Proposition (4.8)(9)-(16) determine the boundary homomorphism
Azt — 7(Us) of the bundle sequence of Us;/U;=8* for every 14<k<22. Lemma
(6.4) and Lemma (6.5) together with the results above completely determine (2-
primary components of) =.(Us) for 14<k<22, which are listed as follows:

THEOREM (6.6) :

71(Us)=Zs={uli(B)},

@ Por n=:6, see the footnote of the next page.
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zi{Us) = Zo={uiu(5) ”’H}a
1 Us) = 2o Z1s = {uie(5) } B {w'} w00},
mi Us) = Z™ = {ut(5) “ v1s},
mig(Us) = Zg= {14 ' 5%},
zig(Us) = Zy={uls},
moo(Us) == 20 Zs = {ula(B) - via D {ude},
2o Us)== Zig={uti(5) v 554},
rel Us)= Z16(0 2= {uta(B) B {uis(B) > £14}.

ProprosimioN (6.7): The following relations hold.

(1) w'}g “ (7'9'7710’:-‘(4)'3 o &.»“:“(u'g w Sy==0, (2) m’ij '>/19=4?:'5‘4 alto S,ea.
(38) whcagovie=0. (4) o'5ole=—2u.

(5) uliovp=0. (6) ufroao=0.

(1) uboe=ul =0, (8) ubrepr=8uiyb)oos.
(9) ulyongu=0. 10)  uiyere=0.

(11)  udpe 2o =8uiy(B) o1y,

Proor: (1) Let Ea be any element of =},=FE=%, so that 24=0. Note that
Wi {15, 2, de} = {54, w'¥(4)ovs, 45} (by (3.2)(8)), and that #/J4z(U,)=0. Hence
a'fo Ba={1'%%, o'd{4)ous, deg} o Ba=130 {0/ Tovs, deg, 0} C 2%,:(Up) =0, so that o'}v Ex
=0

(2) It follows from (1.2)(4) that w'§o oEw'§o {7y, 2er0, 851033 C {@'§ <7, 2¢10, 8710} 3
= {44 ol oy"f, Beo, 2010}s (by (3.4)(7)), which consists of a single element 43/54-]%5
s8iy (by Lemma (4.5)(3)), because 47i5=0 and =, (I;)=0.

(8) pule’§oagovi)=8ayous (by (8.2)(9)=0. pi 1 0)=i,=1o(Us)=0. Hence we
have w'§omyov=0,

(4) @5C & {w§ov, Buz, 2o}y (by (1.2)(6) = {—2uls, 8tis, 2012}y (by (3.4) (7)),
which consists of a single element —2ul, (by Lemma (6.4)(2)), because 2:1{=0, and
2r13(Us) 0 or1a C{T'§(B) w60 45} == {'§(5) - 28’} (by Prop. (2.15)(6))=0.

(5) Note that ufyez {54, 2p', 2ua}={i'"*, '3(d) o1, 205} (by (3.2)(10) and (3.2)(®)).
Hence ul:ovae {954, o8(@)ovs, 2ugtopips — 4540 {w'3(4) o s, 25, 11}, which consists of
a single element, because 7347, (Us)ovie={T* v ul:s(d) cvia} 95375 (Us)=0. Hence,
— 15 o { (D) o vy, ug, viy} o= — 3w T oy, Qug, vy O B0 m(Us)=0, that is, ulscr=0.

(6) The proof is quite similar with that of (3).

(7) In the same way as in (), we can prove that u};oe;; and ui.-£,» belong
to «'i(5) ziy=={wi(5) ¢ PN} {w2(5) 0 &5} =0 (by Prop. (3.7)(6) and Prop. (3.7)(7)).

“*' This result does not agree with (6.1). It seemed to me that (6.1) is valid for n=6, so
that wlees {9, 75y, 4010} (by the exact sequence of the bundle Ug/U.=S!).
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(8) Note that ui,& {1, 2r'fovs, 2e1;} = {15, '5(4) o £3, 2e11} (by (3.2)(8) and (3.4)
(1)). Hence uisopoe {44, /§(4) oy, 201} 0 prio=1">4e {£'3(@) o £5, 2011, 221, }, which consists
of a single element, because i'%*oxo(Us)opyo={uds(5)o 112} = 0 (by Prop. (3.7)(19)).
Now, 1'% “c{ §@) e 63, 201, 10} =7'5(B) o {es, 201, ). 2{eg, 20, pr}=e50 {20y, 1y, 2es} =
E3° 111 P20 =730 142 13020 (by Prop, (13NT))=n3c pr50a1,= 2 o o445 (by (1.1)(8)), so that
{&a, 2644, /zn} contains f'eon+a for some acx} such that 20=0. However, we
can see that ¢/j(5)ca=0 for such «. Hence we conclude that uf:ocfro=7'3(5)o s caryy
=8ui;o 014 (by Lemma (4.4)(3)).

(9) The proof is quite similar with that of (7).

To prove (10), we need the following.

