On the Functional Equation of the Generalized L-Function.
By Tsuneo TAMAGAWA.

A. Weil 75] has generalizesd Artin’s L-functions o as to include Hecke's I-

functions

‘mit Grassencharackteren”,  He indicates that we have only to follow
Artin [17 to develop the whole theory of these functions. In following this indica-
tion, we have established in a previous paper {3] the theory of conductors. In the
present paper, we shall give an explicit form of functionad equations for these fune-
tions and determiine in particular the /™-factors appearing in the funclional cquations.
The situation is in fact quite parallel to Artin's case inthe whole, but in detail we

have to proceed more carefully especially in case where infiite primes are ramificd,

§ 1. Remarks on Hecke’s L-function.

Let L be a finite algebraic number field with degree 2, and P+ -+ -, N the
infinite primes of L of which pg.----, Voo ATC real and Voor41 7777y Pooyr s, O
complex (¢ + 2rs=n). We denote the idele group and idéle elass group of I with J,
and Cy respectively. The topology of J, is introduced as usual, then the principal idele
group P of L is a diserete subgroup of J;, anl J, and Cy are loeally compaet abelian
groups.  Let ¥ be a character of Cf, them v may be considered as a chavacter of Jy
such that x (%) =1. Let m be an integral ideal of L, and U, the group of ail
unit idels of £ such that w= 1 mod. m and whose components at the infinite primes
are all equal to 1. Then we have x ({/w,) =1 for a suitable m in virtue of the
continuity of ¥. The g, e. m1. 5 of all sueh nt s ealled the conductor of x. We de-
fine the function L (s, x) as follows. Tt J7 be the group of all idéles of 1 whose
components at the infinite primnes and the finite primes contained in fr are all egual
to1l. To each J' 3a corresponds an ideal == [T1'p"v® where IT means the products
for all finite primes and vy (a) the porder ‘(’)f a.  The m?xpping a->a maps.J’
homomorphically on the group G’ of all ideals of & which are prime to §f,.  The
value x(a) depends only on the ideal &, and we have a character % of 67 in putting
x(a)=2x{a), This character coincides essentinlly with Ilecke's ¢ Grissenchurakter
mit Fihrer 1, .
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where 5 is o complex variable and N(@) denotes the norm of the ideal . The
function L{s, %) is extended analytieally to the whole s-plane, and if x is not trivial
on the compaet component” of (7, then this function is integral.  To giving the
explicit form of the fuuctional equation of (s, x ), we must define several notations,
Let J., be the group of all idéles of L whose conponents at the finite primes are all
equal to 1, The element 1 of J,, can be identified naturally with the veetor (ey,- -,
Ueiy Gy a1y 0705 () i4,.2) whose components are all =0 where oy - - - "0y are real anvl

Uit "5t U, (;nn‘xplcx numbers,  Then we have
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where 4, (1 =<7 <y 40,) are all veal and ¢; are all rational integers such thate; = 0
or I for 1=Cj=<Cy, The gystem (e, -, Croar,s 2y o, 2,1,,,2) is unigquely
determiined by x. Put
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where Jis the absolute value of the diseriminant of & Then we have the func-
tional equation of L(s, ¥) of the following form®*
S )= W81 =5, 20, | Wx)f=1
where $(s, v AV (s O (s ), amd ) s a certain constant which de-

