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A Generalized Hypergeometric System

By Hiroyuki Ochiai and Uuganbayar Zunderiya

Abstract. We give a combinatorial formula of the dimension of
global solutions to a generalization of Gauss-Aomoto-Gelfand hyperge-
ometric system, where the quadratic differential operators are replaced
by higher order operators. We also derive a polynomial estimate of the
dimension of global solutions for the case in 3 × 3 variables.

1. Introduction

A new type of hypergeometric differential equations was introduced and

studied by H. Sekiguchi in [17], [18]. The investigated system of partial

differential equation generalizes the Gauss-Aomoto-Gelfand system which in

its turn stems from the classical set of differential relations for the solutions

to a generic algebraic equation introduced by K. Mayr in [15].

Gauss-Aomoto-Gelfand systems can be expressed as the determinants of

2 × 2 matrices of derivations with respect to certain variables. The Gauss-

Aomoto-Gelfand hypergeometric system arises in numerous problems of al-

gebraic geometry, partial differential equations, the theory of special func-

tions, representation theory and combinatorics. It has been in the focus of

intensive research since its introduction by K. Aomoto in 1977. H. Sekiguchi

generalized this construction by looking at determinants of l× l matrices of

derivations with respect to certain variables.

In this paper we study the dimension of global solutions to the general-

ized systems of Gauss-Aomoto-Gelfand hypergeometric systems. The main

results in the paper are the combinatorial formula for the dimension of global

(and local) solutions of the generalized Gauss-Aomoto-Gelfand system.

1.1. Generalized Gauss-Aomoto-Gelfand hypergeometric sys-

tems

Let k and n be integers such that 0 ≤ k < n and α = (α1, α2, . . . , αn),

β = (β1, β2, . . . , βn) ∈ C
n. Let M(n,C) be the space of n× n complex ma-
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trices Z =

 z11 · · · z1n
...

. . .
...

zn1 · · · znn

 . Consider the systems of partial differential

equations, denoted by M(k)
n and Nn(α, β), for a holomorphic function φ(Z)

of n2 variables Z = (zij) ∈M(n,C) � C
n2

:
det


∂

∂zi1j1
· · · ∂

∂zi1jk+1

...
. . .

...
∂

∂zik+1j1
· · · ∂

∂zik+1jk+1

φ(Z) = 0,

1 ≤ ∀i1 < · · · < ∀ik+1 ≤ n,
1 ≤ ∀j1 < · · · < ∀jk+1 ≤ n

(M(k)
n )

and 

n∑
i=1

zij
∂

∂zij
φ(Z) = αjφ(Z), j = 1, . . . , n,

n∑
j=1

zij
∂

∂zij
φ(Z) = βiφ(Z), i = 1, . . . , n.

(Nn(α, β))

We will denote by E
(k)
n (α, β) the system of partial differential equations

consisting of both M(k)
n and Nn(α, β). The system E

(1)
n (α, β) is called

a Gauss-Aomoto-Gelfand hypergeometric system or general hypergeometric

system (see section 6.4.4 of [21], Proposition 1 of [11], and [9]). Holomor-

phic solutions of this system E
(1)
n (α, β) are called Gauss-Aomoto-Gelfand

hypergeometric functions or general hypergeometric functions. The hyperge-

ometric system E
(k)
n (α, β) is a natural generalization of the Gauss-Aomoto-

Gelfand hypergeometric system to higher order. This system is introduced

by Sekiguchi, where E
(k)
n (α, β) is denoted by M̃k(ν) in [17], M̃n,k(ν) in [18]

with α = (ν1 − k, . . . , νn − k) and β = (−νn+1, . . . ,−ν2n).
It is well known that the space of global solutions to the system

E
(k)
n (α, β) is finite dimensional if E

(k)
n (α, β) is holonomic [10]. The phe-

nomenon that the solution space is finite dimensional even when E
(k)
n (α, β)

is not a holonomic system was observed in connection with the theory of

admissible restrictions [12], namely, in the setting where irreducible unitary

representation decomposes discretely with finite multiplicities with respect
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to reductive subgroups. By using geometric realization of admissible restric-

tions, explicit computations were first carried out by H. Sekicughi [17], [18]

in special cases of [12] related to the system E
(k)
n (α, β).

1.2. Summary of known results of the hypergeometric system

E
(k)
n (α, β)

Up to now, there are the following results on the hypergeometric system

E
(k)
n (α, β):

(i) If (n, l) = (2, 1) then the system E
(1)
2 ((α1, α2), (β1, β2)) is essentially

equivalent to the Gauss hypergeometric equation. Namely, any solu-

tion of E
(1)
2 ((α1, α2), (β1, β2)) can be represented in the form

φ(Z) = zα1
11 z

α2−β2
12 zβ2

22y

(
z12z21

z11z22

)
,

where y(x) satisfies the Gauss hypergeometric equation

x(1 − x)d
2y(x)

dx2
+ (c− (a+ b+ 1)x)

dy(x)

dx
− aby(x) = 0,

where a = −α1, b = −β2 and c = α2 − β2 + 1.

(ii) For an arbitrary n, the hypergeometric system E
(1)
n (α, β) is the

Aomoto-Gelfand hypergeometric system and has been studied exten-

sively, in particular,

• The system E
(1)
n (α, β) is holonomic (see [3], [7]), and the dimen-

sion of solutions to the system E
(1)
n (α, β) near a generic point is

equal to
(
2n−2
n−1

)
(see [8], [20]).

• The dimension of global solutions to the system E
(1)
n (α, β) is at

most one ([18]). Global solutions to this hypergeometric system

are Louck polynomials, which are, up to constant multiples, of

the form

Pα,β(Z) =
∑

γ∈H(
α
β)

1

γ!
Zγ ,

where γ! =
∏

1≤i,j≤n
γij !, Z

γ =
∏

1≤i,j≤n
z
γij
ij , and see section 2.1

for definition of H(αβ). These polynomial solutions of the system
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E
(1)
n (α, β) arise naturally in the theory of representations of the

group GL(n,C), (for details see section 3.5 of [4], and [5]). There

exists a generating function for the polynomials Pα,β(Z) (see [5],

section 1.7 of [9]).

(iii) For an arbitrary pair (n, k), the space of solutions of the system

E
(k)
n (α, β) near the origin is finite dimensional (see [17], [18]).

(iv) The system E
(k)
n (α, β) is not always holonomic, if k > 1 (see [19]).

(v) A combinatorial formula and the estimates of the dimension of global

solutions of E
(2)
3 (α, β) are obtained in [18].

1.3. Summary of our results of the hypergeometric system

E
(k)
n (α, β)

In this paper, we consider the dimension of the space of global (and

local) solutions of the hypergeometric system E
(k)
n (α, β).

Our results are stated briefly as followings:

(i) For an arbitrary n, we give a combinatorial formula of the dimension

of global solutions to the system E
(n−1)
n (α, β) (Theorem 2.6).

(ii) We give a simple formula for the Kostka number Kλµ in the case when

the length of µ is less than or equals to 3 (Corollary 3.2)(see section

2.2 for Kostka numbers and notations).

(iii) We also give a polynomial estimate for the dimension of global solu-

tions to the system E
(2)
3 (α, β) (Theorem 3.4).

This paper is organized as follows: in Section 2, we consider the space of

global solutions of the system of homogeneous equations Nn(α, β). We show

the finite dimensionality and that the compatibility condition α1+· · ·+αn =

β1+· · ·+βn on (α, β) ∈ Z
2n
≥0 is necessary to have a non-trivial space of global

solutions. As a direct corollary, we also have the same conclusion on the

system E
(k)
n (α, β), which has been obtained in [18].

We give an upper estimate of the dimension of the space of global so-

lutions of the system E
(k)
n (α, β) by using the cardinality of some sets H(αβ)

of integral matrices (Theorem 2.3). For the case k = n − 1, we show that

the system of linear equations corresponding to the equation M(n−1)
n is an
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upper triangular form with respect to an appropriate linear order on H(αβ).

