J. Math. Sci. Univ. Tokyo
22 (2015), 279-338.

Restriction of Most Degenerate Representations of

O(1,N) with Respect to Symmetric Pairs

By Jan MOLLERS and Yoshiki OSHIMA
On the occasion of the centennial anniversary of Professor Kunihiko Kodaira’s birthday

Abstract. We find the complete branching law for the restric-
tion of certain unitary representations of O(1,n+ 1) to the subgroups
O(1,m+1) x O(n —m), 0 < m < n. The unitary representations we
consider are those induced from a character of a parabolic subgroup
or its irreducible quotient. They belong either to the unitary spherical
principal series, the spherical complementary series or discrete series
for the hyperboloid.

In the crucial case 0 < m < n the decomposition consists of a
continuous part and a discrete part. The continuous part is given
by a direct integral of unitary principal series representations whereas
the discrete part consists of finitely many representations which either
belong to the complementary series or are discrete series for the hy-
perboloid. The explicit Plancherel formula is computed on the Fourier
transformed side of the non-compact realization of the representations
by using the spectral decomposition of a certain hypergeometric type
ordinary differential operator. The main tool connecting this differen-
tial operator with the representations are second order Bessel operators
which describe the Lie algebra action in this realization.

To derive the spectral decomposition of the ordinary differential
operator we use Kodaira’s formula for the spectral decomposition of
Schrodinger type operators.
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Introduction

Among his various different mathematical contributions, the spectral
theory of self-adjoint differential operators is one of the earlier works of Pro-
fessor Kunihiko Kodaira. The so-called Weyl-Stone-Kodaira—Titchmarsh
theory gives eigenfunction expansions for self-adjoint second order differen-
tial operators in one variable. It provides a uniform treatment of classical
eigenfunction expansions such as spectral decompositions into Bessel func-
tions, Hermite polynomials or Laguerre functions.

Kodaira [21] considered a differential operator L = L p(z)L + ¢(z) on
a possibly unbounded interval (a,b) C R (see [21, 22] for the precise set-
ting). Then L extends to a self-adjoint operator on the space of square
integrable functions on (a,b) with domain given by functions satisfying cer-
tain boundary conditions, and we have an expansion into eigenfunctions of
the form:

b
s5(e0) [ su(o Nuty) dydosi (V).

Here, the functions s1(+, A) and sa(-, A) are linearly independent solutions to
the equation Lu = Au.

The existence of the density measure dp;, for which the above expan-
sion holds was first proved by Weyl [39]. Later Stone gave in [34, Theorem
10.22] a different proof using the general theory of operators on Hilbert
spaces. About forty years after Weyl’s result, Kodaira [21, 22| found an
explicit formula for dpj;; in terms of the characteristic functions, reveal-
ing the explicit relation between the density measures and the asymptotic
behaviour of eigenfunctions. The same formula was also obtained indepen-
dently by Titchmarsh [35] using a different method, and it is called the
Kodaira—Titchmarsh formula. In the second half of [22] and in [23] Kodaira
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studied the eigenfunctions and the density matrix in detail for some partic-
ular cases, which are important for applications. Moreover, in a subsequent
paper [24] he generalized this formula to differential operators of any even
order.

In his Gibbs lecture [40] Weyl wrote about Kodaira: ‘The formula [40,
(12)] was rediscovered by Kunihiko Kodaira (who of course had been cut
off from our Western mathematical literature since the end of 1941); his
construction of p and his proofs for [40, (12)] and the expansion formula [40,
(9)], still unpublished, seem to clinch the issue. It is remarkable that forty
years had to pass before such a thoroughly satisfactory direct treatment
emerged; the fact is a reflection on the degree to which mathematicians
during this period got absorbed in abstract generalizations and lost sight of
their task of finishing up some of the more concrete problems of undeniable
importance.’

The Kodaira—Titchmarsh formula makes it possible to apply the spectral
decomposition theorem to concrete settings and in particular it has a sig-
nificant impact on the harmonic analysis on Lie groups. For a given variety
X and a Lie group G acting on it, a fundamental problem in the harmonic
analysis on X is to expand arbitrary function on X into joint eigenfunctions
for the G-invariant differential operators on X. An explicit description of
such an expansion is called Plancherel Theorem. When X is a symmetric
space of rank one, it amounts to eigenfunction expansions for the Laplacian.
In this case the problem can be reduced to an eigenfunction expansion for
a self-adjoint second order differential operator in one variable and hence
the Kodaira—Titchmarsh formula can be applied directly. In fact, a special
case studied in the second half of [22] and in [23] is enough to deduce the
Plancherel Theorem for all symmetric spaces of rank one. For Riemannian
symmetric spaces G/K of arbitrary rank the Plancherel Theorem was es-
tablished by Harish-Chandra (see [11]). In this case the Plancherel measure
is given by the c-function which can be explicitly written in terms of the
Gamma function by the work of Gindikin—Karpelevic¢ [9]. As the c-function
is defined in terms of the asymptotic behaviour of joint eigenfunctions, we
see once more the spirit of the Kodaira—Titchmarsh formula in this setting.
For pseudo-Riemannian symmetric spaces G/H, special cases like hyper-
boloids O(p, q)/O(p,q — 1) were studied in the sixties by Shintani [31] and
Moléanov [26]. The Plancherel Theorem for general semisimple symmet-



282 Jan MOLLERS and Yoshiki OsHIMA

ric spaces of arbitrary rank was established by the works of T. Oshima,
Delorme [4], and van den Ban-Schlichtkrull [36].

Plancherel Theorems for reductive homogeneous spaces G/H can be
viewed as induction problems, decomposing the induced representation
L*(G/H) = Ind% (1) into irreducible G-representations. As well as induc-
tion problems we may consider restriction problems as advocated in [16],
namely, we may ask how a representation decomposes when restricted to a
subgroup. The restriction problem was e.g. solved in [18, 29] for the most de-
generate principal series representations of G = GL(n,R) and G = GL(n,C)
with respect to any symmetric pair (G, H). Since (degenerate) principal se-
ries representations are realized on L?-sections of line bundles on a flag vari-
ety G/ P, Mackey theory relates these restriction problems to the Plancherel
type problems for the open H-orbits in G/P. Our focus is on the indefinite
orthogonal group O(1,n + 1), n > 1, for which we study the restriction of
certain unitary representations using the Kodaira—Titchmarsh formula.

We now introduce some notation in order to describe our results. Let
G = O(1,n +1). It is known that on the level of (g, K)-modules all irre-
ducible unitary representations of G are obtained as subrepresentations of
representations induced from a parabolic subgroup P = M AN. Up to con-
jugation P is unique and there are group isomorphisms M = O(n) x (Z/27Z),
A =Ry and N = R". We restrict our attention to representations induced
from characters of P. Denote by 772 S’"“) the representation of G, which is
induced from the character of P given by the character o € C of A and the
character ¢ € Z/2Z of the second factor of M = O(n) x (Z/2Z) (normalized

parabolic induction).
O(1,n+1)

In our parameterization 7y ¢ is irreducible and unitarizable if and
only if 0 € iRU (—n,n). By abuse of notation we denote by wgg’”“) also

the corresponding irreducible unitary representations. For o € iR these
representations are called unitary principal series representations and for
o € (—n,0) U (0,n) they are called complementary series representations.
?sénﬂ) = wgﬁl’”“) for o € iIRU (—n,n).
Further, for ¢ = n + 2u, u € N, the representation m%l’nﬂ) has
a unique non-trivial subrepresentation W?Ss:}j D This subrepresentation

is irreducible and unitarizable and we use the same notation to also de-

We have natural isomorphisms 7w

note the corresponding irreducible unitary representation. Its underlying
(9, K)-module is isomorphic to Zuckerman’s module Ag()) for certain g
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and A and it occurs discretely in the Plancherel formula for the hyperboloid
O(1,n 4+ 1)/O(1,n). We refer to these representations as discrete series
representations for the hyperboloid.

In this paper we study the restriction of ﬂgél’nﬂ), o € iRU (—n,n),
and WUOSbﬁJ 1), o € n+ 2N, e € Z/27Z, with respect to any symmetric pair

(G, H). By Berger’s list [1] of symmetric pairs, the subgroup H is conjugate
to

H=0(1,m+1)x0O(n—m), —1<m<n.
Since H is a maximal compact subgroup of G if m = —1, the branching law
for the restriction of 772 D) and nglsﬁgr Y to O(1) x O(n+ 1) is simply

the K-type decomposition (1.1) or (1.2) which is well-known. Moreover, for
H = 0(1,1) x O(n), i.e. the case m = 0, the branching law can easily be
derived using classical Fourier analysis, see Section 1.4. The most interesting
case is the branching to H for 0 < m < n. In the formulation of the
branching law we use the conventions [0, ) = ) for « < 0 and [0, ] = () for
a <0.

THEOREM (see Theorem 4.7). The unitary representations 7735
G

T of G = O(1,n + 1) decompose into irreducible representations of
H=0(1,m+1)x0(n—m), 0 <m<mn, as follows: for c € iRU (—n,n)
and € € Z/27 we have

> ®
=S ( / 7Ot 47
oEelH — T,e+k
iRy

k=0

and

O(1,m+1) k _
@ @ TrRea|n+m2k4j,s+k) XH (Rn m)7

jeNm[OJReU\fz«kmka)
and for o =n+2u, u € N, and € € Z/27 we have

o0

@

@

G ~ O(1,m+1) O(1,m+1)

Wa,s,sub’ H = Z < / etk dr @ @ T m+2u—2k—4j,e+k,sub
k=0 \ 7R jeNn[o,25*]

O(1,m+1) k _
® @ 7Tm+2732k4j,5+k> XH (Rn m)7

jelin( 2, mazptt)
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where H¥(R"=™) denotes the irreducible representation of O(n —m) on the
space of solid spherical harmonics of degree k on R™™™.

The explicit Plancherel formula is given in Theorem 4.1. We remark
that the branching laws are multiplicity-free, a fact which is not true for
general irreducible representations of G restricted to H if m <n — 1.

Let us explain the branching formula in more detail. First of all, the
restriction Wga‘ H resp. WEE’Sub| g is decomposed with respect to the action
of O(n —m), the second factor of H. Then the decomposition of each
H*(R™™)-isotypic component into irreducible representations of O(1,m +
1) contains continuous and discrete spectrum in general. The continu-

ous spectrum is a direct integral of unitary principal series representa-
O(Lm+1) e

etk (1,m 4+ 1). The discrete spectrum appears if and only

tions 7

if k< mw‘%m and is a direct sum of finitely many complementary series
representations in the case Wg .|z and additionally finitely many discrete se-

z(r; - subli- Therefore the

whole branching law of ﬂg’:€| H Tresp. ﬂfasub] g contains only finitely many

ries representations for the hyperboloid in the case

discrete components and the discrete spectrum is non-trivial if and only if
|[Re | > n—m. In particular for m > 0 there is always at least one discrete
component in the restriction of the discrete series representations for the
hyperboloid 7&

> esublmr and also in the restriction of complementary series

representations 7r§€| g if o is sufficiently close to the first reduction point n
or —n.

For o € iR the decomposition is purely continuous. In this case the
branching law is actually equivalent to the Plancherel formula for the Rie-
mannian symmetric space O(1,m+1)/(O(1) x O(m+1)) (see Appendix A
or [3]) and therefore well-known. However, neither for the complementary
series representations nor the discrete series representations for the hyper-
boloid can the decomposition be obtained in the same way.

