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Nonexistence and Fxistence Results for a
Fourth-Order Discrete Mixed Boundary

Value Problem*
By Xia Liu, Yuanbiao ZHANG and Haiping SHI

Abstract. This paper is concerned with a class of fourth-order
nonlinear difference equations. By making use of the critical point
theory, we establish various sets of sufficient conditions for the nonex-
istence and existence of solutions for mixed boundary value problem
and give some new results. Results obtained generalize and comple-
ment the existing ones.

1. Introduction

Below N, Z and R denote the sets of all natural numbers, integers and
real numbers respectively and k is a positive integer. For any a, b € Z,
define Z(a) = {a,a+ 1,---}, Z(a,b) = {a,a+1,--- ,b} when a < b. Also,
* denotes the transpose of a vector.

Recently, difference equations have attracted the interest of many re-
searchers since they provide a natural description of several discrete models.
Such discrete models are often investigated in various fields of science and
technology such as computer science, economics, neural networks, ecology,
cybernetics, biological systems, optimal control, and population dynamics.
These studies cover many of the branches of difference equations, such as
stability, attractivity, periodicity, oscillation, and boundary value problems,
see [9,10,12-15,23-25,31,32,34] and the references therein.
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The present paper considers the fourth-order nonlinear difference equa-
tion

(1.1) A? (pn_lAQun_g) — A(gn (Aup—1)") + rpul,
- f(n7un+17un7un—1)7 nec Z(17 k)7

with boundary value conditions
(1.2) Au_l = A'LLO = 0, Uk4+1 = Ukg+2 = 0,

where A is the forward difference operator Au, = upy1 — Up,
A2u,, = A(Auy), p, is nonzero and real valued for each n € Z(0,k + 1),
{an}nez k1) @nd {rn},ez1 1) are real sequences, p and v are the ratio of
odd positive integers, f € C(R* R).

We may think of (1.1) with (1.2) as being a discrete analogue of the
following fourth-order nonlinear differential equation

(1.3)  [pu"(®)]" = [a®u' (1) = Ft,ult+ 1), ut), u(t — 1)), t € [a,b)],
with boundary value conditions

(1.4) u(a) = u'(a) = 0, u(b) = u'(b) = 0.

Eq. (1.3) includes the following equation

(1.5) u () = f(t,u(t)), t € R,

which is used to describe the bending of an elastic beam; see, for example,
[1,6,26,28,30,43] and the references therein. Equations similar in structure
to (1.3) arise in the study of the existence of solitary waves [39] of lattice
differential equations and periodic solutions [20,22] of functional differential
equations. Owing to its importance in physics, many methods are applied
to study fourth-order boundary value problems by many authors.

In recent years, the study of boundary value problems for differential
equations developed at a relatively rapid rate. By using various methods
and techniques, such as fixed point theory, topological degree theory, co-
incidence degree theory, a series of existence results of nontrivial solutions
for differential equations have been obtained in literatures, we refer to [3-
5,8,27,41]. Critical point theory is also an important tool to deal with
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problems on differential equations [17,21,33,37,47]. Only since 2003, criti-
cal point theory has been employed to establish sufficient conditions on the
existence of periodic solutions of difference equations. By using the criti-
cal point theory, Guo and Yu [23-25] and Shi et al. [38] have successfully
proved the existence of periodic solutions of second-order nonlinear differ-
ence equations. We also refer to [44,45] for the discrete boundary value
problems. Compared to first-order or second-order difference equations, the
study of higher-order equations, and in particular, fourth-order equations,
has received considerably less attention (see, for example, [10-16,19,36,40,42]
and the references contained therein). Yan, Liu [42] in 1997 and Thanda-
pani, Arockiasamy [40] in 2001 studied the following fourth-order difference
equation of form,

(1.6) A? (pnAZUn) + f(n,u,) =0, n €Z,

and obtained criteria for the oscillation and nonoscillation of solutions for
equation (1.6). In 2005, Cai, Yu and Guo [7] have obtained some criteria for
the existence of periodic solutions of the fourth-order difference equation

(1.7) A? (pn,gAzun,g) + f(n,u,) =0, n € Z.