pens ou the character v,

% 2. The definition of decomposition groups of infinite
primes in the group /K, i
Let. A0 be o finite normal extension of ' with the Galois group g, and G, the
group attached to the paiv A L oas defined by A Wil [5]. Let Ay be the maxi-
mally abelian extension of K and « an archimedian valnation of A, The infinite
primes of K and £ which are indueed by « on A and /- are denoted with P, and p,
respectively, 1 both P and p, ave real or complex, then the decomposition group
(&) in Gy iz defined as the natural map 77(P,.) in C, of the multiplicative
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group of non-zero elements of the completion of A with respact to Puo  Assume
that P is complex and p,, real.  Then there exists a uniquely deteremined ato-
morphisms of Ay over L with the order 2 which leaves invariant «,  We denote
this automorphizm with s, & induces the automorphisms o of A over & which
belongs to the decomposition group of Y, in g, Let ¢ be the idéle of £ whos: com-
ponent ab P is cqual to — 1 and all other components ave equal to 1, anl 7 the idele
clags of ¢, It can easily be proved that the automoerphism of the maximally abelian
extension o1, of I indueed by s, coinsides with 4" where o7 i3 the automworphism of
Ay defined naturally by . Hence we can take a ropresentative s, of sy in G such
that v =v. We put then JLG) =180 7= TR and call this group in this case
a deeomposition group of & i Gy 18 H{(x), H.(&)" ave any two decomposition
groups of & in G g, then there exists an eloment J of the connected compoment [,
of 1 of Cpsuch that (k) =d " IL{x)d.  The following propertios of IL.(x) can
ensily be proved from this definition.

1. If ¢ is an arbitrary automorphiznt of sle over L and ¢ i3 4 representadive of
¢ in G, then 7 L&)t is a decomposition group of a7 in Gy

9. 1f 1 is an intermediate field Detween A and L, then the group 107(x) =
H.(#) ~G 1o is 2 decompesition group of x in Gy g

3. I I is a finite normal extension of I+ containing K, and ¢ an extension of
© to the maximally abelinn extension of I\:, then the natural map of o decomposition

group of # in G, into the group G, is a decomposition group of « in Gy

§ 3. [I'-facter of a character of I;(«).

In the following, we shall have to consider the charvacters of JL(x) and Gy
but all the characters, with which we have to deal, ave solely those of unitary repre-
senfations. 8o if we speak of characters of these groups, it should be always uncler-
stood, that we mean by this term those of unitary representa fons,

Let v be an irreducible charneter of H.(x).  We shil define the ['fuctor of x
as follows.  \We distinguish two cases,

Case I P tid Poo are bolhy real or complex.  First, let po, Lo he real, then
we denote with ¢ the natural isomorphism of the multiplicative group 5 of all real
numbers = 0 into the group F'(Ps) = [.(«).

If secondaly p., and P are complex, then we denote with ¢ the natural isomor-

phism of the multiplicative group C* of all complex numbers =0 onto the group
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OB = H.(x). b x e e=x. Since ¥ isirredubible, the degree of ¥ is equal

o, 1 and there exists 2 real mamber 2 und a rational integer ¢Z>0 such that

i@m a)flalr=t P.: real,
):{(11):4/ ke -
- ) [al*"=")  p.: complex

where ¢ =0 or 1 if p., is real. The values of 2 anl ¢ (resp. ==¢) are determind uni-
quely by x. We shiall eall the system (o, 4) the ezponent system of x, and ¢ the
fivst eaponend of . Put L
\ 2

e+ —1
12“'11(5 +- r“) ,  Du: complex .

, Do Teal,

We shall eall this the I'-factor of x.

Case 11, p, is real and Py, is complex,  Let £ be a group extension of C* by

a group of order 2 such that
H=C*""30% ) $=—1, s 'as=a (aeC*).
Then we have a natural isomorphism ¢ of I onto H,(«) naturally and s onto ;.
Let £ be the transer of £]into C¥, then ¢ maps I onto R* < C*,C* 3.a onto N(a) =
Tal* and s onto —1,  Tet ¢ be the natural isomorphism of R* onto V(p.)<Ci
and vy the natural homomorphism of G, onto ¢ Then we have
Ypn b= ot (%)

on the group J1 This rentrk will be used Iater,

Let v be anirreducible eharvacter of F (k) aud put ¥ =x -«  Since (J1:C*)

2 and % s abelien, the degree of v isequal to 1 or 2,

I the degree of x is =1, we shall eall ¥ a character of the first kind,  In this
case, we have ¥ (57 'a) = x (@) == (u) for all @€ CF, hence there exists a uniquely
determined chwracter 9 of I sueh that 5 - t=xy. Since 5 is irreducible, we have a
system (e, 4) (v==0 or 1) as iu the eage I, We shall call (¢, 4) the exponent systcin
of A, and ¢ the first caponent of x.

