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A Mechanical Model of Brownian Motion with

Uniform Motion Area

By Song Lianc

Abstract. We consider a system of plural massive particles inter-
acting with an ideal gas, evolved according to non-random mechanical
principles, via interaction potentials. We first prove the weak conver-
gence of the (position, velocity)-process of the massive particles until
certain time, under a certain scaling limit, and give the precise expres-
sion of the limiting process, a diffusion process. In the second half,
we consider a special case which includes the case of “two same type
massive particles” as a concrete example, and prove the convergence
of the process of the massive particles until any time. The precise
description of the limit process, a combination of a “diffusion phase”
and a “uniform motion phase”, is also given.

1. Introduction

Brownian motion, first observed accidentally by Brown in 1827, is a
well-known physical phenomenon concerning the dynamics of a small par-
ticle put into a fluid in equilibrium, e.g., a grain of pollen in a glass of
water [14]. Tts first physical explanation was given by Einstein: it is due to
the collisions of the particle with the numerous much lighter fluid atoms.
In more mathematical terms, the following rough explanation is well-used
nowadays: since the massive particle is collided by a big number of very
light water atoms, if we could assume that the interactions from each atom
at each time are independent, then by central limit theorem for the sum
of i.i.d. random variables, this will give in a suitable limit the Brownian
motion.

However, this “independent-interacting-atoms assumption” could not be
the case indeed, since the interactions affect not only the massive particle(s),
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but also the atoms. So even in a model where there is only one massive parti-
cle and only the interactions through collisions are considered, the possibility
of re-collisions makes it hopeless to get the mentioned independence of the
atoms. This becomes a more evident and significant drawback when there
are more than one massive particles, or when considering the model with
interactions caused by potentials. Indeed, the actual motion of the mas-
sive particles depends also on the past events, hence is not even a Markov
process.

So in order to study this phenomenon more precisely, one needs to con-
sider some model that consists with the mentioned dependence on the past.
In such a model, a finite number of massive particles interact with a gas of
infinitely many light particles, with the dynamics fully deterministic, Hamil-
tonian, as long as the initial condition is given. The only source of random-
ness is from the initial configuration of the light particles. The problem we
will be concerned with is to describe the motion of the massive particles in
the Brownian limit, where the mass m of the light particles goes to 0, while
the density and the velocities of them have order m~1/2.

This type of model, called a mechanical model of Brownian motion, was
first introduced and studied by Holley [8], for the case of only one massive
particle, with the whole system in dimension d = 1, and the interactions
given by collisions. This model was later extended by, e.g., Diirr-Goldstein-
Lebowitz [5], [6], [7], Calderoni-Diirr-Kusuoka [2], to the case of higher
dimensional spaces. Szdsz-T6th [16] also considered some related problem.
But in all these papers, the numbers of massive objects consisted in their
models were all 1, and the interactions were collisions. [11] considered this
type of problem with plural massive particles and interactions given by
potentials under some conditions, especially, if we want a convergence until
any time, when there are two massive particles, they need to be “different
types” (the explanation of this terminology will be given later). Since this
paper is along the same line as [11], we will come back to some more detailed
description of [11] later.

There are a lot of papers related to our topic, in the sense of “deriving
Brownian motion from dynamics consisting the dependence on the past”
(or “re-collision” for the collisional interactions). For example, Chernov-
Dolgopyat [4] considered a model with only one heavy particle and one
light particle but with full re-collisions, Caprino-Marchioro-Pulvirenti [3]
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considered a model with the mean-field approximation from the beginning,
and with a different scaling. See also the references therein.

However, in the literature, to the best knowledge of the author, there
are not so many papers concerning with our problem of “deriving Brownian
motion from a Hamiltonian dynamics consisting of massive particle(s) with
infinitely many ideal gas light particles”, except the ones [8], [5], [6], [7],
[2], [11] quoted before. Especially, when there are more than one massive
particles, [11] is the only paper that we know. We notice that the Markov
approximation method used in [5] and [16], etc., is not available anymore
when there are more than one massive particles. We tackle this problem with
the help of martingale problem theory. This framework of proof was also
used in [2] and [11]. Precisely, we first prove the tightness of the considered
family of probabilities, and then prove that any cluster point of it must be
the unique probability that satisfies certain conditions.

Also, we remark that the model with interactions given by potentials,
which is discussed by this paper and [11], when compared with the hard core
model, although has the advantage that the system could be expressed by
ordinary differential equations (ODEs), has its own difficulty: the system is
strong non-Markovian, due to the extensions in time of the interactions. On
the contrary, for the hard core model, although still non-Markovian (caused
by the possibly re-collisions), each interaction happens in an instant. Also,
these two models have the following obvious difference: in the hard core
model, after each collision, the gas particle changes its velocity a lot —almost
reflecting in a certain direction—, since the masses of the light particles and
the massive particles are too different; whereas in our model, the interaction
is not strong to stop the light particle, and each light particle just “almost
passes through” (see Propositions 3.9). We also want to remark that, as
explained in Remark 1 of Section 2 below, for the case where there is only
one massive particle, our limit process coincides with the one for the hard
core model, which was given by [5]. (For the case where there are at least
two massive particles, we could not make the comparison since the limit
process for the hard core model is unknown).

In the rest of this section, we would like to give some heuristic expla-
nation to our model and results. Let us start with a careful look at [11].
[11] considered a deterministic system consisting of N massive particles and
infinitely many light particles evolving in R?, with its Hamiltonian given by
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SN M|V + > () M|V - >N > (a) Ui(Xi — ), where M;, X;, V; are
the mass, the position and the velocity of the i-th massive particles, respec-
tively; the summation with respect to (z,v) is for all of the light particles,
with x for the position and v for the velocity; and U; are the potentials,
which are supposed to be C5°(R?). (See [11, (2.1)] for the corresponding
infinite system of ODEs, or (2.1) below for the ODEs of our paper, a modi-
fication of [11, (2.1)]). As same as in our present paper, the density and the
velocities of the light particles have order m~1/2
of all of the light particles are fast enough (precisely, > Cm~/2 for some
proper constant C'). Heuristically, since the initial velocities of the light

, and the initial velocities

particles are fast enough, the interactions with the massive particles are not
strong enough to “stop” them, so they will leave the interaction region very
quickly, and will never be seen by the massive particles again. In this sense,
the incoming light particles are always “almost” fresh. However, we would
like to emphasize that this does not mean that we have the independence
of the incoming light particles at different times, since the interactions are
given by potentials, hence last for a certain period of time. Again, our
system is non-Markovian.

One of the main ideas of [11] was the following: Since the initial velocities
of the light particles are very fast, as long as the massive particles are not too
fast (for example, are bounded by a constant), when describing the motion
of the light particles, we could use the approximation that the massive
particles are “frozen”. With the help of this “freezing” approximation, [11]
proved the following decomposition of Vj(t): let o, be the first time that
the speed of some massive particle is greater than n, then with a proper
function U, called “new potential” by [11], we have that

(1.1) M;Vi(t A ) = martingale + smooth part

tAon .
_ m—1/2/ V0 (X1 (),  Xn(s))ds.
0

(See [11, Lemma 3.5.1] for the detailed expression). Notice that this new
expression does not contain the motion of any light particles explicitly.
Heuristically, this could be understood as the macroscopically observable
interactions of the massive particles which are mediated by the light parti-
cles.

The heuristic meaning of the re-expression (1.1) is quite clear: The



A Mechanical Model of Brownian Motion with Uniform Motion Area 239

last term —m~1/2 fOtM" ViU(X1(s),- -, Xn(s))ds and the martingale term
are approximately the mean and the variance of the forces after “freezing-
approximation”, respectively, and the smooth term is given approximately
by the first order error of the approximation.

We have that Vﬁ(Xl, -+, Xp) is equal to 0 as long as the “interaction
ranges” of each massive particles do not overlap, i.e., | X; — X;| > Ry, + Ry,
for any i,j € {1,--- , N} with ¢ # j, where Ry, are given by U;(x) = 0(|z| >
Ry,). However, as soon as the interaction ranges of any pairs of the massive
particles overlap, we have that Vﬁ(Xl, -+, Xn) # 0, therefore, since the
1/2 diverges to infinity as m — 0, this last term in the new
expression (1.1) of V; will give us an extremely strong force in the limit

coefficient m~

m — 0, even if the overlap is very tiny.

It might not be so clear to the readers why does this phenomenon appear,
so we would like to explain it here with a few words. Notice that the
contribution to % in [11, (2.1)] (respectively, % in (2.1) of this paper)
from each light particle is of order 1, and the total number of interacting
light particles at any time is of order m~'/2 in average, so it might be
thought in a glance that % (or %) is always with order m=1/2
This is not the case until the overlap of the interacting ranges happens,
because of the cancellation of the effects from light particles in different
direction. However, as soon as the overlap happens, no matter how tiny
this overlap is, there will exist some light particles, with a total number of
1/2 in mean, that interact with more than one massive particles

at the same time, so this balance will be destroyed, which results in a force
—-1/2

in average.

order m~

with order m immediately.

So in order to find the motion of the massive particles in the limit m — 0,
we have to look more precisely at the new potential U , given by the aver-
age of the force after freezing-approximation. Consider the simplest case
where there are exactly two massive particles with potentials U; and Us
spherical-symmetric. (As will be explained later at the end of this section,
our method in the second half of this paper is valid for the case with only
two massive particles). It is trivial, since the system is invariant to parallel
shift, that [,~/'(X1,X2) depends only on X; — X5. With a little bit abuse
of notations, write it as U (X1 — X5). Moreover, the spherical-symmetry of
the potentials U; ensures the spherical-symmetry of U (this is also heuristi-
cally clear, since all of the quantities are now independent of the directions),
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which means that the extremely strong force —m~1/2V,;U(X1, X3) in (1.1)
is parallel to X7 — X5. (For the benefit of this property, see the limiting “re-
flecting diffusion” (for “different-type-case”) and “uniform motion phase”
(for “same-type-case”) described below).

If these two potentials are of “different types”, ¢.e., the signs of U; and
U in some neighborhoods |z| € (Ry, — ¢, Ry,), with € > 0 small enough,
are different (in words, one is positive and one is negative), then our new
potential U will give us a reflecting force, which, after taking limit m — 0,
results in a reflecting diffusion process. This is discussed in [11, Section 6].

However, when these two potentials are of “same type”, i.e., in some
neighborhoods |z| € (Ry, — €, Ry,), with € > 0 small enough, U; and Us
have the same sign, then our new potential U will give us an absorbing force,
which means that (if we consider the same dynamics as in [11]), after taking
limit m — 0, the velocities of the massive particles will become infinity, and
unfortunately, this situation with infinitely fast massive particles will last
for a period of time.

To avoid the difficulty of describing the limit process with infinitely fast
massive particles, we modify our model in the following way so that there
exists a constant ¢ > 0 such that the speed of the massive particles could not
exceed c. In our new model, hinted by the relative efficacy, the Hamiltonian
is given by

N N
(1.2) Z M2t + 2| P|? + Zm!v\2+z Z Ui(Qi — ),
i=1 (z,v) =1 (z,v)

here P; is the momentum of the i-th massive particle, and @; stands for the
position of it. For example, when ¢ is equal to the speed of light, our model
is such that the massive particles evolve relativistically. We remark that the
energies of light particles in our model are not modified, so that their speeds
can go to infinity as m — 0. This setting is essential in our proof, so our
method does not adapt to the model with both the massive particles and
the light particles relativistic. However, we admit that we could not justify
the physical relevance of this setting with “relativistic massive particles
and non-relativistic light particles”. See (2.1) for the corresponding infinite
system of ODEs of our model.

In our present model, the velocities of the massive particles are bounded
and the velocities of the light particles go to infinity, so the “freezing-
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massive-particles-approximation” that we described before is still valid. By
following the same method as in [11], we can get a re-expression of P;(t)
that is similar to (1.1) (See (3.4)). This, with the help of the mentioned
martingale problem theory, gives us that until the first time of overlap of
the potential ranges in any pair, the process of the states (i.e., positions and
momenta) of the massive particles converges to a (stopped) diffusion pro-
cess. See (2.4) for the generator Ly of the limit diffusion and see Theorem
2.1 for the statement of this result. As same as in the non-relativistic case,
the heuristic meanings of the coefficients in Ly are as follows: the diffusion
term is approximately the variance of the 0-order of our “freezing-massive-
particles approximation”, i.e., the variance of the quantity that substituted
the position of the light particles by the “freezing” approximations. (The
average of this O-order is expressed approximately by the “new potential”
term —m~1/2VU , which is equal to 0 until overlap). Also, the drift term
corresponds to the first order of our approximation, or in other words, is a
result of the approximation error, which, by Taylor’s expression, consists a
derivative of the force.

Let us come back to our main purpose of this paper: consider the model
with two massive particles, with the new potential U , given by the average
of force after approximation, resulting in an absorbing force right after the
overlapping. We want to know the limit motion after this overlapping. Let
us make some more observation before describing our main difficulty of this
part. As we explained, in the limit m — 0, the absorbing force —m 1/ 2, U
is extremely strong, so |P;| becomes infinity in an instant, which means
that |V;| = c¢. Indeed, since V,U is parallel to Qs — Q;, we have that
the massive particles keep uniform motion in the area ﬁ(Ql, Q2) < 0 with
Vi= ic|g§:gi|. In summary, it is not difficult to be seen heuristically that
the limit process (if exists) should have two phases: one is diffusion phase
(for |Q2 — Q1| > Ry, + Ry, ), and the other is uniform motion phase (an
inner neighborhood of |@Q2 — Q1| = Ry, + Ry,). Now we are able to describe
our problem: we have to determine the motion of the massive particles when
they reach the boundary |Q2 — Q1| = Ry, + Ry, from the uniform motion
phase: They could either stay in the uniform motion phase by reflecting or
re-enter the diffusion phase. Also, if they re-enter the diffusion phase, we

have to determine the new initial velocity. The answers to these questions
are not so easy. Indeed, as claimed, we have that |P;| = oo (equivalently,
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|Vi] = ¢) in the uniform motion phase, and |P;| < co (equivalently, |V;| < ¢)
in the diffusion phase, so P; and V; are not continuous, they lose all of their
informations at the instant that the massive particles entered the uniform
motion phase. Therefore, we have to find some method to tackle this loss
of information.

We solve this problem in the following way. This is also one of our
main ideas of this paper. Notice that by spherical symmetry (or the re-
formulation (3.4) of the system), the most difficult situation that the mo-
menta P; and Py become infinite, actually happens only in the +(Q2 — Q1)-
direction, with same “size” and opposite directions. So the following quan-
tities should be kept finite, continuous and trackable for any time: (1) the
components R;(t) of P;(t) that are perpendicular to Q2(t) — Q1(t); (2) the
total momentum Y () (because of the cancellation of infinities), and (3) the
total energy H (t) (because the infinite of the total kinetic energy is cancelled
by the infinite value of the effective potential). (See (2.6) for the definitions
of these quantities, and see (2.11) for the precise expression of the generator
corresponding to these processes). We remark that these cancellations do
not depend on the precise shape of the “new” potential (7, in particular,
have no relation to the condition (T1) given in Section 2. On the other hand,
when the massive particles enter the diffusion phase from the uniform mo-
tion phase (which means that U = 0 and (Vo (¢)— V1 (£))-(Q2(t)— Q1 (t)) > 0),
we have that (Ry(t), Ra(t),Y (t), H(t)) determines P;(t) and P»(t) uniquely.
The detailed calculation is given in Section 7. (See [12] for a similar problem
for SDE).

In short, the total energy and the total momentum balance, and together
with the finite parts of the momenta, suffice to resolve the behavior of the
massive particles at the boundary of the two phases. In this way, we are
able to “reserve information” during the period of uniform motion. Since
we have only two tractable quantities —the total energy H(t) and the total
momentum Y (¢)— in order to determine the discontinuous part of the mo-
menta, our method is valid for the model with only two massive particles,
as claimed.

The rest of this paper is organized as follows. In Section 2, we give
the precise formulation of our model and result. In Section 3, we give the
re-expression of P;(t) similar to (1.1), which is used essentially in the rest of
this paper (see Lemma 3.13). The main idea is the “freezing-approximation”
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that we explained. In Section 4, we give the proof of the convergence until
overlap (Theorem 2.1), with the help of Lemma 3.13. From Section 5 on, we
concentrate on the mentioned special case with two massive particles. We
prove in Section 5 the tightness of the considered distribution. In Section
6, we prove with the help of the results of Section 5, that several terms in
the re-expression are actually negligible. These calculations are necessary
for the precise expression of the limit process. In Section 7, we give the
precise formulation of determining (V4, V) by (R1, Re,Y, H) when the mas-
sive particles arrive at the boundary of the two phases. In Section 8, we
give the proof of the convergence until any time in this special case (Theo-
rem 2.2). Finally, in Section 9, we proof that the examples of “same type”
potentials (U, Us) given by Example 1 of Section 2 satisfy our assumption
(T1) described in the same section.

2. Description of the Model and Statement of the Result

Let us give the precise formulation of our model and result in this section.

We consider a dynamical system consists of N (N € IN) massive particles
with masses My, ---, My > 0, respectively, put into an environment of
infinitely many light particles with mass m > 0, (we will take the limit
m — 0 later on). Describe the initial condition of the environment by
@ € Conf(R? x R?). Here Conf(x) stands for the set of all non-empty
closed subsets of * which have not cluster point. Also, (z,v) € © means
that there exists an environmental particle with position = and velocity
v at time 0. The distribution of w will be given later. As soon as the
initial condition of the system is given, our system is totally deterministic,
Hamiltonian, with the Hamilton given by (1.2). So we are assuming that
there is no interaction between any two environmental light particles, and
the interactions between the ¢-th massive particle and the light particles are
given by a potential function U; € C§°(R%),i =1,--- ,N. Fork=1,--- , N,
let Q,(cm) (t,w), Vk(m) (t,w) and P,gm) (t,w) denote the position, the velocity
and the momentum of the k-th massive particle at time t, respectively. So
our dynamical system is given by the following infinite system of ordinary
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differential equations:
(

4
dt

P (t, @)
M1+ M 262 [P0 (1, 3) 2

QU (t,3) = V™ (t,5) =

d

B o)

:‘/ VUQY™ (t,3) — 2™ (¢, 2,v,)) 1o (d, dv),
RIx R4
21) { (@Q™(0,8), PI™(0,3)) = (Qros Pro)y  k=1,---,N,

a
dt

d m (m) oy ~
mav( )ty z,0,0) ZVU )ty 2, 0,0) — Q; ' (t,w)),

x(m)(t,m,v,@) = v(m)(t x,v,w),

(™0, z, v, D), (m)(O z,v,w)) = (z,v), (xz,v) € w.

{
Here pg( - ) is the counting measure determined by @: pg(A) = f(w N A)
for any A € B(R? x R?%). (4( - ) thus denoting the number of points in the
argument). Here c is a constant. (If ¢ is equal to the speed of light, then
our massive particles evolves relativistically).

The only randomness of our model comes from the distribution of the
environmental initial condition w, which is given by the following. Let
p: R — [0,00) be a continuous function such that p(s) — 0 rapidly as
s — oo (see conditions Al, A2 below for details). Let Am be the non-atomic
Radon measure on R? x R given by

N
- — T ()2 (2 — O,
Mo (dzz, dv) = m*3 p(§|v| +;Ul(x QZ,O))dxdv,
and let Kk, (dw) be the Poisson point process with the intensity measure )T;n
So oy, is a probability measure on Q(= Conf(R¢ x R%)). We assume that
the distribution of @ is given by kn,. (See, e.g., [9] for more details about

Poisson point processes).
Let Ry, be constants such that U;(z) = 0 if || > Ry,, and define the

N 1/2 ) ) N
constants Co = (227, R, IVUill=o) " 0 = $(2C0 + 12 + £, Uil
Assume that p: R — [0, 00) is a measurable function satisfying the follow-
ing.
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Al. p(s) =0if s < ey,
A2. for any a > 0, there exists a p, : R — [0, 00) such that

sup p(s +b) < pa(s), for any s € R,
b|<a

and .
/ (1 + [o*)a Eof?)do < oo.
Rd 2

The meaning of the assumption (A1) is that those environmental particles
with their initial momenta less than a certain value are ignored. Notice that
the velocities of the massive particles are bounded, so as claimed in Section
1, under this condition, (same as in the case with the massive particles
“frozen”, which we call the “classical case”), since the initial velocities of
the light particles are fast enough, the interactions are not strong enough
to “stop” the environmental particles, so they keep their velocities at a
certain level for all time, hence they will leave the valid region for interaction
very quickly (see Proposition 3.2 and Proposition 3.3 for the classical case,
and Propositions 3.9 and 3.10 for the “non-classical” case). This helps us
to keep the incoming light particles “almost fresh”. We notice that (Al)
could not be removed simply, since without this assumption, we would also
have to take into account those light particles with their velocities less than
m~1/2(2Cy 4 1), the total number of which is not small, (indeed, the total
numbers of these “slow” light particles and the “fast” light particles, i.e.,
those with velocities greater than m~/2(2Cy + 1), would have the same
order); moreover, the effect of each slow light particle is not small at all,
since it might stay in the valid region for interaction for a long time. (A2)
is a assumption with respect to the rapidness of the decreasing of p.

