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Toric Resolution of Singularities in a Certain Class
of C*° Functions and Asymptotic Analysis
of Oscillatory Integrals

By Joe KAMIMOTO and Toshihiro NOSE

Abstract. In aseminal work of A. N. Varchenko, the behavior at
infinity of oscillatory integrals with real analytic phase is precisely in-
vestigated by using the theory of toric varieties based on the geometry
of the Newton polyhedron of the phase. The purpose of this paper is
to generalize his results to the case that the phase is contained in a cer-
tain class of C'*° functions. The key in our analysis is a toric resolution
of singularities in the above class of C*° functions. The properties of
poles of local zeta functions, which are closely related to the behavior
of oscillatory integrals, are also studied under the associated situation.
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In this paper, we investigate the asymptotic behavior of oscillatory in-

tegrals, that is, integrals of the form

(11) I9) = [ e @pla)da,
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for large values of the real parameter ¢, where f and ¢ are real-valued C'*°
smooth functions defined near the origin and the support of ¢ is contained
in a small neighborhood of the origin in R™. Here f and ¢ are called the
phase and the amplitude, respectively.

By the principle of stationary phase, the main contribution in the be-
havior of the integral (1.1) as t — 400 is given by the local properties of the
phase on neighborhoods of its critical points. When the phase has a non-
degenerate critical point, i.e., the n x n matrix V2f is invertible, the Morse
lemma implies that there exists a coordinate where f is locally expressed
as 3 4+ -+ + xi — x%_H — -+ — 22 with some k. This fact easily gives the
asymptotic expansion of I(t;¢) through the computation of Fresnel inte-
grals. On the other hand, the situation at degenerate critical points is quite
different. There are very few cases that direct computations are available
for the analysis of I(¢;) by using a smooth change of coordinates only.
Up to now, there have been many studies about the degenerate case, which
develop more intrinsic and ingenious methods to see the behavior of I(¢; )
(see [41], [37], [38], [34], [12], [35], [7], [14], [15], [16], [17], [22], [23], [24], [5],
[4], [32], etc.). Analogous studies about oscillatory integral operators are
seen in [38], [33], [36], [19], [13], [18], etc.

The following classical results need the hypothesis of the real analyticity
of the phase. By using Hironaka’s resolution of singularities, it is known
(c.f. [26], [30]) that I(t;¢) admits an asymptotic expansion (see (3.1) in
Section 3). More precisely, Varchenko [41] investigates the leading term
of this asymptotic expansion by using the theory of toric varieties based
on the geometry of the Newton polyhedron of the phase under a certain
nondegeneracy condition on the phase (see Theorem 3.1 in Section 3). Since
his study, the investigation of the behavior of oscillatory integrals has been
more closely linked with the theory of singularities. Refer to the excellent
exposition [2] for studies in this direction. The investigation under the
nondegeneracy hypothesis has been developed in [8], [9], [6], [7].

In the same paper [41], Varchenko investigates the two-dimensional case
in more detail. When the phase is real analytic, he proves the existence of
a good coordinate system, which is called an adapted coordinate, and gives
analogous results without the nondegeneracy hypothesis by using this coor-
dinate. His proof is based on a two-dimensional resolution of singularities
result. Notice that the adapted coordinate may not exist in dimensions
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higher than two. Later, his two-dimensional results have been improved in
[34], [12], [35], [15], [22], [23], [24], which are inspired by the work of Phong
and Stein in their seminal paper [33].

In higher dimensions, recent interesting studies [14], [16], [17], [5] also
emphasize the importance of the relationship between behavior of oscilla-
tory integrals and resolution of singularities for the phase. Observing these
studies and the two-dimensional works mentioned above, we see that ex-
plicit and elementary approaches to the resolution of singularities are useful
for quantitative investigation of the decay rate of oscillatory integrals.

In this paper, we generalize the above results of Varchenko [41], under
the same nondegeneracy hypothesis, to the case that the phase is contained
in a certain class of C'*° functions including real analytic functions. This
class is denoted by £ (U), where U is an open neighborhood of the origin in
R™. Under the nondegeneracy condition, we construct a toric resolution of
singularities in the class £(U). Using this resolution, we show that I(t; )
has an asymptotic expansion of the same form as in the real analytic phase
case and succeed to generalize the above results of Varchenko. Moreover,
we give an explicit formula of the coefficient of the leading term of the above
asymptotic expansion.

Let us explain the properties of the class & (U) in more detail. In the
above earlier many investigations, the function y-part, which corresponds to
each face v of the Newton polyhedron of the phase, plays an important role.
By using summation, the y-part is simply defined as a function for every face
~ in the real analytic case. From the viewpoint of this definition, the ~-part
is considered as a formal power series when v is noncompact and the phase
is only smooth. This y-part may not become a function, so it is not useful
for our analysis. From convex geometrical points of view (c.f. [42]), we give
another definition of the vy-part, which always becomes a function defined
near the origin (see Section 2.3). This definition is a natural generalization
of that in the real analytic case. We remark that not all smooth functions
admit the ~v-part for every face v of their Newton polyhedra in our sense.
The class £(U) is defined to be the set of C*° functions admitting the ~-
part for every face v of its Newton polyhedron (see Section 2.4). Many
kinds of C*° functions are contained in this class. In particular, it contains
the Denjoy-Carleman quasianalytic classes, which are interesting classes of
C* functions and have been studied from various points of view (c.f. [3],
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[39]). The most important property of the class £(U) is that its element
is generated by finite monomials whose powers are contained in its Newton
polyhedron. This property plays a crucial role in the construction of a toric
resolution of singularities in the class &(U).

There have been many attempts to understand the behavior of oscilla-
tory integrals with smooth phases. Explicit asymptotic expansions of I(t; )
are computed in the case of one-dimensional nonflat phases (see the mono-
graph [38]) and in the case of finite line type convex phases (see [37]).
In the two-dimensional case, strong results are also obtained by using an
adapted coordinate, which exists even in the smooth case, in [15], [22], [23],
[24]. (As for analogous studies about oscillatory integral operators, the one-
dimensional case has been completely understood when the phase is nonflat
in [36], [13].) On the other hand, a simple example given by Iosevich and
Sawyer [25] in two dimensions shows that some kind of restriction like the
class £ (U) is necessary to generalize the results of Varchenko directly (see
Section 11.4). The smooth case is difficult to deal with because analytical
information of functions around critical points does not always appear in
the geometry of their Newton polyhedra.

It is known (see, for instance, [21], [2] and Section 10.1 in this paper) that
the asymptotic analysis of the oscillatory integral (1.1) can be reduced to an
investigation of the poles of the functions Z4 (s; ) (see (9.1) in Section 9),
which are similar to the local zeta function

Zsi0) = [ 1@ eays

where f, ¢ are asin (1.1) and f vanishes at a critical point. The substantial
analysis in this paper is to investigate the properties of poles of the local zeta
function Z(s;¢) and the above functions Z4 (s; ) by using the geometrical
properties of the Newton polyhedron of the function f. We also give new
results relating to the poles of these functions.

This paper is organized as follows. In Section 2, after explaining some
important notions in convex geometry, we give the definition of Newton
polyhedra and explain related important words in our analysis. Moreover,
after generalizing the concept of the y-part, we introduce the classes E[P](U)
and £(U) of C* functions. In Section 3, we state main results relating to
oscillatory integrals. Some parts of the results are new even when the phase
is real analytic. In Section 4, we consider elementary convex geometrical
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properties of polyhedra, which are useful in this paper. In Section 5, basic
properties of the generalized ~-part are investigated. In Section 6, more
detailed properties of the class £ (U) are investigated, which play important
roles in the resolution of singularities. In Section 7, we overview the method
to construct toric varieties from a given polyhedron. In Section 8, we con-
struct a resolution of singularities in the class & (U) under the nondegeneracy
condition in [41]. In Section 9, we investigate the properties of poles of the
local zeta function Z(s;¢) and the functions Z1 (s;¢) by using the resolu-
tion of singularities constructed in Section 8. In Section 10, we give proofs
of theorems on the behavior of oscillatory integrals stated in Section 3. Fur-
thermore, we give explicit formulae for the leading term of the asymptotic
expansion of I(¢; ). In Section 11, we give concrete computations for some
examples, which are not directly covered in earlier investigations.

Some of the results in this paper have been announced in [28].

Notation and Symbols.

(i) We denote by Z4,Q4+,Ry the subsets consisting of all nonnegative
numbers in Z, Q, R, respectively.

(i) We use the multi-index as follows. For = = (x1,...,2,),y =
(Y1, yn) €R", a = (a1,... ,ay) € 27, define

2| = Vi]z1? + -+ a2, (2,y) = 21y + o+ 2,
a\™" o\
o, = (L) ()
(@) =a1+ - +ap, al=aoa!--a,) (0=11=1).
(iii) For A, B C R" and ¢ € R, we set
A+B={a+beR":acAandbe B}, c-A={cacR":ac A}
(iv) For a finite set A, #A means the cardinality of A.

(v) For a nonnegative real number r and a subset I in {1,...,n}, the
map 17 : R" — R" is defined by

for j € I,
(1.2) (21, ,2n) =T7(21,... ,zy) with zj:= {r orJ ]
x; otherwise.
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We define Ty := T?. For a set A in R™, the image of A by 77 is denoted
by T7(A). When A = R" or Z', its image is expressed as

(1.3) Ti(A)={x € A:2;=0for j € I}.

(vi) For a C* function f, we denote by Supp(f) the support of f, i.e.,
Supp(f)={z € R": f(z) # 0}.

(vii) For z € R, a > 0, the value of e~ /1?1 at the origin is defined by 0.
Then e~ /1#I* is a C> function defined on R.

2. Newton Polyhedra and the Classes £[P)(U) and E(U)

2.1. Polyhedra

Let us explain fundamental notions in the theory of convex polyhedra,
which are necessary for our study. Refer to [42] for general theory of convex
polyhedra.

For (a,l) € R" xR, let H(a,l) and H" (a,l) be a hyperplane and a closed
halfspace in R™ defined by

H(a,l) :={z € R" : (a,z) =},

(2.1) H'(a,l) := {z e R": (a,x) > 1},

respectively. A (convex rational) polyhedron is an intersection of closed
halfspaces: a set P C R" presented in the form P = ﬂ;vzl H* (a7, l;) for
some al,... .V €Z"and ly,... Iy € Z.

Let P be a polyhedron in R™. A pair (a,l) € Z™ x Z is said to be valid
for P if P is contained in H"(a,l). A face of P is any set of the form
F = PN H(a,l), where (a,l) is valid for P. Since (0,0) is always valid, we
consider P itself as a trivial face of P; the other faces are called proper faces.
Conversely, it is easy to see that any face is a polyhedron. Considering the
valid pair (0, —1), we see that the empty set is always a face of P. Indeed,
H*(0,-1) = R", but H(0,—1) = (. The dimension of a face F is the
dimension of its affine hull of F' (i.e., the intersection of all affine flats that
contain F'), which is denoted by dim(F'). The faces of dimensions 0,1 and
dim(P) — 1 are called vertices, edges and facets, respectively. The boundary
of a polyhedron P, denoted by 0P, is the union of all proper faces of P. For
a face F', OF is similarly defined.
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2.2. Newton polyhedra
Let f be a real-valued C*° function defined on an open neighborhood of
the origin in R™. Denote by f(x) the Taylor series of f at the origin, i.e.,

0°f(0)

a!

(2.2) f(x) = Z cox® with ¢, =

agZl}
The Newton polyhedron of f is the integral polyhedron:
I (f) = the convex hull of the set (J{a + R} : ¢, # 0} in R

(i.e., the intersection of all convex sets which contain (J{a+ R : ¢y # 0}).
It is known (cf. [42]) that the Newton polyhedron I'; (f) is a polyhedron.
The union of the compact faces of the Newton polyhedron I'y (f) is called
the Newton diagram T'(f) of f, while the boundary of I';.(f) is denoted by
I+ (f). The principal part of f is defined by f.(z) = Eaer(f)mzi CoZ®.
Note that T+ (f) = T (f«)-

A C® function f is said to be convenient if the Newton polyhedron
I (f) intersects all the coordinate axes.