LEMMA (6.8): The secondary composition {ul(5), v, 7izh consists of a sin-
gle element ul,.

PROOF:  m1s(Us)onisC 1 i 710(Us) (by Th. 6.8)=0. ui(5)exii=0. Hence the see-
ondary composition consists of a single element. Now it follows from Proposition
(4.8)(11) and (12) that Hosopis+esonir+aud)=4uisou, for =0 or 1. Hence pL{ut(5),
41y, Noh= A dutsovis) eps=a90 gl =40q 0 15, because e;0gf: =2307,4=0. Since phuly
=4ggo116, and since pL '(0)=173*x1s(Us)=0 (c.f. the proof of Lemma (6.4)(1)), it
follows that the secondary composition {ufi(5), 4v14, 7:17}: contains us,.

Proof of (10). wuisovio={uls(5), dv1s, 717} o vio= —uds(B) o {4v1a, iz vis=4ul(B) o byy
(by (1.2)(3))=0.

(11) Note that ufoxi§=0. Hence ulyoya={ufs, 2012, 8e19}30720 (by Lemma (6.4)
(2))=uiz0 {2012, 8uiq, Doy =uie0 p11o=8uli(5) e 514 (by (8)).

Now, let us ealculate (2-primary components) of zu(Us).

In the exact sequence

P [ 4
ml S l(Us) e 2l Us) <o ally

A(en)=zi">4 oy} for some odd integer x, which we denote by 7}, for abbrevia-
tion. Now the boundary homomorphism 4 fs determined by (3.3)(2), Proposition
(4.7)(4)-(6) and Proposition (4.8)(19), (20) for each 145k=21. We need:

PROPOSITION (6.9):

(1) ut®)=aley"}i+7"%07i. for some odd integer .

(2) dW)=ut(5)oey.

- PrROOF: (1) The bundle sequence above becomes as follows:
Pl i A
0 — Z, ““““ 714{Us) ‘““* mu(Us) = zl§

where Z,={4vn}Crli, 7ii=0, 7'14(U5)~Zmz{u§4(5)}. It follows from (11.8) of [3]
that =, (Ue)=Z16@Ze={1 "4} B {r2o9f:}.  Since pl(lPor"l)=ph(r' o) =4v,, we
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have %oy +y' %o gk € dhmu(Us), that is u(6)=xlfoy"{+ 7%yl for some odd in-
teger .

(2) Since 5610 (by Prop. (5.2)(9)) and #}:ce4=0, we have uly(6)c&,=0.
Hence A0 =ui(b)cey, because zii=Z,={#'}.

LeMMa (6.10): (1) There is an element uis of the secondary composition
{383, %, 410} such that pLule=4o, 2ule=+w'tca and dufs= £1%:554(3).

(2) There is an element uly of the secondary composition {y'$s, viz, 2615}1 such
that piubs=e,, and 2uly==ui«(6).

(8) There is an element uls of the secondary composition {15, 2612, 8tin}s
such that phule= 1, and 2udy=u3(6) mod t/5(6)« s25.

Proor: (1) and (2) follow from (6.2) and (6.3).

(8) It follows from (6.2) that 27'%0a1,=0. Now, Pi{y'Se, 2012, 8t10}sC {11, 2012,
8¢e15}5, which eontains sy, (by (1.2)(4)). 2ufe& {22, 2012, Beio}s={u32(6), 2012, 8ero}s (by
(8.2)(12)), which contains u3,(6) (by Lemma (6.4)(2)), and is a coset of the subgroup
Brao(Us)=={7'3(6) o 123}, because ui;ori5=0 (by Prop. (5.7)(7)). Hence we can chose an
element ud, from the coset {y'%y, 2012, 8t15}s such that phulo=ry, and 2uly=wui(6)
mod 7"5(6) « sz3.

Thus, Proposition (6.9), Lemma (6.10), (11.8) and (11.10) of [3], (6.2) and (6.3)
completely determine (2-primary components of) =, (Us) for 14k <22 and their
generators as follows.

THEOREM (6.11):

ru(Ug)=Z1e D Zy={1r"1,} B {1} 0077%2},
mi5(Ue)=Za= {T 1”»10}

316(U6)=Zm~{w 9(6)‘3(79}.

717(Usg) =0,

s Ug) == 3’:{71?9}
m(Ue)=Zy D Zo={ule} D {y' 0012},
ma(Ue)=Zie P Z: D Zo={ub} D {y'Teoe2} D {y' 120912},

z2(Ue)=Zs @D Zo={uia(6) 0 51} D {rizo prz},

zoa(Us) = Z16@® Za== {u:(6) }D{ri o puno p1s}.

While we are doing these calculations, we obtain the following relations.

PROPOSITION (6.12):

(1) uh(®)onu=r"Te v, (2) 7iecrvie=uis(5) (c.f. Prop. (4.8)(19)).