The proof of the Plancherel formula we present works uniformly for all
o € iRU(—n,n)U(n+2N), i.e. for both unitary principal series representa-
tions, complementary series, and discrete series representations for the hy-
perboloid. It uses the “Fourier transformed realization” of 775*:5 resp. 7T(§57sub
on L2(R", 2|~ dz). For this consider first the non-compact realization
on the nilradical N of the parabolic subgroup P opposite to P. We then take
the Euclidean Fourier transform on N = R" to obtain a realization of 7126
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resp. Wgsysub on L2(R",|z|" %7 dz). The advantage of this realization is
that the invariant form is simply the L2-inner product. The Lie algebra ac-
tion in the Fourier transformed picture is given by differential operators up
to order two, the crucial operators being second order Bessel type operators.
We remark that these operators are a special case of the Bessel operators
on Jordan algebras introduced by Dib [5] (see also [6, 12]). In the context
of indefinite orthogonal groups these operators first appeared explicitly in
the study of the minimal representation of O(p, ¢) by Kobayashi-Mano [17]
where they are called fundamental differential operators (see also [25]). Us-
ing these operators in our case we reduce the branching law to the spectral
decomposition of an ordinary differential operator of hypergeometric type
on L?(Ry) (see Section 2). The spectral decomposition of this operator is
derived in Section 3 from Kodaira’s result on the Schrodinger type opera-
tors and is used in Section 4 to obtain the branching law and the explicit
Plancherel formula for the restriction of the representations. An interesting
formula for the intertwining operators realizing the branching law in the
non-compact picture on N is computed in Section 5. These intertwining
operators will be subject of a subsequent paper.

Here are some related results on the branching laws studied by different
methods:

e For n = 2 and m = 1 the full decomposition of the complementary
series was given by Mukunda [30] using the non-compact picture. This
case corresponds to the branching law SL(2,C) N\, SL(2,R).

e For n arbitrary and m = 1 the full decomposition of the complemen-
tary series was given by Boyer [2]. He obtained an expansion of matrix
coeflicients using analytic continuation in ¢ and a result for principal
series [3].

e Boyer’s result [2] was extended to the case SO(m,n + 1) \, SO(m,n)
by Moléanov [27].

e Extending his study on branching laws for discretely decomposable re-
strictions [14], Kobayashi constructed discrete components for Zuck-
erman’s modules of O(p,q) when restricted to O(p,¢") x O(p”,q"),
which was announced in his talk [15]. The restriction of 7'['(?5_183; 1),

o € (n+ 2N) is a special case of his result. By our Theorem it turns



286

Jan MOLLERS and Yoshiki OsHIMA

out that his construction gives all the discrete components of the re-
O(1,n+1) : N
,sub ’O(l,m—i-l)xO(n—m) or o € (n+2N).

striction Toe

After the announcement of Kobayashi’s result [15], Speh-

Venkataramana [32, Theorem 1] proved the existence of the discrete
2(()1’n+1)’0(1,n) forn > 2, m = n—1 and

O(1,n)

Oo(1,n) .
component w ;g In m

o € (1,n) as well as the existence of the discrete component 7

n—1,0,sub
f,f)l,éﬁﬁl)lo(l,n) (special case j = k =0, o € (1,n] in our Theorem).

They also use the Fourier transformed picture for their proof. This
is a special case of their more general result for complementary se-

inmw

ries representations of G on differential forms, i.e. induced from more
general (possibly non-scalar) P-representations.

The same special case was obtained by Zhang [41, Theorem 3.6]. He
actually proved that for all rank one groups G = SU(1,n + 1;F),
F = R,C,H, resp. G = Fy_y) certain complementary series repre-
sentations of H = SU(1,n;F) resp. H = Spin(8, 1) occur discretely in
some spherical complementary series representations of GG. His proof
uses the compact picture and explicit estimates for the restriction of
K-finite vectors.

Acknowledgements. The authors thank Toshiyuki Kobayashi and Bent

Orsted for helpful discussions. They also thank the referee for drawing their
attention to the papers [2, 3, 27]. Most of this work was done during the
second author’s visit to Aarhus University supported by the Department of
Mathematics.

1.

Notation. Zi =1{1,2,3,...}, N=Z,U{0}, Ry ={z e R:2 > 0}.

L?-model of Some Representations of O(1,n + 1)

In this section we recall the necessary geometry of the group G =

O(1,n+ 1) and some of its representation theory. The L?-models discussed
in Section 1.3 were for the complementary series previously constructed by

Vershik-Graev [37] and are new for the discrete series representations for
the hyperboloid.
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1.1. Subgroups and decompositions
Let G = O(1,n + 1), n > 1, realized as the subgroup of GL(n + 2,R)
leaving the quadratic form

RnJrZ_)]R? :17:(117,,,,$n+2)tl—>$%—($%+"‘+$i+2),

invariant. We fix the Cartan involution 6 of G given by 8(g) = g=% = (¢*) 71,
g € G, which corresponds to the maximal compact subgroup K = G? =
O(1) x O(n + 1). On the Lie algebra level the Lie algebra g of G has
the Cartan decomposition g = €@ p into the +1 eigenspaces ¢ and p of 6
where £ is the Lie algebra of K. Choose the maximal abelian subalgebra
a:=RH C p spanned by the element

H :=2(E1ni2+ Eni21),

where E;; denotes the (n+2) x (n+2) matrix with 1 in the (7, j)-entry and
0 elsewhere. The root system of the pair (g, a) consists only of the roots
+2v where v € af: is defined by y(H) := 1. Put

n = goy, n:=g oy, =6n

and let

N :=expg(n), N :=expg(®)=0N
be the corresponding analytic subgroups of G. Since dim(n) = dim(n) = n

the half sum of all positive roots is given by p = nvy. We introduce the
following coordinates on N and N: For 1 < j < n let

Nj:=FE1j11+ Ejr11 — Ejrine2 + Ent2 1,

Nj:=Eij1+Eji1+Ejrinre — Enpojyt

For z € R"™ let

Ng 1= €xp <zn:xij> € N, Ny = eXp (ijﬁj) €N.
j=1



288 Jan MOLLERS and Yoshiki OsHIMA

Further put M := Zk(a) and A := exp(a) and denote by m the Lie algebra
of M. We write M = M+ UmoM* where

M™ = {diag(1,k,1) : k € O(n)} = O(n) and
mo = diag(—1,1,...,1,—1).

Via conjugation the element mg acts on N and N by
-1 _ — 1
monzmgy =n_; and melymy =TN_,

and the action of m € M+ = O(n) on N and N by conjugation is given by

-1

MNEyM = Nz and mﬁwm_1

= Nz

for x € R™, where ma is the usual action of O(n) on R™. Further A acts on
N and N by

tH —tH tH

e'nge =ng, and eHa,e tH

= Ne-2t,
for x € R", t € R. The following decomposition holds
g=némeadn (Gelfand-Naimark decomposition).

The groups
P:=MAN and P:=MAN =0(P)

are opposite parabolic subgroups in G and NP C G is an open dense subset.
Let W := Ngk(a)/Zk(a) be the Weyl group corresponding to a. Then
W = {1, [wp]} where the non-trivial element is represented by the matrix

wo = diag(—1,1,...,1) € K.

The element wq has the property that woNw, ' = N and hence woPwy L=
P. More precisely,

wonxwo_1 =n_, and ’LU()@tH’wo_l = tH,
We have the disjoint union

G = PUPwyP (Bruhat decomposition).
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The following lemma is a straightforward calculation:

LEMMA 1.1. For x € R", x #£ 0, we have wo_lﬁx = ﬁymetHnZ € NP
with

—2
y=—lz[ ", ~1
2=z %, m = 1, — 22| % za?
t = log |zl -1

Let 7 be the involution of G given by conjugation with the matrix
diag(lma _]-nfma 1)-

Then the subgroup H := G is isomorphic to O(1,m+ 1) x O(n —m). The
subgroup H is generated by the subgroups Ny, Ny, My and A, where
(viewing R™ as the subspace R™ x {0} C R"™)

Ny :={ng;:x €R™} and Ny :={n,:rcR™}
At +
and My := My UmoM,; with

M = {diag(1, k1, k2,1) : k1 € O(m), ks € O(n —m)}
= 0(m) x O(n —m).

Also denote by
PH = MHANH and ?H = MHANH

the corresponding parabolic subgroups. We write h for the Lie algebra of
H.

1.2. Principal series representations — non-compact picture and
standard intertwining operators

We identify af with C by A — A(H), i.e. o € C corresponds to oy € ag.

Under this identification p corresponds to n. For o € C let e? be the

character of A given by e(etfl) = ¢t t € R. Further, for ¢ € Z/27Z

denote by & the character of M = M UmoM™ with & (mg) = (—1)° and
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£.(m) =1form € M*. For 0 € C and ¢ € Z/2Z we consider the character
=6 ®e”®1 on P=MAN and induce it to a representation of G:

fgs = Indg(XJ@)

={f € C%(G) : f(gman) = &(m)"'a™" P f(g)¥g € G,
manEP:MAN}.

The group G acts on I G_ by left-translations and this action will be denoted
by 7 7r .- Restricting to K it is easy to see that the K-type decomposition of

the representatlons Wgs is given by
S
~ ~ . k k 1
(1.1) WEE‘K = Z sign® T RIH" (R 1),
k=0

where sign denotes the non-trivial character of O(1), and O(n + 1) acts
as usual on the space H¥(R"*!) of spherical harmonics of degree k on R",
giving combined the action of K = O(1) x O(n + 1).

The following fact on the structure of %gs is known (see [13]).

Fact 1.2.

(i) The representation (7S IC)) is irreducible if and only if o ¢ £(n

0'&7 (%3]

2N). It is unitarizable if and only if o € (—n,n) UiR.

(ii) For o =n+2u, u € N, the representation (75 oo Ifg) has a unique non-
trivial subrepresentation (%fa Sub,ffa sub)- This subrepresentation is

wrreducible and unitarizable and its K-type decomposition is given by

[e.e]

_ o O
(12) ﬂ-a,s,sub’[{ - Z Slgna+k®Hk(Rn+1)7

k=u+1
(iii) For o = —n — 2u, u € N, the representation (T, fg,lgg) has a unique

G TG
o,e,5ub? Ia,s,sub) :

tion is finite-dimensional and irreducible and the quotient I E/ o sub

non-trivial subrepresentation (T This subrepresenta—

1s unitarizable and isomorphic to ¢ . e.sub-
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Since NP C G is dense, a function in I gs is already uniquely determined

by its values on N and for f € I ga we put
fx(x) = f(7s), x € R".

Let I ga = { f¥:f€ fUGE} and denote by 7T . the corresponding induced
action, i.e.

S 9 fy =Gy  feIS.

Further, denote by ( Ty e sub Iga Sub) the corresponding subrepresentations

of (7¢_, 1) for o € +(n + 2N). Note that if f € IC, is a E-fixed vector,

0' grro,e o,
namely, in the £ = 0 term on the right hand side of (1 1), then f5 is equal
to (1+ |:Jc|2)7U+Tn up to a constant multiple.
In view of the Bruhat decomposition G = P U PwP the action 775*:5
be completely described by the action of P and wg. Using Lemma 1.1 we
find

can

7o () f(x) = f(z — a), 7, € N,

g (m)f(x) = f(m™'x), me Mt =0(n),
7S (mo) f(x) = (—1)° f(—2),
78 (M) f(z) = e f (), e e 4,

7S (wo) f(x) = (=1)7 ||~ 7" f(~ |z * )

This also gives the following expressions for the differential action dr& =
dﬂ'gg of the Lie algebra g, which is independent of e:

anC(N;)  (x) = —%w, j=1.m,
dnS(T) f(x) = —Draf(x), T € m = s0(n)
dr$(H)f(x) = (2E + 0 +n) f(x),

de(Nj)f(:c)=—lxl2§—gi( )+ QB +o+n) f),  j=1....m,

where D, denotes the directional derivative in direction a € R™ and E =
PR 82 is the Euler operator on R". For the action of n we have used
the 1dent1ty dnG(N,) = T['G (wo)dnG (N _,)n& (wo ).
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For o € iR the usual L?inner product on R™ provides unitarizations
(HS

g Ua) on Hga = L?(R") and these representations form the unitary

principal series.
Now consider the normalized Knapp—Stein intertwining operators
J(o,¢€) : Igg — IE’YU,E which are for Reo > 0 given by

J(o,2)f(g) / flgwgmydm,  geG, fell.,

(2)
()
where d7 is the Haar measure on N given by the push-forward of the
Lebesgue measure on R™ by the map R* — N, x +— 7, and extended
analytically to all ¢ € C. This intertwining operator induces an intertwin-
ing operator J(o,¢) : IS, — IS, _ by J(o,e)fy = (J (o, ) f € G,
Using Lemma 1.1 we obtain

J(U7 E)fﬁ(x) =

03 Ja f(mgzwon,) dz

= @ /Rn 2|77 fy(z — \z]_Q z)dz.