We also have an expression for the cardinality of H(αβ) by Kostka numbers,

which enables us to give a combinatorial formula of the global dimensions

by Kostka numbers (Theorem 2.6).

In Section 3, we consider the case n = 3 with k = 2, that is, the space of

global solutions of the system E
(2)
3 (α, β). In this case we only need Kostka

numbers Kλµ where the length of µ is at most 3. We obtain a piecewise

linear expression of such Kostka numbers (Corollary 3.2).

We give an explicit polynomial estimate of third order for the dimension

of global solutions to the system E
(2)
3 (α, β) (Theorem 3.4). This improves

the estimate in [18, Theorem 4.1]. In the case α = β, the upper and lower

estimates coincide with each other, so we have a concise formula for the

dimension (Corollary 3.8).

Remark 1.1. In this article, we consider holomorphic solutions of the

generalized Gauss-Aomoto-Gelfand system E
(k)
n (α, β) on the complex mani-

foldM(n,C). We have the same conclusion if we consider analytic solutions

of the same system on the real manifold M(n,R).

2. A Combinatorial Formula of the Dimension of Global Solu-

tions to the System E
(n−1)
n (α, β)

2.1. Preliminary notations and an upper estimate of the dimen-

sion of global solutions to the system E
(k)
n (α, β)

Let α1, α2, . . . , αn, β1, β2, . . . , βn be complex numbers. We define

H(αβ) = H

(
α1 α2 · · · αn
β1 β2 · · · βn

)
= {γ = (γij) ∈M(n,Z≥0) |

n∑
j=1

γij = βi for i = 1, . . . , n;

n∑
i=1

γij = αj for j = 1, . . . , n}.

From the definition of H(αβ), it is obvious that if at least one of α1, . . . , αn,

β1, . . . , βn is not a nonnegative integer, then H(αβ) is an empty set.

In this paper, a domain means an open connected subset of M(n,C) �
C
n2

. For each domainW ofM(n,C) � C
n2

, we denote by Sol(W,E
(k)
n (α, β))

the space of holomorphic solutions of the system E
(k)
n (α, β) on W , and by
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Sol(W,Nn(α, β)) that of Nn(α, β). It then follows immediately that

Sol(W,E(1)
n (α, β)) ⊆ Sol(W,E(2)

n (α, β)) ⊆ · · · ⊆ Sol(W,E(n−1)
n (α, β)).(2.1)

Note that for any permutations α′ = (α′1, . . . , α
′
n) of α and β′ = (β′1, . . . , β

′
n)

of β, we have

dim Sol(W,E(k)
n (α′, β′)) = dim Sol(W,E(k)

n (α, β)),(2.2)

Sol(W,E(k)
n (α, β)) ⊆ Sol(W,Nn(α, β)).

For each open subset W of M(n,C) � C
n2

, we denote by Sol(W,

Nn(α, β)) the space of holomorphic solutions of the system Nn(α, β) on

W . We define

Sol(Nn(α, β))Z := lim−→
W�Z

Sol(W,Nn(α, β))

(or Sol(E
(k)
n (α, β))Z := lim−→

W�Z
Sol(W,E(k)

n (α, β)))

the germs of the solution sheaf of the system Nn(α, β) (or E
(k)
n (α, β)) at a

point Z ∈ M(n,C). In particular, the germs of the solutions at the origin

of M(n,C) is denoted by Sol(Nn(α, β))0 (or Sol(E
(k)
n (α, β))0).

Lemma 2.1.

(i) If Sol(Nn(α, β))0 �= {0} then α1, . . . , αn, β1, . . . , βn ∈ Z≥0 and α1 +

· · · + αn = β1 + · · · + βn.

(ii) If Sol(Nn(α, β))0 �= {0} then

{Zγ =
∏

1≤i,j≤n
z
γij
ij | γ = (γij) ∈ H(αβ)}

is a basis of Sol(Nn(α, β))0.

(iii) dim Sol(Nn(α, β))0 <∞.

(iv) For any domain W in M(n,C) containing the origin, the restriction

maps induce the isomorphisms

Sol(Cn2
,Nn(α, β))

∼→ Sol(W,Nn(α, β))
∼→ Sol(Nn(α, β))0.
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Proof. (i) Since Sol(Nn(α, β))0 �= {0}, there exists a nonzero function

φ(Z) ∈ Sol(Nn(α, β))0. By the first equation of the system Nn(α, β),

n∑
i,j=1

zij
∂

∂zij
φ(Z) =

n∑
j=1

(
n∑
i=1

zij
∂

∂zij
φ(Z)

)
= (

n∑
j=1

αj)φ(Z)

and, by the second equation of the system Nn(α, β),

n∑
i,j=1

zij
∂

∂zij
φ(Z) =

n∑
i=1

 n∑
j=1

zij
∂

∂zij
φ(Z)

 = (

n∑
i=1

βi)φ(Z).

Since φ(Z) �= 0, then
n∑

j=1

αj =
n∑
i=1

βi.

Since φ(Z) is a holomorphic function at the origin, we denote the Taylor

expansion by

φ(Z) =
∑

γ∈M(n,Z≥0)

cγZ
γ , Zγ =

∏
1≤i,j≤n

z
γij
ij .

Because

zij
∂

∂zij
Zγ = γijZ

γ ,

the first equation of the system Nn(α, β) is

0 =

(
n∑
i=1

zij
∂

∂zij
− αj

)
φ(Z)

=
∑

γ∈M(n,Z≥0)

(
n∑
i=1

zij
∂

∂zij
− αj

)
cγZ

γ

=
∑

γ∈M(n,Z≥0)

(
n∑
i=1

γij − αj
)
cγZ

γ .

Thus, (
n∑
i=1

γij − αj)cγ = 0 for any γ ∈ M(n,Z≥0) and j = 1, . . . , n. Since

φ(Z) �= 0, there exists a nonzero coefficient cγ of φ(Z). If cγ �= 0, then γ
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satisfies
n∑
i=1

γij = αj . Since all γij are nonnegative integers, then all αj are

nonnegative integers. The proof for βi is similar.

(ii) The proof of (i) shows that the Taylor expansion of every function

in Sol(Nn(α, β))0 turns to be a polynomial of the form

φ(Z) =
∑

γ∈H(
α
β)

cγZ
γ .

Conversely, for any γ = (γij)1≤i,j≤n ∈ H(αβ),

n∑
i=1

zij
∂

∂zij
Zγ = (

n∑
i=1

γij)Z
γ = αjZ

γ ,

n∑
j=1

zij
∂

∂zij
Zγ = (

n∑
j=1

γij)Z
γ = βiZ

γ .

Thus,

{Zγ | γ ∈ H(αβ)}
is a basis of Sol(Nn(α, β))0.

(iii) Since H(αβ) is a bounded subset of M(n,Z≥0), it is a finite set. By

(ii), it shows that dim Sol(Nn(α, β))0 <∞.

(iv) Every element in Sol(Nn(α, β))0 has a Taylor expansion, which is a

finite linear combination of monomials, that is, such an element is always a

polynomial. So, it extends to whole space C
n2

, and, by the restriction, to

domain in C
n2

containing the origin. �

Together with the inclusion (2.2), Lemma 2.1 implies the following:

Corollary 2.2.

(1) If Sol(E
(k)
n (α, β))0 �= {0}, then α1, . . . , αn, β1, . . . , βn ∈ Z≥0 and α1 +

· · · + αn = β1 + · · · + βn.

(2) dim Sol(E
(k)
n (α, β))0 <∞.

(3) For any domain W in M(n,C) containing the origin,

Sol(Cn2
, E(k)

n (α, β))
∼→ Sol(W,E(k)

n (α, β))
∼→ Sol(E(k)

n (α, β))0.
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Now, we give an upper estimate of the dimension of the space of global

solutions of the system E
(k)
n (α, β).

Theorem 2.3. Let W be a domain in M(n,C) containing the origin.