We are interested in the limit behavior of the massive particles when
m — 0.

Our first main result is with respect to the process stopped at o, defined
as

oo(w) = inf {t > 0;11,1172?{’@1(75;@) — Q;(t;@)| — (Ry, + Ry,)} < 0},

the first time for which the distance between massive particles in some pair
is less than the sum of the radii of their potentials. Write @ = (Q1,--- ,@Qn)
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and P = (Py,---, Py). We prove that the distribution of {(Q(t A o), P(t A
00)) }+>0 converges to some diffusion stopped at oyp when m — 0.

In order to formulate our limit diffusion precisely, we need to prepare
several notations.

For any & = (Q1,-+,Qn) € RV, let o(t,a,55G) = (¢*(t,2,v:G),
o (t, z,v; Q)) denote the solution of the following system of standard dif-
ferential equations:

@t w v Q) = (tm@)

T ot v Q) = ZVU Ot, 2, v;3) — Qy)
(0,255 G), (0,03 G) = (2, 0).

Compare (2.2) with the second half of (2.1) with m = 1, one finds that
the only difference is that in (2.2), we have the massive particles fixed,
whereas in (2.1), the massive particles are also evolving. We will use
this Lp(t,aco,vo;@) (with proper Q) as an approximation of (z(t,x,vo),
v(t, o, Vo))

Let

E:{(:r,v)eRdx (RT\ {0}); z-v =0},
:{xERd;x-v:O}, v e R\ {0},

and let v(dz,dv) be the measure on E given by v(dz,dv) = |v|v(dz;v)dv,
where v(dx; v) is the Lebesgue measure on E,. Define the ray representation
¥ as follows:

¥: RxFE—RYx (R {0}),
(3> (l‘,U)) = \II('S? (l‘,U)) = (\I]O(Sa (m,v)), \Ijl(sv ('75>U))) = (33' - 5“7”)7

in other words, we decompose the position of each environmental particles
into two parts: one parallel to its velocity and the other orthogonal to its
velocity. We remark that in this new space R x E, v is still the velocity of
the light particle at time 0, while x is not the position of it anymore: now
x is only the component of its initial position that is perpendicular to the
velocity.
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Then we have that
Y(t,2,v;Q) = lim ¢(t +s,¥(s,2,0); Q)

is well-defined. Now we are ready to give the quadratic term of the limit
diffusion until oy, which, as claimed in Section 1, corresponds to the variance

after applying our freezing approximation: Let Dk(@, x,v) = t(Dé(C}, x,v),
,Dg(@,w,v)), with

o0

Dé(@,x,v) :/ VlUk(Qk—¢O(U,I,U;Q))dU,

—00

k=1,--- ,N,i=1,---,d.

AISO, for k‘l,k’gzl,-'- ,N, ll,lzzl,'-' ,d, let

. B, B, 1
ak1ll;k2l2(@) = /EDé}l(Q,.ﬁE,’U)DEQ(Q,:U,’U)p(i‘v|2)l/(d(1§',d’0).

Notice that the integrals above, although might look like infinite at a glance,
are actually finite.

We next give the definition of the drift term of the limit diffusion until
0. As claimed in Section 1, this corresponds to the error of our freezing
approximation. (See Lemma 3.12). For any (z,v) € E, Q,.VeR™W anda e
R, let z(t;z,v, Cj, 17, a) € R? denote the solution of the following standard
differential equation.

o3 | #Z0)=- L VU v.Q) ~ Q) (20~ (t+ )W),

Then z(t; z,v, Q, V,a) is a linear function of V. Let bik:ji RN — R be
the C°°-functions determined by the following:

/E </°° VQUi('(/JO(t,x,’U, Cj) — Qi)z(t,w,v,@, {77 —t)dt>

1
X p(5 o) (dr, dv)

d N . Lo
= Z bi-;jf(Q)V}K = bi(Q)V,

=1 j=1
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or equivalently, fE (foo Zz 1 ViV, U-(wo(t T,V Q) — Qi)zp(t,x,v,é,v,

—t)dt)p(%\v\z)y(dx,dv) S SN bie(@ )Vf k=1, ,d, where z,
means the p-th element of the vector z for p=1,---,d. By the same reason
as that for the quadratic term, the integral on the left hand side above is
finite.

Now we are in a position to give the definition of the generator L; on
R2N of the limit diffusion stopped at o:

82
(2.4) Z Z ak1ll,k212 ‘apli qpls
k:l,kg 1 l1,l2 1 apki 8Pk§

N d

9 i 0
* Z Z bty it (O ’fzapll +;;Vka%’

k1,k2=111,l2=1

with V,, = i .
My 14 M 22| Py |2

REMARK 1. When N = 1, we have that Lq is independent of @), so
our limit process coincides with that for the model with hard core (see [5]).
Indeed, if N = 1, (we omit the index 1 in this case), then we have by the
uniqueness of the solution of (2.2) that

etz —Q,v;0) = p(t,z,v;Q) — Q.
So
Pt = (Q v/[v]*) & — 7y Q. v:0)
= lim o(t—(Q-v/[v]*) + 5,2 — m;Q — sv,0;0)
= lim o(t+5—(Q v/[vf*), 2 — Q= (s = (Qv/l"))v,v;0)
= lim p(t+5—(Q v/[vf*),z = (s = (Q-v/v[*)v,v1:Q) - Q
(25)  =4(tz,v;Q) - Q.

Here “” stands for the inner product in R%, and 7-Q := Q — (Q - %)% is

[v]/ o]
the component of () that is perpendicular to v. Therefore,

DYQ.z,0) = /R ViU (4 (u— (@ - v/ of2), x — Q. v;0))du
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= DY 0,z — 7 Q,v),

hence

(@) = [ D02 = 7 Qo)D" (0.0 = Q. 0)p(G ol d )
= all;l2(0)'

Similarly, by (2.5) and the uniqueness of the solution of (2.3), we have that

hence

W@V = [ ([ VU@ - @ o/lP)e - Q.00
X 2(t = (Q- v/l - mhQv, 0.V, —t + (Q- v/lof*))dt)

< oo/, dv)
— b(O)V.

This completes the proof of the fact that L; is independent of () when
N=1.

Notice that when N > 2, (we recall again that the limit process of the
model with hard core and N > 2 is not known yet), this independence of @
does not hold.

THEOREM 2.1. Under our present setting, we have the following.

(1) Assume N = 1. Then as m — 0, the distribution of {(ng)(t),

Vl(m) (t)),t > 0} under Kk, converges weakly to the diffusion process
with generator Ly in C([0,00); R%¥) equipped with the Skorohod met-
TiC.

(2) Assume N > 2. Then as m — 0, the distribution of {(QU™ (¢ A
00), VI (t Nag)),t > 0} converges weakly to the diffusion with gener-
ator Ly stopped at oy in C(]0,00); R?N) equipped with the Skorohod
metric.
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As announced in Section 1, the second half of our paper is contributed to
the problem of convergence without stopping at og. Precisely, we consider
the case where there are two massive particles with the “new potential”
17, given by the average of the freezing-approximated force, a spherical-
symmetric absorbing force. As discussed in Section 1, this includes the
model with the two massive particles the “same type”. Write the “new”
potential as U(Q1,Q2) = U(|Q1 — Q2), Q1, Q2 € R%. We prove that when
m — 0, the distribution of the process that describes the behavior of the
massive particles converges, and give the precise formulation of the limit
process.

From Section 5 on, we consider this special case with two massive parti-
cles, and assume that our spherical-symmetric “new potential” U , given by
the average of the approximated force, satisfies the following condition.

(T1) There exists a constant r1 € (0, Ry, + Ry,) such that U(r;) = 0

and U(q) < 0 if ¢ € (r1,Ry, + Ry,). Also, U'(r1) < 0 and

lim U'(q)
q—(Ru; +Ruy)— Tlg)

= —OQ.

The essential part of (T1) is its first half, which implies that U gives us
an absorbing force for a while after the valid ranges of the two massive
particles overlap, as we declared. Also, the condition U’(r1) < 0 ensures
that the repulsive force around |@1 — Q2| = 71 is strong enough so that in
the limit m — 0, the two massive particles could never enter the domain
|Q1 — Q2] < r1. The last part is a condition with respect to the behavior of
U near to Ry, + Ry,.
Before going further, let us give a class of examples that satisfy (T1).

Ezample 1. We consider the special case that U; = Us, with the
common spherical-symmetric potential given by the following. Let as >
a1 > ag > 0 be three positive numbers satisfying 2a; = ag + a2, and let
g0, g1 € C§°([0,00)) be two functions satisfying the following:

(1) = za% = go(z) =0,

2) z € (ad,a?) = go(x) > 0, g)(z) <0,

/

91 (=)
r—a3— gi(x)

)
(2) =
(3) ¢1 <0 and suppg; = (a%, a%),
(4)

4) lim = —00.
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Finally, for any A > 0, let gx(x) = go(x) + Agi(x). Our function U; = Uy is
given by Uy (x) = Us(z) = gx(|z|? ) (So we have that Ry, = Ry, = a3).

Then (T1) is satisfied if A > 0 is small enough. See Section 9 for the
proof.

We make the observation here that by definition, our common interac-
tion between the massive particles and the light particles are 0 — attractive
force — repulsive force when the distance of the particles decreases. Also,
notice that gg is the “positive part” and Ag; is the “negative part” of our
potential U; = Us. So taking A small enough is equivalent to saying that
the attractive force between the massive particles and the environmental
particles are weak.

Write r9 := Ry, + Ry,, and let

By := {(QLQQ) € RQd’\Ql —qo] > 7“2},

By := {(Q1,CJ2) € RQd’\Ql —q € (7“1,7“2)}-

As explained heuristically in Section 1, By is our “diffusion phase” and Bs
is our “uniform motion phase”, and the most difficulty of this part is to find
the concrete formulation of the limit process when the massive particles
arrive at the boundary of these two phases from the uniform motion phase,
since the process Vi (t) lose its information at the instant that the massive
particles entered the uniform phase.

As suggested by the discussion in Section 1, we introduce the following
notations. For any a,b € R¢ with a # 0, we use the notations m,b and
7+b to denote the components of b that are parallel and perpendicular to
a, respectively: mob = (b- ﬁ)‘%', and 720 =0b— (b- ‘Z‘)| - Define

Ri(t) = 1g,0-qu Pr(): k=12,

2
= 3" M\ 14 M2 P +m2T(Qu (1), Qalh)),
k=1
(2.6) Y(t) = Pi(t) + Pa(t).

Write
X = (Qla Q27 Vlv VQaRlaR27Y7 H)
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Then as will be shown later, in the limit m — 0, (1) (Ry(t), Ra(t), Y (%),
H(t)) is continuous with respect to t, (2) in the instant that the massive
particles reach the boundary from the uniform motion phase, (R1, R2,Y, H)
is sufficient to determine (Vi, V3), and (3) the process {X;}+>¢ is a diffusion
with jumps, the precise formulation of which can be written concretely. (See
Theorem 2.2 for the precise formulation of this limit stochastic process).

Let us first formulate how does (Ry, Re, Y, H) determine (Vi, V2) at the
boundary (see Theorem 2.2 for details). In order to state our result, let us
first prepare several more notations. Consider the following equation with
respect to x:

Mic? \/1 + M2 2(|ag)? + 22)

(2.7) T My 1+ My 2e2(Jagf? + (d — 2)2) = b,
T o d—zx
Mi/1+M 22 (jaP42)  Man/14+M; *e2(JagP+(d—2)?)

Here a1, a9,b,d € R are constants. For any a1,a0,d € R, let

(28)  bo(ar,az,d) = inf (M1c2\/1+Mf2c*2(!a1!2+w2)

+ Mo\ 1+ My e ([asf? + (d 1)?)).

Then by(ai,as,d) € (—oo, +00), and for any b # by(ai, az,d), we have that
(2.7) has a unique solution x (a1, ag, b, d) if and only if b > by(a1, az,d), (see
(7.1) for the precise expression of z(ay, as, b, d)). For any R= (R1, R9), Q=
(Q1,Q2) e R* Y ¢ R and H € R, let

Ho(Ri, R, Y, Q1, Q) = bo(|Ral, [Ral, Y - 22— 91
Q2 — Q1]
Pl(R17R27Y7H7Q17Q2)
_ Q2 — Q1 Q2 — @
—R1+$(‘R1|,|R2‘,H,Y ‘QQ_Q1|)|Q2_Q1|’

(2.9) Py(R1, R, Y, H,Q1,Q2) =Y — Pi(R1, Ry, Y, H,Q1,Q2).

We use this to determine the bahavior of V4 and V5 at the boundary of the
two phases.

Next, in order to present our limit distrubition of the process { X (¢);¢ >
0}, let us define a new generator. For k € {1,2}, let Dy, ay;j i and by be as
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before. Let I; be the d x d identity matrix, and define
W@, V,z,v) = M /1 - c 23 [2 <Id - C_Q(thVk)>Dk(Qa T,v).

The diffusion coefficients of our new generator is given by

05(Q.V) = [ 4@ V.00 @V ) ol o),

where

1{\Q1—Q2|>7‘2}7¥(w’v)
1{\Q1—Q2|>T2}Z¥(x’v)
= R e D@
"% -0,(Do(Qrv))
Dl(Q,x,v) + DQ(Q,Z’,_:U)
Vi-Di(Q,x,v) + Vo Da(Q,x,v).

We next formulate the drift coefficients of our new generator. Define
Fz’jl as

Suziy2e 21— 2 V)V,

—3c72(1— V]2,

=3¢ 2(1— VIV,
(2.10) Fip(V) = 31— 2 VP)VPY,  ifi =g,
31— e VPV Vi

—c (1= |V

x (‘5{Z=z’}Vj + 6{z:j}%~>, if i # j.

Let
Y (Q,V) = M7 '/1— e 2|V 2 (Id - C_Q(tvkvk))bk(é)‘?

-

d
1 d
+§Mk2< E Fz’jl(Vk)akj,kl(Q)). N
Jl=1

1=
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BE(Q,V,RY) =15,_g, (b:1(Q)V)
2

1 R,extra
5 2 (Vi (Q2—Q1))R; + B, :
‘Q2_Q1|2; J 2 1

2
BHG,V) =" Wibi(Q)V + plhestra,

k=1

where ﬁR eatra E’mtm(é, V,R, Y) is given by

2
R.,extra 1 -1 _ 2
’ = - ————= > M \/1-c2[V;2|R;|*(Q2 — Q1)
g |Q2—Q1|2j_21 ! UL A
_ Q2 — @ C.QQ_QI V.V Q2 — Q1
[(Y |Q2—Q1|)<Vk \Qz—Q1|> Y VRLQz—QﬂQ
1
oo (V- (@ - Q)M VT = W PRy,

with k¢ given by k¢ = 2 if k = 1, and k¢ = 1 if k = 2; and pHertre =

BH’emtr“(@, ‘7) is given by

d
ﬁH,extra — Mk_l 1— C—Q‘VkP Z (6” 2Vkv )i k]}

ij=1

The drift coefficients of our new generator is given by

Vi
Vo
1{@1 Q2|>T2}IB§(Q‘7 ‘f)
5 7.8 5 v B ! 55 (@.7)
— (B 7d+1 _ {lQ1— Q2|>5 2
B@.V.RY) = (@ V.RY)E B(Q.V.EY)
SE(Q.V. B Y)
Zk 1 f(@)v
s1Q,V)
Our new generator is given by
| Td41 o 7d+1 .
L= 2 el @ VIViVi+ 3 G(Q VL (RY)V:

3,j=1
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with

VQi, i=1,---,d,

Vica, 1=d+1,---,2d,
2

V17;72d, i=2d+1,---,3d,
v, — vv2i—3d, 1=3d+1,---,4d,
VRi74d, i=4d+1,---,5d,

1

vRé_Sd’ i1=5d+1,---,6d,
Vyi-ed, ©=6d+1,---,7d,
Vu, i="7d+ 1.

Finally, let D([0,00); R??) denote the Skorohod space, and let wd =

C(]0,00); R??) x D([0,00); R%%) x C([0,00); R***1), with metric function
dist(-,-) given by

2

dist(x,T) mz_ 2” ”{ ; <tlél[6i§] lqi(t) — qi(t)]

=1

([t =aer) "+ ma ) - 7o)

te(0,n]

+ e [y(t) = 7(0)| + max [h(0) - h<t>r}

Now we are ready to state our second main result of the present paper.
Our second main result is the following.

THEOREM 2.2. Assume that N = 2 and that (T1) is satisfied. Then
when m — 0, the distribution of {X ™ (t);t € [0,00)} converges to jig as
probabilities on W, Here o 1s the unique probability on W that satisfies
the followings.

P
1 0 = Vi(0) = = H0) =
(1) “0<Qk( ) @0, Vi (0) My 14+M 2c=2| Py o2 0
TFCJQ_2,0—Q1,0Pk,O for ke {1,2},Y(0) = P + P, H(0) =

i Mkrcz\/1 + M§2C*2\Pj,of2> =t

(12) po(|Q1(t) = Q2(t)] = 1, [Ve()| <1 for k =1,2,t € [0,00)) = 1.
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(u3) For any f € Cg(RTFY) with supp(f) C ((31 UBy) x R**1) | we have
that {f(@(t),V(t),ﬁ(t),Y(t),H(t)) — Jo LF(@Q(s), V(s), B(s), Y (5),

H(s))ds;t > 0} is a continuous martingale under L.

(nd) We have pg-almost surely the following: For any t € [0,00) and k €
{1,2}, |Q1(t) — Qa(t)] € (r1,72) implies that Vi(t) = +e@2d=gHd:
and that Vi, (t) = Vi.(t—), also, |Q1(t)—Q2(t)| = r1 implies that V1 (t) =
—Va(t) = . @20)-Q1(t)

2 1Q2(t)—Q1(t)[

(1u5) We have pg-almost surely that fort € [0, 00) with |Q1(t) —Q2(t)| = re,

(1) if (Qut)=Qa(t))-(Va(t=)=Valt=) ) <0, then Vi(t) = —Va(t) =

c Q2()—Q1(t) .
[Q2(t)—Q1(1)]”

(2) if (Ql(t) - Qz(t)) : (Vl(t—) - Vg(t—)) > 0 and H(t) < Ho(t),

then Va(t) = ~Vat) = @28,
(3) if (Ql(t)—Qg(t)>- Vl(t—)—Vg(t—)) > 0 and H(t) > Ho(t), then
Vi(t) = 10 with Py(t) = Py(Ry(t), Ra(t), Y (1),

My 1+ M 22| Py(1)[2

H(t)le(t)7Q2(t>)? k= 1a2'

Here H()(t) = Ho(Rl(t),RQ(i),Y(t),Ql(t),Qg(t)), with H()() and
Py(+) given by (2.9).

We remark that the condition (Ql(t) - Qg(t)> : (Vl (t—) — Vg(?f—)) >0
in (2) of (ub) is “almost” redundant: in the domain [Q1 — Q2| > 71, it is
possible that H(t) < Hy(t) only if |Q1 — Q2| < 72 (see the proof of Lemma
8.4 for the proof of this fact).

REMARK 2. As claimed, our limit process can be understood as a com-
bination of two diffusions. One is described by L; in the diffusion phase B,
and the other phase occurs in Bs: the two massive particles evolve in uniform
motion, while the “background evolving quantity” (R, R, Y, H) (which, as
claimed in Section 1, is always well-defined by the spherical symmetry, and
is necessary when determining the behavior of these two massive particles
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when they reach the boundary of the two phases), evolves as a diffusion
with generator Lo given by

1 7d+1 7d+1

_ Ul

(2.11) sz_2'§: vvivi+ S puv,
i,j=4d+1 i=4d+1

with

UI _ [ qUI\7d+1
B = (6i)ithan

b, . (br(Q)
W$2_Q1 (b2(Q)

) - [Q2 1Qll2 ZJQ (V- (Q2 — @Q1))R;
)~ |Q2 Q1|2 Z] 1(VJ (Q2— Q1))R;
Zk L (@)Y

- —

Zk:l Vk}bk‘(Q)Vv

anda 1@, V)—ozw(Q V)fori,j=3d+1,---,7d+ 1.
Premsely, our limit process satisfies the following:

<1 <1

(1) the particles keep in the area |Q1(t) — Q2(t)| > r1;

(@) when [Qi(t) — Q)] > (QuD).Qal). Vi,

Vi)

L%) evolves according to the diffusion with generator
L1—c=2|Va(¢)|?
Ly, and (Ry(t), Ry(t), Y (t), H(t)) is given by Ry(t) = %
1 _ 9 M , B
TFQz(t)le(t)Vk(t)a Y(t) = Zk::l va and H; =

S M (1 — ¢ 2|Vi()[2) 12,

(3) the two massive particles keep uniform motions in the area |Q1(t) —
Q2(t)| € (r1,re2) with Vi(t) = ic% and they reflect at
|Q1(t) — Q2(t)] = 71, and (Ry(t), Ra(t), Y (t), H(t)) is a diffusion with
generator Lo,

(4) finally, the behavior of these two massive particles at the boundary
|Q1(t) — Q2(t)| = 7o of these two phases are determined as follows,
when the massive particles reach |Q1(t)—Q2(t)| = 72 from the diffusion
phase, they simply enter the uniform motion phase by taking V;(t) =
—Via(t) = %; when the massive particles reach |Q1(t) —

Q2(t)| = ro from the uniform motion phase, they either keep in the
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uniform motion phase by reflecting or re-enter the diffusion phase,
depending on the value of (Ry(t), Ra(t),Y (t), H(t)) at that moment,
according to (ub).