We assume that f is nonflat, i.e., T1(f) # 0. Let g« be the point at
which the line a; = - -+ = «a,, in R" intersects the boundary of I'; (f). The
coordinate of g, is called the Newton distance of I' (f), which is denoted by
d(f),i.e, g = (d(f),...,d(f)). The face whose relative interior contains g,
is called the principal face of I'y (f), which is denoted by 7. The codimen-
sion of 7, is called the Newton multiplicity of T (f), which is denoted by
m(f). Here, when ¢, is a vertex of I' (f), 7« is the point ¢, and m(f) = n.

2.3. The ~v-part

Let f be a real-valued C'*° function defined on an open neighborhood
V' of the origin in R™ with the Taylor series (2.2), P C R’} a nonempty
polyhedron containing I'; (f) and v a face of P. Note that this polyhedron
P satisfies the condition P + R’} C P, which will be shown in Lemma 4.1,
below. We say that f admits the y-part on an open neighborhood U C V
of the origin if for any € U the limit:

g g
(2.3) Ji £ 71 ok Tn)
t—0 t
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exists for all valid pairs (a,l) = (a1,... ,an,1) € ZT} x Z4 defining 7 (i.e.,
H(a,l) N P = ~). Proposition 5.2 (iii), below, implies that when f admits
the ~-part, the above limits take the same value for any (a,l), which is
denoted by fy(x). We consider f, as the function on U, which is called the
~v-part of f on U.

REMARK 2.1. We give many remarks on the v-part. Some of them are
not trivial and they will be shown later.

(i) The readers might feel that “all” is too strict in the above definition
of the admission of the y-part. Actually, even if “all” is replaced by
“some” in the definition, this exchange does not affect the analysis in
this paper. This subtle issue will be discussed in Section 6.4.

(ii) If f admits the y-part f, on U, then f, has the quasihomogeneous
property:

(2.4) fry (M, ..ty =t (2) for t€(0,1] and z € U,
where (a,l) is a valid pair defining ~y (see Lemma 5.4 (i)).

(iii) The above y-part f is a C'*° function defined on U (see Proposition 5.2
(iv)). Moreover, by using the above quasihomogeneity (2.4), f, can
be uniquely extended to a C'*° function with the property (2.4) (with
t € R) defined on much wider regions (see Lemma 5.4 (ii)). This
function is also denoted by f,.

(iv) When v = P, f always admits the y-part on V and fp = f. In fact,
consider the case when (a,l) = (0,0).

(v) For a compact face v of I';(f), f always admits the ~-part near the
origin and fy(z) equals the polynomial ey cox®, which is the
same as the well-known ~-part of f in [41], [2]. Note that « is a com-
pact face if and only if every valid pair (a,l) = (a1,... ,ay) defining
7 satisfies a; > 0 for any j (see Proposition 5.2 (iii)).

(vi) Let f be a smooth function and v a noncompact face of I' ;. (f). Then, f
does not admit the v-part in general (see Section 2.5). If f admits the
v-part, then the Taylor series of f,(z) at the origin is ) aeynZ Car?,
where the Taylor series of f is as in (2.2).
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(vii) Let f be a smooth function and v a face defined by the intersection
of I't (f) and some coordinate hyperplane. More exactly, there exists
a nonempty subset I C {1,...,n} such that v =T, (f) NT7(R") (see
(1.3)). Altough v is a noncompact face if v # ), f always admits
the v-part. Indeed, T7(R’}) can be regarded as a face of R”}, which
is expressed by Rl N H(ar,0), where a; = (a1,... ,a,) € R} satisfies
that a; > 0 iff j € I. Thus every valid pair defining v takes the form
(a,l) = (ar,0), so I = 0 implies the existence of the limit (2.3) (see
Section 2.5.2, below).

(viii) If f is real analytic on V and « is a face of I';.(f), then f admits the
v-part f,, on U and, moreover, f, is equal to a convergent power series
Zaemzi cqx® on U (see Lemma 5.3).

(ix) An example, which shows the case of non-admission of the y-part, will
be given in Section 2.5. This example also indicates that for a face
of P, the condition vy N T4 (f) = ) may not imply that f admits the

v-part: f, = 0.

2.4. The classes £[P](U) and E(U)

Let P C R% be a polyhedron (possibly an empty set) satisfying P +
R? C P if P # () and U an open neighborhood of the origin. Denote by
E[P](U) the set of C*° functions defined on U whose Newton polyhedra are
contained in P. Moreover, when P # (), we denote by £[P)(U) the set of
the elements f of £[P](U) admitting the -part on U for any face v of P.
We set £[0](U) = {0}, i.e., the set consisting of only the function identically
equaling zero on U. We define

E(U)={feC™®U): fell(NHIU)}

REMARK 2.2. In the definition of £[P](U), “any face” can be replaced
by “any noncompact facet” (see Section 6.4).

REMARK 2.3. The class £(U) contains many kinds of C functions.
Here U is a small open neighborhood of the origin in R™.

(i) The function identically equaling zero on U is contained in £(U). This
easily follows from the definition.



Oscillatory Integrals 435

(ii) Every real analytic function defined on U belongs to £(U). This fol-
lows from Remark 2.1 (viii).

(iii) Every convenient C*° function defined on U belongs to £(U). This
follows from Remark 2.1 (v), (vii).

(iv) In the one-dimensional case, every nonflat C*° function defined on U
belongs to £(U). This is a particular case of the above (iii).

(v) The Denjoy-Carleman classes £y/(U) are contained in E(U). See
Proposition 6.10.

REMARK 2.4. Tougeron [40] shows that if a C* function f has a criti-
cal point of “finite multiplicity” (see [1], p.121), then f can be expressed as
a polynomial around the critical point by using smooth coordinate changes.
But, there are many elements in £(U) or £[P](U) which do not satisfy this
hypothesis. (Our classes contain all real analytic functions.)

REMARK 2.5. The classes E[P](U) and £(U) are useful for the inves-
tigation of the behavior of weighted oscillatory integrals:

i) = [ e @g(a)pla)d,

where f,¢ are the same as in (1.1) and g is a weight function satisfying
some conditions (see [27], [32], [29]).

More detailed properties of the classes £[P](U) and £(U) are investi-
gated in Section 6 below.

2.5. Examples
2.5.1 FEzxample 1

Let us consider the following two-dimensional example.

o 2
(2.5) fe(@) = felwr,m0) = wjad +afe /"2, ke Zy;
P ={(ai,a2) € Ri tap > 1, ag > 1}

Of course, fi is not real analytic around the origin. The set of the proper
faces of T' (fx) and P consists of 71, 72,73 and 71, 72, 73, where

1 ={(2,a2) : @ > 2}, 72 ={(2,2)}, 73 = {(a1,2) : a1 > 2},

(2.6)
n={1,a) a2 >1}, m={(1,1)}, 3 ={(a1,1): a1 > 1}.
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It is easy to see that if j = 2, 3, then fj admits the v;-part and 7;-part near
the origin for all k£ € Z and they are written as (fx), () = (fi)ys(2) =
2222 and (fx)r () = (fx)rs(x) = 0. Consider the v;-part and 7-part of fj
for k € Z4. The situation depends on the parameter k as follows.

i (fo)’71 and (fo)r, cannot be defined.
e (f1)y, cannot be defined but (fi)r, (z) = z1e /73,

e (f2)y (x) = fa(w) and (f2)- (7) = 0.
o If k > 3, then (fx), (v) = 2323 and (fx)- (z) = 0.

From the above, we see that f € £(U) if and only if k > 2; fi, € E[P|(U) if
and only if k > 1. Notice that 7 N\ (f1) = 0 but (f1)s (z) = z1e~ Y72 £0
(see Remark 2.1 (ix)).
2.5.2 FExample 2
Let f be a smooth function defined near the origin in R®. As mentioned
in Remark 2.1 (vii), when ~ is a face defined by the intersection of T'y(f)
and some coordinate hyperplane, f always admits the ~-part. But, the
condition that 7 is a noncompact face of I'; (f) contained in some coordinate
hyperplane is not sufficient for the admission of the ~-part. Indeed, the
following three-dimensional example shows this subtle situation:

f(x1, 2, 23) = x% + e~ /73 and v ={(2,a2,0) : ag > 0}.

It is easy to check that the valid pair ((1,0,1),2) defines the face v, but the
limit (2.3) does not exists when 3 # 0. This implies that the above f does
not belong to the class £(U).

3. Main Results

Let us explain our results relating to the behavior of the oscillatory
integral I(t;¢) in (1.1) as t — +oc.

Throughout this section, the functions f, ¢ satisfy the following condi-
tions. Let U be an open neighborhood of the origin in R”.

(A) f:U — RisaC* smooth function satisfying that f(0) =0, Vf(0) =
(Oa' e )0) and F-‘r(f) 7£ Q)a

(B) ¢ : R" — R is a C*° smooth function whose support is contained in
U.
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3.1. Known results

As mentioned in the Introduction, by using Hironaka’s resolution of
singularities [20], an asymptotic expansion for I(t;¢) is obtained (c.f. [26],
[30]). To be more specific, if f is real analytic on U and the support of
@ is contained in a sufficiently small neighborhood of the origin, then the
integral I(t;¢) has an asymptotic expansion of the form

(3.1) I(t; @) ~ Z Z Cor(@)t*(logt)F~1 ast — +oo,
a k=1

where a runs through a finite number of arithmetic progressions, not de-
pending on the amplitude ¢, which consist of negative rational numbers.
We are interested in the largest @ occurring in the asymptotic expansion
(3.1). Let S(f) be the set of pairs («, k) such that for each neighborhood of
the origin in R™, there exists a C*° function ¢ with support in this neighbor-
hood for which Cyx(¢) # 0 in the asymptotic expansion (3.1). We denote
by (B(f),n(f)) the maximum of the set S(f) under the lexicographic or-
dering, i.e., B(f) is the maximum of values « for which we can find k so
that (o, k) belongs to S(f); n(f) is the maximum of integers k satisfying
that (6(f), k) belongs to S(f). We call 5(f) the oscillation index of f and
n(f) the multiplicity of its index. (This multiplicity, less one, is equal to the
corresponding multiplicity in [2], p.183.)

The oscillation index and its multiplicity are precisely estimated or de-
termined by Varchenko in [41] and Arnold, Gusein-Zade and Varchenko [2].
Their investigations need the following condition. A C'*° function f is said
to be nondegenerate over R with respect to the Newton polyhedron I'y(f)
if for every compact face v of I'y (f), the polynomial f, satisfies

(3.2) Vf,= (g—:{z, ,2—3‘2) #(0,...,0) on theset UN(R\ {0})".

THEOREM 3.1 ([41], [2]). Suppose that f is real analytic on U and is
nondegenerate over R with respect to its Newton polyhedron. Then one has
the following:

(i) The progression {a} in (3.1) belongs to finitely many arithmetic pro-
gressions, which are obtained by using the theory of toric varieties
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based on the geometry of the Newton polyhedron T'y(f). (See Re-
mark 3.4, below.)

(ii) B(f) < —1/d(f).
(iii) If at least one of the following three conditions is satisfied:

(a) d(f) > 1;
(b) f is nonnegative or nonpositive on U ;

(c) 1/d(f) is not an odd integer and f.. does not vanish on U N (R\
{op",

then B(f) = =1/d(f) and n(f) = m(f).

REMARK 3.2. In the assertion (iii), more precise situation for ampli-
tudes is seen as follows. If p(0) > 0 (resp. ¢(0) < 0) and ¢ is nonnegative
(resp. ¢ is nonpositive) on U and the support of ¢ is contained in a suf-
ficiently small neighborhood of the origin, then we have limy_ t'/4f) .
(log ) ~™IFL - I(t; ) # 0.

3.2. Ouwur results
Let us explain our results. They need the following condition:

(C) f belongs to the class £ (U) and is nondegenerate over R with respect
to its Newton polyhedron.

Since Hironaka’s resolution theorem requires the hypothesis of the real
analyticity, the existence of the asymptotic expansion of I(t; ¢) is not trivial
in the smooth phase case.