Next, we consider an irreducible character k¢ of degree 2. Such a character will
be ealled o character of the second kind,  Then we sce by the well-known result of
Clifora® that v is induced by an irreducible character 5 of C* such that 9(a)>y(a)

for a some « € C*. Henee we have o system (e, 2) such that

5. T4 pp. 159-163.
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as in the case I, where ¢ is >0.  We shall eall (¢, 1) the ceponeit systen of v and
¢ the first ceponent of x.

,/ s+( +/I/~])

I'(s, x, x; KikE) :J
G %, ¢ «}-/'[/ -1y o
{') A ( e S — ; , v is of the second kind,

, iy is of the first kind,

We shall call this the ['-factor of x.
Thus we have defined the /™factor of an irreducible character v, If a character
x of 11.(x) is not irreducible, then we decompose y into irreducible parts Ny "m0,

x: and obtain ¥ =1y, + - - - - + Xe  We put then

I'(sy x, x5 KIED :‘I{}'l’(s, xi, w5 Kk,
and call I'(s, x, &5 K/k) the I'factor of x foi k with vespeet to Kjk, The I'-factor
has the following properties.

i) Tet x, x’ be characters of [1.(«), then we have

(s, x+X', 05 Kik)=ICs, x, x; Ki1) I'(s, x" ; KJk)
i) Let " and 117 («) have the meaning given in 2. of § 2. Let further ¥ be
a character of I (), and x, the character of f1. («) induced by 4, then we have
'Csy Xy w5 KIE)=1"Cs; \ry w5 KJI)
i)  Let K and 11.() have the meaning given in 3. of € 2, We may regard
x as a character of H, (&), then we have
I'(sy %y 05 KIEY=1Cs, %, w5 KJI.

The property i) is obvious from the definition.

Proof of ii). Tet q., be the infinite prime of 2/ induced by x. Obviously, we
may consider only the following case; P is real and q. complex and r irredu-
cible, 1f the first exponent of ¥ is >0, then x., is an irreducible character of 11, («)
of the 2-nd kind, and we have our assertion by the definition of the ['-factor.  Ase

sume that the exponent system of ¥ is (0, ). Then we have

(Lo |p= 0 .
Ma)y= (\ (ac C*)

0 La [r=1

0 Y(—=1)\ [0 1
1 0 1 0

and
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where M is the represoutation of £ which corresponds to the charader %, of 11
Sinee the cigen-value of M(s) are 21, x. is decomposed into two irreducible cha-

racters y, ¥ of the first kind whose exponent svstems are equal to (0, 2/2) and

(1, 4/2) respectively. Then we have
sV =172 \/ {s+1 40/ —172 )

124 ')

O i — 12 =1 (s ke KR

1'(sy %, 53 I\//)f‘/

q. e d,

Proof of iin) et 4 be the infinite prime of A indneed by w1 SR and ‘E”
ave both real or coniplex, then the natural homomorphism of 11, () onto f1.(«)
is an isomorphism, hence our aszertion is obvious from the definition of the [M-factor,
Assume that 88, is real and ,L\ complex,  We have only to emsider the ease when
x is irreshucible. Then s a churncter of the first kind of 1L(x), and we have our

as-ertion by the remark (#) and the definition of the ['-factor,

& 4. Functional equation of the function 7.(s, v: K/i).