Then

dim Sol(W,E(k)
n (α, β))

≤ #H(αβ) − #{γ = (γij) ∈ H(αβ) | ∃
(

1 ≤ i1 < · · · < ik+1 ≤ n
1 ≤ j1 < · · · < jk+1 ≤ n

)
such that γi1j1 > 0, γi2j2 > 0, . . . , γik+1jk+1

> 0},

here #A means the cardinality of a set A.

Proof. If at least one of α1, . . . , αn, β1, . . . , βn is not a nonnegative

integer or α1 + · · ·+αn �= β1 + · · ·+βn is satisfied, then the theorem is true

by Corollary 2.2. Thus, let α1, . . . , αn, β1, . . . , βn be nonnegative integers

such that α1 + · · · + αn = β1 + · · · + βn. We denote

H+(αβ) = {γ = (γij) ∈ H(αβ) | ∃
(

1 ≤ i1 < · · · < ik+1 ≤ n
1 ≤ j1 < · · · < jk+1 ≤ n

)
such that γi1j1 > 0, γi2j2 > 0, . . . , γik+1jk+1

> 0}.

Lemma 2.1 implies

Sol(Nn(α, β))0 = {
∑

γ∈H(
α
β)

cγZ
γ | cγ ∈ C}

and dim Sol(Nn(α, β))0 = #H(αβ). To conclude the proof of the theorem, we

will show that there exists a system (A) of linear equations of rank greater

than or equal to #H+(αβ) with #H(αβ) variables such that

Sol(E(k)
n (α, β))0 = {

∑
γ∈H(

α
β)

cγZ
γ | (cγ)γ∈H(

α
β)

∈ C
#H(

α
β)

is a solution of (A)}.
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We define

H−(αβ)

=


ν = (νij) ∈M(n,Z≥0)

∣∣∣∣∣∣∣∣∣∣∣

βi −
∑n

j=1 νij ∈ {0, 1}
for all i = 1, . . . , n,

αj −
∑n

i=1 νij ∈ {0, 1}
for all j = 1, . . . , n,

and
∑n

i,j=1 νij =
∑n

j=1 αj − (k + 1)


.

For ν ∈ H−(αβ), we put I = {i | βi −
∑n

j=1 νij = 1}, and J = {j | αj −∑n
i=1 νij = 1}. We introduce the numbering so that I = {i1, . . . , ik+1} with

1 ≤ i1 < · · · < ik+1 ≤ n and I = {j1, . . . , jk+1} with 1 ≤ j1 < · · · < jk+1 ≤
n. We denote by Eij ∈M(n,Z) the matrix unit. Note that for ν ∈ H−(αβ),

we see that ν + Ei1j1 + · · · + Eik+1jk+1
∈ H(αβ). This defines a map

ι : H−(αβ) � ν �→ ν + Ei1j1 + · · · + Eik+1jk+1
∈ H(αβ).

We denote by Sk+1 the symmetric group of (k + 1) letters, and the

signature of a permutation σ ∈ Sk+1 by sgn(σ). For γ ∈ H(αβ) and ν ∈
H−(αβ), we define

aνγ = sgn(σ)
k+1∏
t=1

γitjσ(t)

if there exist 1 ≤ i1 < · · · < ik+1 ≤ n, 1 ≤ j1 < · · · < jk+1 ≤ n and σ ∈ Sk+1

such that γ − ν = Ei1jσ(1)
+ · · ·+Eik+1jσ(k+1)

, and define aνγ = 0 otherwise.

Using these integers aνγ ’s, we define the linear forms on C
#H(

α
β) by

gν(C) =
∑

γ∈H(
α
β)

aνγcγ ,

for C = (cγ)γ∈H(
α
β)

∈ C
#H(

α
β).

For C = (cγ)γ∈H(
α
β)

∈ C
#H(

α
β), we put

φ(Z;C) =
∑

γ∈H(
α
β)

cγZ
γ ∈ Sol(Nn(α, β))0.
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Then

det

(
∂

∂zitjr

)
t,r=1,... ,k+1

φ(Z;C) =
∑

ν∈H−(
α
β)

gν(C)Zν .

In fact, we compute

det

(
∂

∂zitjr

)
t,r=1,··· ,k+1

φ(Z;C)

=

 ∑
σ∈Sk+1

sgn(σ)
∂k+1

∂zi1jσ(1)
∂zi2jσ(2)

· · · ∂zik+1jσ(k+1)

 ∑
γ∈H(

α
β)

cγZ
γ

=
∑

γ∈H(
α
β)

∑
σ∈Sk+1

sgn(σ)cγγi1jσ(1)
· · · γik+1jσ(k+1)

Z
γ−Ei1jσ(1)

−···−Eik+1jσ(k+1)

=
∑

ν∈H−(
α
β)

gν(C)Zν .

Here we have used the fact that if ν ∈ H(αβ), σ ∈ Sk+1 such that γ−(Ei1jσ(1)
+

· · · + Eik+1jσ(k+1)
) �∈ H−(αβ), then γi1jσ(1)

· · · γik+1jσ(k+1)
= 0. Then φ(Z;C)

satisfies the system E
(k)
n (α, β) if and only if gν(C) = 0 for all ν ∈ H−(αβ).

So, we denote by (A) the system

gν(C) = 0 for all ν ∈ H−(αβ).

Now we consider the rank of the linear system (A). We define a linear

order < on H(αβ) as follows:

for η = (ηij), τ = (τij) ∈ H(αβ), τ > η ⇔ if there exists i ∈ N such that for

any j < i, τj = ηj and τi > ηi, where

(η1, η2, . . . , ηn2)

= (η1n, η1n−1 . . . , η11, η2n, η2n−1 . . . , η21, . . . , ηnn, ηnn−1 . . . , ηn1)

and

(τ1, τ2, . . . , τn2)

= (τ1n, τ1n−1 . . . , τ11, τ2n, τ2n−1 . . . , τ21, . . . , τnn, τnn−1 . . . , τn1).

Then we will show that
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(i) aνγ �= 0 if γ = ι(ν).

(ii) aνγ = 0 if γ < ι(ν).

Proof of (i). For γ = ι(ν), we see that aνγ = aν , ν+Ei1j1+Ei2j2+· · ·+

Eik+1jk+1
=

k+1∏
t=1

(νitjt + 1) > 0. �

Proof of (ii). By the way of contradiction, we suppose that for a

γ ∈ H(αβ) such that ν + Ei1j1 + Ei2j2 + · · · + Eik+1jk+1
> γ, aν,γ �= 0. Then,

there exists a permutation σ ∈ Sk+1 such that

γ = ν + Ei1jσ(1)
+ Ei2jσ(2)

+ · · · + Eik+1jσ(k+1)
.

Since ν + Ei1j1 + Ei2j2 + · · · + Eik+1jk+1
> γ we have

σ �=
(

1 2 · · · k + 1

1 2 · · · k + 1

)
.

Thus, there exists k such that for any i < k, σ(i) = i and σ(k) > k. So

γ = ν + Ei1j1 + · · · + Eik−1jk−1
+ Eikjσ(k)

+ · · · + Eik+1jσ(k+1)

> ν + Ei1j1 + Ei2j2 + · · · + Eik+1jk+1
.

However, it contradicts to the assumption ν+Ei1jk+1
+Ei2jl +· · ·+Eik+1j1 >

γ. Therefore (ii) is proved. �

Note that the image of the map ι is H+(αβ). Let us take a subset H ′

of H−(αβ) such that the map ι is bijective from H ′ to H+(αβ). Then the

square submatrix (aνγ)ν∈H′,γ∈H+(
α
β)

of the matrix (aνγ)ν∈H−(
α
β),γ∈H(

α
β)

is an

upper triangular matrix whose diagonal elements never be zero. This means

that the rank of the system has the rank at least H+(αβ). The proof of the

theorem is completed. �

The following Corollary has been obtained in [18], but we will give an-

other proof.

Corollary 2.4. LetW be a domain inM(n,C) containing the origin.
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(i) If (α1, . . . , αn, β1, . . . , βn) �∈ Z
2n
≥0 or α1 + · · ·+αn �= β1 + · · ·+βn then

dim Sol(W,E(1)
n (α, β)) = 0.