In 1995, Peterson and Ridenhour considered the disconjugacy of equation
(1.7) when p, =1 and f(n,u,) = gnun, (see [36]).

The boundary value problem (BVP) for determining the existence of
solutions of difference equations has been a very active area of research in
the last twenty years, and for surveys of recent results, we refer the reader
to the monographs by Agarwal et al. [2,18,29,34]. As far as we know results
obtained in the literature for the BVP (1.1) with (1.2) are very scarce. Since
fin (1.1) depends on uy+1 and wu,—_1, the traditional ways of establishing
the functional in [23-25,44-46] are inapplicable to our case. As a result, the
goal of this paper is to fill the gap in this area.

Motivated by the above results, we use the critical point theory to give
some sufficient conditions for the nonexistence and existence of solutions
for the BVP (1.1) with (1.2). We shall study the superlinear and sublinear
cases. The main idea in this paper is to transfer the existence of the BVP
(1.1) with (1.2) into the existence of the critical points of some functional.
The proof is based on the notable Mountain Pass Lemma in combination
with variational technique. The purpose of this paper is two-folded. On
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one hand, we shall further demonstrate the powerfulness of critical point
theory in the study of solutions for boundary value problems of difference
equations. On the other hand, we shall complement existing results. The
motivation for the present work stems from the recent paper [17].

Let

p=max{p, :n € Z(1,k+ 1)}, p=min{p, : n € Z(1,k+ 1)},
q=max{q, :n € Z(2,k+ 1)}, ¢=min{g, : n € Z(2,k + 1)},
bor

7 =max{r, :n € Z(1,k) =min{r, : n € Z(1,k)}.

i

Our main results are as follows.

THEOREM 1.1. Assume that the following hypotheses are satisfied:
(p) for anyn € Z(1,k+ 1), p, <O0;
(q) for anyn € Z(2,k +1), ¢ < 0;
(r) for any n € Z(1,k), r, <0;
(Fy) there exists a functional F(n,-) € CY(Z x R?, R) with F(0,-) = 0 such
that
OF (n —1,v,v3)  OF(n,v1,v2)
_l’_
a’UQ 8’02

(F) there exists a constant Mo > 0 for all (n,v1,v2) € Z(1,k) x R? such
that

= f(n,v1,v2,v3), Vn € Z(1,k);

S M07

‘8F(n,v1,vg) OF (n,v1,v9) < My

ovy ovy
Then the BVP (1.1) with (1.2) possesses at least one solution.

REMARK 1.1. Assumption (F3) implies that there exists a constant
My > 0 such that

(F3) |F(n,v1,v2)| < My + Mo(|v1| + |va]), Y(n,v1,v2) € Z(1,k) x R2.
THEOREM 1.2.  Suppose that (F) and the following hypotheses are sat-

isfied:

(p) for anyn € Z(1,k+ 1), p, > 0;

(q") for anyn € Z(2,k + 1), g, > 0;

(r') for any n € Z(1,k), rp, > 0;
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(F3) there exists a functional F(n,-) € CY(Z x R?, R) such that

F
ti PO g o ag, v e 20, by
r— r

(Fy) there exists a constant > max{2,u + 1,v + 1} such that for any
ne Z(1,k),

OF (n,v1,v2) OF (n,v1,v2)
U1 +
ovy O0vy

Then the BVP (1.1) with (1.2) possesses at least two nontrivial solutions.

0<

vy < BF(n,v1,v2), Y(vi,v2) # 0.

REMARK 1.2. Assumption (Fy) implies that there exist constants a; >
0 and as > 0 such that

B
(F}) F(n,v1,v2) > ay (\/v% +v§) —ag, Yn € Z(1,k).

THEOREM 1.3.  Suppose that (p'), (¢'), ('), (Fi) and the following
assumption are satisfied:

(F5) there exist constants R > 0 and 1 < a < 2 such that for n € Z(1,k)
and \/vi +v3 > R,

OF oF
O< (navl7/l)2),l)l+ (n7vlav2)v2 SaF(n”l}l,’l}Q).
81)1 81)2

Then the BVP (1.1) with (1.2) possesses at least one solution.