Indeed, suppose that a probability measure u satisfies (ul) ~ (u5). No-
tice that the term 1¢0, (1)—Q,(t)|>ro) i B is not 0 only if |Q1(t) — Q2(t)| > 72,
and in this domain, we get by a simple calculation that under u, the fol-

lowings hold: (1) |Vi(t)| < 1 for k € {1,2}, (2) Py(t) := %Vk(ﬂ
c—|Vg
is finite, and the distribution of (Q1(t), Q2(t), P1(t), P2(t)) is a solution of
the martingale problem Li, (3) (Ri(t), Ra(t),Y (¢ ) H(t)) is actually com-
): R

pletely determined by (Q1(t), Q2(t), Pi(t), P (t) k(t) = éQ(t)le(t)Pk(t),
Y(t) = Pi(t) + Pa(t) and Hy = Y3, My \J1+ M2 2[P()]2. Also,
when |Q1(t) — Q2(t)| € (r1,72), we have by (u4) that |Vi(t)] = ¢ and
Vi(t) || Va(t) || (Q2(t) — Q1(t)), hence Groc*'"® = gHextra — () therefore,

Vi
Va
=1 0 [,v=
0
ﬁUI v I

“to o oo

In particular, in this domain, (G(t), V (t)) is deterministic, and (Ry(t), Ra(t),
Y (t), H(t)) is a diffusion with generator L.

The opposite is also true: if a probability satisfies all of the conditions
stated here, it also satisfies (ul) ~ (ub).

Throughout this paper, C' stands for positive constants that may be
different in different places.

Part I. General cases
3. Ray Representation and Decomposition of Pj(t)

The main aim of this section is to give the re-expression of Py(t) as
claimed. (See Lemma 3.13). All of the results of this section are gotten by
exact the same method as in [11], so we omit the proof here. (See [13] for
the detailed proofs).
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3.1. Ray representation
Let Q@ = Conf(R x E), let A(ds,dz,dv) be the measure on 2 given by

Ads, dz, dv) = A\ (ds, dz, dv)
1 N
=1 (L2 e =1/2 )
m p<2]v| +ElUZ(w m~ % sv Qz,o))dsu(dx,dv),

and let ki, (dw) = Ky, (dw) be the Poisson point process on Conf(R x E)
with intensity function A, (ds,dz,dv). Then we can convert our problem
with respect to Conf(R?x R%) to a problem with respect to Conf(R x E).
Our w € Q has distribution k,,, and for each initial condition w, we are con-
sidering the following system of infinite ODEs (we omit the superscription
(m) for the sake of simplicity):

( d Pi(t,w
a@i(tﬂ")) = ( ) )
M1+ M;2c=2 Pyt w) 2
Tpw) = [ VUQit.w) 2t W(s,2.m o))
RxFE

X i, (ds, dz, dv),

(3.1) (Qi(0,w), Pi(0,w)) = (Qip, Pro),  i=1,---,N,

ax(t,x,v,w) =ov(t,z,v,w),

dt
(z(0,z,v,w),v(0,z,v,w)) = (x,v), (x,v) € ¥(w).

N
miv(t,x,v,w) = - ZVUi(l’(t,iT,U,W) - Qi(tvw))v
i=1

P’L(t»w)
Mi\/14+M; 22| P (tw)|?

We also use the notation V;(t) = V;(t,w) = We

remark that P, = MV,

3.2. Classical scattering

Let o(t,z,v;Q) = (¢°(t,2,0v;Q), ¢ (t, 2,v;Q)) and (¢, z,v;Q) be as
defined in Section 2. Notice that go(t,:r,v;@) is exactly the same as in
[11], so all of the results in [11, Chapter 3] with respect to ¢(t,2,v; @) and
Y(t, x,v; Q) are valid in our case, too. In particular, we have the followings.
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LEMMA 3.1. Forany (xz,v) € E andt € R, we have that (¢, x, v; Cj) =

p(t+s,U(s,2,0); Q) for any s > maX{RUﬁ'%lﬂ:l’""N}.

PROPOSITION 3.2.  Suppose that (x,v) € E and |v| > 2Cy. Then

QOl(t,IE,’U; @) ’ (|U’_lv) > Co, for any t € R.

PROPOSITION 3.3.  For any (z,v) € E with |v| > 2Cy, we have that
WO(t,x,v;Q) — Qs > Ry, i=1,---,N,

if t > 207 'R(Q) ort < —C7'R(Q). Here R(Q) := max{Ry, + |Qi|;i =
1,---,N}.

PROPOSITION 3.4. For any measurable f : R* — [0,00) such that at
least one of the integrals below is finite, we have

N
o T 0GP + 30~ @

(32) ~ [ ([ swte.0iGrac) sl yias )

LEMMA 3.5. For any A > 0 and ty > 0, there exists a constant C
(depending on max;—1,.. n Ry, + A, to, Co and ZZ]\LI |V2Ui||loo) such that

Wt 2, 0:QY) = ¥t 2, v:Q?)| < ClIQ - Q2o
for any (z,v) € E,|v] > 2Cy + 1,|t| <ty and ]le], |é2] < A.

3.3. Basic lemmas for tightness

We prepare several basic facts for integrals with respect to tightness.
These will be used in the following sections.

Let us first recall some basic facts with respect to the Skorohod space
(D([0,T]; RY),d") and the tightness of the probability measures on it. (See
Billingsley [1] for more details).
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For any T > 0, D([0,T]; R%) denotes the Skorohod space:

D([0, T]; RY) = {w L 0,7] — RE: w(t) = w(t+) = limw(s),t € [0,T),

slt

and w(t—) := 111%1 w(s) exists, t € (0, T]},
S

with the metric d° = dOT given by
d(w, @) = inf {IAI°V w =0 Ao |
for any w,w € D(]0,T]; R?), where
A= {)\ :[0,7] — [0, T]; continuous, non-decreasing, A(0) = 0, \(T") = T},

A(t)—A
lwlloe = supgeser [ (®)], and A = suppe,cper |log 2432

A.

It is well-known that (D([0, T]; R%), d°) is a complete metric space. Also,
C([0,T;RY) = {w : [0,T] — R% continuous} is closed in (D(]0,T]; R%),
d®), and the Skorohod topology relativized to C([0,T]; R?) coincides with
the uniform topology there. (See, e.g., [1]).

Our base for the proof of tightness is the following. We quote it here
from [11]. Let @(D([0,T];R%)) denote the space of all probabilities on
D([0, T}; RY).

for any A €

THEOREM 3.6 ([11]). Let (2, Fn,@n), n € N, be probability spaces,
and let X,, : Q, — D([0,T};RY), n € N, be measurable. Let px, = Qn o
X1, Suppose that there exist constants €, 3,7,C > 0 such that

(1) E@ [ Xa( - )lI5] < C,

(2) B ||Xa(r) = Xa(s)/?|Xn(s) = Xu()I°] < Clt = 1|+ for any 0 <
r<s<t<l1,

(3) E@n [\Xn(S) - Xn(t)‘s] <Clt—s forany0<s<t<1,
for any n € N. Then {,an}ZO:l is tight in (D(]0,T]; RY)).

Lemmas 3.7 and 3.8 below are easy consequences of Theorem 3.6.
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LeMMA 3.7 ([11]).  Let (Qn, {Fn(t) }rejo,r), @n), n € N, be filterated
probability spaces, and let f, : [0,T] X Q, — R be {Fu(t) }ejo,r)-adapted,
n € N. If

sup sup E?[|£,(s)?| < o,

neN s€0,T]
then { the distribution of {fot fn(8)ds}icpor) under Qu;n € N} s tight in
p(C([0,T); RY)).

LeEMMA 3.8 ([11]). Let (Qn, {Fn(t) }rejo,r), @n), n € N, be filterated
probability spaces, and let {My(t)}¢ be ({Fn(t)}ecpo, 1) @n)-martingales. If
there exists a constant C' > 0 such that

EQ [\Mn(t) - Mn(s)ﬂfs} <C(t—s), 0<s<t<T,

then { the distribution of {My(t) }iejo,m) under Qn;n € N} is tight in
p(D([0, T; RY)).

3.4. Some estimates

All of the results of this subsection are proved in exact the same way
as that of [11], and we omit the proofs here. (See [13, Appendix| for the
proofs).

First notice that |Q;(t,w)| < |Qio| + ¢TI for any ¢t € [0,T]. Let Ry =
max;—i,... N{Rvu, +|Qio| +cT'+ 1}, and let 7 = C’O_lRo. Here Ry, -, Ruy
and Cy are constants defined in Section 2.

PROPOSITION 3.9. Suppose that (x,v) € E, |[v| > (2Cy + 1)m~Y? and
m < C% Then

(’U|_1U) ~u(t, x,v;w) > m_1/2(00 +1), for any t € [0, T).

PROPOSITION 3.10. Suppose that (z,v) € E, |v]| > 2Cy+ 1, m < ci?,
0<mY?t+5s<T andtc (—oo,—7) U (27,00). Then

VU (a(m"2t + 5,0 (s,0,m20);0) — Qi(m"/2 + s30)) = 0.
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Since we are interested in the bahavior as m — 0, without loss of gen-
erality, we assume from now on that m < ciz

LEMMA 3.11. Leta € R be any constant and suppose that the following
holds: 0 < s —am/2 <T,0<s—m27r <T and |v| >2Cy+ 1. Let

y(t) == x(ml/Qt + 5, U(s,z, m_1/2v)) — Ot z, v Q(s - am1/2,w)).
Then we have the following.
(1) y&) =0if0 <m'?t+s<T and t < —,
2)

d2

u(t) = = S {VUy(®) + 0t 203 s — am/%w)

'MZ

1
— Qi(m'?t + 550))
— VU;(y°(t, 2, v; Q(s — am'*;w))

—Qi(s — am1/2;w))},

)

(3) Let Oy = 37(3“:1 IV2U; |00 + 1) exp (37(2?:1 IV2U; |00 + 1))
Then

d
O]+ | Zu(t)] < m22r + lal)Cae
if |t <271 and 0 < m'/?t + 5 <T.

Moreover, let z(t;z,v,@Q,V,a) be the solution of (2.3). Then we have
the following.

LEMMA 3.12. Let a € [-27,7] be a constant and assume the following:
0<s—ml2r < T, —7<t<2rand0< s—am!/?2 < s+ml/2t <T. Also,
assume that |v| > 2Cy + 1. Then we have that

2!/ 4 5, W(s,2,m ™ 20)) = O (b, v s — am! )
—m'" 2zt 2,0, Q(s — am?), V(s — am*/?), a)
s+2rm1/2

< Cgm1/2{(27'+ la|)2®m!/? + /

s—tml1/2

[Vi(r) = Vi(s — am'/?)|dr }.

with C3 == 3702321 Cy = SN V3 [|oo (C1 + 1)2V N [ V2U] oo
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3.5. Decomposition of Py(t)

Our main result of this section is the following decomposition of Pj(t):
Py(t) can be decomposed as the summation of a martingale part, a “smooth
part”, a negligible part which converges to 0 fast enough and the term
m~1/? fg VU (Q(s))ds, which causes the “uniform motion phase” in the
limit. We give the precise statement in the following.

Our new potential U is given by

» N
U@FLAMZ%@—M—MWM
=1

m#éﬂ%ﬁﬂm

() = — /t Y (s)ds,  teR

The concrete definitions of the martingale part and the “smooth part”
are also needed in the following sections.

Let F; = ]_}(m) = .7:(_0072m1/2T+t]XE V N, here N denotes the set of all
null sets. Also, let

with

N((0,8] x A) = po((2m?r,2m' 2 +1] x A), A e B(E).
Then N is a {F;}-adapted Poisson point process with density
_ — 1
Adr,dx, dv) = A\, (dr, dz, dv) = m_lp(§\v|2)dry(dx, dv).

Let
N(dr,dx,dv) = N(dr,dz,dv) — X(dr, dz, dv).

Now, we are ready to give the definition of our martingale term:
My(t) = M) = — / N(dr, dz, dv)m"2Dp(G(r), 2, v).
[0,t]xE

Here Dg(+,-,-) is the one defined in Section 2.
Let us next give the definition of the “smooth” term. For any r > 0, let

(3.3) F=((r—2m'?r)VO)AT.
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Let

Jua(t) = - /0 s /R VRUQu() — (5 G)

—

x z(u, z,v;Q(s), 17(5), —u)p(%\v[2)du1/(d:v, dv).

Also, let
t
Jk?(t) = _/ d51[4m1/27-,oo) (S) / ng(S, T, U)(Hw - )\)(dT‘, dz, dv)
0 RxE

t
Jiks(t) = / d81[4m1/27_700)(8)/ (e — A)(dr, dzx, dv)
0

RXxFE

X V20, (Qu(7) = w(m ™ (s = 1), 2,0 G()) )
<[ (Qu(s) = Qu) = (s = AIVA(E) ) = 0" (m ™2 (s = 1), 2,05 ()
+ 90 m 2 (s = ), 2,0 GF) + (s - IV ()],

t
Jra(t) = —/ d81[4m1/27700)(8)
0

« V2U(Qi(s) — O (m ™2 (s — 1), 2,0, Q(s)))

RxE
(05, W, m™20)) = 001 2(s = 1), 2,0, G(s)
—m 22 (m V2 (s — 1), 2,0,Q(s), V(s), —m ™3 (s — 7“)))
Xy (dr, dz, dv),
with
kol 2,0) = SV2UR(Qu(s) — (™2 (s — 1), 2,0 G(s)))
x m'2z2(m™ V2 (s — 1), x,0;Q(s), V(s), —m (s — 1))
— S VPUMQe() = 025 = 1) 2,05 G(7)
% w22 (s — 1), 2,0, G(F), V), —m~ (s — 1),

Our “smooth” term is given by

Te(t) = T (8) = Jpa (8) + Jra(t) + Jia () + Tra(2).
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(Here we divide the term J(¢) into several parts because the terms Jxa, Ji3
and Ji4(t), which will be shown to be “smooth” at first, will be proven later
to be negligible (1) until op in general case (see Lemma 4.1) and (2) in the
special case described in Theorem 2.2 (see Section 6).

Now, we are ready to state our decomposition of P(t). Our main result
of this section is the following:

LEmMMA 3.13. Fork € {l,---,N}, we have the following.
(1) There exists an R¥*-valued (F;)i-adapted process ny(t) such that

(3.4)  Pu(t) — Pp(0) = My(t) + mi(t) + Jp(t) — m~ /2 /Ot ViU (Q(s))ds,

(2) My(t) is an R¥-valued (F;)i-martingale, and there exists a constant
C independent of m such that for any 0 < s <t <T and m € (0,1],
we have

B ([ My (1) = Mi(s) || < Clt = 5],
and the jumps of My, (-) satisfy |AM(t)| < Cm!/2,
(3) Ji(t) is an Ré-valued (F;)i-adapted C*-class (in t) process such that
K d 2
(3.5) sup sup E m[—Jk(m } < 0,
me(0,1] te[0,T] dt

(4) there exists a constant C' independent of m such that

(3.6) Ym = B[ sup |ne(t)P] =0,  m —0,
t€[0,77]
and
(3.7) Efn [Ie(t))?] <O0m'2, m < 1,te0,T).

In particular, { the distributions of {My(t) + ni(t);t € [0,T]} under
km;m € (0, 1]} and { the distributions of {Jx(t);t € [0,T]} under
Km;m € (0, 1]} are tight in p(C([0,T];R)).
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The process 7y (t) is the error part of our re-expression (3.4). We do not
have much information on its detailed behavior, especially, we have almost
no information with respect to its derivative. The only thing we know is that
it converges to 0 fast enough (Lemma 3.13 (4)). However, by considering
the corresponding quantities with 7 (¢) withdrew from the beginning, this
is enough for our estimates. Precisely, later on, instead of Py(t), we will
consider the quantity Py(t) — ni(t) (see (3.8) below and the other related
overlined quantities).

The following is an easy consequence of Theorem 3.6.

LEMMmA 3.14.

(1) For any f™ :[0,T] x Q — R¢ that are bounded and {F;}:-adapted,
and k € {1,--- N}, we have that

sup E"‘m sup ‘/ flm dM(m)( )‘ } < 00,
me(0,1] tEOT]

and that { the distribution of {f&r fm)(s) - dM,Em)(s)}tE[O7T};m €
(0, 1]} is tight in p(D([0,T);R%)), with all of its cluster points as
m — 0 in o(C([0, T;RY)).

(2) For any f™ :[0,T] x Q — R? that are bounded and {F;};-adapted,

we have that

sup sup E"m ‘/ flm (s) ’

me(0,1] t€[0,T)

}<oo,

and that { the distribution of {fg+ i (s) - dJ,gm)(s)}te[oyT];m €
(0, 1]} is tight in p(C([0,T];RY)).

Also, we have the following result with respect to the tightness in
Lr([0,T]).

LEMMA 3.15 ([11]). For any f(™ : [0,T] x Q — R that are {F}s-
adapted, if

lim inf P(/T|f(m)(s)|ds < K) -
0

K—o00ome(0,1]
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then {the distribution of{fo (s (s)ds}icpor;m € (0, 1]} is tight in

o(LP([0,T;;RY)) for any p > 1, with all of its cluster points in
o(D([0,T);RY)). In particulat, if

sup E[/OT]f(m)(s)]ds] < 00,

me(0,1]

then our assertion holds.
The following is easy from the definition of My( - ).

LEMMA 3.16. For any ki, ko € {1,--- ,N} and l1,l2 € {1,--- ,d}, the
following holds:

(1)
3 (AM,?1 (s)> (AM,Z (s)> [M]f}l ,Mﬂ
s€[0,t]
=m Dyt (Q(r), z,v) D (Q(r), x,v)N(dr, dz, dv),
[0,t]xE
(2)

up B[ 3 [amu(of] <o

(3) for any f™ :]0,00) x Q@ — R that are bounded and {F;};-adapted,
there exists a constant C' > 0 such that

lim E®™| sup ‘/ fm Mll Mlz]
m—0 tE[OT
N 2
/ f ak1l1,k2l2(Q(5))d5‘ } < Cm.

As claimed, since we have almost no information with respect to the
derivative of n( - ), we will use the following useful approximation of Pj(t):

(3.8) Pilt) = Pylt) — melt) = Mi(t) + Ju(t) / m Y20, (G(s))ds
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We have the following.

LEMMA 3.17. For any g : R™ x RN — R with ||V3g|ls < 00, there
exists a constant C' > 0 such that for any m € (0, 1], the following holds.

@ IRCION:

36(0 T)

$)) — 9(Q(s), P(s—))

—~

4. Convergence until oy

We give the proof of Theorem 2.1 in this section. Let og(w) = inf {¢ >
0; min;£;{|Qi(t;w) — Qj(t;w)| — (Ri + R;)} < 0} if N > 2 as in Theorem
2.1.

We first prove that Jxo and Ji3 are negligible until o for k € {1,--- , N}
in the following sense.

LEMMA 4.1. There exists a constant C > 0 such that for | € {2,3,4},
we have that

=[5

St nao)|| < OmVt, me (0,1)t€ [0,T).

Before giving the proof of Lemma 4.1, let us first prepare the following.

LEMMA 4.2.  There ezists a constant C' > 0 such that for any s € [0,T],
we have

Jeals)| £ C

m1/2( 1/2+Z|V |)

X 1[0,R0)(|x|)1[—m1/2772m1/27](8 - T)A(d?“, de, d’l)).

‘d RXFE
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ProOF. First notice that by Propositions 3.3 and 3.10, we have that
gk2(s,r,x,v) is not 0 only if |z| < Ry and m™'/2(s—r) € [~7,27], and in this
domain, we have that |Q(s) — Q(F)| < N¢|s — 7| < 4Nem!/2r. Therefore,

(w57, 0)
= o2 P U(@uls) — w2 (s — ), 03 G5))) %
% 2lm™ (s = 1), ,0,Gs), V(s), —mV2(s = 7))
= 2™ = 1), 0 G, V() —m (s~ 1) |
+{ V2UL(Qu(s) = (m 2 (s = 1), 2,0 O(s))
~ V2UL(Qu() = (m ™2 (s = 1), 2,0:G() |
% 2(mV2(s = 1), 0,0 Q(), V(7), —m V(s = )|
< 32110 1) (212 (5 = 7)
% [IV2UlcC(1G(s) = G| + 1V (s) = V(7))
+ IV Uklo(1Q1(5) — Qu(P] + CIV (s) = V(F))C]

< Cm1/2< 1/2 + Z ’V |) [0 RO)(’x’)l[—m1/2T,2m1/2ﬂ(S - T)' U

PROOF OF LEMMA 4.1 WITH [ = 2. Notice that by the definition of
Vj, we have that |V}(s1) — Vj(s2)| < M{”Pj(sl) — Pj(s2)| for any s1,52 >0
and j € {1,---, N}. Therefore, by Lemma 4.2, we have that

d
G| <0 [ m2(mt s > 05 15(0) - )

(41) X l[O,Ro)(‘x‘)l[—m1/2772m1/27'] (S - T) (:u’w + )\)(d’f’, de, dU)

Notice that s < oy combined with |s — 7| < 2m'/27 implies 7 < og. There-
fore, by (4.1), we have that

oo [ sato o)
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d
< 2CER™ [/ ml/2 (m1/2 + 3 M7UP(s Aoo) — Pi(F A 00)|)
RXxFE -
7=1

(4.2) X l[O,Ro)(’x’)l[—m1/27,2m1/27—] (S - T))\(dr, d.’l?, dv)] .