(ii) If (α1, . . . , αn, β1, . . . , βn) ∈ Z
2n
≥0 and α1 + · · · + αn = β1 + · · · + βn

then

dim Sol(W,E(1)
n (α, β)) = 1.

Proof. (i) It follows from Corollary 2.2.

(ii) Let α = (α1, . . . , αn) ∈ Z
n
≥0, β = (β1, . . . , βk) ∈ Z

k
≥0 with α1 + · · ·+

αn = β1 + · · · + βk. We denote

Hkn(
α
β) = {γ = (γij) ∈Mkn(Z≥0) |

n∑
j=1

γij = βi

for i = 1, . . . , k;
k∑

i=1

γij = αj for j = 1, . . . , n}.

In particular, we have Hnn(
α
β) = H(αβ). By induction of k+n, we prove that

there exists an unique element ξ in Hkn(
α
β) of the following form

0 0 . . . 0 0 0 0 0 . . . 0 - - . . . - -

0 0 . . . 0 0 0 0 0 . . . 0 - 0 . . . 0 0
...

... . . .
...

...
...

...
... . . .

...
...

... . . .
...

...

0 0 . . . 0 0 0 0 0 . . . 0 - 0 . . . 0 0

0 0 . . . 0 0 0 - - . . . - - 0 . . . 0 0

·
·

·
- - - - - 0 0 0 . . . 0 0 0 . . . 0 0


.

It is obvious when n+ k = 2. Assume that there exists unique element

ξ for any pair (n1,m1) when n1 +m1 < n+ k and prove for n+ k.

If β1 > αn, there exists an unique element ξ′ in Hkn−1(
α′
β′) of above form

by induction, where α′ = (α′1, . . . , α
′
n−1), β

′ = (β′1, . . . , β
′
k) is defined by

α′1 := α1, . . . , α
′
n−1 := αn−1, and β′1 := β1 − αn, β′2 := β2, . . . , β

′
k := βk

then α′1 + · · · + α′n−1 = β′1 + · · · + β′k. Then the element ξ is
(
ξ′ αn

0

)
.
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We can see that the element ξ is unique because we have only one choice

ξ1n = αn, ξ2n = 0, . . . , ξnn = 0.

If β1 = αn, there exists an unique element ξ′ in Hk−1n−1(
α′
β′) of above

form by induction, where α′ = (α′1, . . . , α
′
n−1), β

′ = (β′1, . . . , β
′
k−1) is defined

by α′1 := α1, . . . , α
′
n−1 := αn−1, α

′
n−1 := αn−1, β

′
1 := β1, . . . , β

′
k−1 := βk−1,

then α′1 + · · ·+α′n−1 = β′1 + · · ·+ β′k−1. Then the element ξ is

(
0 αn
ξ′ 0

)
.

We can see that the element ξ is unique because we have only one choice

ξ1n = αn, ξ2n = 0, . . . , ξnn = 0, ξ11 = 0, ξ12 = 0, . . . , ξ1n−1 = 0.

If β1 < αn then it will be proved analogously for the case β1 > αn.

Since every element of H(αβ) except the unique element ξ belongs in

H+(αβ), we have

#H(αβ) − #{γ = (γij) ∈ H(αβ) |

∃
(

1 ≤ i1 < i2 ≤ n
1 ≤ j1 < j2 ≤ n

)
such that γi1j1 > 0, γi2j2 > 0} = 1.

Thus dim Sol(W,E
(1)
n (α, β)) ≤ 1. On the other side, an easy computation

shows that a Louck polynomial

Pα,β(Z) =
∑

γ∈H(
α
β)

1

γ!
Zγ ,

is a solution of the system E
(1)
n (α, β), where γ! =

∏
1≤i,j≤n

γij !, Z
γ =∏

1≤i,j≤n
z
γij
ij . Thus dim Sol(W,E

(1)
n (α, β)) ≥ 1. �

2.2. Kostka numbers and main theorem

A partition of an integer m ≥ 1 is a (finite or infinite) sequence λ =

(λ1, λ2, . . . ) of nonnegative integers such that λ1 ≥ λ2 ≥ · · · ≥ λr > 0,

λi = 0 for i > r, and

r∑
i=1

λi = m. The number r is called the length

of λ. We shall find that it is convenient not to distinguish between two

such sequences which differ only by a string of zeros at the end. Thus,

for example, we regard (2, 1), (2, 1, 0), (2, 1, 0, 0, . . . ) as the same partition.
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We denote by Pm the set of all partitions of m. The Young diagram of a

partition λ is an array of m boxes having r left-justified rows with row i

containing λi boxes for i = 1, 2, . . . r. Let µ = (µ1, µ2, . . . ) be a partition

of m. A Young tableau of shape λ and content µ is an array of numbers

which is obtained from the Young diagram of λ by replacing µi boxes with

number i for all i, such that

i) the entries in every row of the diagram are weakly increasing,

ii) the entries in every column of the diagram are strictly increasing.

Young tableaux arise in various branches of mathematics (see [2] and [14]).

For Pm � λ, µ, we denote by Kλµ the number of Young tableaux of

shape λ and weight µ. Sometimes, the numbers Kλµ are called Kostka

numbers. It is well known that for general linear groups the dimension of

the µ-weight space in the irreducible highest weight module with highest

weight λ is equal to Kλµ (see [2]). There are some combinatorial formulae,

which gives Kostka numbers (for example, see [13]). To the given ordering

on Pm corresponds a unique matrix K = (Kλµ)λ,µ∈Pm and there are many

ways to compute this matrix.

Lemma 2.5 (6.7 of [14]). For partitions λ = (λ1, λ2, . . . , λn), µ =

(µ1, µ2, . . . , µn) ∈ Pm,

#H(λµ) =
∑
ν∈Pm

KνλKνµ.

We state the following theorem which gives a combinatorial formula for

the dimension of the space of global solutions of the system E
(n−1)
n (α, β).

By (2.2), we may assume that α1 ≥ α2 ≥ · · · ≥ αn and β1 ≥ β2 ≥ · · · ≥ βn.

Theorem 2.6. Let α = (α1, α2, . . . , αn), β = (β1, β2, . . . , βn) ∈ C
n

and W be connected domain in M(n,C) containing the origin.

(i) If (α1, . . . , αn, β1, . . . , βn) �∈ Z
2n
≥0 or α1 + · · ·+αn �= β1 + · · ·+βn then

dim Sol(W,E(n−1)
n (α, β)) = 0.
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(ii) If (α1, . . . , αn, β1, . . . , βn) ∈ Z
2n
≥0, m = α1+· · ·+αn = β1+· · ·+βn with

α1 ≥ α2 ≥ · · · ≥ αn, β1 ≥ β2 ≥ · · · ≥ βn and min(α1, . . . , αn, β1, . . . ,

βn) = 0, then

dim Sol(W,E(n−1)
n (α, β)) =

∑
ν∈Pm

Kν(α1,... ,αn)Kν(β1,... ,βn).

(iii) If (α1, . . . , αn, β1, . . . , βn) ∈ Z
2n
≥0, m = α1+· · ·+αn = β1+· · ·+βn with

α1 ≥ α2 ≥ · · · ≥ αn, β1 ≥ β2 ≥ · · · ≥ βn and min(α1, . . . , αn, β1, . . . ,

βn) > 0, then

dim Sol(W,E(n−1)
n (α, β))

=
∑
ν∈Pm

Kν(α1,... ,αn)Kν(β1,... ,βn)

−
∑

ν∈Pm−n

Kν(α1−1,... ,αn−1)Kν(β1−1,... ,βn−1).