Note that 80"} =w'{; (by (8.5)). Hence Proposition (5.2)(1), ), (4) and (5)
together with Proposition (6.9) and (6.10) show the following relations:

PropPOSITION (6.18):

(1) efiovn= 4y} = +4ul(6). (2) wfice=aw"Ti00=0.
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(3) cu’?;:,u“=8u§o. (4) (U,?1 sll"“iué:‘.(ﬁ)-
Now we shall add the followings.
ProrosiTion (6.14):

(1) Pesiy=yt0 01 mod 2uf,. (2) ufsepus=uis(6).
(3) ufscrs=0mod 2ui(8)cays. (4) ?/L?wrxg:)’/?z*’fm-
(5) u?gcym:(). (6) 7”6 9120513:2101‘4(6)06”-

(7Y uboon=yto 12 mod 2uis(6) o4,

ProOF: (1) pi(®esi)=pisla=711001 (by Lemma (5.1)(2)). pA(3'%:00: Y=o o,
Px N0 =mia(Us) = {uds(6)} = {2ul}. Hence we have (1).

(2) Note that r3eo(2ei0)=2uti(b)ovis (by Prop. (4.8)(20)), so that ulye {365,
2uts(B) e vy, 20:}.  Hence ufamis & {7/%°, 2ulu(B) o vy, 207} o g1a = 7590 {2ute (B) o v1s, 247,
717}, which consists of a single element, because ¢'2%zs(Us)onis={4ulko7:s}=0. Now

V%30 {2uti(B) o w1y, 2eiz, Pra} =155 0 {uly(5), v, Yur} = ule(6) (by Lemma (6.8)).

(8) pi(ulseyg)=4ouome=0. 2ulsorvis= o ficanory= oo (e, ar) (by (1.3))
=(. The element of order 2 which belongs to P, '(0)=%4xa(Us) is 2uii(B)oaus.
Hence we have #$sor15=0 mod 2ui,(6)c o4,

(4) ulsees{r'ty, viz 2us}iopre=r"to {132, 2018, 715}, which contains y'{sos;, (by
(1.2)(3)), and is a coset of the subgroup yf:emiiopu={r"2eaizo g} ={yhoeitr'tobn}.
Hence ufy<719=7"f2c €12 0r 7’2o 01s. However ph(ufse 710)=e11 2919 (by Lemma, (6.10)(2)),
which implies that ulyepo=y":0e;0.

(5) ulyorio & (1'%, viay 2as} ovig  {1'%ey iz, 2u1s}.  Note that uii(6)opu=7" 001
(by Prop. (6.12)(1)). Hence 0=ui(6)c¢y, (by Prop. (6.9)(2)) & {uiu(6) o714, vis, 2015} (by
(A.2)B))= {122 v12, v15, 2u18} ©{7 520 112, 2018}, Which is (a coset of) the subgroup y/i.o
7+ me(Us)oris = {1 Yeopuzo s} + {0ffeaooris) = {y'Seopaous} (by Prop. (5.7) (3)).
Ph(ulscrwy=encrg=0. Pk('feoni- ) =751 p3=4*0. Hence we conclude that
USgop1e=0.

(6) Consider a secondary composition {y" 3o, io, €12}, 2750, 70, £12}={7"50, 70,
£12} 0260 = —7"35 {7}, €12, 2620}, which contains +y"%°, (by Lemma 9.1 of [1]) =
—4xsh, for some odd integer x. Hence {y"fo, 7}, £12} contains 2zsi; +yr"}(2) e ps0 14
for some odd integers # and y. Note that '3(4)cnop,=0, and that 2¢%4cltosf =
2ui(6)oos, which is an element of order 2. Hence the secondary composition
85 lto {15, 7o, €12+ consists of a single element 2uti(6)c a4, because 7340 lts xy(Spa)
={T% ot oy foo 0} =0. Now yf2enicern={i""% 1o, Pro} e rzo £13=7%%0 {1}, 910y 7110
12} =835 {180, plo, 812} = V04 o {3, 7, €12} == 2ui(B) o014, because %%ox o (Us)oes
=0.

(7)) Du(uds>520)= 111292 (by Lemma (6.10)(3)). p5'(0)=t%hma(Us)={ui(6) > 714}.
Hence ufyon0=7"f:0 t112 mod 2uty(6) v 514,
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87. m(U.,) (14sk=522, n27)

The bundle sequence of U;/U;=S" is automatically determined by virtue of
(11.10), (11.12) and (11.15) of {3], and of (6.1), (6.3) and Proposition (6.14)(6). We
obtain the followings.

LeMMA (7.1y: There are original generators as follows:

(1) ules{2'"% ¢, 2ui2} such that piule=2vi, and duls= +&'}(7) 0.
(2) wiyes{i™? 'l i} such that phuly=1% and 2ul,=u(7).
(3) wudec{T" 7%, 2012} such that piuly=2013 and Suli= —ul(7) mod '¥(1)« ts.

We must prove the last assertion of (3). Indeed, Sujo= {375, 1'%, 2012} 0 820=
— /"8 [y, 219, 8erp}, which contains —wuf(7) (by Lemma (6.10)(8)), and is a coset
of the subgroup 2§ -*8mu(Ue))={'5(T) v ns}.