Consider the coordinate change y := & — |2| "% 2. Tts Jacobian )det(%)‘ is

homogeneous of degree —2n, O(n)-invariant and has value 1 for z = e;.
Hence it is equal to |z| 2. This finally gives

(13) T2 = gz [ o= ol F) by = s (="« D))

I'(%) (%)
so J(o,¢e) is up to a constant given by convolution with the distribution
|—]7~™ and its residues. We define a G-invariant Hermitian form (— | —)4 ¢
on Ige by
(1.4) (f19)oe : (f | J(0,€)9) 2(n)

iz o Lt o )

For o € (—n,n) this form is in fact positive definite and in this case the
completion HE . of I

P oc With respect to the inner product (— [ —),c gives

an irreducible unitary representation (HS of G. The intertwining

o, Mo, 5)
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operator extends to an (up to scalar) unitary isomorphism J(o,¢) : Hgs —
HE, ..

For 0 = n + 2u, u € N the operator J(—o,¢) vanishes on the finite-

These representations comprise the complementary series.

dimensional subrepresentation I_, . s, and maps onto the infinite-dimen-
sional subrepresentation I, . sup. Therefore the Hermitian form (— | —)_,
vanishes on the finite-dimensional subrepresentation I?U,Eysub and induces

a G-invariant positive definite Hermitian form on the unitarizable quo-
tient 1€ o / IG o.e.sub" Since this quotient is isomorphic to the subrepresen-
tation I¢ oesub Via the intertwining operator J(—o,¢) we also obtain an ir-
reducible unitary representation (Hgg’sub, ga,sub)~
are isomorphic to the unitarizations of certain Zuckerman’s modules Aq(\)
of G and occur discretely in the Plancherel formula for the hyperboloids
O(1,n + 1)/O(1,n). We call them discrete series representations for the
hyperboloid.

Note that for any o € iR U (—n,n) the intertwining operator J(o,¢)
extends to an isometry between the irreducible unitary representations
(HE..78.) and (HC, .. 7%,.).

These representations

1.3. The Fourier transformed picture
Consider the Euclidean Fourier transform Fgrn : S’'(R") — S’(R™) given
by

(1.5) Freu(z) = (27)"2 /n e @Iy (y) dy.

For e € Z/QZ and o € Z'RU( n,n) resp o € (n+2N) we define a represen-
tation ,0(, . of G on FpilIS o Tesp. FpalC oesub DY

75 () o Fre = Fre 0 p5.(9), gedq.

resp.
78 (9) 0 Frn = Frn o pgs(g), g €G.

o,e,sub
It is easy to calculate the group action of P = M AN:
(1.6) Poe(Ma) f(z) = e’ a)f( )s g € N,
: Poe(m)f(z) tz), m € M" 2= 0(n),
(1.8) Poe(mo) f(x) = (—1)€f( ),

Il
g
/—\
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(1.9) poc(e)f(z) = el ™ f(e ), teR.

The action of wp in the Fourier transformed picture is more involved (see
e.g. [37, Proposition 2.3]). Note that by these formulas the restriction p,c|5
also acts on C*°(R™ \ {0}). Using the classical intertwining relations

xj o Frn = FRgn © (—i%),

ga; © PR = Fee 0 (—ia;)

it is easy to compute the differential action dp& of pgez

(1.10) dpS (Nj)f(x) = iz; f(2), j=1....m,
(1.11) dpS(T) f(z) = —Druf(z), T € m =s0(n),
(1.12) dpS (H)f(x) = = (2E — 0 +n) f(2),

(1.13) dpS (N;) f(z) = —iB?’af(x), j=1,...,n,

where we abbreviate

n,o i _ _ .
B;"" :=x;A - (2E -0 +n) 9z,
The operators B;-L’a are called Bessel operators and are polynomial differen-

tial operators on R™. Therefore the action dp defines a representation of
g on C*°(Q) for every open subset 2 C R"™.

REMARK 1.3. The operators B;L’G are called Bessel operators since they
resemble the classical Bessel operators on R given by

d2 v d
dz? 'z dx’

They are a special instance of the Bessel operators in the theory of Jordan
algebras which were already studied by Dib [5] in the early 90s and investi-
gated further in [6, 12]. In the special case of indefinite orthogonal groups
these operators first occur in the work by Kobayashi-Mano [17] on the min-
imal representation of O(p, q¢) where they are called fundamental differential
operators and denoted by P;(b) (see also [25]). In fact, for (p,q) = (n+1,1)

we have the relation P;(b) = B;L’%.
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To describe the representation spaces Hg*:a resp. H?a sub 10 the Fourier

transformed picture we recall that the Fourier transform Fgr» intertwines
convolution and multiplication operators. Further, the Riesz distributions
Ry € §'(R™) given by

N[>

27> By
R)\,QOZ—/ p(x) x| d, v € S(R"),
( >F(’\+T")Rn()|| (R")
for ReA > —n and extended analytically to A € C satisfy the following
classical functional equation (see [8, equation (2’) in II.3.3])

FrnRyx = R_\_p.

With this observation as well as (1.3) and (1.4) we see that in the Fourier
transformed picture the G-invariant inner product is simply given by the
inner product of L*(R", |z|”"°? dz) and hence the map Fg,. : Igfs —
L2(R™, || ®°7 dz) extends to Fpr HS. — L*(R™, lz| "R dz) for o €
iR U (—n,n). Similarly, the map Fg, : IGG’E’sub — L2(R™, |z| ®°7 dz) ex-
tends to Fg. : HG e sy — L* (R, |z| "7 dz) for o € (n + 2N). We note
that already the action of the parabolic subgroup P given by (1.6)—(1.9) ex-
tends to an irreducible unitary representation of P on L2(R™, |z|” %7 dz)
by Mackey theory and therefore .7:]@} Hgs resp. fﬂgnl Hga,sub is actually equal

to L2(R™, |z|”®°7 dx). This yields the L%-realizations
(5e, P (R" Jz| =17 da))

for 0 € iRU (—n,n) U (n 4 2N). The Fourier transform is a unitary (up to
scalar multiples) isomorphism Fge : L2(R", || %7 dz) — Hga resp. Frn :
L2(R™, |z|” B dz) — ng,sub intertwining the representations pga and

G G

Tge TESP. T, ooy, For o € iIRU (—n,n) the standard intertwining operators

J(o,¢€) are in this picture (up to scalar multiples) given by multiplication
L*R™, |2~ 77 dz) — LX(R™, 27 dz),  f(x) = || f(2).

The explicit K-type decompositions (1.1) and (1.2) are difficult to see in
the Fourier transformed picture. However, one can still describe the spaces
of K-finite vectors. For this consider the renormalized K-Bessel function
Ko(2) from Appendix B.1. For o € iR U (—n,n) U (n + 2N) put

(1.14) W) =K o(al),  aeR"\ {0}
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By Appendix B.4 and the integral formula (B.11), Frat$ is equal to (1 +
|x|2)_$2n up to a constant multiple and hence ¢ is a e-fixed vector
in fRnlI If o € iRU (—n,n), it constitutes the minimal £-type in

L2(R™, ||~ 87 dz). Note that as K-representation the minimal K-type
is for € # 0 not the trivial representation since my € K acts on it by (—1)°.
To describe the underlying (g, K)-module we denote for f € C*°(R;) and
k € N by f® |z[* the function f(|z]) |z[** and by f ® |z|** C[z] the space
of all functions of the form f(|z|) |z|** p(z) for some polynomial p € Clz].

LEMMA 1.4. For o € iRU (—n,n) U (n + 2N) the underlying (g, K)-
module of fRn o 1S given by

oo
(115) (Fpillox =Y K 2y ®a*Clal= ) K_s @ |z[** Clal.
k=0 k=0,1

If 0 € iR U (—n,n) the underlying (g, K)-module of the representation
(poe, L*(R™, |33|_Re‘7 dz)) is given by

(1.16) L*R", |z R da)x =Y K 23 @ |2 Clal.
k=0

PROOF. Since g = € + a + n the universal enveloping algebra U(g) of
g decomposes by the Poincaré—Birkhoff-Witt Theorem into U(g) =
URU(a)U(E). The (g, K)-module (Fpg. IS¢, )k is generated by the t-fixed
vector ¢ and hence

(Fri IS8k = U(g)vs = U@U(a)yS .

By (1.10) and (1.12) we have U(n) = C[z]| and U(a) = C[E]. Using (B.4)
we further find that the Euler operator E acts on functions of the form
Ko(|z|) 2", a € R, k €N, by

B (Kallz]) [2*) = =3 Koy (a]) [2172 + 26K o(J2]) 2

Hence

o0

UEU(S =U®) Y C (K g @ l2™) = Y K 5.4 ® o Cla]

k=0 =0
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which proves the first equality in (1.15). The second equality in (1.15)
follows immediately from (B.5). Since the K-finite vectors do not depend
on the globalization, (1.16) follows. [J

Now let ¢ = n+2u, u € N. For f € C*(Ry) and j,k € N we denote
by f @ |z|** HI(R™) the space of functions of the form f(|z|)|z|**p(z) with
p € H/(R™). Further, let C[z]>; be the space of all polynomials which are
sums of homogeneous polynomials of degree > j. Then f ® |$|2k(C[x]>j
denotes the space of functions of the form f(|z|)|x|*p(x) with p € C[z]-;

LEMMA 1.5. Let 0 = n+ 2u, u € N. The lowest K -type sign®t**1 K
HUHL(R™YY) i, the representation (pye, L2(R™, x|~ 57 dx)) is given by

u+1
(1.17) DE o o H R,

and for the underlying (g, K)-module the following inclusion holds:

[e e}
(1.18) LXR™ [z~ da)x © ) K g1 ® [ Cla]s s
k=0

PrOOF. By (1.15), we see that (1.17) is contained in (]:RT}I k. We

now show that (1.17) is a K-subrepresentation of (Fg, Igys) k. The group

O(n) leaves H/(R") invariant for every j € N and hence M leaves each
summand in (1.17) invariant. It remains to show that €N (n-+7) = span{N;—
Nj:j=1,...,n} leaves (1.17) invariant. An easy calculation using (B.4)
and (B.5) shows that for p € H*"*+1(R") we have

ApS (N5 = Nj) [K g eallal) ol p(o)|
= i(B}7 + @) [K g (o) |2 p(a)]
= 4ikK_g i1 (|a]) o2 7 (2)

+i(n+2u—k)K_ 2 (] |22 p; (),

where z;p = p;r + ]a:]ij_ with pj € HuFHELHR™) given by

2
J J 2u — 2k 4+ n dx;’ J 2u — 2k +n Oz
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As in [28, Lemma B.1.2], we can construct an explicit isomorphism between
(1.17) and sign®t*T! & Hu+H (R"1) which respects K-actions. In view of
(1.1) the K-type sign®™*+! KH T (R"*!) occurs only once in F. IS, |k
and hence (1.17) must coincide with the lowest K-type in F@,}Iﬁasnb and

in L2(R™, |z|” % dz). This shows the first part of the claim. Now an
argument similar to the proof of Lemma 1.4 shows the inclusion (1.18). O

1.4. Branching rule for m =0

Using the L2-model (p§ ., L*(R™, lz|”®°7 dz)) we can now easily derive
the branching rule for the restriction of pge to H = O(1,1) x O(n) (the
case m = 0). Taking conjugation if necessary we may and do assume that
H = MAUwyMA. Note that MA = SO(1,1) x O(n) and the action of
M A is given by (1.7), (1.8) and (1.9). Therefore the isometric isomorphism

LA(R", 2|77 do) — L*(R™), f(z) — |27 2 f(x)

is an intertwining operator pga\ MA — p&] a4 and the restrictions pgal MA
are pairwise equivalent. The decomposition of poc':g| MmA can be done by the
Mellin transform with respect to the variable |z| giving

> ®
ey =3" (/ SO0 dT) X HE(R™),
iR

k=0

where W’f/\oé(l’l) (A € R, & € Z/2Z) denotes the unitary character of

SO(1,1) = AUmgA given by

S0(1,1 : S0(1,1
Iz’)\,é( )(6tH) _ el/\t7 ﬂ—,i)\,é( )(mo) _ (_1)6.