Proof. We will use the notation of the proof of Theorem 2.3. Since

we here consider the case k + 1 = n, we have H−(αβ) = H(α1 − 1, . . . , αn −
1, β1, . . . , βn), and ι(ν) = ν + En for all ν ∈ H−(αβ). Especially, since ι is

injective, we take H ′ = H−(αβ) in the proof of Theorem 2.3. This shows the

linear system (A) is of full rank, and its rank is equal to the cardinality of

H−(αβ) as well as the cardinality of H+(α, β). �

Example 2.7. Let W be a domain in M(4,C) containing the origin.

Find the dimension of the space

Sol(W,E
(3)
4 ((1, 1, 3, 1), (2, 1, 2, 1))).

By Theorem 2.6,

Sol(W,E
(3)
4 ((1, 1, 3, 1), (2, 1, 2, 1)))

= dim Sol(W,E
(3)
4 ((3, 1, 1, 1), (2, 2, 1, 1)))

=
∑
ν∈P6

Kν(3,1,1,1)Kν(2,2,1,1) −
∑
ν∈P2

Kν(2,0,0,0)Kν(1,1,0,0).



A Generalized Hypergeometric System 301

Using the table of given Kostka numbers in page 111 of [13], we have∑
ν∈P6

Kν(3,1,1,1)Kν(2,2,1,1) = K(6,0,0,0)(3,1,1,1)K(6,0,0,0)(2,2,1,1)

+K(5,1,0,0)(3,1,1,1)K(5,1,0,0)(2,2,1,1) +K(4,2,0,0)(3,1,1,1)K(4,2,0,0)(2,2,1,1)

+K(4,1,1,0)(3,1,1,1)K(4,1,1,0)(2,2,1,1) +K(3,3,0,0)(3,1,1,1)K(3,3,0,0)(2,2,1,1)

+K(3,2,1,0)(3,1,1,1)K(3,2,1,0)(2,2,1,1) +K(3,1,1,1)(3,1,1,1)K(3,1,1,1)(2,2,1,1)

= 1 · 1 + 3 · 3 + 3 · 4 + 3 · 3 + 1 · 2 + 2 · 4 + 1 · 1 = 42

and ∑
ν∈P2

Kν(2,0,0,0)Kν(1,1,0,0) = K(2,0,0,0)(2,0,0,0)K(2,0,0,0)(1,1,0,0) = 1.

Thus

Sol(W,E
(3)
4 ((1, 1, 3, 1), (2, 1, 2, 1))) = 42 − 1 = 41.

3. A Combinatorial Formula and Polynomial Estimate of the Di-

mension of Global Solutions to the System E
(2)
3 (α, β)

3.1. A formula of Kostka numbers for the system E
(2)
3 (α, β)

Combinatorial formulae for calculation of Kostka numbers are not

straightforward, rather they are quite complicated to use. Still, they are

computable when (n, k) = (3, 2), and we may then apply Theorem 2.6 to

derive a simple explicit formula for calculation of the dimension of global

solutions of the system E
(2)
3 (α, β).

Lemma 3.1. For (λ1, λ2, λ3), (µ1, µ2, µ3) ∈ Pm,

K(λ1,λ2,λ3)(µ1,µ2,µ3)

=



0, λ1 < µ1 or µ3 < λ3;

1, λ1 = µ1 or λ3 = µ3 or

λ1 = λ2 or λ2 = λ3

for λ1 ≥ µ1, µ3 ≥ λ3;

K(λ1−2,λ2−1,λ3)(µ1−1,µ2−1,µ3−1) + 1, λ1 > λ2 > λ3, λ1 > µ1,

µ3 > λ3.
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Proof. It is easily seen that if λ1 < µ1 or µ3 < λ3 then

K(λ1,λ2,λ3)(µ1,µ2,µ3) = 0. It is also obvious if λ1 = µ1 or λ3 = µ3 or λ1 = λ2

or λ2 = λ3 for λ1 ≥ µ1, µ3 ≥ λ3 then K(λ1,λ2,λ3)(µ1,µ2,µ3) = 1. Hence, we can

assume that λ1 > λ2 > λ3, λ1 > µ1 and µ3 > λ3. So λ1 − 2 ≥ λ2 − 1 ≥ λ3.

We will denote by T(λ1,λ2,λ3)(µ1,µ2,µ3) the set of Young tableaux of shape

(λ1, λ2, λ3) and content (µ1, µ2, µ3). We will consider the map

f : T(λ1−2,λ2−1,λ3)(µ1−1,µ2−1,µ3−1) → T(λ1,λ2,λ3)(µ1,µ2,µ3)

given by for any element

q11 q12 · · · q1λ3 · · · q1λ2−1 · · · q1λ1−2

q21 q22 · · · q2λ3 · · · q2λ2−1

q31 q32 · · · q3λ3

of T(λ1−2,λ2−1,λ3)(µ1−1,µ2−1,µ3−1),

f

 q11 q12 · · · q1λ3 · · · q1λ2−1 · · · q1λ1−2

q21 q22 · · · q2λ3 · · · q2λ2−1

q31 q32 · · · q3λ3


=

q′11 q′12 · · · q′1λ3
· · · q′1λ2

· · · q′1λ1

q′21 q′22 · · · q′2λ3
· · · q′2λ2

q′31 q′32 · · · q′3λ3

,

where q′1i = q1i for i = 1, . . . , µ1 − 1; q′1µ1
= 1; q′1µ1+1 = 2; q′1i+2 = q1i

for i = µ1, . . . , λ1 − 2; q′2i = q2i for i = 1, . . . , λ2 − 1; q′2λ2
= 3; q′3i = q3i

for i = 1, . . . , λ3. We notice that f is well-defined (the image satisfies the

conditions (i) and (ii) in the definition of tableaux). From the definition

of f it is clear that f is injective. Now, we show that the cardinality of

image of f is less than the cardinality of T(λ1,λ2,λ3)(µ1,µ2,µ3) by one. This

will conclude the proof of the lemma. For this, we consider the following

four cases.

a) Let µ1 ≥ λ2 and µ2 > λ2. Then there exists an element

T =

1 · · · 1 · · · 1 · · · 1 2 · · · 2 3 · · · 3

2 · · · 2 · · · 2

3 · · · 3

of T(λ1,λ2,λ3)(µ1,µ2,µ3). The unique distinguishing features of T are that first

row must contain at leat one 2 and the right end of the second row must be
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2. For each element of T(λ1,λ2,λ3)(µ1,µ2,µ3) except T , there exists an inverse

image.

b) Let µ1 ≥ λ2 and µ2 < λ2. Then there exists an element

T =

1 · · · 1 · · · 1 1 · · · 1 3 · · · 3

2 · · · 2 · · · 2 3 · · · 3

3 · · · 3

of T(λ1,λ2,λ3)(µ1,µ2,µ3). The unique distinguishing features of T are that the

first row doesn’t contain 2 and the second row must contain at leat one

3. For each element of T(λ1,λ2,λ3)(µ1,µ2,µ3) except T , there exists an inverse

image.

c) Let µ1 ≥ λ2 and µ2 = λ2. Then there exists an element

T =

1 · · · 1 · · · 1 · · · 1 3 · · · 3

2 · · · 2 · · · 2

3 · · · 3

of T(λ1,λ2,λ3)(µ1,µ2,µ3). The unique distinguishing features of T are that the

first row doesn’t contain 2 and the right end of second row must be 2. For

each element of T(λ1,λ2,λ3)(µ1,µ2,µ3) except T , there exists an inverse image.

d) Let µ1 < λ2. Then there exists an element

T =

1 · · · 1 · · · 1 1 · · · 1 2 · · · 2 3 · · · 3

2 · · · 2 · · · 2 3 · · · 3 3 · · · 3

3 · · · 3

of T(λ1,λ2,λ3)(µ1,µ2,µ3). The q′1λ2+1 = 3 and q′2λ2
= 3 are the unique distin-

guishing features of T . For each element of T(λ1,λ2,λ3)(µ1,µ2,µ3) except T ,

there exists an inverse image. �

The following corollary to Lemma 3.1 gives us a simple formula for

calculation of Kostka numbers for the case E
(2)
3 (α, β).