REMARK 1.3. Assumption (F5) implies that for each n € Z(1, k) there
exist constants ag > 0 and a4 > 0 such that

(FY) F(n,v1,v2) < as (\/v% +v§)a +ayq, Y(n,v1,v2) € Z(1,k) x R2.

THEOREM 1.4. Suppose that (p), (q), (r), (F1) and the following as-
sumption is satisfied:
(Fs) vaf(n,vi,v2,v3) >0, for va #0, ¥Yn € Z(1,k).
Then the BVP (1.1) with (1.2) has no nontrivial solutions.

REMARK 1.4. In the existing literature, results on the nonexistence of
solutions of discrete boundary value problems are scarce. Hence, Theorem
1.4 complements existing ones.
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The rest of this paper is organized as follows. First, in Section 2, we
shall establish the variational framework for the BVP (1.1) with (1.2) and
transfer the problem of the existence of solutions the BVP (1.1) with (1.2)
into that of the existence of critical points of the corresponding functional.
Some related fundamental results will also be recalled. Then, in Section
3, we shall complete the proof of the results by using the critical point
method. Finally, in Section 4, we shall give three examples to illustrate the
main results.

For the basic knowledge of variational methods, the reader is referred to
[33,35,37,47].

2. Variational Structure and Some Lemmas

In order to apply the critical point theory, we shall establish the cor-
responding variational framework for the BVP (1.1) with (1.2) and give
some lemmas which will be of fundamental importance in proving our main
results. First, we give some basic notation.

Let R* be the real Euclidean space with dimension k. Define the inner
product on R¥ as follows:

k
(2.1) (u,v) = Zujvj, Yu,v € RF,
j=1
by which the norm || - || can be induced by

1
2

k
(2.2) lull = [ > ui] . VueR"
j=1
On the other hand, we define the norm || - ||, on R¥ as follows:

1

T

k
(2.3) lalle = | D lusl™ |
j=1

for all u € R¥ and 7 > 1.
Since ||lul|, and ||ul|2 are equivalent, there exist constants c;, ¢z such
that co > ¢ > 0, and

(2.4) cllullz < [lullr < ezfjull2, Yu € R.
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Clearly, ||u|| = |ju||2. For any u = (uy,us,--- ,ux)* € R¥, for the BVP
(1.1) with (1.2), consider the functional J defined on R* as follows:

2 1
(25)  T(w) = 5 Y past (A%u)" + =3 g (Auy)*
n=1 ptl n=1
1< K )
+ v+1 ZTnu;—i_l - Z F(n7un+17un) + §p1 (Au1)2 ,
n=1 n=1

where

OF (n —1 oF
(n 71)2,?}3) + (Tl,UhUQ) — f(n’q;h'ug,?);;),
Oy Qv

Au_l = AUO = 0, Uk4+1 = Uk+2 = 0.

Clearly, J € CYRF, R) and for any u = {un}r_; = (u1,ug,... ,ug)*,
by using Au_; = Aug = 0, ugy1 = ug+2 = 0, we can compute the partial
derivative as

0J
87 =A? (pn—lAQUn—Q) - A (Qn (Aun—l)#)

+ rpur — f(n, Upt1, Un, Un—1), Vn € Z(1,k).
Thus, u is a critical point of J on R* if and only if
A? (pn—1A2Un—2) - A (Qn (Aun—l)u) + Ty,
= f(n, Unt1,Un, Uupn—1), Yn € Z(1, k).

We reduce the existence of the BVP (1.1) with (1.2) to the existence of
critical points of J on R*. That is, the functional .J is just the variational
framework of the BVP (1.1) with (1.2).