Let wg\(;’l) (A € Ry, 6 € Z/2Z) denote the two-dimensional irreducible

unitary representation of O(1,1) = AUmpA U wpA U mowpA given by

Y
o(1,1 e 0
7%56 (et = < 0 e—iM ) ;
o(1,1 o(1,1 0 1
w3 o) = -1, w8 = (9 5).

Any irreducible unitary representation of O(1,1) is either isomorphic to

ﬂg\%’l) or a character which factors through O(1,1)/A ~ Z/2Z x Z/2Z.
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Therefore, the only possibility for the branching law to H is

LR =" ( /ﬂz Mook df) RHE(R").

k=0

2. Reduction to an Ordinary Differential Operator

This section deals with the reduction of the branching problem for pga\ H
to an ordinary differential equation on R . For this we assume 0 < m < n
throughout the rest of this paper.

Consider the L2-realization L2(R",|(z,y)|” "°7 dady) of the represen-
tation pos where we split variables (z,y) € R™ x R"™™. We realize the
unitary representations p’ ((51 ) of the first factor O(l,m+1) of H =
O(1,m +1) x O(n —m) in the same way on L2(R™,|z|”%°7 dz). For the
second factor O(n — m) denote by H¥(R"~™) its representation on solid
spherical harmonics on R"™™ of degree k € N by left-translation.

In the following proposition we construct h-isotypic components in
C*®(R™ \ {x = 0}) using a hypergeometric differential equation. This is
motivated by the work of Speh—Venkataramana [32] who studied the spe-
clalcase m =n—1,k=0and 7 = o0 —1 (i.e. u = 1) of the following result:

PROPOSITION 2.1. Let 0 € iRU (—n,n) U (n + 2N) and 7 € iR U
(—m,m) U (m + 2N). For every solution F' € C*°(R,.) to the second order
ordinary differential equation

H(1+ t)u/ (t) + (Fot2hbnomi2y | 2kinom)
(2~ 5 ) o

which is reqular at t = 0 the map

T C®R™\ {0}) BHFR™™) — C°(R™\ {z = 0}),

V(f@o)(z,y) =] = F)f(@)ey),

||

is Py- and h-equivariant. Here, Py- and h-actions on C*°(R™ \ {0}) are
given by (1.6)—(1.13) and actions on C*(R™ \ {z = 0}) are given by the
restriction of (1.6)—(1.13) for P and g.
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PROOF. Put p:= 2k +n —m and a := =5~ so that

U(f@o)(x,y) = || F(f’—l)f(x)cb(y)-

Since h = ng + my + a 4+ ny it suffices to check the intertwining property
for Ng, My, A and ngy.

(i) For my € Ny both p¢.(n,) and pfizlﬂ)(na) are by (1.6) the mul-
tiplication operators €/*1%) and hence the intertwining property is
clear.

(ii) Let m = diag(1,k1,k2,1) € M}, k1 € O(m), k2 € O(n —m). Then
with m' = diag(1, k1, 1,—m+1) we have by (1.7)

pS(m)U(f @ ¢)(z,y) = W(f @ ¢)(k ', ky ' y)
=i tal" P 0 )0tk )
= |o|” F(Ih) £ (ki 2)(k; 'y)
= (08T ()] @ (ke - ) ().

Further, for mo we have with (1.8)

pS(mo) ¥ (f @ ¢)(x.y) = (~1)°U(f @ ¢)(~x, —y)
(—1)F (=) PO ;:2>f< )6(~y)
= (1) Jo]” P(lth) (~
W(p08T D (mo) f © 0)(z y).
(iii) For a = e!f € A we obtain with (1.9)
P5(a)U(f © 6)(w,y) = €T U(f @ ¢) (e, e Hy)
= el o2 P pleta) ()

|6_2t:13‘

_ e(a—n—2a—2k)t |x|0¢ F(%)f(e_%fﬂ)(ﬁ(y)

= el 2] P(LL) (e2)o(y)

- @<p2§1$+1><a>f ® ), ).

A
H

\_/
A
\_/
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(iv) To show the intertwining property for ny it suffices by (1.13) to show
the identity
BXU(f @) =V(B"f®¢)

for 5 =1,... ,m which follows from the next lemma. [J]

For o, u € C we introduce the ordinary differential operator

d? w—o+2 wy d
2.1 Dy, =t(l+t)— + (A2 T5 B) &
(21) =t g+ (g e ) 5

LEMMA 2.2. Leto,r,a€C,keN, p=2k+n—m, F € C>([0,0)),
f € C®°R™\ {0}) and ¢ € HE(R"™™). Then for every j = 1,... ,m we
have

B} [l F5) f(a)ow)
= || F(I2) B £ () (y)

|z

+ ;1212 £(2)6(y) (4D + a0 — 1 — a)) F(12y),

||

ProOOF. We first note the following basic identities, where 8% and 8%

are the gradients in x € R™ and y € R"™™ respectively, and A, and A, the
Laplacians on R™ and R"~™ respectively:

o
ool =ale* e, Ay [z = afa +m —2)a*2,
0 ol 2|y|” 1yl lyl? [
gt (o) = || Fligple, BaF( xIQ)_4|xy6F e
i
— o(m — 4) L P (),
||
O w2 oyl w?y _ ALY
—F(¥)) = S FI(Y, A, F(L el
ay ( Z“2) “r‘Q ( a;|2 )y7 Yy ( £|2) |$|4 ( Jj|2)
2(n—m) 2
\:E\Q F/(%)

The calculation is split into several parts. In what follows we abbreviate

=
Tl
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(i) We begin with calculating z; A, ¥ (f ® ¢):

2j AV (f © ¢)(x,y)

= (A f ® B)(2,y) + 1500 2 F(L) F(2)6(y)

2
||

g PO ol f@yo) + 2, 28 O ) plat o)
plaf® 2P ()

+ 2z Or or - f(@)o(y)
8F(|y| )

2 I ) page o)

= V(e Auf © §)(w,y) + ;2|72 Ef (2)9(y) (—4tF'(t) + 2aF(1))
+ ;|27 f(2)d(y) (APF"(8) — 22 +m — 4)LF (1)
+ala+m—2)F(t)).

(i) Next we calculate z; A,V (f ® ¢):

2 Ay Y (f ® ¢)(x,y)

=8y F( ) [z f(x)¢ ()+xjAy¢(y)-|x|“F(%)f(x)

9 a
+ 20— 2 el f(a)
= ;2" f(2)d(y) (4 F" () + 2(2k + n — m)F'(t))
since E¢ = k¢ and Ay¢ = 0.

(iii) We now calculate a%jllf(f ® P):

a%w<f®¢><x,y>
Dlz® oF <|‘y_'2)
= T P @0l + —5 - f()oty)

af y
+8—x]( ) - |z|® F(W)gb(y)
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= (@) e P ()

n aSCj ||
+j[2[*7% f(2)o(y) (—20F'(t) + aF (1)) .

(iv) Next we find (2E — o + n)%\ll(f ® ¢) by using (iii):

(08 — 0+ n) 5 U(f @ 9)(a,1)

Lj
= @B o+ n+2a+R) @)l Fo)

+ 225 |2|* 2 BEf(x)p(y) (—2tF'(t) + aF (1))
+2(a+k—1) =0 +n)x; |z f(2)p(y) (~2tF'(t) + aF(t))

since E |z|® = 8x|°, EF(%) =0 and E¢ = k¢.
Now, putting (i), (ii) and (iv) together gives the claimed identity. [J

3. Spectral Decomposition of an Ordinary Second Order Differ-
ential Operator

Proposition 2.1 and Lemma 2.2 suggest that the decomposition of the
O(n —m)-isotypic component of H*(R"~™) in pga into irreducible O(1, m+
1)-representations is given by the spectral decomposition of the second order
differential operator Dy, defined in (2.1) where p = 2k + n — m. In this

section we find the spectral decomposition of D, ,, acting on L*(R, = (1+
t)_¥ dt) using the theory developed by Weyl-Stone-Kodaira—Titchmarsh.

3.1. Kodaira’s result

The spectral decomposition formula for general self-adjoint ordinary dif-
ferential operators of the second order was established by Kodaira [21, 22]
and Titchmarsh [35]. In [22] and [23], Kodaira studied Schrédinger type op-
erators in detail and deduced a simpler formula for the spectral measure of
these operators, which also laid a mathematical foundation for Heisenberg’s
S-matrix theory. We can apply this simpler formula to our setting, because
D, ,, turns out to be a Schrodinger type operator after a suitable change of
variables.
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We first recall Kodaira’s spectral decomposition theorem for Schrédinger
type operators (see the original papers [22] or [23] for the proof). Let

2 v(+1)

L= _ =
da? 2

+V(z) (0<z<o0),

where v > —% and V(z) is a real-valued continuous function such that

V(z) = O(x_2+€) asx — 0, V(z)= M as T — 00
T

for some av € R and € > 0. A system of two solutions si(z, ), sa(z,A) to
Lu = Mu (X € C) is called a system of fundamental solutions if it has the
following three properties:

dv du

o W(s2,s1) =1, where W(u,v) = u— — v— denotes the Wronskian,
dx dx

o sj(xz,\) =s;(x,A) for j =1,2,
d
e s;(x,\) and @Sj(x’ A) are holomorphic in A € C for j = 1,2.

For Schrédinger type operators there exists a system of fundamental
solutions s1, so with the following asymptotic behaviour as © — 0:

1 1

s1(x, \) ~ 2" T so(x, \) ~ 5t 1x_” if v > —5
1

51($7>\)NCE%7 Sg(x,)\)w—xélog:c ifu:—i.

We note that the function s; is uniquely determined because a solution to
Lu = \u with u(z) ~ 2! is unique. Since s; is L? near z = 0 for any
v > —% and sy is L? near x = 0 if and only if v < %, we conclude that
x = 0 is of limit point type (LPT) if v > 1 and of limit circle type (LCT)
if -3 < v < 3. In the case of (LCT) at z = 0 we impose the following

additional boundary condition (which is automatic in the case of (LPT)):
(BC) hH(l) W(s1(—,0),u)(z) = 0.
Tr—

Then in both the (LPT) and the (LCT) case s1(x, \) is the unique solution to
Lu = \u which is L? near x = 0 and satisfies the boundary condition (BC).
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On the other hand, the point = oo is always of (LPT) and we have:

THEOREM 3.1 (][22, Theorem 5.1], [23, Theorem 26]). IfImk >0 and
Kk # 0, the equation Lu = k*u has one and only one solution ug(—, k) such
that

. 16
uo(x, k) ~ exp <m:1; ~ 5. logaz> as T — 00.
K

As functions of the two variables x and k, ug(x, k) and %uo(m, K) are con-
tinuous in 0 < x < oo, Imk > 0 and k # 0. As functions of k, they are
holomorphic in Imk > 0.

The differential operator L defines a self-adjoint operator on L?(R;)
with domain the space of functions w satisfying the following five conditions:

®uc LQ(R+)7

e u is differentiable,

du . . . .
I absolutely continuous in every closed interval [a,b] (0 < a < b <
X

00),

Lu € L*(Ry),
e u satisfies the boundary condition (BC).