Corollary 3.2. For (λ1, λ2, . . . ), (µ1, µ2, µ3) ∈ Pm,

K(λ1,λ2,... )(µ1,µ2,µ3)

=


0, λ4 �= 0 or λ1 < µ1

or µ3 < λ3;

min(λ1 − λ2, λ2 − λ3, λ1 − µ1, µ3 − λ3) + 1, λ4 = 0, λ1 ≥ µ1

and µ3 ≥ λ3.
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Proof. A proof is straightforward from Lemma 3.1. �

Example 3.3. Let W be a domain in M(3,C) containing the origin.

Find the dimension of global solutions of the system

E
(2)
3 ((5, 4, 3), (7, 3, 2))

using corollary 3.2.

dim Sol(W,E
(2)
3 ((5, 4, 3), (7, 3, 2)))

=
∑
ν∈P12

Kν(5,4,3)Kν(7,3,2) −
∑
ν∈P9

Kν(4,3,2)Kν(6,2,1).

Moreover,∑
ν∈P12

Kν(5,4,3)Kν(7,3,2) = K(12,0,0)(5,4,3)K(12,0,0)(7,3,2)

+K(11,1,0)(5,4,3)K(11,1,0)(7,3,2) +K(10,2,0)(5,4,3)K(10,2,0)(7,3,2)

+K(10,1,1)(5,4,3)K(10,1,1)(7,3,2) +K(9,3,0)(5,4,3)K(9,3,0)(7,3,2)

+K(9,2,1)(5,4,3)K(9,2,1)(7,3,2) +K(8,4,0)(5,4,3)K(8,4,0)(7,3,2)

+K(8,3,1)(5,4,3)K(8,3,1)(7,3,2) +K(8,2,2)(5,4,3)K(8,2,2)(7,3,2)

+K(7,5,0)(5,4,3)K(7,5,0)(7,3,2) +K(7,4,1)(5,4,3)K(7,4,1)(7,3,2)

+K(7,3,2)(5,4,3)K(7,3,2)(7,3,2) = 1 · 1 + 2 · 2 + 3 · 3 + 1 · 1 + 4 · 3
+ 2 · 2 + 4 · 2 + 3 · 2 + 1 · 1 + 3 · 1 + 3 · 1 + 2 · 1 = 54

and∑
ν∈P9

Kν(4,3,2)Kν(6,2,1) = K(9,0,0)(4,3,2)K(9,0,0)(6,2,1)

+K(8,1,0)(4,3,2)K(8,1,0)(6,2,1) +K(7,2,0)(4,3,2)K(7,2,0)(6,2,1)

+K(7,1,1)(4,3,2)K(7,1,1)(6,2,1) +K(6,3,0)(4,3,2)K(6,3,0)(6,2,1)

+K(6,2,1)(4,3,2)K(6,2,1)(6,2,1) = 1 · 1 + 2 · 2 + 3 · 2 + 1 · 1 + 3 · 1 + 2 · 1 = 17.

Thus

dim Sol(W,E
(2)
3 ((5, 4, 3), (7, 3, 2))) = 54 − 17 = 37.
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3.2. A polynomial estimate of the dimension of the global solu-

tions to the system E
(2)
3 (α, β)

It follows from Corollary 2.2 that if (α1, α2, α3, β1, β2, β3) /∈ Z
6
≥0 or

α1 + α2 + α3 �= β1 + β2 + β3 then the dimension of global solutions to the

system E
(2)
3 (α, β) is equal to zero. Therefore, we can assume (α1, α2, α3, β1,

β2, β3) ∈ Z
6
≥0 and α1 + α2 + α3 = β1 + β2 + β3. Now, we give a polynomial

estimate of the dimension of global solutions for the case E
(2)
3 (α, β).

Theorem 3.4. Let W be a domain in M(3,C) containing the origin,

λ1, λ2, λ3, µ1, µ2, µ3 be nonnegative integers such that λ1 ≥ λ2 ≥ λ3,

µ1 ≥ µ2 ≥ µ3 and λ1 + λ2 + λ3 = µ1 + µ2 + µ3. Then

f1(e1,m− e1 − e3, e3) ≤ dim Sol(W,E
(2)
3 ((λ1, λ2, λ3), (µ1, µ2, µ3)))

≤ f2(λ1, λ2, λ3) + f2(µ1, µ2, µ3) + f3(e1,m− e1 − e3, e3),

where we put e1 = max(λ1, µ1), e3 = min(λ3, µ3), m = λ1 + λ2 + λ3,

f1(x, y, z) =

{
1
3(z + 1)(3yz − z2 + 3y + z + 3), y + z ≤ x;
1
3(z + 1)(3yz − z2 + 3y + z + 3) −

(
y+z−x+2

3

)
, y + z ≥ x,

f2(x, y, z) =
1

6
z(z + 1)(3y − z + 1) − f22(y + z − x),

f22(t) =


0, t ≤ 1;
1
24 t(t+ 2)(2t− 1), t ≥ 1, t is even;
1
24 t(t+ 2)(2t− 1) − 1

8 , t ≥ 1, t is odd,

and

f3(x, y, z) = (y + 1)(z + 1) − f32(y + z − x),

f32(t) =


0, t ≤ 0;
1
4 t(t+ 2), t ≥ 0, t is even;
1
4(t+ 1)2, t ≥ 0, t is odd.

Note that f1, f2, f3 are maps from {(x, y, z) ∈ Z
3
≥0 | x ≥ y ≥ z} to Z≥0.

For a partition (λ1, λ2, λ3), we have f1(λ1, λ2, λ3) ≤ f1(λ2 + λ3, λ2, λ3), and

f1(λ1, λ2, λ3) ≥ f1(λ2, λ2, λ3) ≥ f1(λ3, λ3, λ3).

Before going into the proof of the theorem let us introduce lemmas.
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Lemma 3.5. For a partition (µ1, µ2, µ3) ∈ Pm, the number of all par-

titions (λ1, λ2, λ3) of Pm such that K(λ1,λ2,λ3)(µ1,µ2,µ3) = 1 is equal to
1 + µ2 + µ3, µ1 ≥ µ2 + µ3;
µ1+µ2+µ3

2 + 1, µ1 ≤ µ2 + µ3, µ1 + µ2 + µ3 is even;
µ1+µ2+µ3+1

2 , µ1 ≤ µ2 + µ3, µ1 + µ2 + µ3 is odd.

Proof. Let (λ1, λ2, λ3) be a partition of Pm such that λ1 ≥ µ1 and

µ3 ≥ λ3. Since by Corollary 3.2, K(λ1,λ2,λ3)(µ1,µ2,µ3) = 1 is equivalent to the

condition λ1 = λ2, λ2 = λ3, λ1 = µ1 or λ3 = µ3, it is sufficient to compute

the cases λ1 = λ2, λ2 = λ3, λ1 = µ1 or λ3 = µ3. We introduce notations

M = {(λ1, λ2, λ3) ∈ Pm | K(λ1,λ2,λ3)(µ1,µ2,µ3) = 1},
M1 = {(λ1, λ2, λ3) ∈ Pm | λ1 = µ1,K(λ1,λ2,λ3)(µ1,µ2,µ3) = 1},
M2 = {(λ1, λ2, λ3) ∈ Pm | λ1 �= µ1, λ3 = µ3,K(λ1,λ2,λ3)(µ1,µ2,µ3) = 1},

M3 =

{
(λ1, λ2, λ3) ∈ Pm | λ1 �= µ1, λ3 �= µ3, λ2 = λ3,

K(λ1,λ2,λ3)(µ1,µ2,µ3) = 1

}
,

M4 =

{
(λ1, λ2, λ3) ∈ Pm | λ1 �= µ1, λ3 �= µ3, λ2 �= λ3, λ1 = λ2,

K(λ1,λ2,λ3)(µ1,µ2,µ3) = 1

}
,

we have #M = #M1 + #M2 + #M3 + #M4.