THEOREM 3.3. If f satisfies the condition (C) and the support of ¢
is contained in a sufficiently small neighborhood of the origin, then I(t;p)
admits an asymptotic expansion of the form (3.1), where {a} belongs to the
same progressions as in the case that the phase is fi, which is the prin-
cipal part of f. (Since f« is a polynomial, the progressions can be exactly
constructed as in [41].)
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REMARK 3.4. To be more specific, the above set {a} belongs to the
following set:

(3.3) oty g aesolyon,
I(a)

where [(a) and £() are as in Theorem 9.1 in Section 9. We remark that

I(a) and () are determined by the geometry of T'(f) = 4 (f,) only.

Since the existence of the asymptotic expansion of the form (3.1) has
been shown in the above theorem, the oscillation index G(f) and its multi-
plicity n(f) for a given f satisfying the condition (C) are defined in a similar
fashion to the real analytic case.

The following theorem, which generalizes the assertion (ii) in Theo-
rem 3.1, gives an accurate decay estimate for I(¢;¢) by using the Newton
distance d(f) and the Newton multiplicity m(f).

THEOREM 3.5. If f satisfies the condition (C') and the support of ¢
is contained in a sufficiently small neighborhood of the origin, then there
exists a positive constant C(p) depending on ¢ but being independent of t
such that

(3.4) 11(t; )| < C(p)t™ V"D log t)™ =1 fort > 2.
This implies B(f) < —1/d(f).

REMARK 3.6. The above theorem is not only a generalization to (ii)
in Theorem 3.1 but also is a slightly stronger result even if f is real an-
alytic. Indeed, from the argument in [41], [2], the estimate [I(t;¢)| <
C(p)t 1/d(f)(logt)m(f) for t > 2 with C(p) > 0 is obtained, but more
delicate computation of coefficients in the asymptotic expansion (3.1) can
improve this estimate.

Next, let us consider the case that the equations G(f) = —1/d(f) and
n(f) = m(f) hold. The following theorem generalizes the assertion (iii) in
Theorem 3.1.

THEOREM 3.7. If f satisfies the condition (C) and at least one of the
following three conditions is satisfied:
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(a) d(f) >1;
(b) f is nonnegative or nonpositive on U ;
(c) 1/d(f) is not an odd integer and fr, does not vanish on UN(R\{0})",

then the equations B(f) = —1/d(f) and n(f) = m(f) hold.

REMARK 3.8. FEven if the principal face 7, is not compact, the 7,-part
of f is realized as a smooth function from the condition (C).

REMARK 3.9. The condition of amplitudes, which attain the above
equalities, is the same as in Remark 3.2.

REMARK 3.10. Under the hypotheses in the above theorem, we will
give explicit formulae for the coefficient of the leading term of the asymptotic
expansion (3.1) (see Theorem 10.1 in Section 10). Related results have been
obtained in [37] for convex finite line type phases and in [6], [7], [15] for real
analytic phases.

REMARK 3.11. Some analogous results about Laplace integrals:

Lt o) = / @) () da

are obtained in [31], where f, ¢ are the same as in (1.1) and, moreover, f
satisfies f > 0 on U.

4. Lemmas on Polyhedra

Every polyhedron treated in this paper satisfies a condition in the fol-
lowing lemma.

LEMMA 4.1. Let P C R’} be a polyhedron. Then the following cond:i-
tions are equivalent.

(i) P+R? C P;

ii) There exists a finite set of pairs {(a?,1;)}, C Z" x Zy such that
7/55=1 + +
N .
P:mj:1H+(a]7lj>§
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(iii) There ezists a finite set of pairs {(bj,mj)}j]\/i1 C Z% x Zy such that
P= ﬂjj\il HT (b7, m;) and PN H(,m;) is a facet of P for all j.

PrROOF. (i) == (ii). = Suppose that (ii) does not hold. From the
definition of the polyhedron, P is expressed as P = ﬂj\]: L HT(a?,1;) with
(a’,1;) € Z" x Z. Here, it may be assumed that the set A := {(aj,lj)}év:l
satisfies that PN H(a’,l;) # 0 for all j. If (a,l) € A belongs to Z" x (—N),
then PN H(a,l) = 0. On the other hand, if there exists (a,l) € A with
a € Z" \ Z}, then the nonempty face v := P N H(a,l) satisfies v + R’} ¢
H*(a,1), which implies P + R ¢ P.

(il) = (i).  This implication easily follows from the following: For
any (a,1) € Z't x Zy, if « € H (a,1), then « + Rt C HT(a,1).

(iii) = (ii).  Obvious.

(ii) = (ili).  This can be shown by using the Representation theorem
for polytopes in [42] (Theorem 2.15, p. 65), which can be easily generalized
to the case of polyhedra. [

Hereafter in this section, we assume that P+ R’ C P C R"}. For a face
v of P, we define the subsets in {1,... ,n} as

(41)  V(9)i={k:7+Ryex C 9} and W(y) = {1,...,n}\ V(3),

where e := (0,..., 1,...,0).

LEMMA 4.2. Letk be in {1,... ,n}. Then the following conditions are
equivalent.

(i) ke V(v);
(ii) There exists a point o € 7y such that o + Ryeg C y;
(iii) For any valid pair (a,l) = (a1,... ,an,l) defining v, ar = 0.
PrOOF. (i) = (ii).  Obvious.
(ii) = (iii).  Let (a,l) be an arbitrary valid pair defining . Consid-

ering that o € H(a,l) means that « is a solution of the equation (a,a) =,
we easily see that the following conditions are equivalent:
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(i') H(a,l)+ Rey, C H(a,l);
(ii") There exists a point @ € H(a,l) such that o + Ryex C H(a,l);
(iii") ax = 0.

Since (ii) implies (ii’), the desired implication is shown.
(ili) = (i). By using the above equivalences and the condition P +
R’} C P, this implication is shown as follows.

v+ Riep C (PN H(a,l))+Ryeg
C(P+R})N(H(a,l)+Rey) C PNH(a,l)=~.0

As a corollary of the above lemma, we easily obtain the following. The
proofs are omitted.

LEmMMA 4.3. A face v of P is compact if and only if V(v) = 0.

LEMMA 4.4. Lety be a nonempty face of P. For any valid pair (a,l) =
(a1,...,an,l) defining =y, the following equations hold:

(4.2) V() ={k:ar =0},  W(y)={k:a #0}.

(These equations mean that the set {k : a;, = 0} is independent of the chosen
valid pair defining ~.)

5. Remarks on the y-Part

Throughout this section, we assume that f is a C'°*° function defined on
an open neighborhood U of the origin in R", whose Taylor series is ), cq2,
and P C R’} is a polyhedron containing the Newton polyhedron I'(f).

The following lemma is “Taylor’s formula”, which is useful for the anal-
ysis below.

LEMMA 5.1. Let VW be subsets in {1,... ,n} such that the disjoint
union of V-and W is {1,... ,n}. Then, f can be expressed as follows: For
any N € N,

61) f@) = Y O N@wE)t + Y Ral@)® forael,

a€Ay(N) a€By (N)
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where
1
Ral@) = % /0 (1= )N L@ F) (1T () + Tow () dt
and
(5.2) Av(N) = {a € Ty (Z1) : () < N},

By(N):={aeTy(Z}): (o) = N}.
Here Ty (Z7) = {a € 2% : aj = 0 for j € V'} as in (1.3).

ProOF. For ¢ € C®((—6,1+ 6)) with 6 > 0, the integration by part
gives

Lo (k) 1
()= % k!(o) + ll, / (1= t)™ D (t)t.

k=0 0

Applying ¢(t) = f(tTv(z) + Tw(x)) to the above formula, we can easily
obtain the lemma. [J

Hereafter, let V := V() and W := W (), where V(v) and W (~) are as
n (4.2). We use the following symbols:

Hy(a,l) :=Ty(H(a,l)) NZY (= H(a,l) N Ty (Z1));
(5.3) Hi(a,1) =Ty (H"(a,1))NZ% (= H (a,) N Ty (Z7}));
v i=Tv(y) NZL.
Note that the sets Hy (a,l) and 7y are finite.

Using Lemma 5.1, we easily see the following fundamental properties of
the y-part.

PROPOSITION 5.2.
(i) If 7y is a compact face of P, then f admits the y-part on U.

(ii) If f is real analytic on U, then f admits the vy-part on U for any
nonempty face v of P.

(iii) If f admits the y-part on U, then the limits (2.3) take the same value
for all valid pairs (a,l) defining v. The value of these limits can be
expressed as
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(5.4) fy(@) = 3 @ D(Tw@)a® forael,

aevy

where V.= V(y) and W = W(y). In particular, if v is a compact
face, then fy(x) = EaefyﬂZi cqx® for x € U.

(iv) The above f is a C* function defined on U. (If f is real analytic on
U, then so is f,.)

PROOF. By using Lemma 5.1, we have (5.1), where N € N satisfies the
condition Hy (a,l) C Ay(N). Noticing that the following equation holds:

(5.5) Tw (" xy, ..., t%x,) = Tw(z) forte0,1],x €U,
we have

1
a an _ _ (63 o <a7a>
FE ey, ) = > — (%)) (Tw ()2t
aGAv(N)
+ Ro(t"xq,. .. ,ta”xn)xat<a’a>.
aGBv(N)

(5.6)

When + is compact (equivalently V() = 0), the first summation of the
right hand side of (5.6) is > c () cax®t(®) where A(N) = {a € Z" :
() < N}. On the other hand, consider the case that f is real analytic on
U and 7 is a general nonempty face of P. Since 9°f is also real analytic on
U for any o € Z'}, it follows from the shape of the Newton polyhedron of f
and the quasianalytic property (see (6.6) in Section 6) that (0% f)(Tw (x)) in
(5.6) vanishes on U for a € Ay (N) satisfying (a, @) < I. In these two cases,
we see that the limits (2.3) always exist by using the condition Hy (a,l) C
Ay (N), which shows (i) and (ii).

Next, suppose that f admits the v-part on U. Since (a,«) > [ holds
for @ € By (N) from the condition Hy (a,l) C Ay (N), the existence of the
limit (2.3) implies that (0% f)(Tw (x)) in (5.6) must vanish for o € Ay (N)
satisfying (a, «) < [. Moreover, we see that the limit (2.3) is equal to (5.4),
which implies (iii). From the form of (5.4), (iv) is easily obtained. OJ

By using the expression of f, in (5.4), we see the following two properties

of f.
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LEMMA 5.3. Let f admit the y-part fy on U and let v be a face of P.
Then the Taylor series of f, at the origin is ZaemZﬁ cox®. In particular,
if f is real analytic on U, then f, is equal to the convergent power series

Zaevﬂzi cax® on U.
ProoOF. To prove the above, it suffices to show the following:

3 _J@no)  itgeynzt,
(07 £,)0) {0 SIS
If 3€~yNZY, then

(aﬁf,y)(x) = Z 5 '8TW(B)[(aaf)(Tv($))] . (aTw(ﬁ)xa)

_ é LT B [TV B 1) (Ty ()] - ! = (0% F) (T (z)).

Indeed, the value of 9%z at the origin is a! if & =  or it vanishes otherwise.
If 3 € Z} \ 7, then a similar computation gives (85]”7)(0) =0.0

LEMMA 5.4. Let f admit the ~-part f, on U. Let (a,l) =
(a1,...,an,l) € ZI x Z4 be a valid pair defining v. Then we have the
following:

(i) fy has the quasihomogeneous property:
(5.7) fr (g, .t ma,) =t f(x) for t€(0,1] and x € U,
(i) fy can be uniquely extended to be a C*° function defined on the set
Uu <U|T|<5 T‘T}(v) (R”)) with the property (5.7), where § is a positive
number. This extended function is also denoted by f.

PROOF. The expression (5.4) in Proposition 5.2 and the equation (5.5)

give the above quasihomogeneous property in (i). The assertion (ii) easily
follows from (i). O

REMARK 5.5. Under the only assumption of the admission of the -
part, (5.7) may not hold for all pairs (a,l) satisfying that v C H(a,l).
Indeed, consider the two-dimensional example:

flo) =233 + eV 4 ={(2,2)}.

Compare to Lemma 6.8, below.
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6. Properties of £[P](U) and £(U)

Throughout this section, every polyhedron P C R} always satisfies that
P+RY C Pif P#0. Let U be an open neighborhood of the origin in R™.

6.1. Elementary properties
From the definitions of £[P](U) and £(U), the following properties can
be directly seen, so we omit the proofs.