The spectral decomposition of L is given in terms of the functions A(k)
and B(k) defined by

uo(z, k) = A(k)so(x, K?) — B(r)sy(x, K?).
This equation implies
A(K) = W (ug(—, &), 51(—, £2)) and B(k) = W(uo(—, k), s2(—, %)).

The functions A(k) and B(k) are holomorphic in Im x > 0 and continuous in
Imk >0and £ # 0. In Imk > 0, all zeros of A(k) lie on the imaginary axis
and are of order one. Denote these zero points by «; = i|x;| (j € J). Then it
can be proved that the discrete spectrum of L is A = sz and possibly A = 0.
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The continuous spectrum of L is the interval [0,00). The eigenfunction
expansion formula for L is

THEOREM 3.2 ([22, 23|). In the setting and the notation above, we
have an expansion of any L?-function u(z) of the following form

(3.1)  ulx)= jezjsmx,n?)pj / " a1y, 2)uly) dy
+ s1(z,0)p" /OOO 51(y, 0)u(y) dy

2 /oo ) %2 /oo )

+ — s1(x, k) ——— s1(y, k) u(y) dy dk,
w o OO fy )
where

1 d 1 [ B(ee® )
= 2l lB0) § 5 and = tim [T 2 g

J

We remark that p° = 0 in many cases.
To reformulate it as an isomorphism between Hilbert spaces put

S = {/632 17 € JHU{0}) URy,

where {0} is included if p° > 0. Define a measure on S by

=S ) a(k) (4 17 VA
Joo0 0000 = S o) + £ [ 2T an

Then by [22, Theorem 4.2] or [23, Theorem 19]:
THEOREM 3.3. The map
L*(Ry) —= L3(S, dp), ur g(A) = / s1(x, Nu(x) dz,
0

s a unitary isomorphism with inverse

I3(S, dp) = I2(R,), g ulx) = / 51(2, \)g(A) dp(\).
S
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3.2. Simplifications

In the rest of this section we apply the above result to find the spectral
decomposition of D, ,. We fix o € iRU (0,00). (In the case o € (—00,0)
only the derivation of the discrete spectrum is slightly different. However,
since 7y = m_g . for o € (—n,n) the decomposition of the representations
is again the same and it suffices to consider o € iRU(0, 00) for our purpose.)
Further fix £k € N and put p := 2k +n — m. We assume m < n so that
p > 0. Writing

2

d d
Dg,u:t(1+t)@+((a+b+1)t+c)g

with
A 1 VA -

it is easy to see from (B.6) that the hypergeometric function

o—u T o—u T M
2

)

(3.2) F(t,7) = oF) (a,b;c; —t)

solves the equation

Dopf + AN f=0, X =ab= <U;“>2 — (2)2.

We find a spectral decomposition of D, ,, in terms of F (¢, 7).
First make the transformation t = sinh2(%). Using t% = tanh(%)% we

write the operator Dy, as

1 d\? w—ac uw—2Y\ .d

d? d
a2 +5(3’3)£
with 1 . 1
_n- T\ _o- z
B(x) = 5 tanh(2> 5 tanh<2>.
Putting

p—1 o—1

u(z) = r(z) " f (S.inh2 (g)) with 7(z) = sinh (g)_T cosh (g) oz



308 Jan MOLLERS and Yoshiki OSHIMA
we finally see that the differential equation D, , f + A*f = 0 is equivalent to

—— + ¢ (x)u=N"u
with

g (x) = 16(x)* + 306/ (x)
(n—1)(p—3) A
- 16 tanh (5)
wlo—2)+1 (o4 1)(oc—1) x\2
- 3 + 6 tanh (5) .

To stay in line with the setting in Section 3.1 we shift the eigenvalues by
1 — % o— [ 2 I o—U 2 .
putting ¢(z) := ¢*(z) — (%)” and A := \* — (%3#)” and obtain

d2u

(3.3) )

+ q(z)u = Au.

Note that g(x) is real-valued for o € iR UR and hence the operator —f—; +

q(x) is formally self-adjoint on L?(R,). Moreover by putting v = “T_?’ and

a = 0, the differential operator L = —% + ¢g(x) is of Schrodinger type if
@ > 2. This is also true for p = 1 if we put v = 0. However, we should
rather put v = —1 in order to impose an appropriate boundary condition.
Thus we cannot use the general result in Section 3.1 directly for = 1, but
one can see that the proof of Theorem 3.2 in [22] or [23] is still valid in this
case and thus (3.1) gives the correct formula.

3.3. Singularities and the boundary condition

We put v = ’“‘T_?’ for 4 > 1 and k = v/X. The differential equation
(3.3) has regular singular points at = 0 and © = co. The corresponding
asymptotic behaviour of solutions at x = 0 is given by 25 and 2“7 for
i # 2 and by 22 and log(:c):c% for 4 = 2. Hence x = 0 is of limit point type
(LPT) if p > 4 and of limit circle type (LCT) if 4 = 1,2, 3. The solution

s1(z, \) = 25 r(2) 12 Fi(a, by o — sinh*(%))

. . p—1
has asymptotic behaviour "2 (= z¥*1) near z = 0, where

a:—a;M—H’/{, p=_2_H

4

— 1K c:ﬁ
b 2‘
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Note that s1(x,\) is holomorphic in A € C and s1(z,\) = s1(z,)\) if 0 €
R U iR by Kummer’s transformation formula (B.9). For p > 2, s; is the
unique solution which has asymptotic behaviour 2“% near x = 0. Hence
we can find sy such that sy, so is a system of fundamental solutions. For
w =1, put

so(z,\) = —2r(z) ™1 sinh(5)oF1(1+a—c¢14+b—c2—c;— sinh2(%)).

Then so has asymptotic behaviour —x near x = 0 and s1, s3 is a system of
fundamental solutions.

In the case of (LCT) at z = 0 we impose the additional boundary
condition (BC). Then in both the (LPT) and the (LCT) case (i.e. for every
p > 1) s1(x, \) is the unique solution to (3.3) which is L? near z = 0 and
satisfies the boundary condition (BC).

In view of Theorem 3.1 we consider another solution

uo(z, k) = 2% (z) ™1 sinh_%(%)gFI(b, b—c+1L;b—a+1;— sinh_Q(%)),
iTE a8 & — oo and hence is L2 near = = 0o

for Imx > 0. Note that a linearly independent solution is obtained by
1TK

which has asymptotic behaviour e

interchanging a and b and has asymptotics e~
of (LPT).

Altogether the operator in (3.3) extends to a self-adjoint operator on
L?(R,) under the boundary condition (BC) and its spectral decomposition
is given by Theorem 3.2. We now make this spectral decomposition explicit.

whence x = oo is always

3.4. The function A(k)
We calculate the Wronskian

A(k) = W (ug(—, &), s1(— £%))
— 2“7*1+2mr(w)—2
x W (sinh™2*(5)2Fy (b, b — ¢+ 1;b — a + 1; — sinh~%(5)),
o Fy (a, b; c; —SinhQ(%)))(ZL‘)
= 2NT71+2M7“($)_2 sinh(5) cosh(5)

X W(szzFl(b, b—c+1;b—a+1; —%), o F (a, b; c; —z))(sinhZ(%))
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I'(b—a)l'(c)
L'O)I(c—a)
x W(zP9Fi(b,b—c+ 1;b—a+1;—1),
2 % F(a,a —c+1l;a—b+1,; ——))(sth(%))

I'b—a)l'(c)
L'H)I(c—a)

[(-2ik + 1T'(5)
(=22 —ir)D (2 — i)

_ ot 2ing. ()2 sinh(Z) cosh(Z)

— 2“7714—27;)@([) o CL)

— olFt+2in

Then we see that all the zeros of A(k) in the upper half-plane Im x > 0 are

of order one and exactly at the points where —% — ik € —N. This gives
ik =—12 “—i—jand)\——(——j) for j € N with j < Z5#. Hence A(k)
has zeros in Im x > 0 if and only if o € R and o > p. If this is the case, we
put k; = i(Z5E —j) for j € [0, Z5#) NZ. Using res.—_,I'(2) = (7 ) we find

1 _Bml_g INC )
3.4 reSp_y, —— = 27 3 2K 2
(34) AR (8 25 1 )I(A)

X resg—y; ' <—U ik
_ 27“7—172@',13. F(% _]) (_1)j

D(%3* =2 + 1)r(§) (=)
To calculate B(k) for k = k;, we note that b = —j and therefore, by (B.7)

» g
(=2 +4)0(5)
(5 +3)

Here, (a);j = a(a+1)---(a+j— 1) denotes the Pochhammer symbol. As a
result,

_ 2721'&]'

UO('Iv ’ij)'

(3.5) Blrj) = —2 "z T2

3.5. The spectral theorem for D, ,
For p > 2 Theorem 3.2 gives the spectral formula (3.1). Following the
proof in [22] or [23] it is easy to see that (3.1) is still valid for 4 = 1. For
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k > 0 we calculate

For j € [0, 2%=1) N Z we have

pj = %|KJ|B(HJ)£j %

L (o—p [\ =27 T 204 + )
B ( [ “7) TESE )
277 (1) T(§ — j)

JIN(SE -2+ 1)0(5)
_ 2O - )05 — (5 + )
JT(PT(SE —j+1)

s

X 271

by (3.4) and (3.5). Moreover, since % has at most a pole of order one at

xz =0,
0 1 /7T B(6629)6262i9 do = 0.
0

= lim — -
Fr=x A(eet?)

Consequently, (3.1) gives the expansion formula:
_ 0 27T — 2))0(§ — )T (5 + )
U(%) - Z Sl(xﬂk':j) 4 I o—u .

jeloRer=)nz,
o 2
x / s1(y.k2)uly) dy
0

D(— % i) D2 +in) |
T(2im)T(2)

< [ ity uty) dyds
0
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Using the different normalization
m (2, \) = r(z) " 2 Fi(a, by ¢; — sinh?(2))(= 27T s1(x, ),

this can be rewritten as

(= =25 —HL(E +7)
JT(E)T(5E =i+ 1)

x /0 T — (52— 5)Puly) dy

D(— 22 + i/ ND(ZE 4 i3 [
T(2ivVAI(§)

X /OOO m(y, Nu(y) dy

1 o0
o [ mG
T Jo

dA
VA
To obtain an isomorphism between Hilbert spaces let

Sl = 000U {— (73 —j)Q}.

5€[0,222=£)"Z

Note that S(o,u) = (0,00) for ¢ € iR. On S(o,u) we define a measure
dvg,, by

| v,

S(o,p)
._i > ()\) F(—U*N_i_i\/_) (oJrH —FZ\/X) 22
T Jy T2/ N(E) VA

Ly CEATGINED) o

IT(L)20 (%L — j+ 1
jefo fermyg, ) (5)0(=F—Jj+1)

Then by Theorem 3.3:

THEOREM 3.4. For o € iRU(0,00) and p € Z4 the map

I2(Ry) - IA(S(0. ), dvey),  wro g(A) = /0 (e V() de,
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s a unitary isomorphism with inverse

LQ(S(Uv /-L)v dVo,u) ;) L2(R+)7

g—u(x) = /(Uu) ni(x, A)g(A) dvg u(A).

For our application we need the spectral decomposition of the opera-
tor D, which follows from Theorem 3.4 by the transformation f(t) —
r(z)~1 f(sinh?(%)). To state this put

T(o,p) = iR4 U U A{e—n-4}
jelo,Reg=u)nz,

and define a measure dms,, on T'(o, 1) by

- i i, ( U+u+7') (G+u+‘r ) _
[ s@mane) = o [ o) || 4
D S L1 B LU PR

AT (B2 (=K _
jelo,Bee=)nz, J (2) (2 +1)

COROLLARY 3.5. For o € iRU(0,00) and p € Zy the map
L2(Ry 72 (14 4)7 72" dt) - L2(T(o, 1), dma ),
frg(r) = /Ooo F(t,)f(0)t (1+1)75 dt
s a unitary isomorphism with inverse
LA(T(0, 1), dmg,) — L2 (R, t"2 (1 +14)" 2" dt),

gHﬂwzﬁ(fWJMﬂmmmy
o,

REMARK 3.6. For the discrete part, namely for r =0 — u—4j, j € N,
the GauBl hypergeometric function F'(t,7) degenerates to a polynomial in ¢
of degree j. More precisely, we have (see (B.10))

3t oot

=
. +21),
ON )

F(taU—M—‘U):
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where P\ )(z) denote the Jacobi polynomials.