THROREM (7.2): (2-primary components of) = (U} (14<k<22) and their gen-
erators are listed below :

a(Uny=Zw={y'\} (where y'li=9"%:1%3",),
7‘-‘15( U7) =0,

(U= Zgs={uis},

71 U7) =0,

(U= Zgo={uls(7)},

719 Us) = Zy={uls},

2o Un) = Zizs={ul},

el Un)=Zp={ul(N v 01},

zea( U= Z1e @ Zoe={ubs(D} D {ulso Vig}e

Note that

(7.8) ut(D =2yl for some odd integer z. (c.f. Prop. (6.9)(1))
ProPOSITION (7.4): The following relations hold:
( 1 ) (r)lzg o /137—”—‘8)"3¢. ( 2 ) (e)IZs op3= % 16%23.
(3) 'lyoos=8ul; mod 16ul,. (4) @'hoen=awl3o03=0.
(5) (:)"1’3&/313::8%32(7). (6) u'{sovm:O, ugeoywz +2ui,.
(7) uL,oqm:O. (8) ulompo=ul(Noay.

Proor: (1) Note that «'la&{i'"% ', 1602} {24, 8%, 2612} = {45, 23(6) o s,
2ei2} = {<UT), ps, 2012}, Hence w'laoqs € {¢'3(7), s, 2012} 0913 = /3T o {25, 210, I
which consists of a single element /5(7)e 2 (by (1.2)(6)*)=8ut,(T)=8y"% (by Lemma.
(4.4)@3) and (7.3)), because '§(7)ordsons={'5(7) o550 prec1s} =0.

L 2, =Ly, 2, #). Hence {4, 2012, 712} also contains z.
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(2) 207> {ols 715 2ae 7 (by 21 ={8ui ), 204, B1s} (by (1) =={4o’}T)
o', 2014, 714} (by Lemma (4.4)(3)), which consists of a single element «'¥(7)c s (by
(1.2)(4)) =4uls(7) (by Prop. (4.8)(3))=382ui; (by Lemma (6.5) and Lemma (7.1)(1)), because
=s(Ux)e7i5=0. Hence 20'lsori3=82uls, so that wlyorly= +16ujs.

(8) wlioane {¥"% ', 1602} 0a13= —17% (3%, 16412, o120}, Which consists of a
single element, because #'"%orz3(Us)=0. Now pL{)'fs, 164, a1} € {11, 16252, 012,
which contains g5, Hence 7780 {y'f:, 16410, 012} =2ufy for some odd integer x (by
Lemma (6.10X3)), that is, w'lzcr13==8ul; mod 1625,

(4) In the same way as in (1), we can prove that «'ijo; and i3 513 belong
to {7 orh=0.

(5) o'lsopne{o’lsonu, 204, 801} (by (1.2)(4))={8uli(7), 2011, 8514}, which consists
of a single element 8u{:(7) (by Lemma (4.6)(1)), because 8zi=0 and =;;,(Us)=0.

(8) uis chis & m17(U7)=0. Next Uigovig € {770, 7"?:, 2uia} o= —1"% {T’?'z, 240,
vi5}, which consists of a single element, because '"%0xzg(Us)ovig={«'§(7)>apovis}
=0 (by Prop. (5.7)(3)). Now pi{r't:, 2v2 vis} {0, 2012, v15}, which contains &; (by
(1.2)(3)). Hence {r'%z, 2viz 115} contains uly or —wufy, that is, ulsovie=2uly(?)=
+2ul, (by Lemma (7.1)(2)).

(7) ahse 01955{777’6; 75 via}o 7/‘1927:'7’6" {r'le +ie s} =108 (' Ty 0 vig, vis, 718} =70
{u$(8)° 94, vis, 715}, Which consists of a single element because P00 (Ug) o=
{2ulsoni}=0. Now '"%s{uti(6)°7u, 15 s} =ut(Dorvis (by Lemma (5.12) of [1])=0
(by Prop. (4.8)(20)).

(8) whpenue& {8, 1'%, 2012} o hao=0"%0 {y'}, 2012, 710}, Which consists of a single
element, because 770 map(Us)ooo={8uloo720} =0. Now 2{y'%:, 2a1s, 71} = 1120 {2012,
oy 2eao} =1%o dr20he = 1'% 0 £120%20 = 2utu(B) e 7y (by Prop. (6.14)(6)). Since wa(Un)=
thzo(Ug)=Zo={uty(T)oa1s}, we conclude that ulpogro=ui(T) > o14.

=«(Us) (145k=<22) and their generators are obtained by the results of §11 of
[3], some of which are corrected in (6.1)~(6.3).

LEMMA (7.5): There are original generators of =(Us) (145 k=22), which are

listed below :

(1) ohe{i®7, 1, 160} such that pho'ts=160s.

(2) 7%e{t®, vl 1} such that Phr'ts=715 and 2r'%=uls(8).