Since Vﬁ(Ql(t), <+, Qn(t)) = 0 for any ¢t < op, we have by Lemma
3.13 (1) that

Pj(t Aoo) — Fj(0) = M;(t) + J;(t) +n;(t),  t€[0,T].

Therefore, by Lemma 3.13 (2), (3), (4), we get that there exists a constant
C > 0 such that

Erm HPj(Sl Aog) — f)j(SQ A O'o)H
211/2
< Efm HPj(Sl A 0‘0) — Pj(SQ A O‘o)‘ ]
L\ 1/2
(4.3) §C<|81—32]+m/> . s1,82€[0,T).
This combined with (4.2) implies our assertion. [J

PrOOF OF LEMMA 4.1 wiTH [ = 3. The basic idea is the same at that
for I = 2.

First, we have by Lemma 3.5 that there exists a constant C' > 0 such
that

()] <€ [ (X)) ()L a5 =)
RxFE

(4.4) x Z @5() = Qi(7) — (s = PIV; (7).

This combined with
Q) - QM) ~ =] =| [ (iw - Vi) au
— Py ()| du
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implies that

Km d
£ |t Aol
< 2C )\(d?”, da:, dv)1[07R0)(|$|)1[_m1/2772m1/27](8 - T)
RxE
(4.5) xZ/ E”m ‘P w A o) — (r/\ao)Hdu.

This combined with (4.3) implies our assertion for [ = 3. OJ

ProOOF OF LEMMA 4.1 wWiTH [ = 4. With the help of Lemma 3.12, the
proof is similar to that of [ = 2,3. We omit the details. [J

Let Py(t) = Py(t) — ni(t) as before. The following is trivial.

LEMMA 4.3 For any f € C3°(By X RdN), we have that when m — 0,

{f(Q(tNo0), P(tAoo))}e and {f(Q(tAoy), Pk(t Noo)) e converge or not at
the same time, and when they converge, they have the same limit.

PROOF OF THEOREM 2.1. For any f € C5°(B; x R¥), we have by
(3.4) that

F(@(t A o), P(t A oo) — F(Qo, Fh)

tAog = . N tAGo B =
_ /O Fo(Q(s). P(s—)) - V(s)ds + 3 / £, (O(s), P(s—)) - dM; (s)
=1
N tA\og . o !
+]gl/0 fpa (Q(S)7P(5_)) dJﬂ(S)
N 4

n Z Z / Fon o ( QS),ﬁ(S—))d[MéiaMéi]s

E1,ko=111,lo=1

+ > {1@6), P(s) - £(@(s), P(s-))

s€[0,tAo0]
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The second term on the right hand side above is a martingale. The first
term on the right hand side above gives us the terms of 6%]- in Ly. The

third term on the right hand side above gives us the terms of a%j in L; by
the definition of J;1. By Lemma 4.1, the forth term on the right hand side
above converges to 0 as m — 0. For the fifth term on the right hand side
above, we have by Lemma 3.16 (3) that

lim E”m[ sup
m—0 t€0,T Ao

a /Ot/\aof I l2 (Q( )s ﬁ(S—))aklll,kzlz(@(S))dsu =0.

+ Py Vkg

tAog . =
/0 F s (G(s), P(s—))d[M, M),

+ Piey Vig

Finally, for the last term on the right hand side above, we have by Lemma
3.13 (2) that

lim 2 [ 30 |F(@().P() - £(Q(s). Pls-))

m=0 [0,TAoo)
N — =
=3 Fn (@), P(s=)) - AMi(s)
k=1
N —
=5 D7 ey (@), Pls= ) (AM, (5)) (AM, (5))] ] = 0
k1,ko=1

This combined with Lemma 4.3 completes the proof of Theorem 2.1. [J
Part II. Special case: N =2 with (T1) satisfied

In the second half of this paper, we restrict ourselves to the special case
that N = 2, Uy and U; are spherical-symmetric, and that (T1) is satisfied.
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5. Tightness

It is a trivial consequence of (T1) that there exists a constant gy € (0,77)
such that U(Y) > 0if Y € (r; —eg,71). Let

o = inf{t > 05]Q2(t) — Qu(t)| <71 = T}

We prove in the following (see Corollary 5.5) that o converges to co as
m — 0, precisely, lim,, g £y (0 > K) =1 for any K > 0.

In this section, we use Lemma 3.13 to prove that { the distribution of
{(Q(tAo), V(tAa), R(tAa),Y (tAc), H(tAc)),t € [0,T]} under fpm;m < 1}
is tight in Theorem 2.2’s sense.

Since the derivative of Q(t) with respect to ¢ is bounded by ¢, a finite

constant, we have the tightness of the distribution of Q(¢).
For Y (t), we have the following:

LEMMA 5.1.
(1) )
Y(t) =Y (Mi(t) +mi(t) + Ji(t)).

k=1
(2) {the distribution of {Y (t) }reo, 1) under kpm;m < 1} is tight in
p(C([0, T R7)),

(3) SUP, e (0,1) ™ | SUPseio,1) Y (#)]*| < oo

PROOF. Since Vlﬁ = —Vg[j , we have our first assertion by Lemma
3.13 and the definition of Y;. The others are now easy. [

In order to prove the tightness for (Vi(t), Va(t), R1(t), Ra(t), Hy), let us
first define several notations. Let

— 0
k - —_—
M1+ M 22 [B(0)2

Ry (1) = Tr$2(t)—Q1(t)E(t)’

i
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2
= 3 M1 M E B + T (Qu(0), Qo)
k=1

Here Py(t) = Py(t) — ni(t) as defined at the end of Subsection 3.5. Then we
have the following.

LEMMA 5.2.

(1) There ezists a constant C' > 0 such that

. 2
E“m{ sup (vk( _ Vit ‘+‘Rk — Rilt j+]Hk Hk(t)‘}
te[0,7

< Cy(m).
Here y(-) is the one defined in Lemma 3.13 (4).

(2) The tightness for Vi(-) (respectively, Ry(-), H(-)) is equivalent to the
tightness for Vi(-) (respectively, Ri(-), H(-)), and when they do con-
verge as m — 0, they have the same limits.

PRrROOF. Since ‘
have by (3.6) that

{Sup‘ Py (t) B Py(t) _ ‘2}
te[0,T] ' M, \/1+Mk 2c=2| P ()|2 Mk\/1+Mk_20_2|Pk(t)|2

< d|x — y| for any x,y € R?, we

z
VIt /14]y)?

2
< ch[ sup ‘Pk Pk(t)‘ }
t€[0,T]

-] g

Similarly,

B| sup |R(t) = Re(t)?| < B[ sup (@),
te[0,T] t€[0,T]

and

E[ sup |H(t) — H(t) 2}§ i [sup |71 ( )I]-

t€[0,T t€[0,T
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These imply our first assertion by (3.6). Also, the second assertion is a
direct consequence of the first assertion. [

We prove the tightnesses for R;(t) and Ra(t) in Subsection 5.3, and
prove the tightnesses for Vj(t), Va(t) and H(t) in the subsection after it.

5.1. Notations

Let us prepare some notations. For k € {1,2} and = = (z1, -+ ,24) €
R, let
T
fk,z(w) = - 2 )
M1+ M 22 e f?
o) 0?2
and  frij(x) = g fi(®), frin(®) = gpgn fil@)s frijigess () =
93 T;
8$j18$j28$j3 (Mk\/1+MkZC_2|x|2). SO

5 fgle) = M) - M,
: k,zj Mi(1 +Mk_26*2|x|2)3/2

I

and

fie,iji(2)
6[#1'2MI:2672CC[(1+MI;2072|x|2)—3M;2C72(1+M;2672 POy |z 2)zy
My (1M, 2c=2|z|2)5/2 ’
3M};4c_4w¢xjml7M1;2c_2(6l:ixj+6l:jx¢)(1+Ml;zc_2\:L"\Q) ifi ?é .
My, (14 M, Zc=2[z[2)5/2 ; J:

if i = j,

So there exists a constant C' > 0 such that

C C
, (e S
|fk,l]l( )| 1 +Mk—2c_2’w’2

| frii ()] <
\/1 + M 22|z

for any 4, 7,0 € {1,--- ,d}. Also, by calculating the third partial derivatives
of fri, we get that || fiijir(loc < 00.
Also, let us prepare one more notation: for any v € R? with |v| < ¢,

define F?(v) := (sz(v)) oy with
LJ=1,

(5.2) Fij(v) = /1= c2v]? (855 — ¢ *viwy)
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and let Fjj be as defined in (2.10). Then by a simple calculation, we have
that

My, d
(5.3) v= (fk,i(m@)i:l,
_ M,
(5.4) M, ' Fij(v) = fk,ij(\/ﬁv%
(5.5) M2 Fii(v) = fraji( 2

S —
1—c2v?

5.2. A decomposition and an estimate of H(t)
We first prove the following decomposition of H(t).

LEMMA 5.3.  There exists a stochastic process nm1( - ) such that

H(t) = H(O) + nins( +Z ([ vito)-annisy+ [ vits)-ancs)

0+

/ Jrij (Pr( ))akzkj(é(s))ds>

(5.6) " Z /0 VD (Qu(s), Qa(o) - (T(s) — Vi),

and there exists a constant C > 0 such that

B | sup | (t)]] < C(mt 4+ y(m)/2), for allm e (0,1].
t€[0,7

In Lemma 5.21, we prove that the term > 7_, f(L_ m=Y2V,U(Q(s),
Q2(5)) - (Vi(s) — Vi(s))ds in the above decomposition of H(t) is also negli-
gible, by using the estimates in Subsection 5.4. We first prove Lemma 5.3
in the rest of this subsection.

PROOF OF LEMMA 5.3. First, by the definition of H(t) and Ito’s for-
mula, we have that

H(t) — H(0)
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— i/t (Vk(s—)-de(s)Jr/ Vie(s—) - dJj(s)
£ 30 [ hasPile-ndatt i)
+ 3 {102 )P

s€(0,¢]

- Mkcz\/l + M 2c2[Py(s—)2

_kaz (Pe(s—))AP(s)

-3 Z fis (Pel(s=)) APi(s) AP{(5) } )
2] 1
2 t _ L
(5.7) > VD@5, @al) - (Thls-) = Vis))ds.

So our assertion follows from the following: There exists a constant
C > 0 such that

_ t
(58 B[ sup / (Vils—) — Vi(s)) - abi(s)|] < em¥/,
~tel0,7]) ' JOo+
_ t
(59)  E*[ sup / (Vils—) — Vils)) - ()] < Cyom) >,
Leefo,) ' Jo+
_ t .
[ sup | [ fuai(Bels-)diagg, M),
-t€[0,T] ' J O+
t
(5.10) = [ s Pulsanias (@is|] < omi
0+
E"™™| sup Myc®\/1 4+ M, 2c2|Py(s)|?
[tE[O,T] 5%,5} { \/ g

— M@ \J1+ M e Pi(s—) 2
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(5.11) ,g(s)AP,g‘(s)}H < Oom!/2.

mlv—l

d
Z fk‘l]

(5.11) is a direct consequence of Lemma 3.14 (3).
Next let us prove (5.10). Since Py(s) = Px(s—), we have that

[ FrisPe(s=)) = fiag (Pels)| < Clnels=)1:

2
Also, with C = (3THVUkHoo> (2R0)* ! [ra p(3|v]?)|v|dv < oo, we have
that

612 [ D) a0 IDUGs) 0ol w(de,d) < €

for any s € [0,T7], k € {1, 2} and 7,5 € {1,--- ,d}. So by (3.7), we have that

g sup | (g (Pels=)) = fras(Pu(s)))
te[o 7] 0+
/ Di(Q(s), x,v) D’ (Q(s),x,v)p(%|v|2)y(da:dv)>dsu

(5.13) gccl/ E“’”[]nk( )y}dsgcml/‘l.
0

Also, by Lemma 3.16 (3), we have that

t

g sup | [ fiuij (Pals=)) (dIME M), = aris (Gs))ds)
tefo, 7] ' Jo+

] < Om/2.

This combined with (5.13) implies (5.10).
We have (5.9) with the help of Lemma 3.13 (3) (4), since

E“m sup ‘/0+ Vi(s ()) dJi(s )H

tE[O T)

iJk(s)ﬁ 2.

—1 Koy 2 1/2 Ky
<M_'TE [ sup !nk(U)!} sup E [ s

u€[0,T] s€[0,T7]

Finally, let us prove (5.8). Since f0t+ (W(s—) - Vk(s)> - dMj(s) is a
martingale, we have by Doob’s inequality and Lemma 3.16 (1) that
2
s | [ (Vo) Vi) - anto)| ]
te[o T] 0+
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<ape]] [ (Vi) - Vi) - dbsy(o)]

d T . ) ) .
—a > e[ [ (W) = Vi) (W o) - Vi) 1)

i,j= 0+
= 4Z-JZ_1 Erm {/Oi (Vki(s_) _ ka(é‘)) (W;j(s—) B ij(s)>

X m D,i(@(s),a:,v)Di(Q(s),x,v)N(ds,dx,dv)]

<AM,*d*Cy /

0+
where we used (5.12) when passing to the last line. This combined with
(3.7) implies (5.8), and completes the proof of our assertion. [J

E’l"im |:

We prepare the following estimate with respect to H(t) and H(t). This
is used in the prove of the tightness of Vj.

LEMMA 5.4. There exists a constant C' > 0 such that

B | sup |[Hif2] < Cm™Y2,
t€[0,77]

E“m[ sup |Ft|2} < Cm™/2, m € (0,1].
t€[0,77]

ProoF oF LEMMA 5.4. We use Lemma 5.3 to prove our assertion.
By Lemma 3.14 (1) (2), all of the terms except the last one on the
right hand side of (5.6) are fine. We prove in the following that the last

term on the right hand side of (5.6) is also fine. Since ‘Vk(s) - Vk(s)) <
ﬂﬁg(s) . Pk(s)‘ < M Yy(s)], we have by (3.7) that

l

o[ s | [ 9,0Qu00. Qu(e) - (T(0) - i) s

sEOT
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T -
< m B | /0 (V5T 1o M, i (5) ) 2ds

< O OT B [lne(s) ] s

< Om~12,
This completes the proof of our assertion. [

As an easy corollary of Lemma 5.4, we get the following. In particular,
this implies that o converges to oo as m — 0.

COROLLARY 5.5. For any € > 0, we have that

i i — <r - =0.
Jim o (nf [Qu(1) ~ Qo(t)] < 71 —€) =0

PRrROOF. Choose any € € (0, %) and fix it. Then there exists a 6o > 0
such that U(Q1,Q2) > 6o as long as |Q1 — Q2| € (r1 —eo +&,71 — €.
Therefore, if |Q1(t) — Q2(t)| € (r1 —eo +€,71 — €], then by the definition of

H,, we get that H; > m~2U(Q1(t), Q2(t)) > m~/28,. Therefore,
. _ P
o nf 101(1) = @a()] < 1~ <)

< v sup T > m V20
te[0,T]

< (m™Y260) 2B | sup [H,P]
t€[0,7
<Cm'? -0, m—0 0O

5.3. Tightness for Ry(t)

In this section, we first make some calculation with respect to Ry(t)
(Lemma 5.6), then get an estimate of Ry(t) (Lemma 5.7), which is also one
of the essential idea of our present paper. We finally use these two results
to prove the tightness for Ry (¢) (Lemma 5.8).

For any s € [0,T] and k € {1, 2}, let

Q2(s) — Q1(s)
|Q2(s) — Q1(s)]

Q2(s) — Qi (s)
1Q2(s) — Q1(s)[)

A (1) = /0 t [ani(s) - ( dMy(s))
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_  @a(t) — Qu(t) \  Qa(t) — Qu(t)
Yult) = [(YO - 2= oo (o —aran )
-¥ ) w0l G =l

T@wf@@p@@%%w—@on

x My '/1 = c2[Vi(6)2Ri(t)
1
|Q2(t) — Q1 (s)|?
2
3 (71— 2V ORIR ()P (Qa(t) ~ Qi)

j=1
+ (Vi(t) - (Qa(t) = QDR (1) ).

Also, define k€ as k*=1if k=2, and k=2 if k = 1.
Our main results of this subsection are the following three lemmas.

fr(t) =

LEMMA 5.6. For k € {1,2}, there exists a stochastic process ng.( - )
such that for any s € [0,T], we have

_ . t d

Ry (t) — Rg(0) = Apg1 () +/0 |:7TCJQ_2(S)_Q1(8) (%Jk(s))
(5.14) ~ fa(s) = Yage(s) — nﬁk(s)}ds,
and
(5.15) (D] < 4¢|Q2(t) — Qu (1)~ k(1))

LEMMA 5.7. There exists a constant C > 0 such that
Eor | swp (R + [Re(t))] < C.
t€[0,TAo]

gl swp (Ri@P+[RmP)] e me 01
t€[0,TAo]
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LEMMA 5.8.

(1) We have that

Ralt) = Ru0) = Aria®)+ [ [r0-auo (e 005)

(5.16) ~ Jals) = Yie(s)|ds + nrn(t),

and there exists a constant C > 0 such that

(5.17) Efm [ sup |77Rk(t)‘2:| < Cy(m), m € (0, 1].
teTo
(2) { the distribution of { Ry (t A o) }ejo,r) under kpy;m < 1} is tight in
p(D([0, T];RY)) for k € {1,2}.

PrOOF OF LEMMA 5.6. We have by definition that

Ry.(t) = ﬂ-éz(t)—Qﬂt) (Fk(t))

= Bult) — (Plt) - @o(0) — @u(1)) 15—

|Q2(t) — Q1(t)|? (Q2(t) — Qu(t)),

and

Pr(t) = My(t) + Jp(t) — m™Y/2 /Ot Vkﬁ(Ql(s), Q2(s))ds.

Since VoU (Q1(t), Q2(t)) is parallel to Qa(t)— Q1 (t), we have by Ito’s formula
that

. o t d t
Relt) = Ta0) = Anr(0)+ [ 73,00y (3572090 s = [ gm(s)ds,
with
() = (Pile) - (Vas) = V() s (@a(6) = Q1)
1

+ (Pels) - (@als) = u(9))
— (Be(s) - (@) - @1(5))

(Va(s) = Vi(s))

|Q2(s) — Q1(s)I?
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2(Q2(s) — Qu(s)) - (Va(s) — Va(s)) —Onls
(5.18) X 0a(5) — 01 ()1 (Q2(s) — Q1(s)).

So it suffices to prove that

(5.19) grk(8) = fr(8) + YRee(s) + n7;,(s)

with some 75, (s) satisfying (5.15). We prove (5.19) for k = 2, the assertion
for £ =1 is gotten in the same way.
Notice that for any p,q € R?, we have that

2
q,

1 q 1
IplPq— (p- Q)QW(J = (W —(p- m)2)q = ‘qu

hence
g+ (p-q)p—2(p- Q)Qﬁq

= ‘%Lprq + (- qp—(p- Q)Qﬁq
= ‘ijrq +(p-q)myp.

Therefore, for j € {1,2}, we have that
1

My 1+ M2 2 Py (s) P

+ (Pj(s) - (Q2(s) — Q1(5))) P,

—2(Pj(s) - (Q2(s) — Q1(s))

1
) = i )~ D)

= M1\ /1= e2[V5(s)?| Ry (5)*(Qa(s) — Qu(s))
(5.20) + (Vi(s) - (Qa(s) — Qu(5))) Ry (s).

Re-write Py(s) in (5.18) as Py(s) — n2(s), and re-write P»(s) as Y (s) —
P (s) in further in the terms that include Vi(s), then by (5.20) and a simply
calculation, we get (5.19) with

(1Pi(5) 2(Qa(s) = @1(5)
(5)

N

M7 (s) = |Q2(5) — Qu(5)| 72 | (n2(s) - (Va(s) — Va(5)))(Q2(s) — Q1(s))
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+ (m(5) - (@a(5) — Qu(5))(Va(s) — Va(5)))
+2(m(s) - (Qals) ~ Qu(5)))

Q2(s) — Q1(s)
(o 29 ~Vi)

So (5.15) is also satisfied. O

Qa(s) — Ql(S)}
|Q2(s) — Q1(s))

Proor OoF LEMMA 5.7. Since
M= PV OP R0 < e
we have by the definition of Yg;(s) that

Yrj(s)] < 3clQa(s) = Qu(s)| MY (s)],  j=12

Also, we have
|Q2(s) — Ql(s)’_l <(r;— —)_1, if s <o.

Therefore, we get from Lemma 5.6 that there exists a constant C' > 0 such
that for any ¢ € [0,7 A o] and k € {1,2}, we have that

A1 (1t Apa() + s s i+ [ )

(5.21) /‘d Ji(s ‘ds+/ (|R1 )|+|R2(s)])d5).