REMARK 3.7. For o € (0,00) the results of Corollary 3.5 can also
be found in [7, formula (A.11)] where the hypergeometric transform ap-
pears (essentially) as the radial part of the spherical Fourier transform on
SU(1,n)/SU(n). Since our approach provides a unified treatment of both
complementary series, discrete series representations for the hyperboloid
and principal series, including the case o € iR, we gave a detailed proof in
this section for convenience.

4. Decomposition of Representations and the Plancherel For-
mula

Using the spectral decomposition of D, , obtained in Corollary 3.5 we
find in this section the explicit Plancherel formula for the decomposition of
pge ’H :

Let us first consider the action of O(n—m) on L2(R™, |(z,y)|” %7 dz dy)
which gives the following decomposition as O(n — m)-representations:

(@) R |(ny) R dedy)
o0
= ST R2®R™ xRy, (o 4 92) 75T g dy)
k=0
X er(Rn—m)7

where 7 = |y|. We fix a summand for some k£ € N and put again u =

2k 4+ n — m. The coordinate change ¢ := ﬁ gives

L2(R™ x Ry, (2> + r2)~ 2" r#~ 1 dz dr)
= LX(R™ x Ry, L [z R0t 42 (1 4 1) 5" da dt).
Since

L2(R™ x Ry, L[z ReoH 427 (1 4+ )~ "5" dadt)

>~ [X(R™, L [2| 7R d2) DL Ry, 17 (1+ 1) 73" dt)
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we can apply Theorem 3.4 to find that the map

L2(R™ x Ry, & |2 R0+ " (14 4)7 5" da dt)

(&)
H/ LA™, L [z~ R do) dimg(7)
T(o,p)

given by

o—T—

f@,t) = flo,7) = ol /OOO F(t,7)f(z, T (1+ )% dt

is a unitary isomorphism, where F'(¢,7) is defined by (3.2) and the measure
dmg , is given by (3.5). Its inverse is given by

o—T—L

(. 7) o 3w, t) = /T( T () A7)
o

Now we put these things together. For o € iRU (0,00) and k € N we
put p := 2k +n — m and define an operator

W(o k) (/TG;#)L ®™, L 2]~ de) dmg,(r )) 5 Hk (R
— LX(R", |(2,y)] "7 dady)

by

V(o k) (f ® o) (z,y)

— o(y) /T e

o—T—p

2
2Py (B0, 25T s - ) f(,7) i (7).

THEOREM 4.1. For o € iIRU (0,n) U (n+ 2N) and € € Z/2Z the map
U(o, k) is H-equivariant between the representations

@
O(1,m+1 n—m
/ pr,§+k ) dme.,(r) B HM (R ™) — pUE’H

T(o,u)
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and constructs the H*(R"~™)-isotypic component in ng\H. The following
Plancherel formula holds:

1202 ) © DN zaqgen, i " s

_ / L N e 3o e gy o (7) - 18] gy
T(o,)

PROOF. We have already seen that W(o, k) gives a unitary isomorphism
so that the Plancherel formula above holds. Further, by Proposition 2.1 the
map ¥(o, k) intertwines the actions of MyANpy on smooth vectors and
hence on the Hilbert spaces. Since H is generated by My AN i and Ny it
remains to prove the intertwining property for Ng. For this we use the Lie
algebra action.

LEMMA 4.2. Let L be a connected Lie group with Lie algebra | and
let (p1,H1) and (p2, Hz2) be unitary representations of L. Suppose that a
continuous linear map ¢ : H1 — Ha is given and there exist subspaces
Vi C Hi and Vo C Hs such that

(i) Vi is dense in H; fori=1,2,
(11) Vi is contained in the space of analytic vectors HY fori=1,2,
(iii) Vi is dp;-stable fori=1,2,

(iv) ((dp1(X)v1) | v2)r, = —(p(v1) | dp2(X)v2), for vi € V1, v2 € Vo
and X € [.

Then ¢ is L-equivariant.
ProOF. For vq € V; and vy € V5 we put
fur05(9) = ((p1(g)v1) [ v2) 3y, geL,
hoy s (9) = (p2(9)(v1) [ v2)n, = (0(v1) | p2(g™v2)1,, g €L,

which are analytic functions on L by (ii). For a smooth function f on L
and X € [ we define derivatives by

(R(X)f)(g) = lim —==————=,

t—0

(L(X)f)(g) = lim :
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We have R(X)f(e) = —L(X)f(e) for the identity element e € L and R(X)
commutes with L(X’) for any X, X’ € [. Hence
R(X1)R(Xy) - R(Xg)f(e) = — L(X1)R(X2) - - R(X) f(e)
= — R(X2)--- R(Xy)L(X1)f(e)

= (=D"L(Xx) - LX) L(X1) f (e)
for Xi,..., Xy € [. Then (iv) implies

R(Xl) e R(Xk>f1)1,7.12 (e) = fdp1(X1)~~~dp1(Xk,)’U1,U2 (6)

= (=1)"huy dpa(Xp)dpa (X1 )2 (€)
= (=1 LX) -+ LX)y s (€)
= R(X1) - R(Xp)hoy w5 (€)-
Since fy, v, and hy, ., are analytic functions, they coincide. Therefore

p(p1(g)v1) = p2(g)p(vr) for vi € V1 and hence p(p1(g)v) = p2(g)e(v) for
any v € Hy by (i). O

We apply the lemma to the map ¢ = ¥(o, k) : H; — Ho where

®
H, = </ L*(R™, % |x|7ReT dz) deM(T)) XHk(R”_m),
T(o,p)

Hy = LR, |(z,)] "7 dz dy).

So let p; and ps2 be the restrictions of

®

O(1,m+1

</ pT’§+k * )dma,#(7)> X1 and pgs
T(o,pu)

to L = Ny, respectively. To define Vi, we regard an element

2

fe IRl do)dma,(r)
T(o,p)

as a function f(x,7) on (R™\{0}) xT'(o, u). Let Vi . be the space consisting

of linear combinations of the functions on (R™ \ {0}) x iR x R"™"™ of the

form

(@, 7,y) = (dp D O™ (2) g (y)x (1),
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where X € U(h), @bTO (ImH1) 5s the spherical vector of p?gr’znﬂ) as defined
in (1.14), ¢ € H*(R™® ™) and x € C.(iR,), i.e. ¥ is a continuous function
on iRy with compact support. Let Vj 4 be the space consisting of sum of

functions on (R™\ {0}) x (T'(o, 1) N (0,00)) x R™™™ of the form

(z,7,y) = fr(z)p(y),

where f, € L2(R™, |z|”R°T dz) kno(1,m+1); @ (KNO(1,m+1))-finite vector
?’SZZLH), and ¢ € Hk(]R"_m). Then we put Vi := Vi, @ Vi 4. Further
let V3 be the space of all K-finite vectors in L2(R™, |(x,y)|” %7 dz dy). We

now check conditions (i)—(iv):

inp

(i) V1 is dense in ‘H; since C.(iR4) is dense in L?(iR, dm,,,) and the
space of (K N O(1,m + 1))-finite vectors for pf(””“) is generated
by Q/J.ro(l’mﬂ)(x) and dense in L2(R™, |z|” %7 dz) for 7 € iR,. The
space V5 is dense in Hs since it is the space of K-finite vectors for

O(1,n+1)
o,e .

(ii) K-finite vectors are analytic vectors for G and in particular for Ny C
G, hence V5 C HY. Similarly, V3 4 € HY. The inclusion Vi, C HY
follows from the lemma below.

(iii) It is clear that V5 is dpa-stable since the space of K-finite vectors is
dpg(l’nﬂ)—stable. That V; is dp;-stable follows from the definition of
V1.

LEMMA 4.3. Let

&3]
O(1,m+1
(pllaHll) = (/ pr,é—i—k * )de#(T),

T(op)

/69 L2R™, } |77 da) dmg,ﬂ(7)> .
(o)
A function f(x,7) on (R™\ {0}) x iRy of the form

Fla,7) = (@00 (X000 @) (1)

for X e U(b) and x € C.(iR4) is an analytic vector of pj.
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PROOF. It is enough to prove that for any gy € O(1, m+1) there exists
a neighborhood 0 € U C so(1,m + 1) such that

2
—0
H,

N
ax = || (exp V) (a0) £, 7) = S 1 (V) (00) (7|
=0

as N — oo for Y € U. Consider the Euclidean Fourier transform Fpm
with respect to the variable = (see (1.5)) which gives a unitary equivalence
between

@ @

O(1,m+1 o(1,m+1

P = / poci ™ dmg,(r) and mi= / moi T dme, (7).
T(o,u) T(ou)

Put h(x, 1) := .7:]Rm(d,09(1’m+1 (X)p7 O@m+1) )(a:) then

an = /i&le(exp V)1 (90)h(z, 7)

X(T)? dmg, (7).

L2(Rm L]z~ R da)

As in Section 1.2 the function h(z,T) corresponds to a function h(g,T)
on O(1,m + 1) x iR satisfying h(gman,t) = & 1r(m)~ta=""Ph(g,T) for
me O(l,m+1)NM,a € Aand n € Ny. Consequently, ay is given as

/z& </O(1)><O(m—|—1)

70 (go)h(exp(—Y )k, 7)

T.e+k
1 O(Lm+1), 17 2
= 3 dr@Om ) R (go)h(k, )| dk) (I ()
=0 "’

up to a constant factor, where dk is the Haar measure on O(1) x O(m +1).

O(1,m+1)

Since 7 [y (go)h is analytic on O(1,m + 1) x iR, the sequence

N
1 m O(1,m+1 7
37 dnQm D (v ) 00t (g0 ok, 7)

converges uniformly to Woéizlﬂ)( go)h(exp(=Y)k,7) on the compact set

(k,7) € (O(1) x O(m + 1)) x supp x, which proves ay — 0. O
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To verify the intertwining condition (iv) we first prove the intertwining
property for each single space L2(R™, |z|~ %7 dz) for fixed 7 by embed-
ding it into the C-antilinear algebraic dual of the Harish-Chandra module
L2(R™, |(z,y)|” *7 da dy)k of K-finite vectors. For 7 € iR, and X € U(h)
let

frx(@) = (dpfm (X )gp@miy (), 2z e R™\ {0}.

PROPOSITION 4.4. Let ¢ € HFR™™) and g € L*R",
|(2,9)[” "7 dedy)x.

(i) For every X € U(h) and T € iR the integral

[ 1l PO ) )6 ()| dody

converges absolutely and defines a continuous function in 7.

(i) For every X e U(h), T € iR4 and j =1,... ,m we have

(4.2) / al T P ) (B frx)(@)6 ()9 ) (. y)| e dedy

|Jf|2’

= [ el () o @00 B 0) )

X |(z,y)| "7 dz dy.

(iii) Fort € T(o,u)N(0,00) and f; € L2(R™, |z|~ 7 dr) kro,m+1), the
integral

[ ol P 1) @005 0) (o) 7 dody

converges absolutely.

(w) For v € T(o,p) N (0,00), fr € L2R™, |z|~Re7 dr) kro(,m+1), and
j=1,...,m, we have

(43) /]R el T P )BT ) @) w)g (e, y) (@ y)] T dedy

||



Restriction of Most Degenerate Representations of O(1, N) 321

= [ el () 2)0) ) )

x |(z,y)| " "7 dzdy.