Let oy De o character of Gy then we can atlach a function L(s, x5 N/E) of a
comiplex variable to v alter A Weilt,  We shall define the 1 <factor of the function
L(sy x; Wi as follows. Tt po he an infinite prime of 7 oand & an archimedinn
valuation of Ay which induees py, in 2. We may regard x ss o character of 17, («).

Put
'Csy xy Py WIEY=1'(sy x, 05 KE)

I'Cey vy vy WL depends nnl,\' oy and pooin victue of e property 1, ol § 2, Tt
witl be called the -factor of x al po, with vespeet to Wik (s, x, vy NE) has
the follow ng propertics.

I 1y, ¥ e ehiavacters of Gy then we have

DGy Xt vas KDY == 1Csy x wes NIDCsy X5 pas 71

200 T e is o chavacter of Gy g oand xe the curacter of Gp o induced by 4,

then we have
PGy X bos K =TTLC ¥, s K7D

WHOTE Qe ) Qawyg ave all the infinite primes of 27 such thit ge,r | Pa

3. Gy Xy ps KIE) = 1'Cy ¥, va; KT

The properties 1, and 3 are readily proved by 1) and i) of § 3. To prove 2.,

L5 sl
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we use the following general theorem on induced characters.

Theorem. Let G be a group, &’ a subgroup of G with a finite index, and H an
arbitrary subgroup of G; let ¥ be a character of a unitary representation of 7 and
X. the character of G induced by ¥. Decompose G by ' and I as follows

. GC=C't""H+ - - + G, ]
and put H,=t,""Ht, and H =H, G . Let ¥, be the charucter of H obtained Iy
the restriction of the domain of definition of ¥ to f{, and x,, the character of £/,
induced by 4. Then we have
X‘,,(h)zx\.{l({{lhh)-%‘ R +Xq«q(")_]hfg)

on H.
Put G=Gg,, G =6y and H=H.(«). Then the infinite primes qe,;- - - -
Qeogs Of & induced by &% -« - - ave all the different primes of &’ such that ey | p...

Hence we have

1'Gsy Xy Pmi B =TI G, Xy ¥ 1‘f/f=>:1“yf,l (s, ¥, £ KJk)

= }T‘I"(s. W, Qugts W)

in virtue of ii) of § 3.
Thus we can defire the '-factor of L(s, x; K/k) as follows,
Put
I'Cs, x5 KiE)Y=TII'Cs, x, ve; K/ .

boo

(The product is extended over all the infinife primes of £.)

Then we have the following properties of '(s, x; K/E).

L I'(s,x+x'5 KI)=IC, x5 KOs, x5 K

2 I'(s, x4 Kix)=0ICs, ¥; Kik),

8. I'(s, x; KIRY=I(s, x; Kik) .
Moreover, if K=Fk and x is irreducible, then 1'(s, x; k/k)=1"(s, x) is the [ -factor
of Hecke’s L-function L(s, x) .

Now, let §(x; K/k) be the conductor of x and put

XD
Alx; K= (—f) N(ilx; K/R)

and
£(s, x; KIk)={A(x; K/ I'(s x5 KL s, x5 K/k) .
Then the function £(s, x; K/E) satisfies the following cquations in virtue of the
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known propertics of L(s, x5 Kik) and §(x; K[k,
1. &8s, x+x"; Kil)=£8(s, x; K&, x5 Kik),
2 E(s,xy; KIE)=8(s,; Klb),
3. &(s, x; KIE)=8Cs, x; KIE) .
If K=1I and y is irreducible, then the function L(s, x; K/E)= L(s, x) is Hecke's
J-funetion, so we have as remarked in §1, the following functional equation of
L{s, ¥):
85, 3= WO )E(1 ~s X |
In general cases, x i9 o sum with integral coeflicients of the characters induced
Ly characters of degree 1 of Cg.where K's are intermediate fields between I and A .
So we obtain in the same way as Artin, the following functional equation
E(s, x; KIE)=W(x)E(1—¢, x; Kik) .

Tokyo University.
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