PROPOSITION 6.1. The classes E[P)(U), E[P](U) and E(U) have the
following properties:

(i) Whenn =1 and P = [p,o0) with p € Z,

(a) E[PI(U) = E[PI(U) = {a(2) : @ —p € Zy, ¢ € CZ(U)},

(b) E(U) = {2°¢(x) : a € Zy, v € C(U) with (0) # 0} U {0}
(={feC>(U): Ty (f) #0tu{0}).
(ii) E[RLI(U) = ERL)(U) = C=(U).

(ili) If P1, P> C RY are polyhedra with Py C P, then E[P|(U) C E[P](U)
and E[P](U) C E[P](U).
(iv) C¥(U) N E[PY(U) < E[P)(U) < E[P)(U). In particular, C¥(U) C

E(U) c C=(U).
(v) E[P)(U) and E[P)(U) are C>°(U)-algebra and, moreover, they are ide-
als of C>*(U).

REMARK 6.2. Unfortunately, the class £(U) is not closed in the fol-
lowing sense.

(i) (Addition.) Consider the following two-dimensional example: f(z) =
x1 + 22 +x1e” Y72 g(z) = —a1. It is easy to see that f,g € E(U), but
f+g¢&).

(ii) (Change of coordinates.)  Consider the following two-dimensional
example: f(z1,x9) = (21 — 22)® + e~1/*3. The diffeomorphism z =
¥ (y) defined around the origin is defined by x1 = y1 + y2 and x9 = ys.
It is easy to see that f € £(U), but foy & E(~HU)).
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6.2. Equivalent conditions

The following is an important characterization of the class E[P](U),
which is considered as a generalization of the property (i-a) in Proposi-
tion 6.1. Denote by S[P] the set of finite sets in P NZ7}.

ProrosiTIiON 6.3. If P is a nonempty polyhedron, then the following
conditions are equivalent.

(i) f belongs to the class E[P)(U);

(ii) There exist S € S[P] and 1, € C°(U) forp € S such that

(6.1) fla) = aPy(x).

peES

Note that the above expression is not unique.

PrRoOF. It suffices to show the assertion in the proposition in the case
of the polyhedron: PNH™ (a,!) for any (a,l) € Z x Z instead of P under
the assumption that the assertion is satisfied in the case of P. Indeed,
since every polyhedron is defined as an intersection of finitely many closed
half spaces, an inductive argument gives the proof of the above proposition.
Note that the case when P =R is obvious.

Since the implication (ii) = (i) is easy, we only show the implication
(i) = (ii).

Now, let us assume that f(z) can be expressed as in (6.1). Let a pair
(a,1) = (a1,... ,an,2) € L x Z4 be fixed.

Using Lemma 5.1 with V' = V(y) and W = W (v), we have

6.2) @)= Y CuaTwe@)z®+ Y Rplz)®,

a€Ay (N) a€By (N)

where Cpo, Rpo € C°(U) and N € N satisfies the condition: Hy(a,l) C
Ay (N). Substituting (6.2) into (6.1), we have

flz) = Z Cpa(TW(,y) (x))prFO‘ + Z Rpa($)$p+a

peS,acAy (N) pES,a€By (N)

=: fi(z) + fa(x).
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If « € By(N), then the relationship Hy (a,l) C Ay (N) implies p + « €
H!(a,l). Therefore, it suffices to show the following: Under the assumption
that the limit in (2.3) exists, the coefficients Cpo (Tyy (1) (x)) in f1(x) vanish
on U, if p+ « gH{;(a,l).

First, let us give an estimate for the function fa(z). A simple computa-
tion gives

fQ(talyh s 7tanyn) = Z Cpa(talylv s ’tanyn)t<a,p+a>yp+a
peS,a€By (N)
for y € U and t € (0,6). The condition: Hy(a,l) C Ay (V) implies that
(a, Ty (y)(a)) > I + € with some positive number € for a € By (N). Thus

(a,p+a) > (a,p) +1+€>1+€hold for p € S and a € By (N). From the
above equation, there exist positive numbers C and 6 such that

(6.3) fo(t%yy, ... t%y,) < OtHte

fory e U and t € (0,9).
Next, let us consider the function fi(x). Noticing (5.5), we have

fl (talyl, cee vtanyn) = Z Cpa (TW(w) (y))t<a,p+a>yp+a.
peS,acAy (N)

By using the estimate (6.3), the condition: Hy (a,l) C Ay (N) implies that
Cpa(Tw () (y)) must vanish on the set U if p+ o ¢ H" (a,1). O

Proposition 6.3 implies that the class E[P](U) can be written in the form

EPI(U) =Y aPihp(x) : S € S[P], 1hp € C(U) forpe §
peS

Next, let us consider an analogous problem in the case of & (U). It seems
difficult to express this class in such a simple form. For a polyhedron P C
R, denote by V(P) the set of vertices of P.

LEMMA 6.4. If f belongs to the class E(U), then f is expressed as
f(@) =3 e 2PYp(x), where S € ST (f)] and ¢, € C(U). Moreover, S
contains V(L' (f)) and ¢,(0) # 0 if p € V(I'1(f))-
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PROOF. The expression is directly obtained from the Proposition 6.3
with the definition of £(U). If S does not contain some vertices of 'y (f)
or 1,(0) = 0 for some vertex p, then I't (3 g 2P¢¥p(z)) S T'4(f), which is
a contradiction. [

The following lemma is a converse of the above lemma.

LEMMA 6.5. Let P be a nonempty polyhedron. If f belongs to the class
E[P(U), which is expressed as in (6.1), where S contains V(P) and 1,(0) #
0 for p € V(P), then f belongs to the class E(U).

PROOF. The assumption implies P = I'; (f), which means f € £(U). O

For a polyhedron P C R", denote by E[P)(U) the set of f € E[P)(U)
which is expressed as f(z) = >, cgaPip(z), where S € S[P] satisfies
V(P) C S and ¢, € C®(U) satisfies that ¢,(0) # 0 if p € V(P). Let

E(U) be the subset in C*°(U) defined by
EU) = {Zm%(m) 1 S € S[RY, 4 € CF(U)

with ,(0) # 0 for p € S}.

In order to understand the structure of the class £(U), we express Or com-
pare this class by using the relatively simple classes £[P](U) and E(U).

PROPOSITION 6.6.

(i) E(U) = UpE[P)(U), where the union is taken for all polyhedra P in
R" .

(i) E(U) C E(U). More precisely,

(a) Whenn=1 or2, EU)=EU);
(b) When n >3, E(U) C E(U).
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PROOF. The equation in (i) and the inclusion E(U) c E(U) in (ii)
easily follow from Lemmas 6.4 and 6.5. Let us show the properties (a), (b)
in (ii).

(a) The case when n = 1 easily follows from the Proposition 6.1 (i-b).

Consider the case when n = 2. Let f belong to the class & (U), which is
expressed as in Lemma 6.4. When p € S\V(I'(f)), Taylor’s formula implies
that the term xP1),(x) can be written in the form: aP1,(x) = a polynomial
+ 2 aevry () T Upa(@), where 1pq € C(U) with 1pa (0) = 0. Notice that
T+ (f) N ZE) \ Upey(r, () (p + RY) is a finite set in the two-dimensional
case. By substituting the above into the expression in Lemma 6.4, f can
be written in the form: f(x) = a polynomial + ZpEV(F+(f)) aPi, (), where
Y, € C(U) with t,(0) # 0. This means that f belongs to the class £(U).

(b)  When n > 3, consider the example: g(z) = 23 + - +22_; +
z1x9e~ YT Tt is easy to see that g € E(U), but g & E(U). O

Using Proposition 6.3, we give another expression of f,. Compare to
(5.4) in Proposition 5.2.

LEMMA 6.7. Let f belong to E(U), which is expressed as (6.1) in Propo-
sition 6.3, and v be a nonempty face of P. Then f, can be expressed as

(6.4) @)=Y 2P (Ty () forzel.
peYNS
PRrROOF. Let (a,l) = (a1,... ,an,l) € Z"} x Zy be a valid pair defining

~. Noticing that aj > 0 if and only if k € W (~), Proposition 6.3 gives

f(talxla s 7tanxn)

f’Y(m) = %E% A
= %1_11% t<a’p>7l:cp,¢)?(talxlv cee 7tanxn) = z :Cp’(pp(TW(’y) (IE)) U
peES peEYNS

When f € E[P)(U), a slightly stronger result for the quasihomogeneous
property of f, is obtained. Compare to Lemma 5.4 (i).

LEMMA 6.8. If f € E[P|(U), then the identity (5.7) holds for all valid
pairs (a,l) satisfying v C H(a,l).
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6.3. Denjoy-Carleman classes

Let us discuss the relationship between the classes £[P](U),£(U) and
Enm(U). Here Ey(U) are the Denjoy-Carleman quasianalytic classes, which
are interesting classes in C°°(U) and have been studied from various view-
points. These classes contain all real analytic functions but are strictly
larger, so they also contain functions with non-convergent Taylor expan-
sions. We briefly explain the Denjoy-Carleman quasianalytic classes and
their properties. Refer to the paper [3] by Bierstone and Milman and the
expositive article [39] by Thilliez for more detailed properties and recent
studies about these classes.

Let U be an open neighborhood of the origin in R"™ and M = { M, M,
My, ...} an increasing sequence of positive real numbers, where My = 1.
Denote by Ey/(U) the set consisting of all real-valued C'* functions satisfy-
ing that for every compact set K C U, there exist positive constants A, B
such that

(6.5) 0% f(z)] < AB<°‘>a!M<a> for any x € K and a € Z1}..

The class Ey(U) is said to be quasianalytic, if all its elements satisfy the
following;:

(6.6) If 9% f(0) = 0 for any a € Z'}, then f =0 on U.

Of course, the set of real analytic functions is quasianalytic. We assume
that M = {M}}rez, satisfies the condition: M is logarithmically convex,
i.e.,

MA
Jj+1 < Jj+2
M; j+1

=

(6.7) for all j € Z.
This condition implies that Ey/(U) is a ring and £y (U) contains the ring
C“(U) of real analytic functions on U. The Denjoy-Carleman theorem

asserts that under the hypothesis (6.7), Ea(U) is quasianalytic if and only
if

(6.8) > M

U+ ) Mjn

If M satisfies the conditions (6.7) and (6.8), then E3/(U) is called a Denjoy-
Carleman class.
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Now, let us show that our classes E[P](U),E(U) contain Denjoy-
Carleman classes. For f € C*(U) and I C {1,...,n}, f o T can be re-
garded as the C* function of (n—#1I)-variables defined on Uy := UNT(R"),
which is denoted by f;. For a sequence of positive numbers M = {M;};cz,
and a nonnegative integer k, M1* denotes the shifted sequence M1+ =

{Mj+k}j€Z+-
LEMMA 6.9. If f belongs to a Denjoy-Carleman class Epr(U), then
(i) 0% f belongs to Eypriay (U) for any o € 27 ;

(ii) fr belongs to Err(Ur) for any subset I in {1,... n}.
Proor. Easy. OJ

ProposiTION 6.10. If Ey(U) is a Denjoy-Carleman class, then
En(U)NE[P|(U) is contained in E[P](U) and, in particular, Err(U) is con-

tained in E(U).

PRrROOF. Let f belong to Ey(U)NE[P](U), let v be an arbitrary proper
face of P defined by a valid pair (a,l) and let V = V(v) and W = W (7).
Then, from Lemma 5.1, f can be expressed as (5.1), where N € N satisfies
the condition Hy (a,l) C Ay (N). It follows from the shape of the Newton
polyhedron of f that if (a,a) < I, then 9°(9%f)(0) = 0 for any 3 € Ty (Z1).
Since (0%f)w € &yt (Uw) from Lemma 6.9, the quasianalytic property
(6.6) implies (0% f)w = 0 on Uy if (a,a) < [. In the same fashion as in the
proof of Proposition 5.2, we can see that f admits the y-part. OJ

6.4. Remarks on the definition of the v-part

We discuss delicate issues on the definitions of the «-part and the class
E[P](U). Symbols are the same as in Sections 2 and 5. Let us consider the
difference of the following two conditions:

(a) For any x € U, the limit (2.3) exists for all valid pairs defining ~.
(b) For any = € U, the limit (2.3) exists for some valid pair defining ~.