(3) ube{i®, 1L, 201} such that piul=20; and Bul=xu%(8) for some odd
integer .

THEOREM (7.6): (2-primary components of) =(Us) (14=k=22) are listed be-
low:

71l U) =0 (n218).

flﬁ(Us)‘-‘Z::{w'?:.}.
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T16(Us) = Z 5= {7"?6}-
1l Up) = Zy={y%> 716}
216l Us)= Z1as® Zo={Poy" s} D 1'% CT/?S}-
719 Usy=Zy= {r'teorist,
zoo(Us) = Zyos= {u§0(8)},
2(Us) = Zo= {187 {5016},
wo(Usy= 2105 P Zy= {ugz} & {T'?a o P%e}-
While we are doing these calculations, we obtain the following relations:
ProrosiTioN (7.7):
(1) 4loy"ts+7%coyis=auls(8) for some odd integer xz*.
(2) 7%ovie=auly(8) for some odd integer z.
Now we shall add the relations as follows.
PROPOSITION (7.8):

( 1 ) (!)’?5 o '015 = 64}’,?5. ( 2 ) (r)l?5 OYin= i3218 a )’”‘;5.
(8) e =8ul mod 16us,. (4) BBo wts=20y%;.
(5) I8osd;=2ul; mod Bus,. (6) Beyisens=0mod 4uis(8).

Proor: (1) The proof is quite similar with that of Proposition (7.4)(1).

(2) The proof is quite similar with that of Proposition (7.4)(2).

(3) w'hoone{i®, v, 160} ca=—i870{;"l;, 164y, 014}, Wwhich consists of a
single element zui,(8) for some odd integer z (by (7.3), Lemma (4.6)(1)), because
'ifa?'77!xs(U7):0-

(4) Pu(lPow"t;)=825. Py Y0)==0. Hence 8o/ ty=20w"%.

(5) Bosle{lf9"*3, y",, 4oy} {4®7, v'],, 4014}, which contains 2ul. (by Lem-
ma (7.5)(3)), and is a coset of the subgroup #/87cxee(Us)+ mis(Us)odois={8ul)} +
{40} 00y5}=={8ul:} (by (3)). Hence, we have 80s%h=2us mod 8ul..

(6) Boy"lyoma=1%:8}y(4) (by Prop. (5.4)(4)) = i®8clc sy = i"5c 5051y = 0 mod
2ufs(8) =4uly(8) (by Prop. (6.14)(1)).

=(Un) (162k=22, n=9) and their generators are calculated by §11 of [3] as
follows:

LeMMA (7.9):

(1) «Le{d®s, 1%, 12806} such that phw'i-=12807.

(2) o Be{i"° ", 128us} such that pho'id=128e, where y'Js=1"3c<y",.

(3) Re{d"% 'Y, 715} such that pir'=7n, and 2r'8=ul(10).

(4) oHe{d10 318, 26600} such that plw's==256¢,.

THEOREM (7.10): (2-primary components of) =(U,) 155k <22, n=9) are listed
below:

{*) Actually we can see that =1 mod 16.
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(1) =me(Un)=Z={oH(n)} (n29),
me(Ua) =0 (n29),
m(Un)=Z={"t:(n)} (n29),
ms(Us)=Z1s={r"ts} (where y'ly=v8:13:7"),
Z:Q(Us):o
zopl Us)=Z1os={ulo(9)},
7(Us)=Z2={r"Is° 118},
72o(Us) = Zy2s={u3:(9)},
(2) ms(Un)=0 (nz10},
mi(Un)=Z={"l§(n)} (n210),
zoo(Uro)=Zase={r'18},
721(Use) = Zo={r'80 o 0},
722(Ure)=Zase D Zo={1007"3, }@{7"5307;’:2’0}.
(3) mo(Un)=0 (nz11),
ra(Un)=Z={e'ti(n)} (n211),
72(Un)=0 (n211).
PRrROPOSITION (7.11): The following relations hold:

(1) whon=64r"%. (2) @lyevn= +32ul(9).
(3) 2007 5+ Bonle=2ul(10) for some odd infeger x.

(4) D0ow=o'l. (5) /iori=12813.
(6) o1oup= £6411007"3,. (7)) oflona=12874.

Proofs of (1), (2), (6), (6) and (7) are quite similar with that of Proposition

(7.4)(1). Proofs of (3) and (4) are quite similar with those of Propos1tmn (7.8) (1)
and (4), respectively.