Let P and @ be the k x k matrices defined by

6 —4 1 o o --- 0 0 0

-4 6 -4 1 0 0o 0 O

1 -4 6 -4 1 0o 0 O
p_ 1 -4 6 -4 0O 0 O ’

o o0 o o0 O 6 —4 1

0o o0 o0 0 O -4 6 -4
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|
SIS
[ o |
—_ —
o o

—_
oo o
o oo

o o o - 2 -1
o o 0o -+ -1 2
Clearly, P and @) are positive definite. Let Ay, Ao, -+, A be the eigen-
values of P, 5\1, 5\2, cee M\ be the eigenvalues of (). Applying matrix theory,
we know A; > 0, ij >0, 7 =12,--- k. Without loss of generality, we
may assume that

(2.6) 0<)\1§)\2§"'§>\k7
(2.7) 0<A <A< <A

Let E be a real Banach space, J € C'(E,R), i.e., J is a continuously
Fréchet-differentiable functional defined on E. J is said to satisfy the Palais-
Smale condition (P.S. condition for short) if any sequence {u(l)} C FE for
which {J (u(l))} is bounded and J’ (u(l)) — 0(l — o0) possesses a conver-
gent subsequence in E.

Let B, denote the open ball in E about 0 of radius p and let 0B, denote
its boundary.

LEMMA 2.1 (Mountain Pass Lemma [37]). Let E be a real Banach
space and J € C*(E, R) satisfy the P.S. condition. If J(0) =0 and

(J1) there exist constants p, a > 0 such that J]|gp, > a, and
(Jo2) there exists e € E'\ B, such that J(e) < 0.

Then J possesses a critical value ¢ > a given by

(2.8) c=inf e J(g(s)),
where
(2.9) I = {g € C([0, 1], B)|g(0) = 0, g(1) = e}.

LEMMA 2.2.  Suppose that (p'), (¢'), ('), (F1), (F3) and (Fy) are sat-
isfied. Then the functional J satisfies the P.S. condition.
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ProoF. Let u) € R*, 1 € Z(1) be such that {J (u(l))} is bounded.

Then there exists a positive constant My such that

My < J (u(l)) < Ms, VI € N,

By (F}), we have

1) =53 () S ()
+ : Xk:r (u(l))y+l_2k:F(n u (l))+1 (Au())Q
V+1n:1 n | Up P y Up 1) Uy b1 1
< gg (uflj_ —2u(l)1+u(l))2
gt i ) 0"
B -]
%H v+l a1z [\/( n+1)2 <ug))2]5

T

0 W 4 OY* 9y ® Tcz H vt
<
_2(U)P u—i—l{(u)Qu] v+1
—aicy H (l‘ +a2k’+]5Hu(
< AL 1 0 2 qe, Ve 0 put1 fCZJrl 0 v+1
< (1)l + A a0+ T
B
—alcfHu(l)‘ + ask,
where V) = (ugl),ug), .- ,u,(gl))*, u) € RF. That is,
_ptl
3 A 2 gdttiy T +1
] [ (5 1) o0 - E A o)
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— v+1
_re Hum
v+1

Since § > max{2, u + 1,v + 1}, there exists a constant M3 > 0 such that

v+1
< M5 + ask.

HWH < Mz, Vi € N.

Therefore, {u(l)} is bounded on R*. As a consequence, {u(l)} possesses a
convergence subsequence in R¥. Thus the P.S. condition is verified. (]

3. Proof of the Main Results

In this Section, we shall prove our main results by using the critical
point theory.

3.1. Proof of Theorem 1.1

PRrOOF. By (F), for any u = (uy,ug, - ,ux)* € R¥, we have
1 01 1 O
1 v
J(u) = ) an—l-l (AZUn) + ] Z Gt (Aun)™ + v+l Z g
n=1 n=1 n=1
i 1
=D F(n,uny1,un) + op1 (Au)®
n=1
P k
=5 > (tnya = 2unt1 + un)? + Mo Y (luns1| + [unl) + Mik
n=1 n=1
_ k
< gu*Pu +2My Y |un| + Mik
n=1

pA
< P8l + 2Mo VR |[ul) + Mk
— —o0 as ||lu|| = +oo.

The above inequality means that —J(u) is coercive. By the continuity of
J(u), J attains its maximum at some point, and we denote it u, that is,

J(ii) = max {J(u)|u € Rk} .