Recall that f is said to admit the y-part on U if (a) holds. Here, (a) obvi-
ously implies (b), but (b) may not imply (a). Indeed, the following three-
dimensional example shows this: f(z) = 21 + 23 exp(—1/23). In this case,
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I (f) ={(1,0,0)} + R3. In the case of the face v = {(1,0,a3) : a3 € Ry},
the limit (2.3) exists for a = (1,1,0),l = 1, while it does not exist for
a=(3,1,0),1=3.

When ~ is compact, both (a) and (b) always hold from the proof of
Proposition 5.2. Moreover, if « is a facet of P, then the above (a) and (b)
are equivalent. Indeed, if (a,l) is some valid pair defining v, then every
valid pair defining v is expressed as (ca,cl) with ¢ > 0. These facts imply
that the equivalence of (a) and (b) always holds in the two-dimensional case
because every noncompact proper face is a facet.

Next, let us consider the definition of £[P](U). From the proof of
Proposition 6.3 and the above argument, the equivalence of (ii) and (iii)
in Lemma 4.1 implies that “any face” can be replaced by “any noncom-
pact proper facet” in the definition of £[P)(U) in Section 2.4. Therefore,
even if (a) is replaced by (b), this exchange does not affect the definition of
E[PI(U).

7. Toric Varieties Constructed from Polyhedra

Let P C R’} be a nonempty n-dimensional polyhedron satisfying P +
R’ C P. In this section, we recall the method to construct a toric variety
from a given polyhedron P. Refer to [10], etc. for general theory of toric
varieties.

7.1. Cones and fans
A rational polyhedral cone o C R™ is a cone generated by finitely many
elements of Z". In other words, there are uq,... ,u; € Z™ such that

o={Mur+ -+ Apux € R" : A\q,..., A\ > 0}

We say that o is strongly convez if o N (—o) = {0}.
By regarding a cone as a polyhedron in R™, the definitions of dimension,
face, edge, facet for the cone are given by the same way as in Section 2.
The fan is defined to be a finite collection ¥ of cones in R™ with the
following properties:

e Each o € ¥ is a strongly convex rational polyhedral cone;

e If 0 € ¥ and 7 is a face of o, then 7 € X;
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e If 0,7 € X, then o N 7 is a face of each.

For a fan ¥, the union || := (J,cx 0 is called the support of ¥. For
k=0,1,...,n, we denote by (%) the set of k-dimensional cones in . The
skeleton of a cone o € X is the set of all of its primitive integer vectors
(i.e., with components relatively prime in Z, ) in the edges of o. It is clear
that the skeleton of ¢ € $(¥) generates o itself and that the number of the
elements of skeleton is not less than k. Thus, the set of skeletons of the
cones belonging to X(*) is also expressed by the same symbol 3.

7.2. The fan associated with P and its simplicial subdivision
We denote by (R™)* the dual space of R™ with respect to the standard
inner product. For a = (ai,... ,a,) € (R™)*, define

(7.1) [(a) = min{(a,q) : « € P}

and y(a) = {a € P : (a,c) = l(a)}(= H(a,l(a)) N P). We introduce an
equivalence relation ~ in (R™)* by a ~ o’ if and only if v(a) = v(a’). For
any k-dimensional face v of P, there is an equivalence class v* which is
defined by

(7.2) v :=={a e (R")*:y(a) =yand a; >0 for j =1,... ,n}
(={ae (R")":vy=H(a,l(a))NPand a; >0 for j=1,... ,n}.)

Here, P* := 0. The closure of v*, denoted by ~*, is expressed as
(7.3) v ={aec (R")*:yC H(a,l(a))NPand a; >0forj=1,...,n}

It is easy to see that 7* is an (n — k)-dimensional strongly convex rational
polyhedral cone in (R™)* and, moreover, the collection of v* gives a fan X,
which is called the fan associated with a polyhedron P. Note that |Xo| = R}.

It is known that there exists a simplicial subdivision 3 of g, that is, 2
is a fan satisfying the following properties:

e The fans ¥y and X have the same support;
e Each cone of X lies in some cone of Y;

e The skeleton of any cone belonging to ¥ can be completed to a base
of the lattice dual to Z".
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7.3. Construction of toric varieties

Let X be the fan associated with P and fix a simplicial subdivision ¥ of
Y. For an n-dimensional cone o € ¥, let a'(c),... ,a™(c) be the skeleton
of o, ordered once and for all. Here, we set the coordinates of the vector
a’ (o) as

a’(0) = (a1(0), ... ,a)(0)).

With every such cone o, we associate a copy of R™ which is denoted by
R™(o). We denote by 7(o) : R"(0) — R™ the map defined by (z1,... ,2,) =
w(o)(y1, ... ,yn) With

(7.4) T = H ya’“(a a’“(a) . -y,‘iz("), k=1,...,n.

Let Ys, be the union of R™(0) for o which are glued along the images of
7(0). Indeed, for any n-dimensional cones o,0’ € 3, two copies R" (o)
and R"(0’) can be identified with respect to a rational mapping: 7= 1(¢”) o
(o) : R"(0) — R"(¢’) (i.e., x € R"(0) and 2’ € R™(¢’) will coalesce if
7 1(0") on(0) : &+ 2). Then it is known that

e Yy is an n-dimensional real algebraic manifold;

e The map 7 : Yy, — R" defined on each R"(0) as w(c) : R"(c) — R"
is proper.
The manifold Yy is called the (real) toric variety associated with 3.
The following properties of 7(c) are useful for the analysis in Section 9.

They can be easily seen, so we omit their proofs.

LEMMA 7.1. The set of the points in R™(c) in which 7(o) is not an
isomorphism is a union of coordinate planes.

LEMMA 7.2. The Jacobian of the mapping w(o) is equal to
= J(o))—1
(75) JTI'(O') (y) =€ H y;'a @) )
j=1

where € is 1 or —1.
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8. Toric Resolution of Singularities in the Class £(U)

8.1. Preliminaries

Let us show many lemmas which play important roles in the construction
of toric resolutions of singularities in the class £(U). Some of them will be
useful for the analysis of local zeta functions in Section 9.

Let us explain symbols which will be used in this subsection.

e P C R is a polyhedron satisfying P + R’} C P;

e Y is the fan associated with the polyhedron P;

e Y is a simplicial subdivision of Y;

e X(" consists of n-dimensional cones in ¥;

e a'(0),...,a"(0) is the skeleton of o € £(™ ordered once and for all;
e P({1,...,n}) is the set of all subsets in {1,... ,n};

e F(P) is the set of nonempty faces of P;

e When I € P({1,...,n}), we write J :={1,... ,n}\ [;

e H(-, ), () are as in (2.1), (7.1), respectively.

Let 0 € (™ ~ e F(P) and I € P({1,...,n}). Define

(8.1) (1,0) = () H(& (0),1(a? () N P,
jel
(8.2) I(7,0) = {j : 7 C H(a (0),1(a(0)))}.

Here set v((), o) := P. It is easy to see that v(I,0) € F(P) and I(P,0) = 0.

LEMMA 8.1. Foro e X ~ e F(P), 1€ P{l,...,n}), we have the
following.

(i) v Cy{(y,0),0) and dim(y) <n — #I(v,0).

(i) y=~,0) = I C I(v,0) = dim(y) < n — #I.
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PRrROOF. (i) is directly seen from the definitions of (I, o) and I(v,0).
The first implication in (ii) is shown as follows: v = v([,0) = v =
Njer H(d/(0),l(a’(0))) NP = ~ C H(a/(0),l(a’(c))) forjel = I C
I(,0). From the inequality in (i), the second implication in (ii) is obvi-
ous. [

Next, consider the case when dim(vy) = n — #I(v, o). Define
(8.3) 2 () := {0 € 2™ : dim(y) = n — #I(v,0)}.
Note that X" (P) = x(?),

LEMMA 8.2. Foro € X", e F(P), I €P({l,...,n}), we have the
following. Here v* is as in (7.2).

(i) #1(y,0) = dim(y" No).
(ii) 2 (y) = {0 € 2" : dim(v* N o) = dim(y*)} # 0.
(i) If o € S0 (y), then v = 1(I(+,0), ).
PrROOF. (i) This equation follows from the following equivalences.
j€1(v,0) &~ C H(d(0),l(d’(0))) & a(0) € 7" & d’(0) €77 No,

where v* denotes the closure of v*. Note that the second equivalence follows
from (7.3).

(ii) Putting the equation in (i) and dim(v*) = n — dim(y) together,
we see the equality of the sets. Since the support of the fan X is R}, there
exists o such that dim(y* N o) = dim(v*), which implies % () # 0.

(iii) Lemma 8.1 (i),(ii) and the assumption imply dim(y) =
dim(y(I(v,0),0)). In fact, dim(y) < dim(y(I(vy,0),0)) < n —#I(y,0) =
dim(+y). Since v C y(I(v,0),0) from Lemma 8.1 (i), the above dimensional
equation yields v = v(I(vy,0),0). O

REMARK 8.3. It follows from Lemma 8.2 (iii) that the map -~y
P({1,...,n}) x 2" — F(P) is surjective.

Hereafter in this subsection, we always assume that o € £, v € F(P),
I € P({1,...,n}) have the relationship v(I,0) = v € F(P).
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LEMMA 8.4. The pair (3¢, aj(a),zjell(aj(a))) is valid for P and
defines the face 7.

Proor. It follows from the following equivalences that the pair in the
lemma is valid for P.

P C H(d/(0),l(a?(c))) for any j € I
<= If a € P, then {(a/(0),a) > l(a’(0)) for any j € I
< Ilfa € P, then (3, a (o), a) > Zjefl(aj(o'))
= P CHY (Y0 (0), X e l(a! (0))).

Note that the second equivalence follows from the definition of I(-). More-
over, it is similarly shown that the above pair in the lemma defines the face
7, so we omit its proof. [J

LEMMA 8.5. Forany (I,0) € P({1,...,n})xX™ (satisfying v(I, o) =
), the subset {k : ai(a) =0 foranyjel} in{l,... ,n} is equal to V(7)
defined as in (4.1). (This means that the above subset is independent of the
chosen pair (I,0) satisfying v(I,0) =+.)

PrRoOF. This follows from Lemma 4.4 and Lemma 8.4. [J

Let us consider the following two subsets in R".

Ti(R")={yeR":y; =0if j € I} (asin (1.3)),
(8.4) T7(R") :=={y € R" : y; =0 if and only if j € I}
(={y e Tr(R") : y; #0if j & I}).

The following are important equivalent conditions of the compactness of a
face.

PROPOSITION 8.6. The following conditions are equivalent.
(i) = is compact;
(ii) Zjelai(a) >0 fork=1,...,n;

(iii) Vi(y) =0;
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(iv) (0)(Ty(R™)) = 0;
(v) 7(0)(T}(R™)) = 0.

PrROOF. The equivalence of three conditions (i),(ii),(iii) follows from
Lemmas 4.2, 4.3 and 8.4. An easy computation implies that (z1,... ,2,) =

(m(e) o T7)(Y1,- - ,Yn), where

n al (o) al (o)
(8.5) = L=y = Tes s’ for k € V(v),
0 for k € W(y).

The equivalence of three conditions (iii), (iv), (v) follows from the equations
n (8.5). O

LEMMA  8.7. The following equality as the map from R™ to R™ holds:

(8.6) m(o) o T1 = Ty (4) o 7(0).

ProoF. This follows from (8.5) and a computation of Tyy () om(c). O
Hereafter we assume that f belongs to the class £(U) and set P = I'y (f).

LEMMA 8.8. For any o € (™ there exists a C* function f, defined
on the set w(o)~H(U) such that f,(0) # 0 and

n

87  f(r H WO f(y)  fory € nlo) " (U).

PROOF. Let y be in w(0)"}(U). Since f belongs to the class £(U), f
can be expressed as in (6.1) in Proposition 6.3. Substituting x = w(o)(y)
into (6.1), we have
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Now, define

(8.8) =3 (H @)= )w (0)(y)).

peS

Then we obtain the equation of the form (8.7). Noticing (a’(c),p) —
I(a’(0)) € Zy for all j, we see that f, is smooth on 7(c)~!(U). On the
other hand, the face v({1,... ,n},o) becomes a vertex of I'y(f), which is
denoted by p(c). Lemma 6.4 and (8.8) imply that p(c) € S and f,(0) =

wp(a) (O) 7& 0.0

The following equation plays an important role in the resolution of sin-
gularities and the analysis in Section 9.