PRrOOF. We first note that by (1.16) the function f. x(x) is a linear
combination of functions of the form

f(x) = K g 0(|2]) |2 pla)

for a € N and p € C[z] with coefficients depending smoothly on 7. Similarly,
by (1.16) and (1.18), f-(x) is a linear combination of the form f(x) above.
Note that in the case 7 = m + 2v € m + 2N we additionally have p €
Clz]sy—a- We may replace frx(x) and fr(x) by one of these functions
f(z). For the same reason we may assume that
> b
g($, y) = K—%+b(|(x7 y)|) |($a y)|2 Q(-T, y)

for some b € N and g € C[x, y] where for 0 = n+2u € n+2N we additionally
have ¢ € Cz, Yl>u_s.

(1)&(iii) By (B.2) and (B.3) there exists a continuous function Cq(7) > 0
on T'(o, ) and N1 > 0 such that for z # 0:

K5 vallal) o™ p(o)|

1 for 0 < ReT < m,

5 Ny —
< CU(7) |7 (L + [z]) e x{’x"‘efT‘mH for Rer > m

for some arbitrarily small 6; > 0 (covering the possible log-term for
7 = 2a). For the hypergeometric function we have by (B.7) and (B.10)
(checking the cases 7 € iRy and 7 € (Reo — u—4N) N R separately)

IF(t,7)] < Co(r)(1+8) 0, t>0,

for some continuous function Ca(7) > 0 on T'(o, ). We estimate

16(y)| < Csly" < Cs|(z,y)[*
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Further, for the K-Bessel function of parameter —% + b we again find
by (B.2) and (B.3) that for (x,y) # 0:

Ko@) |(@,9)* a(a, y)
< Cyl(z, )% (1 + |(z, y)|) N2e 1 @)
{1 for 0 < Reo < n,

()| 2t for Reo > n,

for some arbitrarily small 62 > 0 (covering the possible log-term for
o = 2b) and Cy, N3 > 0. Now assume 0 < Re7 <mand 0 < Reo <n
then we obtain

F(l, 1) ()6 w)g ., y)

o—T—p

|z

Reoc—Ret—pn

< OV (P)Co(r)C3Cy |z 2 (1+ m> ;

|

X |x|—51 (1+ ‘m‘)N1€—|x| ‘(:E,y)’k_éé (1+ ‘(x’y)’)NQe—l(w,yﬂ
- Reo—ntm—Rer _
< C(7) || " |(z, y)| % (14 |(z, y)|)Ne @]

with C(T) = 01(7)02(7)0304 and N = Ny + No. Since 61 and 69
can be chosen arbitrarily small the right hand side is integrable on R"

)’—Rea

with respect to the measure |(z,y if and only if

—Reo—n+m—Rert
2
This inequality holds by assumption and hence the integral converges
absolutely. Moreover, we even have n—Reoc+m—ReT >n—Reo > 0
for all 7 and hence the convergence is uniformly in 7 varying in a
compact subset of T'(o, ). The other two possibilities 0 < ReT < m,
Reo > n and ReT > m, Reo > n are treated similarly which finishes

the proof of (i) & (iii).

> —n.

(i1)&(iv) First recall from Proposition 2.1 that

Therefore we have to show that
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(4.4) /]R Bl ®(z,) - 900, 9) - (2, 9)] "R dody
! LNo N —Reo

where we abbreviate

o—T— 2
O(ey) = 2| 5 F(L.1)f()(y)
The operator B;-L’U is formally self-adjoint with respect to |(z,y)|” "7
since dpS(N;) = —z'B;.l’U is, as part of the Lie algebra action, formally

skew-adjoint on C2°(R"\ {0}) € L2(R™, |(z,y)|” ®°7 dady)>. There-
fore it remains to show that we can integrate by parts without leaving
any boundary terms. Fix j € {1,...,m} and consider the domain

Qje = {(z,y) €R" : |z;] > e} CR"

for e > 0. Clearly R™\ |
equivalent to

.0 §2je is of measure zero and hence (4.4) is

(4.5) lim [ B} ®(x,y) - g(x,y) - |(z, )| 7 dedy
e—0 0.

J,€

Y RN N —Reo

=lim [ ®(z,y) B Tg(x,y) - [(z,y)|” "7 dady.
e—0 Qj,a

On ;. both |z| and |(x,y)| are bounded from below by . Hence,

by (B.4) and (B.8), all factors in the integrand

o—T—p |2

FU 7Y f(2)6(y)g(a, y) (2, y)| B

||

]

can be arbitrarily often differentiated in x and y and the result is
a smooth function on ;.. Since further the hypergeometric func-
tion grows at most polynomially and the K-Bessel functions decay
exponentially near oo, all such differentiated terms decay exponen-
tially as |(z,y)| — oo and are hence integrable on €2, .. Therefore we
can arbitrarily integrate by parts and all intermediate integrals ex-
ist. It remains to show that for ¢ — 0 all boundary terms that occur
while integrating by parts vanish. By the asymptotic behaviour of
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the K-Bessel functions at oo the boundary terms at oo always vanish.
Hence, by the choice of €);., the only boundary terms that occur are
for derivatives in x; at x; = £e. Therefore we only need to consider
the parts ,
0 0 0
x; @, 8—;6] and F 8—1‘]

of B;L’U. We treat these three parts separately. Here we start with the
right hand side of (4.5) and then integrate by parts once or twice. We
only carry out the details for the case 0 < ReT < m and 0 < Reo < n,
the other cases are treated similarly with the corresponding estimates
derived in part (i) & (iii).

(a) %. The boundary terms that occur when integrating by parts

are (up to multiplication with a constant) of the form

| (0@ s e ||
— &2, —e,y)g(2, —¢,y) ’(ac', —¢, y)’_Rea> dz’ dy

where we write z = (2/,z;) with 2/ = (21,...,%j,... ,zm) €
R™~!. The integrand obviously converges pointwise almost ev-
erywhere to 0 as ¢ — 0 and it suffices to find an integrable
function independent of € dominating the integrand to apply the
Dominated Convergence Theorem. For this note that in both
®(x,y) and g(x,y) the only terms dependent on the sign of x;
are the polynomials p(x) and ¢(zx,y), respectively. Using the
same estimates as in the proof of part (i) & (iii) we find that

‘(I)(:C/, &,9)9(z',€,y) ’(x,’ &, y)‘_ReU

~0(!, e, y)g(x, —e,y) |2, —,y)| "7
<Ol@en| ™ T | e Ve )
X )p(w’, e)q(a’,e,y) — p(a’, —e)q(a’, —e, y)‘
for some N > 0 and an arbitrarily small 6 > 0. Now note that
p(2’,e)q(2’,e,y) — p(a’, —€)q(2’, —¢,y) is an odd polynomial in
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e and hence of the form ¢ - r(2/,¢,y). For the extra ¢ from this
observation we use the estimate |e| < [(2/,e,y)|. We further
estimate |r(z,e,y)] < C'(1+ |(«,e,y)|)Y for some C', N’ > 0
and find (assuming € < 1)

— Reo—n+m—RerT +1—5

<CC (@, e,y)|
x (1+ |2, 1,y) )N+ e l@wl,

Now suppose the exponent —Re ”_";m_ReT +11is < 0. Then we

can estimate
—Reo—n+m—Ret +1—5

<CC|(«',y)| 2
> (1 + ‘(l’l, 1,y)‘)N+N/€_‘($/’y)|’
which is independent of ¢ € (0,1) and integrable on R"~! for
small 6 > 0 since Rec < n and Rer < m. If the exponent

_Re"_";m_ReT + 1 — 6 is positive the estimate € < 1 also yields
a dominant integrable function independent of €. Therefore, in

both cases we can apply the Dominated Convergence Theorem
and obtain that as ¢ — 0 the boundary terms vanish.

(b) mj%. Integrating by part once gives (up to multiplication by a
J

constant) the boundary terms

(4.6) /R - (@(w’,e,y) @-%)x'g Wy T

0 —Reo
_ q)(x/, —€, y) (:L'ja—g‘(l‘, y)) ‘(:ﬂ) —€, y)‘ > d«’ dy.
x] Trj=—¢

We have

)‘Zb

9(x,y) = K_g (|(,9)) |2, )" a(x, )

and use the product rule to find xj(%qj(x, y). The first term is by
(B.4)

)|2b

2
xTs ~
~ TR gl ) @) ate.y)

2
x B
:‘a@@FKﬁMﬂmawmwwWW“«aw
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and putting x; = % gives

2

E ~
= SK ¢ 7 e,
2|(x,7€7y)|2 2+b+1(‘( y)|)
2(b+1
x |, e, )" g(a’, e, ),
Again €2 can be estimated by |(2/,,)|> and we find that
2
£ ~ 2(b+1)
— K o x e, 2 e, and
2\($’,5,y)\2 2+b+1(‘( y)’) |( y)’

K_g(I(z,9))) (2, 9)*

satisfy the same estimates (see the proof of (i) & (iii)). The
same argument applies to the other two terms in the product
rule. Therefore the same argument as in (a) yields the vanishing
of the boundary terms (4.6). Similar arguments yield the vanish-
ing of the boundary terms that occur when integrating by parts
for the second time. For this note that the formal adjoint of

s on L*(R™, |(z,y)|~ Reo qz dy) i is —g0- + (Re o)y Both

summands are treated separately as above
E %. We have

9
Eow, = xﬂa§+z ka axj Zyk@y 8:5

The first term was already treated in part (b). For the other
two terms note that we can first integrate by parts the deriva-
tives with respect to zx (k # j) and y, without any boundary
terms occurring. Secondly, integration by parts of the derivative
with respect to z; is dealt with as in part (b). This finishes the
proof. [J

REMARK 4.5. It is necessary in the proof of Proposition 4.4 (ii) & (iv)

to restrict integration to the domain €2; .. This is because the operator B;?’U
is of second order and we have to integrate by parts twice. The intermediate
result, i.e. after integrating by parts once, may not be integrable on R"
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and hence we need to restrict to a subdomain on which these intermediate

results are integrable. The same problem occurs when one considers the two

summands ;A and —(2E — o + n)% separately. Here the integral over

R™ for each of the two summands may not converge while the integral for
the sum B?’U does by Proposition 4.4 (i) & (iii).

REMARK 4.6. The assertions (i) & (iii) of Proposition 4.4 construct an
embedding of

LAHR™, |2]7 %7 d2) kro(mr1y B HE(RY™)

into the C-antilinear algebraic dual of L2(R™, |(z,y)|” %7 dz dy)x for every
T € T(o, ). By (ii) & (iv) this embedding is h-equivariant.

Let us now continue the proof of Theorem 4.1 by showing property (iv)
in Lemma 4.2. Let v; € Vi . and vy € V5. Suppose that

vi1(z,7,y) = frx(@)d(y)x(r) and wva(z,y) = g(z,y)

with X € U(h), x € C(T(o,p), ¢ € HFR™™), and g € L*R",
(2, )| "7 dody)x. We have

(p(dp1(Nj)v1) [ va)n
/ / = R (B ) (@)6(y) 9l ) (2, )
x(7) dme,, (1) de dy

=i T R ) @)

x(7) dz dy dmg (1),

where we were able to change the order of integration, because by Propo-
sition 4.4 (i) the inner integral in the last line converges absolutely and
is continuous in 7 and the integration is only over the compact subset
supp x € T'(o, u). Now, by Proposition 4.4 (ii) we find

o—T—H

=i [T R x @B ) ()
o S
X(7) da dy dmg, ., (T)
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o

—i [ [T P 1) @) B 9 ) (o )
" JT(o,u

X(7)dmg (1) dz dy

= (p(v1) | dp2(Nj)v2)n,,

again using Proposition 4.4 (i) to change the order of integration. This
shows property (iv) of Lemma 4.2 for v; € Vi .. A similar argument with
Proposition 4.4 (iii) and (iv) shows Lemma 4.2 (iv) for v1 € V4. We
therefore obtain that ¢ = ¥(o, k) intertwines the group action of Ny and
hence of H. Thus the proof of Theorem 4.1 is complete. [J

We obtain the whole spectral decomposition of pgg‘ g from (4.1) and
Theorem 4.1.