International Christian University

Table I Composmons (on =2, k=19) (2-primary components)

773—-211
Tn+3 |
B =2y,
_n | .y
T+ : 773‘33)4—-9 °77n.
s ! Yy °Uu-—0
7y E ”"‘20 , Eo"—2o‘ Ezo “209

7496 ’——moa =g omz——O Nood’ =g 07'132-'41)6, r1o0s=0 ot ert b,
/9"0‘10—59‘*’”9, 771;°0n+1—(7n°7/”n+7=€u+!)n (7L>10)
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Table I Continued

En®Tnes = YnCCu+t ('ﬂ>3)

:73
Rnsy ;
7/:,"115‘:!)},, Vn°7/‘n+3=7Yn°”n+1=!Ji (nz6).
pise; =8¢,
2ysoagsy=yso g’ = + B,
1o Veg" =0, Eveg =2E¢, 6" oviz=4(v5004), ¢ ovia= +2usoqy,
o evie=zy0019 for some odd integer x, vyegin= +2g.us4
o nrs=nofas1 (nz3).
7/36/%:2/1 By —-+z{5,
N : v oDy e300y1, Vuobe==ys08y =000 4.
Tniti :

’ #

€M=Y 2gg.
! YO0 s V598 OF Y50 Us.
: Vet mod EU,07/1053, 7?,“’1:;;“:0 (n25).
8[51‘, CA;JCUU, Cncﬁnﬂlxo (%%7)

/5'07 ol

b 7/40%'

I

PG Y g I
" R /144
T2

fl3ouse =y 075087, 900/19:8[’0. !u_]"ffll-

& 012133:().

voly= oy =0, ¢ ooz vsoLs mod UseDsouss, §5ouisEvsely mod vyeDsovyg,

13 H
Tra13 : ,
i }10"0’30. 011003011%)?3‘!"0'0)723,
i v o e : -
! 2x7=Drevt; mod 4o’ oo .
" ] 0 o330, Go73i=2[11s, viz] mod 8ut,.
Tne14 i
|
%

\.n"Um»uml)n"%nm (71'26); Vi© 50“*20' °CG13.

Ep“— ’()"’*"2‘0 E2 *‘2‘0, E" ‘"2pm-
Nn®kne1=2En (’7?»::6), Krepn=g’oby+Er, KnoYn+ts=En (N29).
i wh=0,
s veol) = Eo'ogy; or Eg'o5,,, vooll =gyoers OF 9°01, O ovag=0oys=0.
,

0 S VR .
g g Y=g o3y oy [ gy, 6] odyiovs =0,

571“’011#%2’0 (71:':3); gn,o(f'iuts::() (‘7’/:\1;6), G100 81172007 "-[(m, D‘I‘u].

paeptt = o oy =g 0’ 520, p"opa=geop” =4, popn=a ot
pon:
i Na® )yu1—»‘l)u"yl‘m-l.'x::ﬂzx°()‘n«b\)z(f:z°f‘u+7 (72@13).
oo ttn=0, ¢ ottiy=4L", thesar =000t +8[ti0, 0]
7!3”6 lf"i;u"SwEE:I

ayaftygt Mooass mod {oyesiweyest Bioveri}, 12° 013 =020y,

h10(771+3°v;'!”10::7}n°§n¢1 (n=_}:5), 010°U::12-’—(710°7,’17°81»;z0.
e e - .. s »
O NN+ 1s (n3).

s S wp o o
Eu= »n"y;“xa—)}“ﬂsn*_!:
R =0 (R26).
2 @n Mod 000ty (n218).
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Generators of 2-primary components of homotopy groups

Table 1 Continued

’

Ef'=FEYers:, pjos.=2%.

F13°@1e= 8l Dro Wit BWn aen=eh (R 14).

Z:’;annﬁgiﬁ mOd(}'n“rnc?O’!nu (nz18), E")"' oN33 = =0 mod 0’1797‘4‘?#“5,

yeor¥ =0 mod greonaofla, nisophEpt opadeh moda;s°7;zs°ﬂza.
L 07~r.:y50 ....0

EroUnsts=vnoknss (M2T)

LWt b 2 o PI—
Viobgoyis=e og = gz0ut, » YsoUsovin=2(us0k).
vso Eg o150, vse05==2us0ks or 0.

’1 Hzeg 25)‘} 3ol o0y3 mod 25'.
ot
/

n+~\—o (n” 6)

Macera=gaofty mod
Hsﬁ‘r:O mod 23’ , HaoDnie==Dy0

ta]of' =0,

EZ =28, ""'-Z;m, f'k =21, E2 2)., Efi=20%, vi=§, (n214),

-

25" =22"= F 10081z, 48" =40 =011o01s, 4EF =1650=0120010.
7]:;0!‘“1:[1:;"771”17 (n\;S)

E"’Tﬂor—‘gsﬂng:u"’gz;.

7," °T31“4E 4, m°7’.\u—4vm mod 4E%, 7;3"7"1;5;:4%":,
shonso=rzeet =453 mod 44;a.

9’°¢()’I,:E”'°P”=O, Vs"E‘O”EO mod 4’:5°Uu;, vccp'EO mod 2:(;"0‘17,
v10°013=0 mod 2g10°817.

OI".°V20§4:5°01<; mod vso&s, p” opgy = + 24003,

o over=g"oLu=alr00:s for some odd inter z,

() Oy EE “0‘9" 18 mod 4(}'30:1:,, p|3°v23:4/:.

J5°0ﬂ°515-—-95°05°:11r =0 mod Y508y

gogia=¢ opy3 =1 0E,.