Let

W(r) = B Leﬁ}“i (1Ra(0) + [Ra(t)])?].

Then h is continuous and by (5.21), there exists a constant C' > 0 such that

a(t) < O(1+ Z {Eer [ sup (] + B[ sup |4ma (]
1}

+ sup E”’"H—J (s
s€[0,T ds™’
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t

(5.22) A /0 TyY(u)uu)Q} + /0 h(r)dr).

By Lemma 3.14, we have that E"m {supue[oﬂ \Ale(u)|2] is bounded for

2
m € (0,1]. Also, Em[( I |Y(u)ydu) } < T2sup,c o) B (Y (5)[2], which
is also bounded for m € (0,1] by Lemma 5.1. Finally, by Lemma 3.13 (3)
2
(4), Efm [supue[O’T] |7]j(u)|2] and sup,¢(o 1 E“m[ %Jj(s)‘ } (j=1,2) are
also bounded for m € (0,1]. Therefore, (5.22) implies that there exists a
constant C' > 0 such that

h(t) < C+ C/t h(s)ds, te0,T].
0

So by Gronwall’s inequality, we have that h(t) < Ce for any t € [0, 7] and
any m € (0,1]. In particular,

Eﬂm[ sup  (|Ri(s)| + \Rg(s)\)g] <0, me(0,1]. O
s€[0,TAo]

Proor oF LEMMA 5.8. The first assertion is a direct corollary of
Lemma 5.6.

The second assertion is an easy consequence of Lemmas 5.6 and 5.7.
Indeed, by Lemma 3.14 (1), we have that the distributions of {Agk1;t €
[0, A o]} under &, with m € (0,1] is tight in p(D([0,T];R%)), with all
of its cluster points in @(C([0,T];R%)). Also, by Lemmas 5.7, 3.13 (3)
and 5.1, the integrand of the second term on the right hand side of (5.14)

satisfies sup,,¢(o,1] SUPse(o,7] EH * (s A a)m < 00, which, by Lemma 3.7,
implies that the distributions of the second term on the right hand side of
(5.14) (t € [0,T A o)) with m € (0,1] is tight in p(C([0, T]; R?)). Therefore,
{ the distribution of {Ry(t A 0);t € [0,T]} under k,,;m € (0, 1}} is tight
in p(D([0,T],R?%). Since R,(Cm)(-) is continuous for any m € (0,1], and
C([0,T); RY) is closed in D([0,T]; R%), we get our assertion. [J

5.4. Tightness for Vi(¢)
We prove the following result in this subsection.
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LEMMA 59. For anyp > 1 and k € {1,2}, we have that { the distri-
bution of {Vi(tANo);t € [0,T]} under kp;m € (0, 1]} is tight as probabilities
on LP([0, T]; R%), with all of its cluster points as m — 0 in p(D([0,T]; RY)).

In §5.4.1, we give a basic decomposition of V. Especially, it decompose
the “singular” part of Vi into a parallel part and a perpendicular part,
tightnesses for which will be proven in §5.4.2 and §5.4.3, respectively.

Choose k € {1,2} and fix it through this subsection.

5.4.1 Some calculation for Vi(t)

For any k € {1,2}, let Ap, (1) = (Alm( ), AL (¢ )), with

Ay / Z frij(Pi(s (dMJZ(S) + dJi(s))

(5.23) / Frijt(Pr(5=))arj i (Q(s))ds
fori=1,---,d. Then we have the following.
LEMMA 5.10.
(1) $UP o, B | subepo 1 | A (D] < ox,
(2) { The distribution of { Ay, (t);t € [0,T]} under kpm;m € (0, 1]} is

tight in o(D([0,T);RY)), with all of its cluster points as m — 0 in
p(C([0, T R7)).

(3) There exists a constant C > 0 such that
B [ Ag (0) = Aga (t2)|] < Cltr — 1] 2
for any ty,ts € [0,T].

(4) There exists a stochastic process 1y,.(-) such that

Vii(t) = Vi (0) + AVkl(t) + 17 ()

(5.24) 12 / ka 5 (Pr(s=) ViU (G(s))ds,
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and there exists a constant C > 0 such that

2
(5.25) Em [ts[%pT] ‘nvk(t)‘ } < Cm.
€10,

PROOF. Since | fyiji(Pr(s—))| < C, the first three assertions are easy
by Lemma 3.14 (1) (2) and Lemma 3.7. We prove the last assertion in the
following. '

First, we have by definition that V3'(t) = fii(Pr(t)), where fy; is as
defined in Section 5.1. So by Ito’s formula, we have the decomposition

Vi (t > ~ Vi (0) = firi(Vi(®)) — fi(Vi(0))

/ Z fris (Pe(s=)) (a0 (5) + AT (s))
/ Frit(Pe(s=))d[M], My
]l 1

+ ) {fk,i(ﬁk(s — fri(Pr(s kaz] Py(s—) AP (s)

s€(0,¢]

-3 Z Jrin(Prl(s=) AP (5) ATy ()}

]l 1
12 / ka (Pu(s—) ViU (G (5))ds
ij J

Therefore, (5.24) holds with nin given by

nd / fk ,i5l Pk )( [M]g7 M]ﬁ:]s - akj,kl(é(s))ds)
]l 1

+ 3 { i) = fri(Pes-))

s€(0,t]

—Zfim] Pi(s—)) AP (s)
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- = Z frijt(Pe(s—)) AR, (s )Aﬁkl(s)}-

jll

(5.25) is now a direct consequence of Lemma 3.17 and Lemma 3.16 (3). O

As an easy consequence of Lemma 5.10, we get the following decom-
position of Vi (¢). This gives us the coefficients fyX and ﬂ,‘c/ in our limiting
generator L.

LEMMA 5.11. For k € {1,2}, there exists a stochastic process nyi( - )
such that for any s € [0,T] andi=1,--- ,d, we have

Vit / ZM Ly (Vi(s))dM] (s)
/ ZM LBy (Vi) (s)

/ ZM 2F31(Vi(8))angaa (Q(s))ds + nii (1)

7l=1
(5.26) . /O S o (Po(e)) VLT3 (s) s
j=1

and there exists a constant C > 0 such that

(5.27) E”‘m[ sup ]nd(t)]} < C(y(m)1/2 + m1/2>, m € (0,1].
te[0,TAo]

Here Fy; and Fij are as defined in (5.2) and (2.10), respectively.

PROOF. There exists a constant C' > 0 such that )kaj(Pk(s)) -
fk,ij(Fk(S))’ < C‘Pk(s) - E(S)‘ = Clni(s)], and similarly, | fiji(Pk(s)) —

fk,ijl(ﬁk(s))‘ < C|nk(s)|. Therefore, by the same argument as we used to
prove (5.8) ~ (5.10), we get that

(5 (Pels=)) = fuis (Pils—)) ) dbi(s)

E”m sup } < Cm!/4,

te[O 7] ‘ 0+
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B | sup \ (fiis (Pi(s=)) = fris(Pals=) ) aJi(s)| | < Cy(m)',
te[OT] 0+

o [ sup | [ (B Pelo)) = Frn(Pits—) awis (G(s))ds] ] < Ol
te[OT] 0+

This combined with (5.24), (5.23) and Lemma 5.2 (1) implies that

Vi) = Vi) + a0+ [ wa Py(s—)) (aM{(s) + a7 (5))

/ Z Tr,ijt(Pr(s—))ag;, 1 (Q(s))ds

]l 1
— / me Pr(s—) Vi 0 (G(s))ds
0+ 5

with some properly defined ny(t) satisfying (5.27). This combined with
(5.4) and (5.5) completes the proof of our assertion. (J

By Lemma 5.10, we get that the tightness for Vj(-) is equivalent to that
of fo “12 £, (Py(s ))VkJU(Q( s))ds. We prove the tightness for it in the
rest of §5.4.

Before closing this subsection, let us make some more observation. No-
tice that for any x,a € R%, we have that

d
(Z( (14 |2]?) — w25 ) a; e

= (1+ |z|*)a - (z,a)z

= (1 + \Wé‘x|2)a — (a, ).

So by (5.1), we have that

(Y futoier)

j=1
T My(1+ M, 2 2[p|2)3/2 [(1+Mk ¢lmpl )“—Mk ¢ “(a,p)mgp|-
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Therefore, since Vkﬁ(Ql,Qg) is parallel to @2 — @1, and

WéQ(S)in(S)Fk(S—) = Ryp(s—), we get from (5.24) that

(5:28) Vi(t) = Vil0) = Apa() + ) = [ (90 5) + ) ) s,

where gg1(s) and ggo(s) are given by

1

gr1(s) = Mi(1+ M, 2c2[Br(s— ) 2)3/2
x (14 M2 2 Ri(s—) ) ViU (Qu(s), Qa(5)),
1
gr2(s) = — Mi(1+ M, 2 2B (s—) 2)3/2

x My 22 (ViU (Qu(5), Q2(5)), Pr(s—)) Ri(s—)-

Notice that gx1(s) is parallel to Q2(s) — Q1(s), and gxa(s) is perpendicular
to Q2(s) — Q1(s). o
5.4.2  Tightness for mg,w)—-q, ) (Vk(t))
Our main results of this subsubsection are the following two lemmas.
LEMMA 5.12.
™o 14 MR )
ot My(1+ M, e [Py(s—)[2)3/?

% [V (Qu(s), Qa(s))lds] < oo.

sup Efm [m_l/Q
me(0,1]

LEMMA 5.13. For any p > 1, we have that { the distribution of

{7 Qo tro)—tna) Vi(t A a);t € [0,T]} under kpm;m € (0, 1]} is tight as
probabilities on LP([0,T); R%), with all of its cluster points as m — 0 in
p(D([0, T; RY)).

Before proving Lemmas 5.12 and 5.13, let us first prepare a decomposi-
tion of 7TQ2(t)7Q1(t)(Vk(t))- Let

AVkQ (t) := 7TQ2(t)—Q1(t)(Vk(O)) + 7TQ2(t)—Q1(t)(AVkl(t) + 1y, (t))
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— [ (Avua(®) + g 6) = Vals) + Vi(0). Vals) ~ Vi(s)

Qa(s) — Ql( )
1Q2(s) — Qu(s)P

[ (Avia @+ 17al0) - Ta(s) + 7500, @alo) - @1(5)
(

L 2Q2(5) — Q). V2(®) Vi) () 3 o (e
[Qa(s) — Qu(s)P (Qa2(s) = Qu(s))d

- /0 (g (8) + 7 (1) = Vi) + Vi(0), Qa(s) = Qu (s))

N Va(s) = Vi(s)
|Q2(s) — Q1(s)[?

Then we have the following two lemmas.

ds

ds.

LEMMA 5.14.
(1) SUPpe(0,1] £ | SUP1e(0,7A0] |A7k2(t)|2 < o0,
(2) {the distribution of { Ay, (t A o)t € [0,T]} under ky;m € (0, 1]} is
tight in p(D(]0,T]; RY)).

LEMMA 5.15. We have that

(5.29) TQa(t)-Qu (1) (Vie Appo(t / m™ 2 g (s

PrOOF. By (5.28), we have that

TQat)-01(1) Vi () = 70— (1) (Vi (0))
= WQ2(t)—Q1(t)(AVk1(t) + Wkl(t))

(5.30) = TQo(t)—Q1 (1) ( /Ot m—1/2 <9k1 (s) + gm(s))ds).

Notice that gga(
t

Qa(H)-Q (8)
20— = 9kl

% (”Qa(t)—Ql(t) ( /Ot m 2 (gm (s) + gk2(5)> dS))

t
). So

) - (Q2(t) — Qi1(t)) = 0 and gr1(t) - (Qa2(t) — Qu(t)) -
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d b Q2(t) — Q1(2)
_a /2 _
= al( /0 12 (gia(s) + gia(s) ) s, Qalt) = QU ) (25— )
t
= m Y 2g4(t) + </o m~ 42 <9k1(5) + 9k2(5)>d8a Va(t) — Vl(t))

o _@a(t) = Gu()
|Q2(t) — Q1(t)[?

_ (/Ot m—1/2 (gm(s) + gk2(5)>ds, Qa(t) — Q1(t))

" 2(Q2(t) — Q1 (), Va(t) — Va(1))
|Qa(t) — Q1 ()[4

+(f 2 (g1 (5) + g1a()) . Qalt) — Q1))

(Q2(t) — Qu1(2))

Va(t) — Vi(t)
|Qa(t) — Qu(t)*

Notice that [ m~1/2 (gkl (s)+ ng(s)) ds = Agpy (£) + 1757 () — Vi (t) + Ve (0).
So if we integrate the both sides of the equation above, and substitute it
into (5.30), we get our decomposition (5.29). O

The following is a direct consequence of Lemmas 5.14 (1), 5.15 and the
definition of gg;.

LEMMA 5.16.

L [P L M7 Ry(so)P?
Sub Enm[ oupb (m 1/2/ k—Q -2|p, 2)3/2
me(0,1] te[0,TAo] 0 My(1+ M “c?|Py(s—)[?)

~ 2
(5.31) x VkU(Ql(s),Qg(s))ds> } < oo

The following is also needed in the proof of Lemma 5.12.

LEMMA 5.17. For any € > 0, we have that

TAo 1

o+ Mi(1+ M #c2|Pi(s—)|)!/>

sup m /2 grm {
me(0,1]

(5-32) X L{1Qa(s)-Qu(s)le(ri+era—e)}ds| < 00,
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Proor. Without loss of generality, we assume that € € (0, ¢p).

We have by assumption that there exists a 6 > 0 such that if |Q2(s) —
Q1(s)| € (r1 + &,72 — ), then U(Q1(s), Qa(s)) < —6. If we assume in
addition that H(s) > —%mfl/z, then

- Miet\ 14+ M2 2 P (s)[2 = H(s) — m ™ 2T(Qu(s), Qa(s))
=1

§
(5.33) > —m~ Y2,

Let
Y (s) := Pi(s) + Py(s).
Then Y (s) = 212:1(Ml(5) + Ji(s)), hence

sup E”m[ sup ]7(3)\2} < 0.
me(0,1] s€[0,T7]

Notice that /1 + M, %e2[Pe(s)]? < 1+ My 'e ' [Pi(s)]. So if m <

2
1A (%c*Q(Ml +M2)71> , equivalently, if M7+ My < gmfl/Qc*Z, then (5.33)

implies that |Pi(s)| + [Pa(s)| > ¢m~1/2c7L. So if |V (s)| < gm*1/20*1 in
addition, then we get that

[Pr(s)| = %(\E(S)! +[Pa(s)| = [Pr(s) +F2(8)!) > %m‘1/2c‘1,

hence

_ 5
M \J1+ M2 2 Pu(s)|2 > e|Pi(s)| > em 2

Therefore, there exists a constant C' > 0 such that

TAo 1

o+ Mi(1+ M ?c2|Pi(s—)[*)"/?

m—1/2 grm [

x 1{|Qz(s)—Q1(s>|e(m+e,r2—s)}d8]

16 1 /6 —2 —
< —1/2 1/2 v —1/2 Enm H 2
<m Z{—ém +—Mk(2m > [s:E(l)%H (s)] }

i (gm0 ) e[ s W]}
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< C’nfl/z(ml/2 +m'/? 4+ m),

2
which is bounded for m € (0, 1A <gc_2(M1 +M2)) ). Here we used Lemma

2
5.4. The boundedness for m € [1 A (%c*Q(Ml + MQ)) ,1] is trivial. This
completes the proof of our assertion. [

We use Lemmas 5.16, 5.14 and 5.17 to prove Lemma 5.12.

Proor oF LEMMA 5.12. By assumption, there exist functions g1, g2 €
CL(R?%;RY) such that

ViU (@1, 2)| = ViU (21, 72) - gr(21, 72),
if |x1 — 22| € (r1 — 0,71 + €0) U (12 — €0, 00).
Let Ay, be as defined before. Then by Lemma 5.16, we have that
m—1/2 /S L+ M1;2072‘R__k(7~6—)‘2
0 My(1+ M ?c2[Py(u—)[?)
= Aps(s) — 71'Qz(S)*Ql(S)V"ﬁ(s)'

3/2 ViU (Q1(u), Qa(u))du

Therefore,
e [T 14+ MR Ry(so) P
0+ Mi(1+ M2e™?[Py(s—)[2)%/?
x ViU (Q1(s), Q2(5)) - gi(Q1(5), Q2(s))ds

T Ao
_ /O 9e(Q1(s), Qa(s))

+

i (m71/2 /S 1+ M§20_2‘R__k(“_)‘2
ds 0 My(1+ M %c2[Py(u—)[2)3/2

X VU (Q1 (w), Qz(u))du) ds
= gk(Q1(T N 0), Q2T A 0)) - (Ao (T A 0) = Ty ne)-u(Tr0) Vi (T A 0))

m

TAo
~ [ ps) = 7001 i)

2
' (Zvigk(Ql(S)a Q2(s)) - Vi(s))ds.
=1
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Therefore, since g and Vg are bounded, we have by Lemma 5.14 that

sy B[ [ LM T
me(0,1] o+  Mp(14 M, 20—2|Pk(3 )|2)3/2

E
< Vil (@1(9), Qa(s) - (@ (). Qals))ds) | < o

For any s < o, we have that

9(Qu(5), @2(5)) - ViT(Q1(5), Qa(s)) — V4T (Qu(s), Qa(9))]
< 2|ViU(Q1(), Q2(5))| - 1{iga(s)-@u ()l (ra +20ira o)+
Therefore, in order to prove our assertion, it suffices to prove that

TNo 1+M]€_26_2|R_k(5—)|2

o+ Mi(1+ M #e 2| Py(s—) )%
X |ViU(Qu(s), Qa(9))|

(5.34) X 1{1Qa(5)- @i ()] €(r1+0ra—20)} 05| < 00

sup Em [m_1/2
me(0,1]

On the other hand, (5.34) is a direct corollary of Lemma 5.17. O

REMARK 3. We proved in Lemma 5.12 an estimate with respect to
the L'-norm. For the L?-norm, we can only get the following result: There
exists a constant C' > 0 such that

Emm —1/2/ 14+ My 2072\Rk(3 )I?

My (1 + My 2c=2|Pi(s—)[2)%/2

2
X 1{|Q2(s)_Ql(S)|€(’f'1—|—5077‘2_50)}d8} j| S 6'7'7’1/71/27

ViU (Q1(5), Q2(s))|

hence
TNo 1—|—M,;20_2‘R_k(8—)‘2
o+ My(1+ M, %c 2| Py (s—)|2)3/2

< V40 (@Qu(s). Qa(s))lds} | < Cm=2,

Erem [{m71/2
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PrOOF OF LEMMA 5.13. By Lemma 3.15, Lemma 5.12 implies that

. . . o _ M 2¢ 2| Ry (s—)|2 r7
{ the distribution of {ng m~1/2 Mk(l].iMI:;2C72|‘F2ES_§:2)3/2 ViU (Q1(s),

Q2(s))ds;t € [0,T]} under kp;m € (0, 1]} is tight as probabilities on
LP.  This combined with Lemma 5.14 (2) and (5.29) gives us the
tightness for mg,1—q, () (Vi(t)), which is equivalent to the tightness of

TQa(t)-Q1 (1) (Vi (?)). O

5.4.83 Tightness for WJQ_Q(t)le(t)Vk(t)

In this subsection, we prove the tightness for Wég(t)—Ql(t)Vk(t)' This
combined with Lemma 5.13 completes the proof of the tightness for V()
(Lemma 5.9).

Our main result of this subsubsection is the following.

LEMMA 5.18. For any p > 1, we have that { the distribution of
{Wéjg(t/\a)—Ql(t/\U)Vk(t A o)t € [0,T]} under km;m € (0, 1]} is tight as
probabilities on LP([0,T); R%), with all of its cluster points as m — 0 in
p(D([0,T]; RY)).

We prove Lemma 5.18 in the rest of Subsubsection 5.4.3.

Let Ay, 5(t) = Vi(0)+ Ay (t) — Aypo(t). Then as a result of Lemma 5.10
(2) and Lemma 5.14 (2), we have that {the distribution of { Ay 5(tA0);t €
(0,7} under Fp;

m € (0, 1]} is tight in p(D([0,T];RY)). Also, by (5.28) and Lemma 5.15,
we get that the following holds.

LEMMA 5.19.

t
TGa(t)-Qu(t) Vi(t) = Apyg + /0 m 2 gpa(s)ds.

In order to prove the tightness of fg m~Y 2g1a(s)ds, let us first prepare
the following.

LEMMA 5.20. We have the following.

(5.35) sup E"m [/TAU m—1/2 ’Vkﬁ(QﬂS)ﬁ?g(s))\
me o L+ M 272 Pe(s-)|

2ds} < 00.
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PrOOF. First, for any k € {1,2}, let us consider the decomposition

Py (t) .. .
of 1+M;20_2\E(t)|2' For any 1,7 S {17 ,d}, we have that
o z; _ ij _ 2Mk_2c_2$i$j .
dz; <1+M,;2c—2|z|2> M %222 (1M 2e2)z)?)2 Notice that for any

a € R and any p,q € R%, we have that

q . Qa(p . q)p
1+alpl? (1+alp|?)?
=1 2(1 + alp|*)q — 2a(p - @)p
1+ a|p|? (1+ alp|?)?
4 q 2a 9
L+alp]?2 " (1 +alp|?)? u+awazmlq (p,q)p
q q 2a
= + 2 + 2]p]27rqu.