THEOREM 4.7. For o € iRU(—n,n)U (n+ 2N) the representation pS,
decomposes under the restriction to H = O(1,m+1)xO(n—m), 0 < m < n,
as

[e.e]
~ ® O(1,m+1)
pUE = § : (/ T8+k dr

k=0 iRy

@ @ p\ReU|fn+mf2kf4j,a+k> XH*(R"™).
jEZ(W[O,lReJI72+7n72k)

5. Intertwining Operators in the Non-compact Picture

In Proposition 2.1 we explicitly found an intertwining operator C*°(R"™\
{0} ®HFR?™) — C°(R™\ {z = 0}). In the Fourier transformed picture
this operator is given by

Ao, 7)(f © ¢)(z,y)

2
o=T—p u—oc+T7T p—0—T U Y
~ oA , L) r@o)
4 4 20 ||

where again pu = 2k +n — m. In Proposition 4.4 we even showed that
for fixed 0 € iIRU (—n,n) U (n+2N), k € N and 7 € T(0,2k —n + m)
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the operator A(o, 7) is intertwining between the Harish-Chandra module of
OUm+1) g 3¢k (R™™) and the C-antilinear algebraic dual of the Harish-

Tetk 0(1 n+1)

Chandra module of Po, We now find a formal expression for this

intertwiner in the non-compact picture.
Consider the following diagram

C(R™\ {0}) ® HE(RP™) Alo,T)

me@idl l}—R’n

FrnCE(R™\ {0}) ® HF(R"™) S'(R™).

S'(R™)

I(o,1)

We extend the operator A(o,7) for all 0,7 € C and determine the operator
I(o,7) for Reo < ReT < 0. We have

Fre Ao, 7)(f @ ¢)(&,m)

g/ / 7z:r.£ zyn|x|
m n—m

p—o+7 p—o—7 pn |y
F B dy da.
X 9 1< A ) 4 DX ‘m‘g f(fl:)(ﬁ(y) ydax

We first calculate the integral over y € R™™ . Using Appendix B.4 and the
integral formula (B.11) we find

2
_n—m iy —0+T —0—T
(2m)~ 2 ey (B A ;H;——’yg o(y) dy
n—m 4 4 2 x|

=i o™ [ T (il

H—o+T U—0—T [ 52 ©
F - )s2d
X 9 1( 4 ) 4 )27 |$|2)52 S
o+2
K _u=2 QTF(%) p—o  _o+2
=i "p(n)In|" 2 = |zl 2 nl” 2 Kz (|| - [n]).
F(“ Z+T)F(u Z T) 2
If we let

o+2
272 iFD(%) _odu 7

() = e e 1l 2 2|72 Kz (|2] - [nl)

PE=)P (=)
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then we find that

Fre Ao, 7)(f @ ¢)(§,m) = Fren (f - (=, 1))(&) - &(n)
= (21) 7% (FRetp (= 1) * Fen £)(€) - (1)
Therefore we compute, using again Appendix B.4 and the integral formula
(B.12) (noticing that K, (z) = K_,(z))
(FRn b (=,m)) ()
9% ik (®)

" e

<[ s el )5 R (nl )5 ds
0

o—17+m

2" T ()T ()
(5T

Altogether we see that I(o, u) is a partial convolution operator combined
with a multiplication operator

P+

n

<f+ +p 2 —m
o r)(F@a)(Em) = const-lnl =T o) [ (J6 = ¢/ +1nl) T ) dg'
For m = n — 1 this operator appears in [19, 20] as a special case. This
expression for I(o,7) is valid for Reoc < Re7 < 0. It has a holomorphic
extension to all o,7 € C for f € FrmC°(R™ \ {0}).

A. Decomposition of Principal Series

We give a short alternative proof for the decomposition of the principal
series Wga, o € iR, € € Z/2Z, into irreducible H-representations. This de-
composition turns out to be essentially equivalent to the Plancherel formula
for L>(O(1,m+1)/(O(1)x O(m+1)), L), where L} are the line bundles over
the Riemannian symmetric space O(1,m + 1)/(0O(1) x O(m + 1)) induced
by the characters (a, g) — a® of O(1) x O(m + 1), § € Z/27.

Consider the flag variety X = G/P. Since G/P = K /M we can identify
X with the unit sphere S™ C R**!. For this we define a G-action on S™ by

the formula )
prolo(le) e
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where prg : R"*? — R and pr, : R"t? — R™*! denote the projections onto
the first coordinate and the last n + 1 coordinates, respectively, and g(1, z)
is the usual action of g on (1,z) € R x R*™! = R"*2, Then it is easy to
prove the following;:

LEMMA A.1. The operation o defines a transitive group action of G
on S™. The stabilizer of the point e,+1 = (0,...,0,1) € S™ is equal to the
parabolic subgroup P. The mazximal compact subgroup K also acts transi-
tively on S™ and the stabilizer subgroup of the point xq is equal to M.

Let us consider a slightly different embedding of O(1,m+1) x O(n —m)
into G =O(1,n+1). Let
H':= {diag(g,h) : g € O(1,m +1),h € O(n —m)}.

Then clearly H and H’ are conjugate and hence the branching to H is
equivalent to the branching to H’. We shall therefore only deal with H' in
this section.

LEMMA A.2. Under the action o of the group H' the sphere S™ decom-
poses into the two orbits

Op:=H'oe; ={(2/,0): 2" € S},
O :=H' oepp = {(z/,2") € S": 2/ e R™M 2" e R"™ 2" #£0}.
The orbit O1 is open and dense in S™. The isotropy group of ep1q in H' is

S={(a,g9,h,a):acO(l),ge O(m+1),he Oln—m—1)}.

Now consider the realization of m,. in the compact picture, i.e. on
L*(G/P,Lyz), where L, . denotes the line bundle over G/P associated to
the character man +— &.(m)a*? of P. Since the orbit Oy C G/P is open
and dense we have

L*(G/P,L,.) =2 L*(O1, Lo c|o,)-

Now the stabilizer S of eP € G/P in H is contained in P and hence the
restriction of the line bundle £, . to O; = H'/S is induced by the restriction
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of the corresponding character of P to S which is simply &.|s. Therefore we
find
L*(G/P,L,z) = L*(Oy, Le),

where L. is the line bundle over O; = H’/S induced by the character &|s.
Using the decomposition of L2(S™~™~1) into spherical harmonics we find

201, L Z L2(O(1,m +1)/(0(1) x O(m + 1)), £L ;) B HF(R"™)

as H'-representations, where for 6 € (Z/27Z) we denote by L the line bundle
over the symmetric space O(1,m + 1)/(O(1) x O(m + 1)) induced by the
character (a, g) — a® of O(1) x O(m + 1). Together we obtain

o0

7Sy = ST L0 m +1)/(0(1) x O(m + 1)), £L,) B HE(R™)
k=0

and hence the decomposition of ﬂgal p into irreducible H-representations is
equivalent to the decomposition of L2(O(1,m + 1)/(O(1) x O(m + 1)), L)
into irreducible O(1,m + 1)-representations, § € Z/2Z. Since O(1,m +
1)/(O(1) x O(m + 1)) is a Riemannian symmetric space of rank one the
decomposition of L2(O(1,m +1)/(0O(1) x O(m + 1)), L) is well-known and
given by
5
LO(Lm +1)/(0(1) % Om+ 1) £5) = [ %"V ar,
iRy

the unitary isomorphism established by the spherical Fourier transform.
This proves Theorem 4.7 for the special case o € iR.

B. Special Functions

For the sake of completeness we collect here the necessary formulas for
certain special functions needed in this paper.

B.1. The K-Bessel function
We renormalize the classical K-Bessel function K, (z) by

z

Ko(z) = (5)_“ Ka(2).
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Then K,(z) solves the differential equation

%2y 2a+1du

B.1 —
(B.1) dz2 z dz

It has the following asymptotic behaviour as x — 0 (see [38, Chapters III
& VII)):

@ (%)_2(1 +o(x72%), for Rea > 0,
(B.2) I?a(q:) =4 —log (%) +o(log(%)), for Rea=0,
—— +o(1), for Rea < 0.

Further, as x — oo we have

B.3)  Ra(z)= @ (g)_a_% e (1 +0 (%)) .

For the derivative of f(a(z) the following identity holds (see [38, equation
IIL.71 (6)]):

(B.4) S Ra(2) = —2Rati(2).

This identity can be used to write the differential equation (B.1) as the
three-term recurrence relation (see [38, equation II1.71 (6)]):

(B.5) P Koy1(2) = 4aKa(z) + 4K 01 (2).

B.2. The Gauf3 hypergeometric function
Consider the classical Gaufl hypergeometric function

) — - (@)n(b)n
oI (a, by 2) = nZ:;) ETON
where (a), =a(a+1)---(a+n—1) denotes the Pochhammer symbol. The
function oF} (a, b; c; z) is holomorphic in z for z ¢ [1,00) and meromorphic
in the parameters a, b, c € C. It solves the differential equation
d2

u du
(B.6) (1 —z)z@ +(c— (a—i—b—i—l)z)& — abu = 0.
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The following formula allows to study the asymptotic behaviour of the Gauf3

hypergeometric function near z = —oo (see [10, equation 9.132 (2)]):
I'(b—a)l'(c) _ L
(B.7) 2Fi(a,b;c; 2) F(b)F(c—a)( z) %9 Fi(a,a—c+1l;a—b+1;3)

I'(a — b)T(c)

e A ) Ri(bb— e+ 1 —a+1;1).

Both summands on the right hand side of (B.7) are generically linear inde-
pendent solutions to (B.6). Their Wronskian is given by

W(z""F(a,a—c+Lia—b+1;-1), 2% Fi(bb—c+ 1;b—a+ 1;-1))
— (a—b)(1 4 2) b1,

The following simple formula for the derivative of the hypergeometric func-
tion holds:

(B.8) %gFl(a,b;c;z) = %bgFl(a+1,b+1;c+ 1;2).

We recall Kummer’s transformation formula (see [10, equation 9.131 (1)]):
(B.9) oF1(a,b;c;2) = (1 — 2) %% Fy(c — a,c — b; ¢; 2).

For a € —N the hypergeometric function 2 F} (a, b; ¢; z) degenerates to a poly-

nomial which can be expressed in terms of the Jacobi polynomials qua’b)(z)
(see [10, equation 8.962 (1)]):

(B.10) oF1(—n,byc;2) = ——

where

pleb) () — 1 3 (—n)k(a + b+n4]—€!1)k(a + k4 1)k (1 ; Z>k.

k=0
B.3. Integral formulas

We consider the J-Bessel function J,(z) and the K-Bessel function
K,(z). For the J-Bessel function and the hypergeometric function the
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following integral formula holds for y > 0, ReA > 0 and —1 < Rev <
2max(Rea,Re 8) — 3 (see [10, equation 7.542 (10)])

(B.11) / oF1 (v, By v 4 1; = N2 T, (zy) 2 T da
0

R NUE )
- AHIT(a)T(B)

at+B-v-2 ¢ (g) ‘
) a—0 Y
For the J-Bessel function and the K-Bessel function we have the following
integral formula for Rey > |Rev| — 1 and Reb > |Ima| (see [10, equa-
tion 6.576 (7)])

Mp+v+1)

(B.12) /0 "t (ax) K, (br) do = 2“+”a“b”m-

B.4. Fourier and Hankel transform

Let Frn denote the Euclidean Fourier transform on R™ as defined in
(1.5). Let k € N and ¢ € H*(R"™). For f € L*(Ry,r"?~1dr) denote by
f ® ¢ € L*(R™) the function

(f®@o)(x) == f(lz))p(x),  xeR"
Then by [33, Chapter IV, Theorem 3.10]
Fer(f © ¢) = i7" (Huszea ) © 6,

where H,, is the modified Hankel transform of parameter v > —1

)

Hof(r) = /0 " u(rs) f(s)s7H ds,

which is a unitary isomorphism (up to a scalar multiple) on L%(R,,
r2vtldr).
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