LEMMA 8.9.

(8.9)  fy(m (H e ) fo(Ti(y))  fory € m(o)H(U).

PROOF. Let y be in 7(0)~}(U). From Lemma 6.7, we have

@)= > (H “”““’)% (Tw () © 7(0)) (1))

peEYNS

(810) = (Hyg‘“”"”) 3 (Hyf““m) Uo(Tiw () 0 7(0)) ().
jel peYNS \jeJ

On the other hand, the definition of f, in (8.8) gives

L(Try) = Y (Hyf”"”” () )wp« () 0 T1)(y))

peEYNS \jEJ
-1
(811) = (Hyé-“”(””) > (Hyé-“”“)”) Up(((0) o T1)(y)).
JjeJ peEYNS \jeJ

Putting (8.6), (8.10), (8.11) together, we get the equation in the lemma. OJ
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8.2. Resolution of singularities
The purpose of this subsection is to show the following theorem.

THEOREM 8.10. Let f belong to the class E(U), where U is an open
neighborhood of the origin in R™, let ¥ be a simplicial subdivision of the
fan X associated with the Newton polyhedron T'y(f) and let o be an n-
dimensional cone in X, whose skeleton is a'(c),... ,a"(0) € Z. Then there
exists a C° function f, defined on the set w(o)~1(U) such that f,(0) # 0
and

(8.12)  (fon(o HJ‘”)) foly)  fory e n(o)"L(U).

Furthermore, if f is nondegenerate over R with respect to I'y(f) and a
subset I C {1,... ,n} satisfies (o) (T} (R™)) = 0, then the set {y € T} (R") :
fo(y) = 0} is nonsingular (the definition of T} (R™) was given in (8.4)), i.e.,
the gradient of the restriction of the functz’on fo to T (R™) does not vanish
at the points of the set {y € T} (R"™) : fs(y) = 0}.

Consider a toric variety Yy, and the map 7 : Y5y — R”, which are con-
structed as in Section 7 when P = T' (f). The above theorem shows that if
f € £(U) satisfies the nondegeneracy condition, then this map 7 : Ys; — R”
is a real resolution of singularities. Indeed, the set 7(c)~1(0) is expressed
as a disjoint union of 77 (R™) for some subsets I in {1,...,n}.

REMARK 8.11. Let b = (b1,...,b,) be a point on T} (R"™) satisfying
fs(b) = 0. By the implicit function theorem, there exist local coordinates
around b in which f o7(o) can be expressed in a normal crossing form. To
be more specific, there exists a local diffeomorphism ® defined around b
such that y = ®(u) with b = ®(b) and
(8.13) (f om(o) 0 ®)(u) = (uy — by) [ ™",

Jel
where y; = u; for je I and pe {1,... ,n}\ I

PROOF OoF THEOREM 8.10. Lemma 8.8 implies the existence of a C*
function f, satisfying (8.12) with f,(0) # 0. Let us show the rest of the
theorem.
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Let o be as in the theorem and I a subset in {1,...,n} satisfying
7(o)(T7(R™)) = 0. Note that v = v(I,0) is a compact face from Proposi-
tion 8.6.

Since v = ~v(I,0), we have v C H(a’(0),l(a’(c))) for j € I from
Lemma 8.1. Thus, Lemma 6.8 implies

£ @py 4@y = (@O () for j e T

Taking the derivative in (8.9) with respect to ¢ and putting ¢t = 1, we obtain
Fuler’s identities:

(8.14) Z ai(a)xkg—i(w) =1(d?(0))f,(x) forjel
k=1

On the other hand, taking the partial derivative with respect to y; for j € J
and putting x = 7(0)(y), we have

Z ay(o 8f7 (x)

(8.15) _ (H yi(ai(a))> {l(aj(g))(fg oTr)(y) + yjaiyj(fa o Tr)(y)

for j € J.

Now, let us assume that there exists a point b € T/ (R™) such that

Ofs
o(b
o) =5
Then the set Ur(b) = {z € U : x = n(0)(T} (b)) for r € R\ {0}} is contained
in (R\ {0})". Since f, vanishes on the set Ur(b) from (8.9), the equations
(8.14),(8.15) give

—— () =0 forjeJ.

(8.16) Zai(a)xk%( )=0 forzeUb), j=1,...,n.

Since the determinant of the n X n matrix (ai(a))lgj’kgn is equal to 1 or
—1, this matrix is invertible. Therefore, we have

ofy

8$k() 0 forxeUr(b), k=1,...,n,

which is a contradiction to the nondegeneracy condition of f in (3.2). O
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9. Poles of Local Zeta Functions

Let U be an open neighborhood of the origin. Throughout this section,
the functions f, ¢ always satisfy the conditions (A), (B) in the beginning
of Section 3.

We investigate the properties of poles of the functions:

91) Ze(si9) 1= [ J@ieys

where f(z)y = max{f(z),0}, f(x)- = max{—f(z),0} and the local zeta
function:

(92 Zsio) = [ 1f@)(o)ds

Note that the above functions have a simple relationship: Z(s;p) =
Z(s;¢) + Z_(s;¢). Since Z4(s;p) can be expressed as

(93) Ziso) = Y[ f0)iea,

fe{-1,1}n

where 0z = (611, ... ,0,2,), we substantially investigate the properties of
the functions:

(9.4) Zi(sig) = /R @)@

It is easy to see that the above functions are holomorphic functions in
the region Re(s) > 0. For the moment, suppose that f is real analytic near
the origin. It is known (c.f. [26], [30]) that if the support of ¢ is sufficiently
small, then the functions Z4(s;¢) and Z(s; ) can be analytically continued
to the complex plane as meromorphic functions and their poles belong to
finitely many arithmetic progressions constructed from negative rational
numbers. (In this section, this kind of process on analytic extension often
appears. We denote by the same symbols these extended meromorphic
functions defined on the complex plane.) More precisely, Varchenko [41]
describes the positions of candidate poles of these functions and their orders
by using the theory of toric varieties based on the geometry of Newton
polyhedra. His works have been deeply developed in [8], [9], [6], [7].



464 Joe KAMIMOTO and Toshihiro NOSE

The purpose of this section is to generalize the above Varchenko’s results
to the case that the function f belongs to the class £(U). The results in
this section need the following assumption stated as in Section 3.

(C) f belongs to the class £(U) and is nondegenerate over R with respect
to its Newton polyhedron.

In this section, we use the following notation.

e Y is the fan associated with T'; (f);

e Y is a simplicial subdivision of Y;

o (Yx,m) is the real resolution associated with X;

e a'(0),...,a"(0) is the skeleton of o € X(™, ordered once and for all;

Jr(y) is the Jacobian of the mapping of 7.

9.1. Candidate poles
First, let us state our results on the positions and the orders of candidate
poles of the functions Z1(s;¢), Z(s;¢).

THEOREM 9.1.  Suppose that f satisfies the condition (C). If the sup-
port of @ is contained in a sufficiently small neighborhood of the origin, then
the functions Zy(s; @) and Z(s;¢) can be analytically continued to the com-
plex plane as meromorphic functions, which are also denoted by the same
symbols, and their poles are contained in the set

(9.5) {— <“l>(a+> Y Ve, ac i:ﬂ)} U (-N),

where 1(a) is as in (7.1) with P =T (f) and ¥V = {a € D : I(a) # 0}.
Moreover, the largest element of the first set in (9.5) is —1/d(f). When
Z1(s;¢) and Z(s;¢) have poles at s = —1/d(f), their orders are at most

m(f) if 1/d(f, ) is not an integer,
min{m(f) + 1,n} otherwise.
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ProoF. First, let us show that the above assertions also hold in the
case of the functions Z4(s;¢) in (9.4).

Step 1. (Decompositions of Z+(s;).)
For the moment, we assume that s € C satisfies Re(s) > 0. By using
the mapping = = 7(y), Z+(s; ) are expressed as

Zelsig) = [ fa)ote)ds
= [ (o m @it om )T wldy,

where Yy := Y5 N7~} (R") and dy is a volume element in V5. It is easy
to see that there exists a set of C§° functions {y, : Vs — Ry : 0 € XM}
satisfying the following properties:

e For each o € (™| the support of the function y, is contained in R™(0)
and Y, identically equals one in some neighborhood of the origin.

® > cxm Xo = 1 on the support of po .
Applying Theorem 8.10 and Lemmas 7.1 and 7.2, we have
Zi(sio)= Y Z(s)
oex()

with

Z9(s) = [ ((f omloD )il o o) (x0T ()l

96 n s n

00 _ (o (0) (@7 (o)1

= Ty @ | 1y o (y)dy,
Ry \j=1

4 [7=1

where ¢, (y) = (¢ o 7(0))(y)x0 ()-

Consider each function ZEALU)(S) for o € (™. We easily see the existence
of finite sets of C§° functions {¢}, : R™ — Ry} and {n; : R™ — R } satisfying
the following conditions.

e The supports of 1, and n; are sufficiently small and ), ¢ +> ,m =1
on the support of @,.
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e For each k, f, is always positive or negative on the support of .

e For each [, the support of 7; intersects the set {y € Supp(¢s) : fo(y) =

0}.

e The union of the support of 7; for all [ contains the set {y € Supp(p,) :

fa(y) = O}

By using the functions i, and n;, we have

(9.7) Z{(s) ZI () + D ok (s)
l
with
1$*(s) = / T4 f) | (1o o)y,
9.9) T o\j=1 L=t
)= [ @D p () o i)y,
1 j=1 + j=1

where ¥r(y) = @o(y)¥r(y) and fi(y) = @o(y)m(y). If the set {y €
Supp(¢s) : fo(y) = 0} is empty, then the functions JC(,l)i(s) do not appear.

From the viewpoint of the properties of singularities, we divide the func-
tions Z1(s;¢) as Z4(s;¢) = I+(s) + Jx(s), with

9.9 (s = Y S 1), = > Y

oex(n) k cex(n) 1

Step 2. (Poles of 1+(s).)
Let us consider the functions I (Ski(s) An easy computation gives

(9.10) %) (s) / H Y@ OO £ ()3 G (y)dy

The following lemma is useful for analyzing the poles of integrals of the
above form.
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LemMA 9.2 ([11], [2]). Let ¥(y1,... ,yn; 1) be a C3° function of y on
R™ that is an entire function of the parameter u € C. Then the function

n
L(T1, .oy Tas ) = /Rn 1Tv7 ) ¢, ynsmw)dys - - dya
+o\j=1

can be analytically continued at all the complex values of T1,... ,7T, and p
as a meromorphic function. Moreover all its poles are simple and lie on
7 =—-1,-2,... forj=1,... ,n.

Proor orF LEMMA 9.2. The lemma is easily obtained by the integra-
tion by parts (see [11], [2]). O

By applying Lemma 9.2 to (9.10), each I ékj)t(s) can be analytically con-
tinued to the complex plane as a meromorphic function and their poles are
contained in the set

(9.11) {—% ZVEZ+,j€B(O’)},
where
(9.12) B(o):={j:l(a’(s)) #0} C {1,... ,n}.

From (9.9), I1(s) also become meromorphic functions on C and their poles
are contained in the union of the sets (9.11) for all ¢ € (™.

Step 3. (Poles of Ji(s).)
Let us consider the functions ng;(s) By applying Theorem 8.10 and

changing the integral variables as in Remark 8.11, Jéli(s) can be expressed

as follows.

l (a9 (o
th,)i(s) :/n (Yp — bp) H ?/j( ')

=+ jEBl(o‘) +

al(o))—=1| ~
x H y; @) (Y, Yp — bp, .., yn)dy,
J€Bi (o)
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where b, >0, Bi(0) C {1,... ,n},pe {1,... ,n}\ Bi(o) and 7 € C°(R™).