4010°L17=2011°8 15 =g139820=0, ¢ oL =4Ls001, o ol13= +2L5001n.
#5750 By mod 244 0g 4.

yhofts =24, B =20,

B’ =2m40v30, veollsers=165,.

5”07/‘2,’:2”07/‘2_‘:);\1005,:7[},0’)2’:‘:6’ 7[}902,/:7"}”0511‘.‘; 0’ 7]110512-—5 071{: 1y
vienae=0, puovl=wurove, Aonuz=Ew’ mod &yorr,

przed=0mod {EE oya0} (8 {EA oy},

J(lﬂ(})orfﬂ::() mod 160a.

7,,"'< °V3xz77s5°v32=0, D12°7/ ‘=0 mOd {L‘J; 07/‘30}\ {EX “’7‘,’30};
visente= Ew’ mod Eisonat.

0" Bl =g =g o Bl=0, O ogu=E"oymy,

Ge020=E 120700 mod {EE o750} (B {IX o930}

Doolie= +80.

$son16°011= V50180017

eottyg=y o lgeqys.

[(6. 6] °0n 2(](, mod 4gs.

105
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13

1(0 1t

773

7 o

3
S1g

174

[OABT
T”;‘g

4

145
@ g

ds

8y3

Table II Original generators of n,,(Sp,l) (kSZZ)

f a‘~{ﬁ 7 0}

{""(2), , 4z}

@, ¥, i)

{r"‘(‘Z), 2¢’, 2tk

{773(2), v/, 0"}

42, 26, ik

{771, 8!10, 2010}3

{’"’(2). 2s ma}n
{’r’”(Z), 2¢’, e1shs

1782, 1%, 8u10}
{128, )’";‘)o. 4u10}

{2782, "%, 77x0°011} | oo | | 7120012 (mod 2um)

{2743, T T4y 32014}
{1743, "4, v}
{7»"‘ 3 7‘ e 40‘14}

{?,"5 5y ‘3, 128(15}
{2754, 9" 2018}

Kunio OcucHi

(2-primary components)

Pra l* «
T'i’
-4ty 2w’}
Cur
24’ w'ted’
dogls - unonutdyioas
.
o7
| 0700 | uleooss (mod 8utieay)
P, A ‘
g °&14 U14°€14
o7 U ul, (mod 2y foks)
8!11 (U’?;
Y sty (6)+ 5 Taonly

da

’ r3
47" o=@ Four

- 281i=w"ied,

43142‘*"”1(2)"#
28,5=0
=w ~°C7, 8335 0

2821“&4“0‘14

4313

4s =gt p”,
8sp=r;"(2) w

27" Fe==514(8)

for ‘some odd mteger 4 |

:2(015

40',5  2u.5 (mod 8ul,)
128:’19 L w'll
2ug

| 283,=0

8y s=2w }(d)oan
! for ‘some odd mteger G

4303— +sn(4)

= s(5)
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Table III Compositions (on x,{(Sp,) (k<22)) (2-primary components)
& f;’;oa - 7;730;; ‘HAA ® ?;oa f 7 een w"{aoa
p 0 B i) @ty 3 0
- % W RN 0 647
e - ‘
¢ - ‘ 62) ‘ :_*:33163) +8si; ;
Py @s o o :
50 s 0 @oais
o S Qetteae | ARl ,
Lo mod z” (2)°m°s; ; 7_*4“1“ { e E
¢ oase P 4@ L@ G|
mod =4(2)o ¥ o0ue oy 128y |
L D) 2" hovo=r"}@)ec’
L meATE 2; Troow = ss3).
|| sk
};‘ shoa B ‘sgbaa sfs;;xr ” siioa | Shea
P o AR tao0rs Shoeas
mod& 3(2)07*305; - mod 2¢74(2)ept’ |
gy przye, - - 26,3
b A% heae 0 E -
| ‘ mod 7°}2)o 5014 |

g 2s%
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Table IV Original generators of m(Un) (k<22) (2-pnmary components)

n . oa ; ac,{%’ 7, 0} : p;a da
1 7' ; ; ‘o
2 r's - e
o {r 4(‘3), 7 2n} 2
I O B =K
3 u?z ‘ {0, 4”5, Va} o 72;1143:?' 3(3) .uzsr o
D u<3), 70 wm} Cwede | 2ui=0
wly {u‘m, 2t10, 84)‘10}1 | wsomeefhy 2um 0
A u%; - {udy, A, doz}s -V | Zum:r’ﬁ B)ofl,
off |1, ) 2 B -
P, @, b | g =i, ’
4 1w 1 1 a 2uu—-w ca, 8u“-—g 2 @Yot
uly {r'é,r Qza. Eo}; #% ] 2um:w :.(4) C5
uls ( {u“, 814, 2014}5 ‘ o’ “ Zuﬂ —sp 8u“ 3(4) /1
t W’y } i v 8es} ‘ 8ty 7
Lo {254, 5 4ua} [ 4pq L 2ub=ub(B)
5 ah | L downe} | doews | 2uh=0.
! {un(5), 4V14, 17}1 ‘
Euga : {?612, 2»0‘;2. 8!1@}3 { 48, \ 2l =t udo(5)
o' ; 4{& .3, %, Szw}‘*’ - ’ 811 S -
B T R XA NS S 2= ul6)
6 : s | {2808, ',"";'u. da10} 4ot 21(»67‘ @w'Siean, 4um:= +19:534(3)
uly : {)’('1‘2, vis, 2018} i &1t ‘ zuxx“um(ﬁ)
7 ug;; 7 {r'?g, 2018, 8210} jam ‘ 22@0—1!..0(6) mod “”((3)0/1
T R L N T S T
e L el e | di=te Lo A
Wi ' {8778, y'%, via} Iy )u.g-um(’?)
o h ] . , v