Case 1. Let µ1 ≥ µ2 + µ3. Then

M1 = {(µ1, µ2 + i, µ3 − i) ∈ Pm | 0 ≤ i ≤ µ3},
M2 = {(µ1 + µ2 − µ3 − i, µ3 + i, µ3) ∈ Pm | 0 ≤ i < µ2 − µ3},
M3 = {(µ1 + µ2 + µ3 − 2i, i, i) ∈ Pm | 0 ≤ i < µ3},
M4 = ∅.

Hence

#M = (µ3 + 1) + (µ2 − µ3) + µ3 + 0 = 1 + µ2 + µ3.
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Case 2. Let µ1 ≤ µ2 + µ3. Then

M1 = {(µ1, µ2 + i, µ3 − i) ∈ Pm | 0 ≤ i ≤ µ1 − µ2},
M2 = {(µ1 + µ2 − µ3 − i, µ3 + i, µ3) ∈ Pm | 0 ≤ i < µ2 − µ3},
M3 = {(µ1 + µ2 + µ3 − 2i, i, i) ∈ Pm | 0 ≤ i < µ3}.

This shows #M1 + #M2 + #M3 = (µ1 − µ2 + 1) + (µ2 − µ3) + µ3 = µ1 + 1.

If µ1 + µ2 + µ3 is even, then

M4 = {(µ1 + i, µ1 + i, µ2 + µ3 − µ1 − 2i) ∈ Pm | 0 < i ≤ 1

2
(µ2 + µ3 − µ1)}.

If µ1 + µ2 + µ3 is odd, then

M4 = {(µ1 + i, µ1 + i, µ2 +µ3−µ1−2i) ∈ Pm | 0 < i ≤ 1

2
(µ2 +µ3−µ1−1)}.

Hence

#M = (µ1 + 1) +

{
1
2(µ2 + µ3 − µ1), µ1 + µ2 + µ3 is even
1
2(µ2 + µ3 − µ1 − 1), µ1 + µ2 + µ3 is odd

=

{ µ1+µ2+µ3

2 + 1, µ1 + µ2 + µ3 is even;
µ1+µ2+µ3+1

2 , µ1 + µ2 + µ3 is odd.
�

Lemma 3.6. For a partition (µ1, µ2, µ3) ∈ Pm such that µ3 ≥ 1, we

have ∑
λ∈Pm−3

Kλ(µ1−1,µ2−1,µ3−1) = f2(µ1, µ2, µ3).

Proof. For a partition (µ1, µ2, µ3) ∈ Pm, we denote by Md,(µ1,µ2,µ3)

the set of all partitions (ν1, ν2, ν3) ∈ Pm such that K(ν1,ν2,ν3)(µ1,µ2,µ3) = d.

From Lemma 3.1, we can define the bijective map

f :Md,(µ1,µ2,µ3) →M1,(µ1−d+1,µ2−d+1,µ3−d+1)

given by

f((ν1, ν2, ν3)) = (ν1 − 2(d− 1), ν2 − (d− 1), ν3).

Therefore, #Md,(µ1,µ2,µ3) = #M1,(µ1−d+1,µ2−d+1,µ3−d+1).
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By Lemma 3.5,

#Md,(µ1,µ2,µ3)

=


µ2 + µ3 − 2d+ 3, µ1 ≥ µ2 + µ3 − d+ 1;
1
2(µ1 + µ2 + µ3 − 3d+ 5), µ1 ≤ µ2 + µ3 − d+ 1,

µ1 + µ2 + µ3 − 3d+ 3 is even;
1
2(µ1 + µ2 + µ3 − 3d+ 4), µ1 ≤ µ2 + µ3 − d+ 1,

µ1 + µ2 + µ3 − 3d+ 3 is odd.

Case 1. Let µ1 > µ2 + µ3 − 1. Then

∑
ν∈Pm−3

Kν(µ1−1,µ2−1,µ3−1) =

µ3∑
i=1

i× #Mi,(µ1−1,µ2−1,µ3−1)

=

µ3∑
i=1

i(µ2 + µ3 − 2i+ 1) =
1

6
µ3(µ3 + 1)(3µ2 − µ3 + 1)

= f2(µ1, µ2, µ3).

Case 2. Let µ1 ≤ µ2 + µ3 − 1. Then

∑
ν∈Pm−3

Kν(µ1−1,µ2−1,µ3−1) =

µ2+µ3−µ1−1∑
i=1

i× #Mi,(µ1−1,µ2−1,µ3−1)

+

µ3∑
i=µ2+µ3−µ1

i× #Mi,(µ1−1,µ2−1,µ3−1)

and

µ3∑
i=µ2+µ3−µ1

i× #Mi,(µ1−1,µ2−1,µ3−1) =

µ3∑
i=µ2+µ3−µ1

i(µ2 + µ3 − 2i+ 1)

=
1

6
(µ1 − µ2 − 1)

×(5µ1µ2 + 9µ1µ3 − 4µ2
1 − µ2

2 − 3µ2µ3 − 6µ2
3 − 5µ1 + 6µ3 + 5µ2).
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Let us compute the sum

µ2+µ3−µ1−1∑
i=1

i × #Mi,(µ1−1,µ2−1,µ3−1) for the two

alternative cases of even m and odd m. First, suppose m is even. Then

µ2 + µ3 − µ1 − 1 = 2m′′ + 1 for a nonnegative integer m′′ and

µ2+µ3−µ1−1∑
i=1

i× #Mi,(µ1−1,µ2−1,µ3−1)

=

m′′∑
i=0

(2i+ 1) × #M2i+1,(µ1−1,µ2−1,µ3−1) +

m′′∑
i=0

2i× #M2i,(µ1−1,µ2−1,µ3−1)

=
m′′∑
i=0

(2i+ 1)

(
m− 6i− 2

2

)
+

m′′∑
i=0

2i

(
m− 6i+ 2

2

)
=

1

8
(µ2 + µ3 − µ1)((µ2 + µ3)(8µ1 − 2µ2 − 2µ3 + 7) − 6µ2

1 − 11µ1 − 6).

Suppose m is odd. Then µ2 + µ3 − µ1 − 1 = 2m′′ for an integer m′′ and

µ2+µ3−µ1−1∑
i=1

i× #Mi,(µ1−1,µ2−1,µ3−1)

=
m′′−1∑
i=0

(2i+ 1) × #M2i+1,(µ1−1,µ2−1,µ3−1)

+

m′′∑
i=0

2i× #M2i,(µ1−1,µ2−1,µ3−1)

=
m′′−1∑
i=0

(2i+ 1)

(
m− 6i− 1

2

)
+

m′′∑
i=0

2i

(
m− 6i+ 1

2

)
=

1

8
(µ2 + µ3 − µ1 − 1)

× ((µ2 + µ3)(8µ1 − 2µ2 − 2µ3 + 5) − 6µ2
1 − 5µ1 − 1).

Thus∑
ν∈Pm−3

Kν(µ1−1,µ2−1,µ3−1)

=

µ2+µ3−µ1−1∑
i=1

#Mi,(µ1−1,µ2−1,µ3−1)i+

µ3∑
i=µ2+µ3−µ1

#Mi,(µ1−1,µ2−1,µ3−1)i
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=

{
− 1

24(2M − 1)M(M + 2) +N, m is even;

− 1
24(2M − 1)M(M + 2) +N + 1

8 , m is odd,

where M = µ2 + µ3 − µ1 and N = 1
6µ3(µ3 + 1)(3µ2 − µ3 + 1). This is equal

to f2(µ1, µ2, µ3). �

Lemma 3.7. For a partition (λ1, λ2, λ3) ∈ Pm, we have∑
(ν1,ν2,ν3)∈Pm,
ν1≥λ1,ν3≤λ3

1 = f3(λ1, λ2, λ3).

Proof. For integers y ≥ x ≥ 0 we define

Py(x) = #{(ν1, ν2) ∈ Z
2 | ν1 ≥ ν2 ≥ 0, ν1 ≥ x, ν1 + ν2 = y}.

Then we have

Py(x) =


y − x+ 1, 2x ≥ y;
1
2(y − 1), 2x ≤ y, y is odd;
1
2y − 1, 2x ≤ y, y is even.