Clearly, @ is a critical point of the functional J. This completes the proof
of Theorem 1.1. [J
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3.2. Proof of Theorem 1.2 N
PrRoOOF. By (F3), for any € = %(Al can be referred to (2.6)), there
exists p > 0, such that

A
[F(n,v1,0)| < 525 (03 +03) Y € Z(1, ),
for \/v% —l—v% < \/Ep.
For any u = (u1,us, - ,ux)* € R¥ and ||u|| < p, we have |u,| < p, n €

Z(1,k).
For any n € Z(1,k),

k k k
1 2 1 1 1
~ 9 anﬂ (A%un)” + w1 Z o1 (Dup)"™ + U1 Z g
n= n=1 n=1
k

1
=D F(n,uny1,un) + op1 (Au)?

n=1

(Uns2 — 2Unt1 + up)® — uZ g +u?

Oo‘m
Mw

n:l

3

Vv
SRS
(1~

A%

S

* ol
o=
g

|

ul|?

g\y

pA 2 AL
> —_
> B -
)\
= v &
where v = (uy,uo, - ,ug)*, u € RF,
Take a = i 2 > (. Therefore,

4

J(u) >a>0, Vu € 0B,,.

At the same time, we have also proved that there exist constants a > 0 and
p > 0 such that J|sp, > a. That is to say, J satisfies the condition (J;) of
the Mountain Pass Lemma.

For our setting, clearly J(0) = 0. In order to exploit the Mountain Pass
Lemma in critical point theory, we need to verify all other conditions of the
Mountain Pass Lemma. By Lemma 2.2, J satisfies the P.S. condition. So
it suffices to verify the condition (J2).
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From the proof of the P.S. condition in Lemma 2.2, we know

A —/H”l}\uTH
k _ 2, 4Cy k pt1
J <|—+1 —
= (5 41) PP + 22 )
= v+1
4 Tl — iy ul® + ok

Since 8 > max{2, u+1,v+ 1}, we can choose u large enough to ensure that
J(u) <0.

By the Mountain Pass Lemma, J possesses a critical value ¢ > a > 0,
where

c¢ = inf sup J(h(s)),
hel sel0,1)

and
I'={heC([0,1],R*) | h(0) =0, h(1) =a}.

Let @ € R* be a critical point associated to the critical value ¢ of J, i.e.,
J(@) = c. Similar to the proof of the P.S. condition, we know that there
exists & € R¥ such that

J(0) = cmax = max_ J(h(s)).
s€[0,1]

Clearly, & # 0. If 4 # 4, then the conclusion of Theorem 1.2 holds.
Otherwise, @ = 4. Then ¢ = J(@) = ¢max = m[ax} J(h(s)). That is,

s€l0,1

sup J(u) = inf sup J(h(s)).
ueRk ( hel se0,1) (

Therefore,

Cmax = max J(h(s)), YheT.
s€[0,1]

By the continuity of J(h(s)) with respect to s, J(0) = 0 and J(u) < 0
imply that there exists so € (0,1) such that

J (h(50)) = Cmax-

Choose hi, hg € I' such that {hi(s) | s € (0,1)} N{ha(s) |s € (0,1)} is
empty, then there exists s1, s2 € (0,1) such that

J(hl (51)) =J (h2 (32)) = Cmax-
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Thus, we get two different critical points of J on R* denoted by
'LLl = hl (81) y u2 = h2 (82) .

The above argument implies that the BVP (1.1) with (1.2) possesses at least
two nontrivial solutions. The proof of Theorem 1.2 is finished. [J

3.3. Proof of Theorem 1.3
ProOOF. We only need to find at least one critical point of the functional
J defined as in (2.5).

By (FY), for any u = (u1,ug,--- ,uz)* € R¥, we have
1< R . 1 &
Ju) == A2 - Au Yt L & v+l
(u) Qan-H( Un) +M+1Z%+1( Up) +V_|_1z_:7“nun
n=1 n=1 n=1
k 1 )
- Z F(n7un+17un) + 5]91 (AUl)
n=1
p & k o
> 2 Z (Uns2 — 2Uni1 + un)* — as Z <\ JuZ 4+ u%) — ask
n=1 n=1
1\«
» k ol @
= Eu*Pu—ag [Z (w/quH —i—u%) ] — ask
n=1
k 1 (6%
2
P
ziww%mwSIZXﬁﬂ+ﬁ) —aak
n=1
pA1

> B2 a2 - 2%asef ul® — ask

— +00 as ||u|| — +oo.