o ( {ims, 7'l 2012} 2013 ; 8umz —ugg(’f) mod T 3(7)o
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Generators of 2-primary components of homolopy groups

gy
[

30 T'?@:'i’s'%l‘c’?‘ 5, 7

2)'”:«3 = 2ig(8)

109

Buly = rui(8) for some odd integer x.

Table 1V Continued
01':{,3, g a3 Pea - V<k1a
{57, s, 16/;4} - 16115
L T g
{1 7, 7 i 2014} 2013
g, 4 7%, 12801} 1280
{109, 3%, 12806} 1280
{1'“’ A 7‘18} A L2y
] 256/«0} N256£21

{l’“ 10

~ 9 r4
w7 1871 98°ZB°}" 18«

’)‘:;i‘i?lm(l())

Table V Cemposmons (on me(Un) (kS 22)) (2 prnnary components)

°C(

‘ »’2(3)02)

7'5(8)ec’

- T3(3)ept

’”

T (3)°ﬂ

2
21‘08;8

:
|
!
H
|
!
{

2u,2

7’8 °0‘s°vm mOd ?/«u"o‘u

\;"(X

4@’5-*0&%7“?

—2u},

4o llegly

0

—2uj,

@ 11”(1

4?;( 13(65 )

o x2uly

8uly

= 4“;2(6) "

*) 2w'ieve=—ul(5).

[ ia"a

8ullT)

+16ul,

8ul, mod 16ui,

0
0

Buls(7)
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Table V. Continued

]

utsenioctyioes - y'sovamod ui(4)

dltosty - ulu(4)

tud(4) oo mod ule(d)ovrs
wiy(4)ou1e mod 2ul{d)ega

Uleogra-tutiobu mod {z'Hd)opt'}

B2y fors}

ulgoa
0

0

|

0

ulyoa

u}u(6)

O mod 2ut(B)eos + 0

: uii($)ovl +ul(@)ogiot+duliovy 2ui,(6)o01e

i
i
i

u?lo(; | ulo i
e 0
: w 2(1)’5%0!)50(}3
} ui‘uﬂ;m |
S0 0 5
0 0 |

0

0

woa umoa
)’I?:"ilz i i 1:““1“

mod 2utioas

10

L w'hea Co'hea o'l
647 647" 1287’"’
3208 +32ul,(9) : i64l“’°7"i’g
¢ 8ul, mod 16ul, 7 N '
7iea 7 hea Tm"a‘
| udo(4) 441ty wh(B)+albey
Hul(4) Ui (B)o s : zum(S)(*)
! 27

’H
W e

128774

| r’%g"a

s
yula(8)+4zso /":si muz)ﬂO)““?lmey

@ 2,9,z and m are some odd integers.

@ hovsoxs

'ILI()"(E

+uls(7)

i ulea 263(}90!
0 0
i 0 ‘

LY 1 wleoq

0 uu(l)"ma
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Table V Continued

L« ulsonr ‘ Boy"lyoa C ulea ulvear U
77;: 7 W)”fg%us mod {ugx(fl)%?x} ‘3(4)053 2%'"57"05‘;’7'”?{\“‘!11@ Y BuldB)eon
 2{ub@)oa0}
y - 0 0
vyg’ ‘ 0 mod 27’§oxs ’ uio(4) JFT’: ;58

mod ufoni,

o ’ Tuiovrt P0
o won
v B BB
XS +dutoon | ™ g is an odd integer.

The corrigenda of the previous paper [3]

Page Line Instead of Read
51 23 (Ah AZa A3) (A?.’ A3y A4)
63 24 Zins6(SPas1) Zanro(SPns1)/ Zs
67 22-23 See (6.1) of this paper
69 3 73l ov,. s Xy Bt soven, s fOr some odd integer x.
Page 69, Line 9—Page 70, Line 11 See the first paragraph of §6 of this
paper
70 24-27 See (3.2)(5) and (3.2)(6) of this paper
72 4 7% 7o
72 6 2uls —2ui,
75 26 +2r +2r34(6)
76 24 +47%, mod 47
76 31 Ebow'd I8 o '}
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