C1+alp]? T (T +alp]?)? T (1 +alp?)

So by the same method as in the proof of Lemma 5.10, we get that there
exists a stochastic process Ay, (which corresponds to Ay, + 7y, there)
such that

sup Ef™| sup \A7k6(t)|2] < 00,
me(0,1] te[0,7)

and

Py (t) B P (0)

1+ M2 2|Py(H)2 1+ M, %c2|P(0)]2
_ /t 1o ViU(Qu(9),Qa(s)
0t 14+ M %c2|Py(s—)|?
b ViU (Q1(5), Qa(s))
_ 1/2 k

o M Pis)

(s—) 2W$—k(s,)vkﬁ(Q1(5),Q2(3))
(1+ M,;ZC*Q\E(S—)PF

¢ IR
— 2Mk20_2/ m~ /2
0+
(5.36) + Ayrp(1).

We use this to prove that

/tm_l/g ViU (Qi(5), @a(s))
0

5.37 su E”m[ su il
( ) b p 1—|—M’€_2672|P]€(8—)

me(0,1] te[0,TA\o]

|2d5H < 00.
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First, we have that

Efm [ sup
te[0,TAo)

/t i ViU(Qu(s), Qa(s)) s
(1+ My 22 Pe(s—) )2

TNo -2 21 2
Ko —1/2|VkU(Q1( 5), Q2(s ))|( + M, “c™?|Rp(s—)[?)
(5.38) < E [/O+ T Z\E(sk—)P)?’/? ds},

which is bounded for m € (0,1] by Lemma 5.12. Also, since
[P(s=) Py Vil (@1(s). @a(s)
= [Pu(s—)| - [Re(s—)| - [VeU(Q1(s), Q2(s))],
we have that

E“m sup
te[o TAo)

TAo
0+ (1+ M, "2 Py (s—)[?)3/2

(5.39) X |ViU(Q1(s), Qa(s))|ds|,

/ _1/2 k )‘77 Pe(s )vkﬁ<Q1(5>7Q2(5)) H
+ My e P(s—) )2

which is also bounded for m € (0,1] by Lemma 5.12. Combining (5.36),
(5.38) and (5.39), we get (5.37).

We next use (5.37) to prove (5.35). The idea is the same as that we used
in the proof of Lemma 5.12. Let g1, g2 € C} (R??;RY) be as there, i.e.,

ViU (21, 22)| = ViU (21, 22) - gi (1, 22),
if |21 — @2| € (11 — €0,71 + €0) U (r2 — €0, 00).
Notice that

| /t L 1295(Q2(5) — Q1(5)) - ViU (Qu(s5), Qa(s)) i
0 L+ My e 2| Py(s—) 2

= ‘gk(Q2(t) —Q1(1)) '/0 —1/213’“]\2(22(_2)‘;5(2( ))) o
k

LI VB(Qu(r), Qu(r)
[ )
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Vor(@2(s) = Qu() (Vals) = Vi(s) )ds|

| / 172 VrU(Qu(r), Qa(r)) ar
L+ M2 2| Pe(r—)2 1

< (llgwlloo +2/Vgelloc) sup
s€[0,¢]

Therefore,

[ 2220200 = Q1(9) 91T@100).Ga(0)
0

Erm [ sup —
1+ M, %c2|Py(s—) 2

te[0,7No]

< (llgnlloe + 211 Vgrloo)

/ ~1/2 ViU (Q1(r), Q2(r))
1+ M, 2c2[Py(r—)|?

x Efm [ sup
s€[0,TNo]

dr],

which is bounded for m € (0, 1] by (5.37). This combined with

he 172 ViU (Qi(s), Qa(s DI p
[ 0 1+M 2 _2|P( )|2 {|Qs|€(7"l+€0,7‘2 €0)} S}

sup Efm
me(0,1]

< 00,

which is a direct consequence of (5.32), completes the proof of our asser-
tion. [

PROOF OF LEMMA 5.18. By Lemma 5.19 and the tightness of Ay,
it suffices to prove that the distribution of {fmg m=1/2go(s)ds}; under Ky,
with m € (0, 1] is tight in p(LP([0,T]; R%)), with all of its cluster points as
m — 0 in p(D([0,T];R?)). By Lemma 3.15 and the definition of gy, it
suffices in turn to prove that

lim inf & (/T/\Gml/Q VU (@i(5), @a(s) - Pals—)|
Ki—oome(0,1] N\ Jo M (1 + M 22| Py(s—)|2)3/2
(5.40) x |Ri(s—)|ds < Kl) ~1

We prove (5.40) in the following. For any K, K2 > 0, we have that

The o M2 2 VLU (Q1(5), Qa(s)) - Prls—)]
1/27k
Iim(/o m Mk(1+M;€_20_2|Fk(S_)|2)3/2
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x [Rp(s—)|ds < K1>

([ e i 29, 0(Q) (5), Qals)) - Pals-)|
0 M (1 + M 2c2|Py(s—)[2)3/2

X |Ry(s—)|ds > K1>

>1- /@m< sup |Rg(t)] > Kg)
te[0,TAo]

— o ( / 1 M2 VU (Q(s), Qa(5)) - Prls =)l
0

Mip(1+ M ?c2[Py(s—)[2)3/2
K,

>E)

1 _
>1- B sup [Ri(t)?]
K22 te[0,TNo]

L [ o M09, Qs T,
K, 0 My (1 —i—Mk c 2| Py (s—)[?2)3/2

Taking first K2 > 0 large enough then K; > 0 large enough, we get (5.40),
which combined with Lemma 3.15 implies the tightness of
{ftm m~2gia(s)ds}s under k,, with m € (0,1] in p(L?([0,T]; R%)), and
completes the proof of our assertion. [

5.5. Tightness for H(t)
In this subsection, we give a decomposition of H(t) and prove the tight-
ness of it.

LEMMA 5.21.

(1) There ezists a stochastic process ni( - ) such that

(1) = HO) + it +Z( [ Vit amo) + [ Vi) -ants

+
+ Z/ i (Pr(s akzkg(@(S))dS),
1,j=1
and

lim K,,( sup |nu(t)| >¢e)=0, Ve>O0.
m—0 te[0,TAo)
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(2) We have that { the distribution of {H(t A o);t € [0,T]} under km;
m € (0, 1]} is tight in p(C([0,T];R?)).

ProOOF. By Lemma 5.3, in order to get our first assertion, it suffices
to prove that

/ m 29,0 (Q1(s), Qa(s))
0+

lim K, [ sup
m—0 te[0,TAo]

- (Va(s) — Vk(s—))ds‘ > 5] =0

for any e > 0 and k € {1,2}. We prove it in the following.
In general, for any h € C} (R%, R), we have that

h(y) — h(z)
= Vh(z)- (s~ 2) + 5y — ) - V*h(a)(y — )
1 1 1 d
—|-/0 d?”l/o dT‘Q/O d’r'3 Z levjzngh(m + 7‘17“27‘3(1/ — .7}))

Ji,J2,J3=1

2
x 1173 (Yjy — Tjy ) (Yja — Tjo ) (Yjs — Tjs)-

Let fr,ij (), frij1(x) and fi i 5.5, () be as defined before, then we have that
t ~ —_—
| VT (@u(5), Qalo) - (Vels) — Ti(s—))ds
0+

t d » d . .
_ /0 Y VaT(@(9), @(9)) X Fus (Pl )k )ds
i—1 j=1

¢ d -
4 1 m_l/QZVkiU(Ql(s)vQZ(S))
i=1

2 Jo+

d
X g (Pe(s=))m (s—)mf2 (s—)ds

Jj1j2=1

t d _ 1 1 1 d
+/0+m—1/2;vkiU(Ql(s),Qg(s))/o d?"l/o d?”Q/O dT3 Z

J1j2,33=1
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X fivigiags (Pe(s=) + rirarsng(s))rirdng! (s=)mi? (s=)mi? (s—)ds.

Since
t d d
sup / )2 VD (@u(6) Qalo) 3 s Pl 5 )ds
t€[0,TAo] ; j=1
_ 1
= (o nol / s AT Ty P e

x| (14 M2 Ri(s-)) Vil (@ (5), Qa(5))
2V U(Qu(s), Qa(s)) - Po(s—)Ry(s—) ds‘
|

TAo 1 M—2 _2R_ |2
s€[0,TN\o] 0+ My, (1 + M 6_2’Pk(3_)‘2)3/2
X [ViU(Q1(s), Qa(s))lds

e V@), @),
0 ‘/ V0 e T )

+ sup
t€[0,TNo]

we have for any K > 0 that

/m—WkaU@l Qa(s)

sup
tG[O TAo]

x ka,ijmsf))ni(sf)ds\ >¢)
j=1

< - K
S Rm{ _sup s)| > —)+rm( sup |Rg(t >\/i
(se[O,T/\a] (o) K) (tE[O,T/\a] R (t)] 2 )

([ e LM
0+ My (1 + M, ?c=2[Py(s—)[?)%/2

X [VEU(Q1(s), Qa(s))|ds > %)

) T/\am_l/2 (ViU (Q1(s), Qa(s))] s K
+ m(/o+ Mk(1+M,;2c—2|E<s—)\2)d >\/;)

€
< Hm( sup  |nk(s)| > g)
s€[0,TNo]




304 Song LIANG

2 [/TAU m1/2 1+ M1<;_2672|R—k(5—)|2
0

+—E =
K N My (1 + M, 2c2|Py(s—)[2)3/2

% (V4T (Q1(5), Qa(s))ds|
+ \/%E“m LE[SDHZIP/\ ] |R_k(t)|}

2 o T[T s IVRU(Qu(s), Qa(s)))
+\/;E UM m 2Mk(1+Mk2c2|Fk(s—>!2)ds]'

The expectations on the right hand side above are all bounded for m € (0, 1],

and lim,,_o "fm<SUPse[0,T/\a} Ine(s)] > %) =0 for any K,e > 0. Therefore,
we get that

/m_l/zzvkz (Q1(s), Q2(s))

lim Hm sup
m—0 te[0,TAo]

X ka,ij(Fk(S—))ni(S—)dS‘ > 5) =0.
j=1
Similarly, for any K, > 0, we have that

sup
te[o TAo)

/m—WkaUQl Qa(s)

3 o PR s s ~)ds| > <)

Ji1,j2=1

Tho r7
) -y [ViU(Q1(s),@2(s))] s—)|2ds
- m<0/0 | 2Mk(1 M 2By (s—) ) Ik (s—)[2ds > )

TANo 7
) e U@ Q)
<wu( [ VRG> )

| €
+ Km, sup )| > ==
<SE[O,T/\0} ’nk( )| CK>

Lo ™7 ViU (Q1(s), Qa(s))]|
s xF [/0 " Mk(1+M,;2c—2IE(s—)|2>ds}
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[ €
+ Km, sup  [Mk(S)| > 1/ == -
<SG[O,T/\0]’ k( )| CK)

The expectation on the right hand side above is bounded for m € (0, 1], and
the probability on the right hand side above converges to 0 as m — 0 for
any K,e > 0. Therefore, we have that

t d ~
m_1/2 Z ViiU(Q1(s), Q2(s))

Km ( sup
te[0,TAo]

X Z Jrijigo (Pr(s )) ( )Uk(—)ds >

J1,j2=1

5) — 0, m — 0.
Similarly, since || fk.iji jojslloo < 1, we have that

sup

—1/2
te[OT/\J] / " va Ql QQ( ))

/drl/ drg/ drs Z

J1,J2,J3=1

x fkﬂ]l]2]3(Pk( —) + rirarang(s ))7“17"3%1(S—)nf(S—)nf’(s—)ds‘ > 5)
TNo
< lim</ m V2| (s—)Pds > Cs)
0+
Ce

T
< K- 'm~1/2Erm / ne(s)?ds| + km(  sup  |mr(s)] > =—
), I@Pds) o ( sup ) > )
Since m~ /2 Erm {fOT|77k(s)|2ds} = fOTm_l/QE”‘m {|nk(s)|2}ds is bounded for

€ (0,1], and Iim<SupS€[O7T/\U] Ine(s)| > %) — 0 as m — 0 for any

K,e > 0, we get that the left hand side above converges to 0 as m — 0, too.
This completes the proof of Lemma 5.21. [J

6. Jpo, Jirz and Ji4 are Actually Also Negligible

In this section, we use the results of Section 5 to prove that Jis, Ji3
and Ji4 are actually also negligible when m — 0. Our main result of this
section is the following.
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LEMMA 6.1. For any e >0 and k € {1,2}, we have that

lim Hm( sup \Jkl(t)]>5):0, le{2,3,4).
m—0 te[0,TAo]

PrROOF OF LEMMA 6.1 WiTH [ = 2. By Lemma 4.2, we have that

Hm( sup \sz(t)|>€>
te[0,TAo]

T
< Iim(/ dsligm1/27 00)(8)
0

g
< /R o ()L o (5 PN d ) > =)

2 TAo
+ z K/m(/ d31[4m1/27',oo) (S>
j=1 0

X / ml/Ql[O,Ro)(|$|)1[7m1/27,2m1/27](S - T)
RxFE
g
(6.1) < |Vy(s) = Vy(F)A(dr, da, dv) > ).

We prove in the following that all of the terms on the right hand side of
(6.1) converges to 0 as m — 0.
For the first term, we have that

T
Km < /0 ds1ig1/27 50)(8)

€
X /RXEml[O’RO)(’x’)l[_ml/QT’le/zﬂ(8 - r))\(dr, dx,dv) > %)

2C T
< —m- EFm [/ ds1 {41727 50)(8)
0

9
<[ Tl s (s = I, de o)
RxE

2C _ ~ 1 _
< ?m'(ZRo)d 1T4m1/27/Rd P||U1Hoo+||U2||oo(§|U\2)|U’d’0m !

=: Clml/Q,

which converges to 0 as m — 0.
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We next deal with the second term on the right hand side of (6.1). Fix
any j € {1,2}. Let Ayji(ur,ug) = |[Vi(ur) = Vj(w)| + [Vj(uz) = V;(ug)| +
| Ay (u1) — Agjy (u2)| + |7 (ua)| + 57 (u2)|. Then we have by (5.24) that

Vi(s) = Vi < A5, +| [ V2w

(6.2) n ‘ / m—1/2gj2(u)du‘.

Therefore, it suffices to prove that the followings hold:

Tho
rlLiLnO Km ( /0 d81[4m1/2’r,oo) (3)
X / ml/QI[O,Ro)(’x’)l[—ml/zT,ZmlﬁT](S — 7’)

RxE

(6.3) x Ajj(s,r)A(dr,dx,dv) > =0,

20)

12C
TNo

rlLiLnO ﬁm(/o d81[4m1/2T,oo) (S)

x/' 210 g (1)1t 27 ot/ (5 = 7)
RxFE

12, S
(6.4) X ‘/? m~ " “gj1(uw)du|A(dr, dz, dv) > 120) 0,

TNAo
lim nm</ ds1igm1/27,50)(8)
0

m—0

x/' 210 g (1)1t 27 ot/ (5 = 7)
RxFE

12, £ )=
(6.5) X ‘L m~ " “gj1(uw)du|A(dr, dz, dv) > 120) 0.

Let us first prove (6.3). By Lemma 5.10 (3) and Lemma 3.13 (4), we
have that there exists a constant C9 > 0 such that

sup B [A g (ur, uz)]

u1,u2€[0,T],|u1 —uz|<4ml/27

(6.6) <Oy (m1/4 + y(m)l/Q), v € (0, 1].
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Therefore, with some proper constants Cs3, Cy > 0, we have that

TAo
- / 05141727 00 (5) / 210 g ()1 s/ ot/ (5 = 7)
0 RXFE

g
x Ay (s, P)N(dr, dz, dv) > R)

120 T
< m1/2TEHm [/0 ds1ig1/27 5)(S)

X / 1[0,R0)(|m|)1[—m1/27—,2m1/2’r](5 - 7a)
RxE

X Agji(s,7)A(dr, dz, dv)
< C4 sup E"m[Azi1(uy, u2)]

u1,u2€[0,T],|u; —uz| <4ml/27
<Cy (m1/4 + y(m)l/Q),

which converges to 0 as m — 0. So (6.3) holds.
Let us next prove (6.4). Notice that in general for any g, we have that

TNo s
/0 dsl[4m1/277oo)(s)/Rl[_ml/zT,Qmmﬂ(s—r)dr/ lg(u)|du

TNho (TAG)A(ut+4m1/2T) s+2m!/2r
< / du/ dsl[4m1/2mo)(s)/ dr|g(u)|
0 u
No

s—2ml/2r
T

(6.7) < (4mV/2r)? / l9(w)ldu,

0

so with some proper constant C5,Cg > 0, we have that
TAo
Rm (/ d81[4m1/27-,oo) (8) / m1/21[0,R0)(’w’)l[—ml/z'ﬂ?ml/z'r](S - 7')
0 RXE
s €
X ‘/; m 1/2gj1(u)du‘)\(dr, dx,dv) > m)
12C . TANo
<—F [ /O d51411/27 o) (5)

x / 10,10y (2D et/ 3t/ (5 — 7)
RxFE

x/ |gj1(w)|duX(dr, dz, dv)
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TAo
<cse[ [ gn(wldu
0
< C6m1/27

where we used Lemma 5.12 when passing to the last line. So (6.4) holds.
Finally, let us prove (6.5). We have that the following holds for any
K > 0.

TNho
Km (/ d51[4m1/27,oo) (S) / m1/21[07R0)(’$’)1[7m1/27,2m1/2~r] (S - T)
0 RxE

S
X ‘[ m_l/ngg(u)du‘)\(dr, dx,dv) > &)

. TAo
< ﬂm( Sup } ‘Rj(w” /0 d81[4m1/2‘r,oo)(s)

we[0,T Ao

X / m1/21[0,Ro)(|x|)1[7m1/2‘r,2m1/2ﬂ(8_T)
RxFE

S
g
< [ lasatw)ldunar, do,o) > =)

<t s [Ri(w)| > K)
we[0,TAo]

TAo
+ Km (/0 ds1igm1/27 50)(8)

X / m 10 ro) (1)1 _n1/27 sz, (s = 7)
RXFE

s £
x/? |gj2(w)|duA(dr, dx, dv) > IZC'K)'

We have by Lemma 5.7 that

_ 1 — C
Em( sup |Rj(w)|>K)< —=E"| sup |Rj(w)|| < —,
(wE[O,T/\o] ! ) K |:w€[O,T/\a]’ ! H} K

which converges to 0 as K — oo. Therefore, in order to prove (6.5), it
suffices to prove that

TNho
Km(/ d81[4m1/27—7oo) (S)/ m1/21[0,R0)(|x|)1[—m1/2’r72m1/27](S - T)
0 RXxE
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X / |gj2(u)|duA(dr, dz, dv) > 6) -0, m—0

for any 6 > 0.
On the other hand, by (6.7), we have that

TAo
Km (/ d81[4m1/27,oo) (8) / ml/Ql[O’RO)(’m’)l[—ml/QT,le/QT](S - 7”)
0 RxE
X/ |gj2(w)|duA(dr, dz, dv) > 5)

TAo
< Enm[/ 31 4m1/27,00) ()
0

SOl

X / m 10 ro) ()1 _n1/27 sz, (s = 7)
RxE
></ |gj2(u)|du)\(dr,da:,dv)}

< Lowm 2r2pen [ / " Wjﬁ(@l(“)ﬁh(“m du} < Cm!/?
mé 0 14+M P ?[Pj(u—))? 1T ’

where we used Lemma 5.20 in the last inequality.
This implies (6.5), and completes the proof of our assertion with [ = 2. OJ

ProoF oF LEMMA 6.1 WITH [ = 3. The idea is similar to that for
l=2.

First notice that V2U; <QZ(F) —p(m~V2(s —r), z,v; Q(F})) # 0 implies
lz| < Rp and s — r € [-=m!'/27,2m!/27]. So by the continuity of 1* with
respect to @ (Lemma 3.5), we have that there exists a constant C' > 0 such
that

t
s(8)] < C / 051yt /27 00 (5) / (10, + \)(dr d, dv)
0 RxFE

X 10, re) (12D [m1/27r 2m1/27 (s = 7)
2
<> [@is) = Q) = (s = V().
j=1
Therefore, it suffices to prove that

TNo
lim Hm(/ d81[4m1/27_700)(8)/ (e + A)(dr, dzx, dv)
0 RxE

m—0
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X 1[0,R0)(’m’)l[—mlﬂfr,gml/zﬂ(S - 7’)
< |@5(s) = Qi) ~ (s~ V()] > £) =0
for j € {1,2}.
We have by (6.2) that

Q)66 - @)~ =PV < [

< / Ale(u,?)du—k/ du/ 2|21 (w)dw
7 7 7
+/ du/ m 2| gio(w)|dw.
T T

V() = Vi (7)|du

311

We prove in the following that the probabilities corresponding to each of

the terms above converge to 0 as m — 0.
First, by (6.6), we have that

TANo
nm(/ d51[4m1/2T’00)(8)/ (e + A)(dr, dz, dv)
0 RxE

X 1[0,R0)(|I|)1[7m1/27',2m1/27}(8 - T)[ |Ale(u,ﬁ’dU > 8)

9 (T
< —/ dsl[4m1/2Too)(s)/ A(dr, dz, dv)
€Jo ' RxE

X 110, ro) (12D L _pn1/27 2m1/27 (s — 1) l duB"™ [AJﬂ(u,ﬁ]

T

< O (m1/4 + y(m)1/2) — 0, m — 0.