In a similar fashion to the case of I C(,]fi(s), we have

!
T (s)
(913) a? (0))s+{a? (o)) — ~
:/n vy 11 yé(]( DA Gy, - yn)dy.
R\ jeBi(o)

By applying Lemma 9.2 to (9.13), each Jy)i(s) can be analytically con-
tinued to the complex plane as a meromorphic function and their poles are
contained in the set

(a’(0)) +v 7
14 ——— Z B -N
(9 ) { l((LJ(O')) vVEdL,]E Z(U) U( )7
where Bj(0) = {j € Bi(o) : l(a?(c)) # 0}. The necessity of the set
(—=N) in (9.13) follows from the existence of y, in (9.13). We remark that

yj(aj(a))s—&-( o’ (o)) may also induce the poles on (—N). From (9.9), Ji(s)

also become meromorphic functions on C and their poles are contained in
the union of the sets (9.14) for all o € X(™),

Now, in order to investigate properties of the first poles of Zi(s), we
define

(9.15) B(f):max{—% ;aeiﬂ)}.

Step 4. (Geometrical meanings of B(f))

Let us consider geometrical meanings of the quantity 8 (f). Fora € »),
we denote by ¢(a) the point of the intersection of the hyperplane H (a,l(a))
with the line {(¢,...,%) € R’} : t > 0}, where H(-,-) is as in (2.1). Then
it is easy to see q(a) = (I(a)/{(a),... ,l(a)/{(a)). Roughly speaking, the fact
that the value of —(a)/l(a) is large means that the point ¢(a) is far from
the origin. To be more specific, we have the following equivalences: For
a€x)

(9.16) B(f) = =75 < ¢ =qla) < q¢. € H(a,1(a)).
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(The definition of the point ¢, was gin)n in Section 2.2.) Thus, it easily
follows from the definition of d(-) that B(f) = —1/d(f).

Step 5. (Orders of the poles at B(f))
For o € £ let
(a/(0))

Ao = {i € Blo): 3n) =5 < {1 ),

where B(o) is as in (9.12). From (9.9), it suffices to analyze the poles of
I(ki(s) and Jo(_l)i(s) When these functions have poles at s = G(f), we see

g,

the upper bounds of orders of their poles at s = 5( f) as follows by applying
Lemma 9.2 to the integrals (9.10),(9.13).

190(s) | #A(0) ]
I, (6) | min{#A ()0 — 11 A(F) ¢ (1)
min{#A(c) + 1,n} if 5(f) € (—N)

From the above table, in order to obtain the estimates of the orders of
poles in the theorem, it suffices to show the following. (Here, we need the
inequality “<” only in the lemma below. The equality will be needed in
Section 9.3.)

LEMMA 9.3. m(f) =max {#A(0):0 € Z(")} .

PrOOF OF LEMMA 9.3. Recall m(f) :=n — dim(7). From the defini-
tion of A(c) and (9.15), we have

A(o) = {j : ¢« € H(a(0),1(a’ (0)))}
={j 7 C H(d(0),l(d’(0)))} = (7, 0).
(

)
Here 7, is the principal face of T';(f), i.e., its relative interior contains
the point ¢, and I(-,-) is as in (8.2). Lemma 8.1 implies that dim(7.) <
n—#I(1,,0) = n—#A(o) for any ¢ € £, On the other hand, Lemma 8.2
implies that there exists ¢ € (™ such that dim(7.) = n — #A(c). Since
the codimension of 7, is m(f), we obtain the equality in the lemma. [J

Since Z4(s) = I+(s) 4+ Ji(s), we see that the poles of Z+(s) have the
same properties as in the theorem. Finally, considering the relationships:
(9.3) and Z(s) = Z1(s) + Z_(s), we obtain the theorem. [J
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9.2. Poles of Ji(s) on negative integers

We consider the poles of the functions Ji(s) at negative integers in more
detail.

The following lemma is useful for computing the coefficients of the Lau-
rent expansion explicitly.

LEMMA 9.4. Let v be a C§° function on R and k € N. Then

1 -
" D(0).

lim (s + k) /OOO v P(y)dy = & —1)

s——k
In particular,

lim (s + 1) /0 " Yy = ().

s——1

PrRoOOF. The above formula is easily obtained by the integration by
parts. [

For A € N; define

A5(0) = {j € B(o) : (@ (o)A — (a(0)) € Z, }.
px = min{max{#A,(c) : 0 € XM}, n —1}.

The following proposition will be used in the computation of the coeffi-
cients of the asymptotic expansion (3.1) of I(t; ).

PROPOSITION 9.5. Suppose that f satisfies the condition (C). If the
support of ¢ is contained in o sufficiently small neighborhood of the origin,
then the orders of poles of Ji(s) at s = —\ € (—N) are not higher than
px+ 1. In particular, if A\ < 1/d(f), then these orders are not higher than 1.
Moreover, let a/j\E be the coefficients of (s+X)"Px~1 in the Laurent expansions
of J1(s) at s = =\, respectively, then we have al = (—=1)*"ta, for A € N.

ProoF. Let Ae N, l;,mj e Nfor j=1,...,n—1and n € Cg°(R").
Let By be the subset in {1, ... ,n—1} defined by By = {j : [jA—m;+1 € N},
and let k; € N be defined by k; = ;A —m; + 1 for j € By. We define

Lst+mj—1
9x () =/ vo TT w777 | n(yrs - yne1, tun)dy,
+ JEBA
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respectively.

It easily follows from Lemma 9.2 that the functions g;—L(s) can be analyti-
cally extended to C as meromorphic functions and they have at s = — X poles
of order not higher than #B)+1. Let bf be the coefficients of (s+\)~# 51
in the Laurent expansions of gic(s) at s = —\, respectively.

By carefully observing the analysis of Jéll(s) in the proof of Theo-

rem 9.1, it suffices to show the equation: by = (—1)*~!b, for A € N.
By using Lemma 9.4, a direct computation gives b¥ = (£1)*~1Cy, with

1 1
o mng LT 2y (A —my +1 - vj)
(0°~'n)(0) it By={L,...,n—1},
y /RZ#BA1 (0°7'0) (Ta,umy ()
X H dy; otherwise,
JE€BA\U{n}
where o = (a1,...,q,) satisfies that aj = kj if j € By, a, = X and

a; = 1 otherwise. From the above equation, we see that b} = (—1) 1oy
for A e N. O

9.3. The first coefficients
We define the subset of important cones in 2™ as follows.

M = {o € M m(f) = #£A(0)}.

It follows from Lemma 9.3 that Ein) is nonempty. From the definition of
m(f), we can see the following implications:

o€ 2" = dim(r,) = n — #A(0)
(9.17) = 7.= () H(d(0),l(d(c))) NT(f).
JEA(0)

Thus, when o € Efk"), I = A(0), v = 74, the equation v(I,0) = 7 holds,
which is an important condition in Section 8.
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Now, let us compute the coefficients of (s 4 1/d(f))~™) in the Laurent
expansions of Z4(s;¢). Let

(9.18) Cu(=Ce(fp))i= _tm (s+1/d()") Ze(s:).

PROPOSITION 9.6.  Suppose that f satisfies the condition (C) and that
at least one of the following conditions is satisfied.

(i) da(f) > 1;
(ii) fo 0 Ta(y) does not vanish on Rt N (o)~ (U) for any o € n,

Here the above f;, is considered as an extended smooth function defined on
a wider region as in Lemma 5.4 (ii). Then we give explicit formulae for

coefficients Cv: (9.23),(9.25), (9.26), (9.27) in the proof of this proposition.

Proor. In this proof, we use the following notation and symbols to
decrease the complexity.

o [Liza y;.ljdyj means [, 4., y;-lj TLiga() dyj with a; > 0;
o Lo = [Ljeaw (o))

o Mj(o) = —l(a’(0))/d(f) + (a’(0)).

e If @ = 0, then the value of a= /() is defined by 0.

Note that M;(o) is a nonnegative constant and, moreover, M;(o) = 0 if and
only if j € A(0o).

Let us compute the limits Cy exactly. We divide the computation into
the following two cases: m(f) < n and m(f) = n. After obtaining the
formulae (9.23),(9.25), (9.26),(9.27), below, we can easily see that Cy > 0
and C’+ + C_ > 0, which are as in the theorem.

The case: m(f) < n. First, we consider the case that the hypothesis
(i) is satisfied. Let us explicitly compute the following limits:

Culo) = tim (s +1/d()"PZ(s)
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Since C(0) = 0 if o ¢ E&n), it suffices to consider the case that o € 2.
Considering the equations (9.7) and applying Lemma 9.4 to (9.10), (9.13)
with respect to each y; for j € A(o), we have

(9.19) Ci(o) =Y V(o) + > B (0),
k l
with

Ui(Tago) () M;(o)—1
(9.20) Gﬁf’(a)ng/ 7 1L v dy,
Ry~ fo(TA(a)(y))li/ ) i2A(o) ’

l ﬁl(TAU(ylv"'viy7"'ayn))
(9.21) H(0) = La/nmm - 1/d(f) -
RY Yp
M;(o)—
< II w7 11 dus.
JEBI(0)\A(o) JgA(o)

where ¢y, and 7j; are as in (9.8), (9.13), the summations in (9.19) are taken
for all k,l satisfying Ts(,)(R"™) N Supp(¢r) # 0 and A(o) C Bi(o). We
remark that the values of Gic )(J) and Hil)(a) may depend on the cut-off
functions x,, ¥k, 1 in Section 9.1. We remark that if f5(T'4(»)(y)) < 0, then
fo(Ta() (y))ll/d(f) = 0 in (9.20). Since d(f) > 1, the integrals in (9.21) are
convergent and they are interpreted as improper integrals.

In (9.20), (9.21), we deform the cut-off functions 1, and 7; as the volume
of the support of 1; tends to zero for all [. Then, it is easy to see that the
limit of H (il) (0) is zero, while that of ), G(f ) (o) can be computed explicitly.
Considering the equation (9.19), we have

-~ o (Tao)(y)) M;(0)—1
9.22 Ci(o) = La/nm II 7" dus.
( ) Ry o fG’(TA(U) (y))li/d(f) JEA(o) !

where ¢, is as in (9.6).

Now, let us compute the limits Cy explicitly. If the cut-off function y,
is deformed as the volume of the support of x, tends to zero, then Cy (o)
tends to zero. Notice that each R™(0) (see Section 7.3) is densely embedded
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in Y5, and that C = Zaez(”) C+(0). Thus, for an arbitrary fixed cone

o€ 3™, we have
~ (0o TN Ta) 11 sy
(923) C:t = LU /n—m(f) i/zl(f) H y] e dy]
RJr fU(TA(U) (y))i JEA(o)

Let us give the other formulae of C. From the condition (9.17),
Lemma 8.9 implies

924)  (from(@)Thoy @) = | TT 4“ | fo(Taio) ().

J¢A(o)

By using the above equation, (9.23) can be rewritten as

- (pom(a))(Taw) () (a7 (0))—1
995 Ci+ =1L, ys dy;.
920 == /Ri’”(“ (fr. 0 (@) (T oy ()™ ﬁl}a) ’ :

Secondly, we consider the case that the hypothesis (ii) is satisfied. In
this case, we immediately obtain the equations (9.22) for o € 5™ in the
same argument as in the case of the hypothesis (i), because Jé{i(s) do not
appear in the decompositions (9.7) and f, 0Ty (») does not vanish. But, in
this case, we must remark that Cy (o) does not always vanish even in the

case when o ¢ nn). Indeed, some J(ll(s) may have at s = —1/d(f,zP)

a,

a pole of order m(f,zP) even if o ¢ =™, Here, the coefficients C (o) for
o Eﬁn) can be computed in a similar argument of the proof of Lemma 9.4,
since I((Tki(s) do not have at s = —1/d(f, zP) poles of order m(f,zP). From
the result of this computation, it is easy to see that these coefficients tend
to zero if the volume of the support of y, tends to zero. Therefore, the
limits C¢ can be computed as in (9.23) and (9.25) in the same way, where
o is as in the hypothesis (ii). We remark that C; or C_ is equal to zero in
this case.

The case: m(f) =n. In this case, we see that A(c) = {1,...,n},
m(f) = n and the principal face 7, is the point g, = (d(f),... ,d(f)). Sim-
ilar computations give the following. The first expression, corresponding to
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(9.23), is
) 0
(9.26) Cy = L#ﬂ)dw

where o € £ and L := Zaez(”) L,. We remark that f,(0) takes the same

(n)

value for any o € ¥, The second expression, corresponding to (9.25), is

(9.27) Cy=1 »(0) _ L(d(f)!)"/d(f)w(())’

fr (Lo DY (@e ) (0)Y )

where L is the same as in (9.26). OJ

REMARK 9.7. From the proof of Proposition 9.6, we see the following.