By the continuity of J, we know from the above inequality that there exist
lower bounds of values of the functional. And this means that J attains its
minimal value at some point which is just the critical point of J with the
finite norm. [

3.4. Proof of Theorem 1.4
PROOF. Assume, for the sake of contradiction, that the BVP (1.1) with
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(1.2) has a nontrivial solution. Then J has a nonzero critical point «*. Since

oJ
E = A? (Pn71A2Un72) — A (gn (Dun—1)") + rouy — (0, Uny1, Un, Un—1),
we get
k
(31) Zf(n7u;+lau;7u2—l)u:l
n=1
k
= Z [A2 (pn,1A2u;_2) - A(qn (Au;_l)u) + 1y (uly)”] gy
n=1
k k
= Pt (A%5) 4D gugr (Aup)H !
n=1 n=1

k
+ Z o (02" 4+ pr (AU < 0.
n=1

On the other hand, it follows from (Fs) that

k
(32) Zf(n’u;—kl’u;vuZ—l)u:L > 0.

n=1

This contradicts (3.1) and hence the proof is complete. [J
4. Examples

As an application of Theorems 1.2, 1.3 and 1.4, we give three examples
to illustrate our main results.

Ezample 4.1. For n € Z(1, k), assume that
(4.1)  AMuy_o — A (2" (Aup_ 1)) + 8"uY,
B_1 8_4
= Buy |@(n) (upiy +up)? +o(n—1) (up +un_g)® |,

with boundary value conditions (1.2), where p and v are the ratio of odd
positive integers, / > max{2, u + 1,v + 1}, ¢ is continuously differentiable
and p(n) >0, n € Z(1, k) with ¢(0) = 0. We have

pn =1, QR:2na Tn:8na
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-1 -1

@
[N

f(n,v1,v9,v3) = Bua |p(n) (vF + v3) +¢(n —1) (v3 +v3)

and 5
F(n,v1,v2) = p(n) (v% + v%)i

It is easy to verify all the assumptions of Theorem 1.2 are satisfied and then
the BVP (4.1) with (1.2) possesses at least two nontrivial solutions.

Ezample 4.2. For n € Z(1,k), assume that
(42) A (3" 'A%u,_9) — A (9" (Aup_1)") + 6"ul,
= g [0n) (0240 +02) 7 4 wn - 1) o+ 02 ) T
with boundary value conditions (1.2), where p and v are the ratio of odd
positive integers, 1 < « < 2, v is continuously differentiable and ¥ (n) >
0, n € Z(1,k) with ¢(0) = 0. We have
Pn=3" @ =9", m, = 6",

f(n,v1,v2,v3) = ave [W”) (U% + U%)%il

N]])

+¢Y(n—1) (v% + vg)

,1]
and .
F(n,vi,v2) = (n) (v +v3)2 .

It is easy to verify all the assumptions of Theorem 1.3 are satisfied and then
the BVP (4.2) with (1.2) possesses at least one solution.

Ezample 4.3. For n € Z(1, k), assume that

(4.3) — A4un_2 + A (5“ (Aun_l)“) — 7n’U,TVl
4 1 _1
= 3Un [(“iu +up) A+ (U ) “} )
with boundary value conditions (1.2), where p and v are the ratio of odd

positive integers. We have

Pn = _17 dn = _5n, Tn = _7n’

ol

)

4 1 _
Fln,or,v0,0) = Sua [(03 +03) 7 + (o + o)
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and ,
F(n,’Ul,UQ) = (,U% +’U%)§ .

It is easy to verify all the assumptions of Theorem 1.4 are satisfied and then
the BVP (4.3) with (1.2) has no nontrivial solutions.
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