Next, for the term with respect to g;1, notice that

TAo s U
/0 d81[4m1/27’,oo)(8)/Rdrl[—m1/27’,2m1/27']<8_T)[ du[ dw|gj1(w)|

TNo
< (4m}/27)? / g1 (w)]duo,
0

so by Lemma 5.12, we get that there exist constants C7,Cg > 0 such that

TNo
Iﬁ?m(/ d31[4m1/2T700)(3)/ (e + A)(dr, dzx, dv)
0 RxE
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X 1[0,Ro)(|x|)1[—m1/2772m1/27}(5 —-)
X / du/ m_1/2\gj1(w)]dw > 5)
) g T/\O'T
< S22 prm [/ dsligp1/2, OO)(S)/ A(dr, dzx, dv)
€ 0 ’ RxE
S u
X 1[0,Ro)(|x|)1[—m1/2’r,2m1/2ﬂ(S_T)ﬁ duﬁ \gjl(w)|dw]
TNo
<cpm | [ gn(wldu] < Com! 2
0
Finally, for the term with respect to g;2, we have that there exist con-

stants Cy, C19,C11 > 0 (that do not depend on m and K) such that the
following holds for any K > 0:

TNo
Km (/ d51[4m1/2T,oo)(5)/ (e + A)(dr, dzx, dv)
0 RxE

X 1[0 Ro |$ 1/27' 2m1/27']( T)

)1
/du/ m 1/2|gg )|dw>€)

<hn( s [Rj(w)| > K)
we[0,TAo]

TNo
+ Km ( / d81[4m1/2T,oo) (S)
0

X / (Mw + )\)(d?“, dx, dv)l[O’RO)(’m’)l[_m1/2772m1/27}(S — 7’)
RxE

e (Y, U(Ql( ), Q2(w)), Pj(w=))
/du/ = M;(1+ M; 22 [Py (w—)?) > %)

1 .
< —FE""| sup |R;j(w
K |:w€[O,T/\J}| j( )‘:|

2K TNho
& 2K / A1 /om0 (5) / A(dr, dz, dv) 1o gy (J2])
I 0 RXxFE
X 1[—m1/2’r 2ml/2r }(5 - 7")

S [ U (@1(w). Qa(w)). Py(w-)
M, {1+ M52 Py (w) P)
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1
< 09? + Crom ™2 (4m'?7)3m ! x

No *20— 17 w w _.w_
. /T Ve (9,0(@r ), Qut) Pi)
0 Mj(1+ My =2 |Pj(w=)[?)

dw}K
< Cgi + Cllm1/2K.
- 'K

So

TNo
lim mm(/ d81[4m1/27',oo)(8)/ (e + ) (dr, dz, dv)
0 RxE

m—0

X 110, ro) (|21 11727 2m1/727) (8 — )

/du/ m 2| gia( )]dw>€):

This completes the proof of our assertion for [ = 3. [J

Proof of Lemma 6.1 with | = 4. The idea is similar to that for
[l = 2,3, and we omit it here. [

7. Determine (P;(t), P2(t)) by (Ri(t), Ra(t), Y (t), H(t))

As mentioned in Sections 1 and 2, in the instant that the two massive
particles arrive at the boundary of the two phases from the uniform motion
phase, the value of (Ry(t), Ra(t),Y (t), H(t)) is sufficient to determine the
value of (Py(t), P>(t)). We study this fact in this section.

Consider the equation (2.7), and let bg(a1, az,d) be as in (2.8). Let us
first prove the following.

LEMMA 7.1. For any given ai,a2,b,d € R, we have that
(1) If b < bo(ar,az,d), then (2.7) has no real solution,
(2) if b > bo(a1,as,d), then (2.7) has exactly one real solution x =

x(ay,az,b,d) given by

d  Ad(a? — ad + (M2 — M2) b
z(ay, a2,b,d) = 5 + 2002 — 2d2)) © 20(02 — 2d?)
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2
(7.1) ><\/[b2+c2(a§—ag—d2)+c4(Mf—M§)] — 4R (M2c? 4 a2)(B? — 2d?).

ProoOF. For any ay,as,d € R, let

Ganazd(®) = Mic®\ /1 + My 2e2(|ay|? + 2?)

Mo\ 1+ My 22 (|as? + (d — 2)2).

Then g4, ay,4 is bounded from below, and limg .+ gay.a9,d(2) = +00. By
definition, by := bo(a1,az,d) = infrcR ga, a0,d(2). Also,

X

g:zl,az,d(x) =
MU MR )

T —d
+ )

May/1+ M52 2(Jag? + (d — 2)2)
S )= L+ My Pc 2|y ?
a1,a2,d My (14 M 2c2(|ag 2 + 22))3/2
N 1+ M{2c_2\a2|2
Mo(1+ M 2 2(|ag|2 + (d — )2))3/2

S0 95, ap.a(x) > 0 for all z € R. Therefore, there exists a unique num-

ber zyp € R such that g, 4,.4(z0) = bo, and the last condition in (2.7)
is equivalent to g , 4(¥) < 0. Notice that by > c|d|. Indeed, by =

M102\/1 + M %c2(a? + :U(z))—i—MQcQ\/l + My 2c2(a3 + (d — x0)2) > Mc?-
M e Yag| + Mac? - My te™td — 20| = c(|zo| + |d — 20]) > c|d|.

The equation gq, 4,.d(2) = b has no real solution when b < by, and has
exactly two real solutions x1, z2 € R (depending on a1, ag, b, d) when b > by,
with 21 < g and x9 > ¢, hence ggl,ag,d<x1) < 0 and g;17a27d(:c2) > 0. So
x1 is the only solution z(aj, ag,b,d) of (2.7).

Finally, let us find the explicit formular of 1. If z satisfies g4, q,,4(x) = b,
then

b— Mlc2\/1 + M 2c72(|ag|? + 22) = Mgc2\/1 + My 2c=2(ag|? + (d — 2)2).
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Taking the squares of the both sides, we get that 2c2dx + [bQ + c2(a% —

a% — d?) + H(M? - Mg)} = 2bM102\/1 + M 2c72(|a1|? + 22). Taking the
squares of the both sides once more, by a simple calculation, we get that

42 (W — Pd*)a? — 462d[b2 + (a2 — a3 — d*) + (M} - Mg)] x
2
+ {4 ME + 402cPa? — [0+ PaF — af — &)+ AP - )]} =0,

This is a quadratic equation, so it has at most two possible real solutions

given by
L1, T2
_d cAd(a? — a3 + 2(M}E — M2)) b
) 2(b% — c2d?) 2¢(b? — 2d?)

2
X \/[b2 +c2(a? — a3 — d?) + A(ME — Mg)] —4c2(M3c? + a?)(b? — 2d?).

This combined with z(ay,a2,b,d) = z1 < x2 gives us (7.1), and completes
the proof of our assertion. [

By the definition of bo( -, -, - ), we have that bo( -, -, - ) is
a continuous function, and (M; + Ms)c? < bo(ay,az,d) < 25:1 Mj02 .
\/1 + M 2e2(a? + (d/2)?2).

In the following, let us derive heuristically the expression of (P (t), P2(t))

in the instant that the particles enter the diffusion phase from the uniform
motion phase. Let

Q2 — Q1

Hy(Ry, R2,Y,Q1,Q2) = bo(|R1],|Ra|, Y - =—F—
Q2 — Q1]

).
So we have the following:

LEMMA 7.2. Hy( -, -, - ) is a continuous function, and there exists
a constant C > 0 such that (M1 + Ms)c? < Ho(Ry, R2,Y,Q1,Q2) < C(1 +
|Ri| + |Ra| + Y).

When b > bo(al,az,d), let S(al,ag,b,d) = (S’l(al,ag,b,d),5’2(a1,a2,
b,d)) := (z(a1,az2,b,d),d — x(ai,as,b,d)), where x(a, az,b,d) is the unique
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solution of (2.7) given by (7.1). Also, for k € {1,2}, m € (0,1] and t €
[0,T7, let Sk(t) = S,gm) (t) € R be the coordinate of P(t) in Q2(t) — Q1(t)-
direction, i.e., Py(t) = Ry (t) + Sk(t)%. Then we have that as long
as |Q2(t) — Q1(t)| > R1 + Ra, (S1(t), S2(t)) satisfies

S1(t) + Salt) = Y (1) - —|Q28 &

ML M (RO + 11 (0P)

M T Mg 2 2R 1 1:00P) = H0),

This is true for any m < 1, hence keeps true after taking limit m — 0.

Also, in the limit process, if the particles cross the boundary and enter

the diffusion phase from the uniform motion phase, we have that |Q2(t) —

Q1(t)|? increases, hence (Qa(t) — Q1 (1)) - ( 2(t) — Vi(t)) > 0, equivalently,
S

> 1(t) > 5a(t) < 0. Therefore,
Miy/14+M; 262 (|Ry (0P +51(1)2)  Ma/14 0 2 2 ([Re (D2 F1S2(0))

in this instant, we must have that

(S1(t), Sa(t)) = S(IRl(t)!, [Ra(t)], H(), Y (2) - [Qa2(8) — Q1 (0)]

This determines the value of (Py(t), P2(t)) of the instant that the particles
cross the boundary and enter the diffusion phase. Precisely, P(t) is given

by P(Ri(t), Ra(t), Y (t), H(t), Q1(t), Qa(t)) with P(Ry, Ra, Y, H,Q1, Q2) de-
fined by

ﬁ(R17R27Y7 H7Q17Q2)

= Rt (IR Rl B 22 Ql‘)) Q) — Qi (1)

Q2 — Q1]"/ |Q2(t) — Q1(t)|

In conclusion, when the particles reach the boundary from the uni-
form motion phase, they enter the diffusion phase if and only if H(t) >
Ho(R1(t), R2(t),Y (t),Q1(t),Q2(t)), and in this case, the new velocities of
the massive particles in the instant of boundary-crossing is given by ﬁ(t) =
P(Ry(t),Ra(t),Y (t), H(t),Q1(t),Q2(t)).  The mathematically rigorous
proof of this fact is given in Subsection 8.2.
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8. Convergence

Use the notation X = (Q1,Q2,V1,Va, R1, R, Y, H), and for any m €
(0,1], let s, denote the distribution of {X™)(t);t € [0,00)}. pm is a
probability on C([0, 00); R?%) x D(]0,00); R2%) x C([0, 00); R34*1). Write
the canonical process on this space as X = (Q1,Q2, V1, V2, R1, Ra,Y, H),
too.

By Section 5, we have that {u,,;m € (0,1]} is tight. we prove in this
section that any of its cluster point(s) as m — 0 must be equal to puo,
the unique probability measure that satisfies (u1) ~ (u5) in Theorem 2.2.
Choose any sequence m,, — 0 (n — 00) such that g, converges, and write
the limit of it as Ps,. We prove from now on that P, satisfies (ul) ~ (ub).

The fact that P, satisfies (u1) is trivial, and the fact that P, satisfies
(12) is a direct consequence of Corollary 5.5.

For (u3), first notice that by Lemma 5.16, we have Py-almost surely
that |Vi(t)| = |Va(t)] = c if |Q1(t) — Q2(t)| € (r1,72). Also, the last term
in (5.26), the decomposition of Vi(t), is equal to 0 as long as |Q1(t) —
Q2(t)] > ro. Now, the fact that Py, satisfies (u3) can be derived by the
same argument as we used in the proof of Theorem 2.1. More precisely,

for any f € Cgo(RT*1) with supp(f) C <(31 U Bs) X R5d+1), consider

FQ), V (1), R(t),Y (t), H(t)). Apply Ito’s formula to its approximation
FQ), V(&) —nv.(t), B(t)—nr.(t), Y (t) = (t) —n2(t), H(t) —nu(t)) stopped
at o, then by Lemmas 5.11, 5.8 (1), 5.1 (1), 5.21, with the help of Lemmas

— — —

3.16 (3) and 4.1, we have that when m — 0, {f(Q(t No),V(tNo),R(tA

—

0). Y (A0), H(tAG)) ~ [ LF(GH(s). V(s). (). Y (s). H(s))dsit > 0} is
continuous martingale under Pn,. Since P (0 = c0) = 1 by Corollary 5.5,
this completes the proof of the fact that P, satisfies (u3).

Finally, for (u4) and (ub), first notice that by Lemma 5.16, we have Pyo-
almost surely that |Vi(t)| = [Va(t)| = ¢ if |Q1(t) — Q2(t)] € (r1,72). So in
order to prove that Py, satisfies (u4), it suffices to prove that the followings
hold Py-almost surely: (1) Vj is continuous in the domain |Q1 — Q2| €
(ri,7m2), and (2) |Vi(t)] = ¢ when |Q1(t) — Q1(t)] = r1. We prove the
assertion (1) in §8.1, and in §8.2, we prove that it has the required behavior
at boundaries |Q1(t) — Q2(t)] = r1 and |Q1(t) — Q2(t)| = ra.
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8.1. Vj is continuous when Q € By
By (5.28), it suffices to prove the following.

LEMMA 8.1. For any e1,e2 > 0 and k € {1,2}, we have that

TNo
i / m=Y2(| g (O] + lgra()])
m— 0+

X 1{1Q1()-Qa(t) €(ri+ea,r—e0)} dE > 51) =0

Let us first prepare the following.

LEMMA 8.2. For any g9 > 0, there exists a constant C' > 0 such that

{101 (1) -Qa () |€(r1+e2,r2—22)} 1/2
B sup —— SCm/, m € (0,1].
[te[O,TAo} (1+ M 2c 2| By ()2)1/2 ] (0.1]

PROOF. As in the proof of Lemma 5.17, there exists a 6 > 0 such

that if [Qa(s) — Qu(s)] € (r1 +&,72 — €), then U(Q1(s),Qa(s)) < —6. If
H(s) > —$m~/2 and [Y(s)| < gm*1/20*1 in addition, then for any m <

2
1A (%C*Q(Ml + M2)71> , we have that

|Pe(s)] > im_l/Qc_l.

16
Therefore,
{101 ()-Q2(H)|€(r1+e2,ra—e2)}
E”m[ sup d S ]
el0th) (Lt My, 22 Pr(u) )1/2

< (1o a2 (V) (s (01> )

— 6
+ ﬁm( sup Y (t)] > gm_1/20_1>
te[0,TAo]

< (1 + M 2c? (%m1/2c1>2) —1/2
+ (gm*1/2> —2Enm [te[z%)/\g} |ﬁ(t)]2}
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+ (gm_1/20_1>2EF”’” LGE)%PM] |7(t)|2]'

This combined with Lemmas 5.4 and 5.7 implies our assertion. []

PrROOF OF LEMMA 8.1. For any 1,69 > 0 and k € {1,2}, we have
that the following holds for any Ki, Ko > 0.

TAo
Hm(/o 21911 (01101 ) Qe 0 +eara-enydt > 1)

+
TAo
< i / =12 OGOl berraen) g, k)
0+ M (1 + M, 22| Py (t—)|?)1/2
+ nm< sup (1 + M];2072|R_k(t)|2) > Kg)
te[0,TAo)
Hm( sup 1{|Q1<t>—Q_2§t>|62<riaz,r2—262>} L& )
te[0,Tho] 1+ M 2cm2|Py(t—)| [ViUl|oo K1 K>

<L Eﬁm[ /TAUm—l/Q 1{|Q1(t)*Qi(zt)IG(T‘i@,rzfsz)} dt}
K7 Lo My (1 + My 22 B(t-)[2)1 2

1 _
+E(1+M,;2c—2m[ sup ]Rk(t)\QD

t€[0,TAo]
N HVkﬁHooKleEﬁm{ sup 1{|Q1(t)—Q_zgt)_Gz(Tim»m—Qm)}}'
€1 te0,Tro] 14+ M “c72|Py(t—)|

By Lemmas 5.17 and 5.7, the first two expectations on the right hand side
above are bounded for m € (0,1]. Also, the last expectation on the right
hand side above converges to 0 as m — 0 by Lemma 8.2. Therefore, by
taking first K7, Ko > 0 large enough and then m — 0, we get that

m—0

TAo
lim nm(/0+ 21 g1 (D) 1(101 (4)- Qo (t) € (r1+eara—e0)y AE > 51) =0

for any 1 > 0.
Similarly, we have for any Ki, Ko > 0 that

Tho
"vm(/ 21910 (0)| 1101 () Qa0 +enra-eadt > 1)
0+
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- Hm(/“" m-1/2 Ml -Qa(tle(rarenra—ca)} 4 k)
0

. L+ M, % Bt
+ ffm( sup |Ri(t)]* > Kz)
te[0,TNo]
+ K ( sup L > °1 )
" te[0,TA0] (1 + M;20_2|Fk(t*)‘2)1/2 Kk_?’C_ZHVkﬁHooKlKQ '

So by exactly the same way as above, we get our assertion for go. [

8.2. Behavior at boundaries
First, we prove that |Vi(t)| = |Va(t)| = ¢ when |Q1(t) — Q2(t)| = r1. It
suffices to prove the following.

LEMMA 8.3.

TAo ) )
Poo(/o (@ = Ve ) 10i -2 ) etri—eri+o)1dt = 0) =1

PROOF. By assumption (T1), we have that |V,U(q1,q)| = |U'(lg1 —
@])] > 0if |g1 — g2| = r1. So there exists a function g € C}(R?) and a
constant § > 0 such that 6144, _gole(ri—e,m+e)} < 9(@1 — 2) < [ViU(q1,q2)]-
Therefore, for any a > 0, we have that

TNo
Poo(/o (& = Va®P) L@ ()-@s(oletra—m e dt > a)
TNho
< Po([ @ = MO0 - Qa(0)de > o)

TAo
<61 lim Hm(/o (&~ Vi) P)a(@u (1) — @a(t))dt > a)

n—oo

n—oo

TAo
<67 tim a2 [ (@ - o)

< VAT (Qu (1), Qa()dt].

The expectation on the right hand side above is bounded for n € N by
Lemma 5.20, so

TAo ) 9
Poo(/o (¢ = VRO 101 (1) -2 ()| (r1—e,m +2)} At > a) =0, a>0.
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Therefore,

TNo 5 5
Poo(/o (= V@)@ 0 -@alen—em+eydt = 0) =10

Finally, we prove that P, satisfies (u5) by proving Lemmas 8.4 ~ 8.6
given below. Indeed, it is easy to be seen that Lemma 8.6 implies (1) of
(15) and Lemma 8.5 implies (3); also, Lemma 8.4 implies (2): under Py,
if |Q1(t) — Qa(t)] = ro and H(t) < Ho(t) for some ¢, then there exists
a 6 > 0 such that H(s) < Hy(s) and |Q1(s) — Q2(s)| € (re —e,12 + ¢€)
for any s € (t — 6,t + ¢), therefore, by Lemma 8.4, |Vi(s)| = ¢ for any
s € (t—6,t+6), hence |Q1(s) — Q2(s)| € (r1,72). This combined with
(14) implies that Vi (t) = ic%. Since |Q1(t) — Q2(t)| = r2 and
|Q1(s)—Q2a(s)| < 7o for s € (t,t+0), this combined with the right-continuity
of Vi implies that Vi(t) = —Va(t) = c%.

Let Hyo( -, -, -, -, - ) be the one defined in Lemma 7.1. We prove the
following three lemmas.

LeMMA 84. For any k € {1,2}, we have that

TNo
Poo( /0 L6 <Ho (R (0), R (6),Y (),Q1.(6),Q: (1)}

X 11Qu0)- @i 0letrs—smsten (2 = Ve(®)dt = 0) = 1.

LEMMA 8.5. We have P -almost surely that if |Q1(t) — Q2(t)| = 72,
(Q1(t) = Q2(1)) - (Vi(t=) = Va(t=)) > 0 and H(t) > Ho(R1 (1), Ra(1), Y (2),

1), Qa(t)), then Vi(t) = B(t) , k= 1,2 with P(t
Q1(1), Q2(1)), then Vi(t) MiV 1+ M, 2e=2 Py (1) 2 it P10

(P1(1), Pa(t)) given by P(t) = P(Ru(t), Ra(1), Y (1), H(t), Q1 (t), Q2(1)).-

LEMMA 8.6. We have P -almost surely that if |Q1(t) —Q2(t)| = r2 and

(Q1(t) = Qo) (Va(t—) = Va(t—)) < 0, then Vi(t) = —Va(t) = c;Z2=Z10.