(i) The values of (9.23),(9.25),(9.26),(9.27) are independent of the chosen

cone g € 2&").

(ii) The integrals in (9.23),(9.25) are convergent.

REMARK 9.8. Let us consider the case that 7, is compact. Then 7(o)o
T'y(0)(R") = 0 from Lemma 8.6. Therefore, when m(f) < n, the coefficients

C4 can be written in more simple forms:

- T H y ) “ldy;
oo fU(TA(a)(y)):t/ j2A(o) ’

1
(9.28) = Low(0) / o
R0 (fr, 0 m(0))(Th o () ")
J¢A(o)

where o € 2&”).

REMARK 9.9. In [6], [7], similar formulae of C are obtained in the
real analytic phase case. Their results do not require the assumptions (i),
(ii) in Proposition 9.6.
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Next, let us compute the coefficients of (s+1/d(f))~™) in the Laurent
expansions of Z4(s;¢), Z(s;p). Let

Ci= lim (s+1/d(f)™ ) Z4(s; ),
& sq_l/d(f)( ()™ 2+ (55 0)

C= lim (s+1/d(f)™Z(s; ),
Sﬂfl/dm( /d(f)) (si)

respectively.

THEOREM 9.10. Suppose that f satisfies the condition (C) and that at
least one of the following conditions is satisfied.

(i) d(f) > L;
(ii) f is nonnegative or nonpositive on U ;
(iii) fr, does not vanish on U N (R\ {0})".

If the support of ¢ is contained in a sufficiently small neighborhood of the
origin, then we have

(9.29) Ci= > Cilfo,p0) and C=Cy+C.,
fe{-1,1}n

where fo(x) = f(0x), go(z) = @(0z) and C+(f,¢) (defined as in (9.18))
are as in (9.23),(9.25), (9.26), (9.27).  Furthermore, if ¢(0) > 0 (resp.
©(0) < 0) and ¢ is nonnegative (resp. mnonpositive) on U, then Cy are
nonnegative and C = Cy 4+ C_ 1is positive.

PROOF. From the relationship (9.3), it suffices to show that the above
conditions (ii) and (iii) imply the condition (ii) in Proposition 9.6, when the
support of ¢ is contained in a sufficiently small neighborhood of the origin.

(ii) Let us assume that f is nonnegative on U. (Needless to say, the
nonpositive case is similarly proved.) Let o be in Zin). From the equation
(8.7), I(a’(c)) are even for all j and £, is nonnegative on 7(c)~1(U). Let us
assume that there exists a point by € T7(R™) N (o)1 (U) with nonempty
I c{1,...,n} such that f;(bp) = 0. Since f is nondegenerate over R with
respect to I'y (f), Theorem 8.10 implies that there is a point b € (o)~ H(U)
close to by such that f,(b) < 0. This contradicts the nonnegativity of
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f on U, so we see that there exists an open neighborhood V such that
{y € n(0) Y (V) : fo(y) = 0} € (R\ {0})" and ¢ is nonnegative on V.
By replacing U by V, the condition (ii) in the above theorem implies the
condition (ii) in Proposition 9.6.

(ili) We only consider the case that f-, is positive on UN(R\ {0})". It
follows from the equation (8.9) that f,oT(,) is nonnegative on (o)~ H(U).
By the same argument as in the above case (ii), the nondegeneracy condition
implies that f, o Ty is positive on 7(0)"1(U) with a sufficiently small
neighborhood U. [J

10. Proofs of the Theorems in Section 3

10.1. Relationship between I(t;¢) and Zi(s; )

It is known (see [21], [2], etc.) that the study of the asymptotic behavior
of the oscillatory integral I(¢; ) in (1.1) can be reduced to an investigation
of the poles of the functions Zi(s;¢) in (9.1). Here, we overview this
situation. Let f,¢ satisfy the conditions (A),(B) in Section 3. Suppose that
the support of ¢ is sufficiently small.

Define the Gelfand-Leray function K : R — R as

(10.1) K (u) = / (@),

where W,, = {z € R" : f(z) = u} and w is the surface element on W,
which is determined by df A w = dxy A -+ A dx,. By using K(u), I(t;¢)
and Z4(s;p) can be expressed as follows. Changing the integral variables
n (1.1),(9.1), we have

(10.2) I(t;0) = / et () = /0 " e () du + /0 " e R (—u)du,

—00

(10.3) Zi(s;p) = /DOO u® K (£u)du,

respectively. Applying the inverse formula of the Mellin transform to (10.3),
we have

1 c+100
(10.4) K(tu) = —— / Za (51 0)u—"1ds,
C

270 Je—iso
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where ¢ > 0 and the integral contour follows the line Re(s) = ¢ upwards.
Let us consider the case that Z4(s;¢) are meromorphic functions on C and
their poles exist on the negative part of the real axis. By deforming the
integral contour as ¢ tends to —oo in (10.4), the residue formula gives the
asymptotic expansions of K (u) as u — £0. Substituting these expansions of
K (u) into (10.2), we can get an asymptotic expansion of I(¢; ) as t — +o0.

Through the above calculation, we see a specific relationship for the

coefficients. If Z4(s;¢) have the Laurent expansions at s = —\:
By 1
i(SaSO) (8+)\)p+ <(s+)\)pl>’

then the corresponding part in the asymptotic expansion of I(t; ) has the
form
BrMlogt)”~! + O(r*(log t)?~2).

Here a simple computation gives the following relationship:
_ I
(p—1)!

where I' is the Gamma function.

(105) |:€’L'7I')\/2B+_|_e—i7r>\/237 ,

10.2. Proofs of Theorems 3.3, 3.5 and 3.7
Applying the above argument to the results relating to Z4 (s; ¢) in Sec-
tion 9, we obtain the theorems in Section 3.

Proor or THEOREMS 3.3 and 3.5. These theorems are shown by using
Theorem 9.1 with Proposition 9.5. Notice that Proposition 9.5 and the
relationship (10.5) induce the cancellation of the coefficients of the terms,
whose orders are larger than —1/d(f). O

Proor or THEOREM 3.7. This theorem follows from Theorem 9.10.
Notice that the relationship (10.5) gives the information about the coeffi-
cient of the first term of I(¢; ). O

10.3. The first coefficient in the asymptotics (3.1)

From the relationship (10.5) and the equations (9.29), we give explicit
formulae for the coefficient of the leading term of the asymptotic expansion
in (3.1) as follows.
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THEOREM 10.1. If f satisfies the same conditions in Theorem 3.7 and
the support of ¢ is contained in a sufficiently small neighborhood of the
origin, then we have

tlim Y4 (log )™ I (8 )

B (F(<1f/>d ”—i—i, [N O, 4 =i/ GAINC_],
m — .

where Cy are as in (9.29).
11. Examples

In this section, we consider the oscillatory integrals (1.1) with specific
phases f, which satisfy the condition (A) in Section 3 and have noncompact
principal faces. Moreover, in the first three examples, the phases belong
to the class & (U) and satisfy the nondegeneracy condition in Section 3.
These examples cannot be directly dealt with by earlier investigations. Note
that, for each phase, the origin is not a critical point of finite multiplicity
in Tougeron’s theorem (see Remark 2.4). The last example shows that
Theorem 3.1 (iii) cannot be directly generalized to the smooth case. In
this section, we assume that the amplitudes ¢ satisfy the condition (B) in
Section 3.

11.1. Example 1
Consider the following two-dimensional example:

(11.1) flar, @) = af + 2lah + a$ad(1 + e71/o%),

It is easy to determine important quantities and functions as follows. Let o
be a cone whose skeleton is a', a, where a' = (1,0), a? = (1,1).

e d(f) =6 and m(f) =1,

o .= {(6,02) : a3 > 2}, P = {0} and A(0) = {1},

l(a') =6, I(a®) =8,

(o) (y1,y2) = (Y192, Y2),
fro(x) = 283 (1 + e7V/73) and (£, o m(0))(y) = ySy5 (1 + e~ V/4%),
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o foly) =yi+yr+1+e
Substituting the above into (9.23) or (9.25), we have

. _ L (0, y)
C“r(f?SO) - 6/0 y1/3(1—|—e_1/y2)1/6dy

and C_(f,¢) = 0. Moreover, we have

wi/12
16 (g oy = € ?(0.y)
tlggot I(t; ) 3 /_oo ly|1/3(1 +6—1/y2)1/6dy

Note that strong results relating to this example have been obtained in [23],
[24] in the case where the phase is smooth and the principal face is compact,
and in [15] in the case where the principal face is noncompact but the phase
needs the real analyticity.

11.2. Example 2
Consider the following three-dimensional example:

(11.2) f(z1, z0,23) = 28 + ziale 1/x3—|—x efl/xg—i—q:g.

It is easy to determine important quantities and functions as follows. Let

cr be a cone whose skeleton is a', a2, a3, where a' = (1,0,0), a® = (1,1,0),
= (0,0,1).

e d(f) =3 and m(f) =1,

e r.={acR3 :a)+a;=06},0cex? and A(o) = {2},

e l(a!) =1(a®) = 0 and I(a?) = 6,

o m(0)(y1,y2,y3) = (Y192, Y2, Y3),

fr(@) = f(x) and (fr, o 7(0))(y) = yS (v + yte /%5 4 yRe 1/ + 1),

i fd(y) = y? + y%e‘l/yg —+ y%e—l/yé +1.

Substituting the above into (9.23) or (9.25), we have

~ 1 @(Oa O’y3)
C =_ dy1d
+(f7 QO) 6 \/1%_ (y? + yilefl/yg + y%efl/yg 4 1)1/3 Yy1ays
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and C_(f,¢) = 0. Moreover, we have

lim t/3 - I(t; )

t—o00

- 0,0,y3)
:F43’”/6/ #(0,0, dy1dys.
(4/3)e R (y§+y%e—1/y§+y%e‘1/y§+1)1/3 Y1ays3

11.3. Example 3
In the case of the following three-dimensional example, the logarithmic
factor appears in the leading term of asymptotics of I(¢; p):

(11.3) Fa1, 9, w3) = 28 + 2323(1 + e V/73) + 28,
It is easy to determine important quantities and functions as follows. Let
o be a cone whose skeleton is a', a2, a3, where a' = (2,1,0), a® = (1,1,0),
a® = (0,0,1).

e d(f)=2and m(f) =2,

o 7. ={(2,2,a3): 3 >0}, 0 € 3 and A(o) ={1,2},

o l(a') =6, 1(a?) =4, 1(a®) =0,

o m(0)(y1, Y2 y3) = (UTy2: Y12, Y3),

o fro(w) =2f3(1+e V) and (fr, o m(0))(y) = viy3(1 + e /%),

o foly) = yiud + 5+ 1+e /5.
Substituting the above into (9.23) or (9.25), we have

X _ 1 9(0,0,y)
(11.4) C+(f,<p)—ﬂ/0 mdy

and C_(f,¢) = 0. Moreover, we have

_ e /°° #(0,0.9)

. 1/2 -1 .
tlggot (logt) I(t; ) 6 e (1t 6*1/92)1/2 Y.
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11.4. Example 4
Consider the following two-dimensional example given by losevich and
Sawyer in [25]:

(11.5) f(x1,0) = 23 4 e Vlw2l®, a> 0.

Note that the above f satisfies the nondegeneracy condition as in Section 3
but it does not belong to £(U). It is easy to see the following;:

e d(f)=2and m(f) =1,
e . ={a€R? a1 =2},
o fr.(z1,22) = 2at.

Consider an amplitude of the form: ¢(x1,x2) = 91 (z1)12(z2) where 1); are
smooth nonnegative functions on R satisfying 1;(0) > 0 and its support is
small for j = 1,2. In [25], Iosevich and Sawyer shows:

11(t; )| < Ct2(logt)™M* fort > 2.

In particular, we have limy_, t*/21 (t; ) = 0, which is a phenomenon differ-
ent from that in Remark 3.2. This example shows that the assertion (iii) in
Theorem 3.1 with Remark 3.2 cannot be directly generalized to the smooth
case. Moreover, the pattern of the asymptotic expansion in this case might
be different from that of (3.1).
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