We prove Lemmas 8.4 ~ 8.6 in the following. For the sake of simplicity,

—

we write Ho(R(t),Y (t),Q(t)) as Hy(t) in our proofs.
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PrOOF OF LEMMA 8.4. Let ¢ > 0 be a constant such that U’(z) < 0
as long as x € (ry —2¢e,72). So [VU(¢)| > 0 as long as |¢| € (r2 — 2e,r2). It
suffices to prove that

TAo
Poo( /0 L <mow-2e131{1Q2 (-1 ()] €(ra—e,r2+))

x (2 — |Vi(t)[2)dt > 53) =0

for any 1,3 > 0.
Choose f; € C2°(R) and fo € C§°(R?) such that

Lesoey < f1(2) < Ligoeyys
Ljale(ra—e,rate)} < f2(%) < Lfjnje(ra—2e,r0+2¢)}-

Since fOTAU fi(Ho(t) — H(t)) f2(Q1(t) — Qa(t))(c® — |Vi(t)|?)dt is continuous
with respect to (Ry, Ra, H,Y, Q1,Q2, Vi), we have that

TNo
Py (/0 Lia(t)<Ho(t)—261} 1{1Q1 (1) —Qa(t)|€(ra—e,rate))

(2 — Vi) P)dt > 53)
TNo
<Po( [ A - HELQ0 - Q) - V)it > )
0

TAo
< i, ([ A ~ HER(@0 - Qa()
0

n—oo

(& — Vi) P)dt > sg).

Therefore, in order to get our assertion, it suffices to prove that

TNo
lim P / FET @) — B 0) £2Q0 (8) — Q™ (1))
0

m—0

(8.1) x (= [V (1)2)dt > 53) —0.

We prove this in the following.
Notice that for any m € (0,1], we have that H™(t) =

21+ [P @2 4m 2T (G(1)) > Ho(RI) (1), Y 0 (1), QU (1)) +
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—

m=120(QM)(t)), therefore, if H™(t) < Ho(RM(t), Y™ (1), Qm)(¢)),

—

then U(Q(™)(t)) < 0, this combined with ¢ < o implies that |Q§m) (t) —

(™)) € (r1,72). s0 if Q™ () — QY™ ()| € (ry — 2,75 + 2¢) in addition,
we get that ]ng) (t) — ém) (t)| € (rg —2e,72). So for any 6 € (0,2¢) and
m € (0,1], we have that

TNo
([ O - B RO - &7 o)
0

x (2 — V™ (@)[2)dt > 53)

1 2

Tho
2 y(m) g2
=P (/0 L g - ieta-2ers-ap© — Vi (OF )t > ea/2)

TAo
+r (/0 Lmon @<ni -2 1100 -5 @)le(ra-r2)}
(8.2) x (2 = [V (#)2)dt > e /2).

For the first term on the right hand side of (8.2), we have that

T Ao
2y (m) 2
F (/o o) Olra-ers-ay (@~ I (OP) > 25/2)

TANo
-1 2 (m) 2
< (e/2)F [/o L g - iets-2ers-a & ~ IV OF)]

which, by Lemma 5.17, converges to 0 as m — 0 for any ¢ > 0.
So in order to get our assertion, it suffices to prove that

Tho
jm sup P ( /0 Lo @y<mim -e0y M1 (-5 () e(ra—b72)}

6=0me(0,1)
(8.3) x (¢ = V™) P)dt > 53/2) = 0.
Let us first prepare the following fact:
mATQMW e
H () +m=12|0(@Qm ()]~ HS™ (1)

if |QU™ (1) — Q)| € (ra — 6,12) and HM™(t) < HY™ () — 1. Indeed,
since |Q§m) (t) — gm) (t)] € (rg —6,72) and 6 < e, we have that

H () +m~ 2T (Q0 (1)) = H™(8) — m™ 2T Q) (1))
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combining this with the assumption H™(t) < H(gm) (t) — €1, we get that

H (1) - H™(t) — e
HO () +m=2(0(Qm()] — Hy™ (1)

Subtracting the both sides of the above from 1, we get our assertion.
Let a(6) := inf e (py—6,r) % Then by our assumption (T1), we have

that a(6) — oo as 6 — 0. Also,

2
HO(8) +m= V200G 1)) = S Mye2/1+ My 22| P p)]2
j=1

> M\ 4 M2 B (02 = Mic(e? — [V (0]2) 72
Therefore, since \ng) (t) — ng) (t)| € (r2 — 6,7r2), we have that

m V2T QI (1))(2 — [V (8)]2)/?
_IViO@M@)l  mT 0@ )
T T@m@))|  HM(t) +m 2T (Q0 (1))

€1 Mkc3
2 a(9) ) o I < 021y 1R (0)-Q5™ ()| e(ra—ira)}
o (%)

. ]\4kc3

—_

hence
2 _ y(m) 2

1{H<m><t><Hé’”><t>—el}1{\@5””(t)—czém)<t)|e<rz—5m2>}(C Ve @)

_ 1"
~ a(6) e1 M3
_ 1 HW
a(6) e1 Myc?

m V2V T QU (1)) — [V (1)[2)2

3

(1 MPe 2 B ()22

m~ Y27, T(Qm (1))
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Therefore, for any constant A > 0, we have that

TAo
msggg”P ( /0 Lm0 <ni -2 1100 -5 @)letra-6.2)}

x (2 — [V™(1)2)dt > 53/2)

TNo . .
< sw P( [ H@m90QM)
me(0,1] 0
y dt 6163Mka(6))
(1+ M 22| P{™ (1)[2)3/2 2

< 1 sup E[ sup Hém)(t)}
A me(0,1] t€[0,T

24 [ /T“ ( m~ V2|V, 0 Q) (1) al.
0

——————— sup F
€163 Mya(0) me(o,1] 1+ M[26_2|P;§m) (1)]2)3/2

The last expectation on the right hand side above is bounded for m € (0, 1]
by Lemma 5.20, and a(§) — oo as 6 — 0, so the second term on the right
side above converges to 0 as 6 — 0 for any A fixed. Also, by Lemmas 7.2,
5.7 and 5.1, we have that

sup E| sup Hém)(t) < 00,
me(0,1] t€[0,77]
hence the first term on the right hand side above converges to 0 as A —
oo. Combining the above, we get (8.3). This completes the proof of our
assertion. [

Before proving Lemmas 8.5 and 8.6, let us make some preparation. First,
to simplify notations, for any a,b € R?, let z,b :=b- ﬁ, the coordinate of b
in a-direction. For any a1, az,d € R, let g4, 4,4 be as defined in the proof of
Lemma 7.1. Let r3 € (r1,72) be any constant such that U'(r) > 0 as long as
Ir| € (rs, 7). Here U is the function such that U(qy, q2) = U(|q1 — g2|), as

defined before. We have that inf {|g;1,a27d(x)\;ga17a2,d(x) > bo(a1,az,d) +

51} is strictly positive and continuous with respect to (a1, az,d). Therefore,
for any A > 0 and € > 0, we have that

6(1475) := inf { inf {|g¢,11,a2,d(:r)|;gal,az,d(x) > bo(ar, az, d) + 81};
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x |a1] < A, |as| < A, |d| SA}/\Q > 0.
1

For any t; < t3 < t3 and €,0, A > 0, we define several conditions as follows.

(H1¢, 45¢) The following holds for any s € [t1,t3]:

(8.4) H(s) > Ho(s) +¢,|Q2(s) — Qu(s)| > 73,
(H2¢,,,5) |Q2(t2) — Q1(t2)]? — |Q2(t1) — Qu(t1)]* > 2rm16(t2 — 1),
(H3t5,15,6) 1Q2(t3) — Qu1(t3)]> — |Q2(t2) — Qu(t2)* < 2r16(ts — t2),
(Hdt, 15,5) 1Q2(t2) — Qut2)* — [Q2(t1) — Qu(t1)* < —2r16(t2 — 1),
(Hb5y, 15.6) 1Q2(ts) — Q1(t3)]* — |Q2(t2) — Q1(t2)|* > —2r16(t3 — t2),
(H6,4) The following holds for any s € [0, T):

(8.5) |R1(s)| < A, [Ra(s)] < A, g, 5)-0.(s) Y (8)] < A.
Also, define
Gi(e,0) == {w : there exist t1,t2,t3 € [0, A o], such that

tl < t2 < t3 and (H1t17t3’5)7 (H2t1,t2,5)
and (H3, ., ) are satisﬁed},

Ga(e,0) = {w : there exist t1,to,t3 € [0,T A o], such that
tl < t2 < t3 and (H1t17t3’5), (H4t1,t2,§)
and (Hb5, 4, 5) are satisﬁed},

Gy = {w : (H64) is satisﬁed}.
Then Gi(¢,6), Ga(g,6) and G4 are open sets, and the following holds.
LEMMA 8.7. We have for any 6 € (0,6(A, )] that

(1) P (Gl(s, 8) N GA) =0,
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(2) P (Gg(g, 8) N GA) —0.

ProOF. We give the proof of the first assertion. The second one can
be gotten in exactly the same way.

Since G1(g,6) N G4 is an open set, and fi,,, converges to Ps, weakly, it
suffices to prove the assertion with P, substituted by p,, for any m € (0, 1].
We do it in the following. Fix any m € (0, 1].

Notice that for any s > 0, if both (8.4) and (8.5) are satisfied, then we
have that under x,,,

IR1 ()| Ra(5) 2 )0y ()Y (5) (ZQa(5)~@u () P1L(5))

2
= XMt L+ M2 By
j=1

> H(S) > Ho(S) +e= b0(|R1(S)|, |R2(S)|7xQQ(s)—Ql(s)Y(S)> + ¢,

therefore,
2
’WQz(s)—Ql(s)(Vz(S) - V1(5))‘
_ ’ TQa(5)-Qu(5)Y (8) = TQy(5)-Qu(s) P1 ()
\/1 + | Ra(s)|? + ‘WQz(S)*Ql(S)Y(S) - 7r622(5)*621(5)]31 (s)|?
N TQs(s)=@u(s) F1(8) 2
L+ [Bo() 4 mgu0-0uo Po(5)P
2

= ‘ngl(s)|,\Rz(s>|,x92(s)_Q1(S)Y(s> (xQ2(s)—Q1(s)P1(5))‘
> 8(A,e)?,

hence { (Qa(s) — @a(s)) - (Va(s) = Vi(s)} =1@a() ~ Q1 (5)2]mgu-n o)
(Va(s) = Vils))|

> r26(A,e1)2. In conclusion, we have that under ji,,,

(8.4) + (8.5) = {(Qa(s) = Qu(s)) - (Vals) - v1<s>>}2 > r28(A,e1)”.

Therefore, we have as a consequence of (H1y, ¢, ) + (H64) that

2
(8:6) {(Qa(s) ~ Qu(5) - (Vals) = Val(s))} > 136(A, )% s € [ty ts).
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On the other hand, if (H2;, 4, s) and (H3y,, s) are satisfied, then there
exists a u € [t1,t3] such that

(8.7) d% (|Q2(u) Qi) — 2r1(5u> —0.
In particular,
(8.8) (Q2(u) — Q1(u)) - (Va(u) — Vi(u)) > 0.

Since C_j and V are continuous under £,,, this combined with (8.6) implies
that

(Q2(s) — Q1(s)) - (Va(s) = Vi(s)) > m6(A,e), for any s € [t1,13],

hence
d 2
T (1Q2(9) = Qu(9)* = 2r18(A,€)s) >0, for any s € [t1,3].

When 6§ < §(A,¢), this contradicts (8.7). Therefore, ky, (Gl (€,0) ﬂGA> =0
for any 6 € (0,6(A,¢e)]. This completes the proof of our assertion. [J

PROOF OF LEMMA 8.5. Write Hy(t) := Ho(R1(t), Ra(t), Y (t), Q1(t),
Q2(t)). It suffices to prove the assertion with the condition H(t) > Hy(t)
substituted by H(t) > Hy(t) 4+ € for any € > 0. Fix any € > 0 through this
proof.

Assume that under ,,, we have |Q1(t) — Q2(t)| = 72, H(t) > Ho(t) + ¢
and (Q1(t) — Q2(t)) - (Vi(t—) — Va(t—)) > 0 for some ¢t € [0,7 A o). Then
there exists a 6 > 0 such that H(s) > Hy(s) + ¢ and |Q1(s) — Qa(s)| > 73
for any s € [t — 6,t + 6], i.e., (Hli_gs¢+5.) is satisfied.

Also, since G4 is monotone increasing with respect to A and
limg 00 Po(G4) = 1, there exists an A > 0 large enough such that our
w isin G4.

Finally, re-choosing é6 > 0 if necessary, we have by assumption that
Vi(s) = =Va(s) = —% for any s € [t — 6,t). Without loss of
generaliy, we assume that § < ro — %rlé(A,s). So for any s € [t — 6,t), we
have that

Qa(t) — Q1(2)

Q1(5) :Ql(t)+<t—s>m’
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Q2(t) — Q1 (t)

Q2(s) = Qa(t) — (t — 5)—@2@) RGROIA

hence
|Q2(t) = Q1()* = |Qa(5) — Qu(s)[
- (1= (- 22

= 4A(t — 5) (m —(t— s)) > 4(t — s)(rgy — 6)
>2r16(A,e)(t — s),

where when passing to the last line, we used the fact that § < ro— %rlé(A, £).
Therefore, (H2;;4) is also satisfied for any s € [t — 6,1).

On the other hand, for any 6 € (0,6(A,¢)], we have by Lemma 8.7
(1) that Ps(Gi(g,6) N G4) = 0, therefore, under our condition, for any
t3 € [t,t + ), we have Ps-almost surely that |Q2(t3) — Q1(¢3)2 — |Q2(t) —
Q1(t)|? > 2r18(ts — t), in particular, |Qa(t3) — Q1(t3)| > o, hence V (t3) =
P(R(t3),Y (t3), H(t3),Q(t3)). Since V is right-continuous, and (R,Y, H, Q)
is continuous, taking t3 — t4, we get our assertion. [

Proor or LEMMA 8.6. First, for any ¢ > 0, we have that
inf {gah%d(az) — bo(a1,a2,d);|gq, 4p.a(T)| > 5} is continuous with respect

to (a1,as9,d), and is strictly positive for any given (a1, as, d), therefore,

5(A,2) = inf { inf { gy p.a(x) = bo(ar, az, d); 14, gy a(@)] > £

la1] < A, |as| < A, |d] < A} > 0.

Also, by a similar calculation as in the proof of Lemma 8.5, it is easy to be
seen that for any s > 0,

12Qa(5)-Qu () (V2(8) = Vi(s))| > &,1Q2(s) — Q1(s)[ > r2,
[Ri(s)| < A, |Ra(s)| S A Y (s)| < A
(8.9) = H(s) > Ho(s) + 6(A,¢).

Now, for any € > 0, if |Q2(t) —Q1(t)| = r2 and (Q2(t) —Q1(t)) - (Va(t—)—
Vi(t—)) < —e for some t € [0,T A o), then there exists a § > 0 such that for
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any s € [t — 6,t), we have

|Q2(s) — Q1(s)] € (r2,2r2),

(8.10) (Q2(5) — Qu(s)) - (Va(s) — Va(s)) < —e,
hence
(811)  1Qa(s) = Qu(s) > 72, |TQus)-qu(s) (Vals) = Vi(s))| > 2%

Also, as before, since limg_,o0 Poo(G4) = 1, there exists an A large enough
such that our w is in G4. This combined with (8.11) and (8.9) implies that

H(s) > Ho(s) + 8(A, 2%).

This is true for any s € [t — 6,t), so by continuity, by re-choosing 6 > 0 if
necessary, we have that

e

1_
(8.12) H(s) > Ho(s) + 5(5(14, ), for all s € [t — 6,t + ¢].

27“2
i.e., (Hlt—é,t+6,%3(%)) is satisfied.
On the other hand, let 6(4,¢) := = A 6<A, $0(A, %)) Then 6(A,e) >

0, and for any s € [t — 6,t), we have by (8.10) that
|Q2(t) — Q1(1)]* — |Qa(s) — Qu(s)[?
¢
— [ 2(@a() - @a(w) - (Valu) = Va(u))du
< —2e(t—s)

—2r6(A,e)(t — s).

is also satisfied.

IN

iveey (H,_g,5010)

Therefore, for any 6’ € (0,5(A, £)], since Px (GQ(%g(A, 75 )s (5’)) =0 by
Lemma 8.7 (2), we have Ps.-almost surely that for any t3 € (¢,t + 6], the
following holds: [Qs(t5) — Q1(ts)[? — [Qa(t) — QuIZ < ~208/(ts — 1), in
particular, |Q2(t3) — Q1(t3)| € (r1,7r2). By (p4), this implies that Vi (t3) =
—Va(ts) = % Since @ is continuous and V is right-continuous,
taking t3 — t+ on the both sides, we get our assertion. [

This completes the proof of the fact that Ps, satisfies (ul) ~ (u5). This
combined with the uniqueness of the probability measure that satisfies these
conditions completes the proof of Theorem 2.2.
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9. Examples

In this section, we prove that the class of examples given by Example 1
in Section 2 satisfy the condition (T1) if A > 0 is small enough.

Use the same notations as in Example 1. Write F(u) = [;° dtp(t)(t —
u)%_Q. Then by a simple calculation, we have that our function U (recall
that U is the function such that U(Q) = U(|Q|)) is given by

U(q) = Ux(q)

gx((g—z)*+r?) gx(z®+r?)
= —/ dx/ rd_zdr/ ds/ dvF' (s +v).
R [0,00) 0 0

We prove in the following that U satisfies (T1) when A > 0 is small
enough.
First, we have that

q € a1 + az2,2a2) = va,\(q) < 0.

Indeed, if gx((g—z)?+72) # 0, then |g—2| < ag; similarly, if gy (22 +72) # 0,
then |z| < aa. So if ¢ € [a1 + ag,2a2) in addition, then |¢ — x| + |z| >
q > ay + ag, hence |¢ — z| > a; and |z| > a;. So gx((q — x)* +1?) =
Agi((q — r)?2 4+ r?) < 0 and gx(2? + %) = Ag1(2? + r?) < 0. Therefore,
Ux(q) <0. N

Next, since 2a; = ag + az, we have that Up(ag + a2) = 0, hence

N
g, 5T+ 0

g0((q—2)?+7?)
= —/ dx/ rd_er/ dsg (z* +r?)F(s)
R [0,00) 0

go(z2+7r2)

— /Rdx /[0700) r2drgi ((q — z)? + 7"2)/0 dvF(v)

So there exists a A9 > 0 small enough such that (A];(ao + ag) > 0 for any
AE (0, )\0]

Therefore, for any A € (0, Ag|, there exists at least one point ¢ € (ag +
az,a; + ag) such that UN}\(q) = 0. Let gy be the biggest one, i.e., let

> 0.

gy := sup{q € (ap + az, a1 + az); Ur(q) = 0} € (ap + ag, as + a).
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We prove in the following that @T\,(q,\) < 0 for A > 0 small enough.
First notice that by definition of gy, we have that

/9A((q—w)2+r2) /go((q—w)2+7’2) /Agl((q—w)2+r2)
= + .
0 0 0

Also, as claimed before, for any g € (ag + a2, a1 + a2), we have that go((q —
2)? 4+ r2) and go(2? + r?) could not be non-zero at the same time, so by a
simple calcaulation, we have that

. Ag1((g—=)*+r?) go(x?+7?)
Ux(q) = —2/Rdw/[0 )rd_er/O ds/o dvF (s +v)

Ag1((g—2)%+7?) Ag(z?+r?)
(9.1) —/ dﬂc/ rd_er/ ds/ dvF (s +v).
R [0,00) 0 0

Since F'( - ) is bounded, positive and bounded away from 0, the above
implies that there exist constants Cy1,Cq2 > 0 (that do not depend on M)
such that &:\(q) > Cyi A — Cy)? for any A > 0. So for any q € (ag +as, a1 +
as), if A > 0 is small enough such that Cjy A — Cy2A? > 0, then ﬁ;\(q) > 0,
hence gy € (¢, a1 + az). Therefore, we have that

lim ¢, = a1 + as.
)\—>0q

Combining this with (9.1) and the fact that UA(qA) = 0, (re-choose
Ao > 0 if necessary), we get that there exists a constant C' > 0 that does
not depend on A such that

- / dz / 2 drgi((an — 2)* +1r%)go(2® + 1)
R [0,00)
9.2) > CA, VA€ (0,A].

Also, by (9.1), we have that

UA Q)

go(z2+7r2)
/ dw/ rd= 2dr/ du)
[0,00)

x gi((gn — 2)* + 1) F(v + ga((gr — ) +7%))2(qr — )
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/\gl(x2+r2)
—/ da:/ Td2dr/ dv
[0,00)

X go((gx — )2 +12)F(v + gx((gr — 2)? +72))2(q) — )

Ag1(z2+7r2)
/ dx / ri=2dy / do)
[0,00)

x g1((ar — 2)* + 1) F(v + ga((gn — )% +17))2(qr — ),

so there exist constants Cq,Cy > 0 such that

0y (an) < —Ci / da / r2drg) (gr — )% + 12)go(a® + 1A + CuAZ.
R 0,00

So in order to prove that (Z\/(qA) < 0 for A > 0 small enough, it suffices to
prove that [g dz f[o 00) ri=2drgi ((gx — )% + 1) go(x? +72) >> X as A — 0.
By (9.2), it in turn suffices to prove that

Jr dx [ig.00) 7 2dr g ((ax — @)% + %) go(a® + %)
_
Jr 4% [jg o0y 7 2drgi((ax — ) + r?)go(a® + 1?)

—00, A—0.

Since g\ < a1 + a2 and ¢y — a1 + a9, this is an easy consequence of the

gi(x)
e—R3— gi1(x) —

In a similar way, we get that the last condltlon in (T1) is also satisfied.

assumption that gy <0, g1 > 0 and lim —00.
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