This shows∑
(ν1,ν2,ν3)∈Pm,
ν1≥λ1,ν≥λ3

1 =

λ3∑
i=0

Pm−3i(λ1 − i)

=


(λ2 + 1)(λ3 + 1), 2λ1 ≥ m;
1
4(4 +m(3m+ 2)) −mλ2 − λ2

1 − λ1λ3 − λ2
3, 2λ1 ≤ m,m is even;

1
4(3 +m(3m+ 2)) −mλ2 − λ2

1 − λ1λ3 − λ2
3, 2λ1 ≤ m,m is odd.

This is equal to f3(λ1, λ2, λ3). �

Proof of Theorem 3.4. We consider the following three cases.

Case 1. Let λ3 �= 0 and µ3 �= 0. We have∑
ν∈Pm

Kν(λ1,λ2,λ3)Kν(µ1,µ2,µ3)

=
∑

(ν1,ν2,ν3)∈Pm,
ν1>ν2>ν3

K(ν1,ν2,ν3)(λ1,λ2,λ3)K(ν1,ν2,ν3)(µ1,µ2,µ3)
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+
∑

(ν1,ν2,ν3)∈Pm,
ν1=ν2 or ν2=ν3

K(ν1,ν2,ν3)(λ1,λ2,λ3)K(ν1,ν2,ν3)(µ1,µ2,µ3)

=
∑

(ν1,ν2,ν3)∈Pm,
ν1>ν2>ν3,
ν1≥e1,ν3≤e3

(K(ν1−2,ν2−1,ν3)(λ1−1,λ2−1,λ3−1) + 1)

× (K(ν1−2,ν2−1,ν3)(µ1−1,µ2−1,µ3−1) + 1)

+
∑

(ν1,ν2,ν3)∈Pm,
ν1≥e1,ν3≤e3,
ν1=ν2 or ν2=ν3

1

=
∑

ν∈Pm−3

Kν(λ1−1,λ2−1,λ3−1)Kν(µ1−1,µ2−1,µ3−1)

+
∑

(ν1,ν2,ν3)∈Pm−3,
ν1≥e1−2,ν3≤e3

(K(ν1,ν2,ν3)(λ1−1,λ2−1,λ3−1) +K(ν1,ν2,ν3)(µ1−1,µ2−1,µ3−1))

+ f3(e1,m− e1 − e3, e3).

Here we use Lemma 3.1 and Corollary 3.2 for the second equality, and

Lemma 3.7 for the last equality. Then by using Theorem 2.6 we have

dim Sol(W,E
(2)
3 ((λ1, λ2, λ3), (µ1, µ2, µ3)))

=
∑

(ν1,ν2,ν3)∈Pm−3,
ν1≥e1−2,ν3≤e3

(K(ν1,ν2,ν3)(λ1−1,λ2−1,λ3−1) +K(ν1,ν2,ν3)(µ1−1,µ2−1,µ3−1))

+ f3(e1,m− e1 − e3, e3).

Now we give the estimates of the truncated sums of Kostka numbers

appearing above.

By Lemma 3.6,

dim Sol(W,E
(2)
3 ((λ1, λ2, λ3), (µ1, µ2, µ3)))

≤
∑

ν∈Pm−3

(Kν(λ1−1,λ2−1,λ3−1) +Kν(µ1−1,µ2−1,µ3−1))

+ f3(e1,m− e1 − e3, e3)
= f2(λ1, λ2, λ3) + f2(µ1, µ2, µ3) + f3(e1,m− e1 − e3, e3).

This gives the upper estimate.
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Now we will prove the lower estimate. By Corollary 3.2,

K(ν1,ν2,ν3)(λ1,λ2,λ3) ≥ K(ν1,ν2,ν3)(µ1,µ2,µ3)

for (λ1, λ2, λ3), (µ1, µ2, µ3), (ν1, ν2, ν3) ∈ Pm−3 such that λ1 ≤ µ1 and λ3 ≥
µ3. Then ∑

(ν1,ν2,ν3)∈Pm−3,
ν1≥e1−2,ν3≤e3

K(ν1,ν2,ν3)(λ1−1,λ2−1,λ3−1)

≥
∑

(ν1,ν2,ν3)∈Pm−3,
ν1≥e1−2,ν3≤e3

K(ν1,ν2,ν3)(e1−1,m−e1−e3−1,e3−1)

=
∑

ν∈Pm−3

Kν(e1−1,m−e1−e3−1,e3−1)

= f2(e1,m− e1 − e3, e3),

where the last equality follows from Lemma 3.6. This shows

dim Sol(W,E
(2)
3 ((λ1, λ2, λ3), (µ1, µ2, µ3)))

≥ 2f2(e1,m−e1−e3, e3)+f3(e1,m−e1−e3, e3) = f1(e1,m−e1−e3, e3).

Here we compute

2f2(x, y, z)+f3(x, y, z) =
1

3
(z+1)(3yz−z2+3y+z+3)−(2f22+f32)(y+z−x)

and explicitly, (2f22 + f32)(t) =

{
0, t ≤ 0;(
t+2
3

)
, t ≥ 0.

Case 2. Let λ3 �= 0 and µ3 = 0. We have

dim Sol(W,E
(2)
3 ((λ1, λ2, λ3), (µ1, µ2, 0)))

=
∑
ν∈Pm

Kν(λ1,λ2,λ3)Kν(µ1,µ2,0)

=
∑

(ν1,ν2,ν3)∈Pm,
ν1>ν2>ν3

K(ν1,ν2,ν3)(λ1,λ2,λ3)K(ν1,ν2,ν3)(µ1,µ2,0)

+
∑

(ν1,ν2,ν3)∈Pm,
ν1=ν2 or ν2=ν3

K(ν1,ν2,ν3)(λ1,λ2,λ3)K(ν1,ν2,ν3)(µ1,µ2,0)
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=
∑

(ν1,ν2,ν3)∈Pm,
ν1>ν2>ν3,
ν1≥e1,ν3≤e3

(K(ν1−2,ν2−1,ν3)(λ1−1,λ2−1,λ3−1) + 1) +
∑

(ν1,ν2,ν3)∈Pm,
ν1≥e1,ν3≤e3,
ν1=ν2 or ν2=ν3

1

=
∑

(ν1,ν2,ν3)∈Pm−3,
ν1≥e1−2,ν3≤e3

K(ν1,ν2,ν3)(λ1−1,λ2−1,λ3−1)

+
∑

(ν1,ν2,ν3)∈Pm,
ν1>ν2>ν3,
ν1≥e1,ν3≤e3

1 +
∑

(ν1,ν2,ν3)∈Pm,
ν1≥e1,ν3≤e3,
ν1=ν2 or ν2=ν3

1

=
∑

(ν1,ν2,ν3)∈Pm−3,
ν1≥e1−2,ν3≤e3

K(ν1,ν2,ν3)(λ1−1,λ2−1,λ3−1) + f3(e1,m− e1 − e3, e3).

Since f2(e1,m− e1, 0) = f2(µ1, µ2, 0) = 0 and∑
(ν1,ν2,ν3)∈Pm−3,
ν1≥e1−2,ν3≤e3

K(ν1,ν2,ν3)(λ1−1,λ2−1,λ3−1) ≤ f2(λ1, λ2, λ3),

the theorem is true.

Case 3. Let λ3 = µ3 = 0. We have

dim Sol(W,E
(2)
3 ((λ1, λ2, 0), (µ1, µ2, 0)))

=
∑
ν∈Pm

Kν(λ1,λ2,0)Kν(µ1,µ2,0)

=
∑

(ν1,ν2)∈Pm,
ν1≥e1

1 = f3(e1,m− e1, 0).

Since f1(e1,m − e1, 0) = f2(λ1, λ2, 0) + f2(µ1, µ2, 0) + f3(e1,m − e1, 0) =

f3(e1,m− e1, 0), the theorem is true. �

In the case λ = µ, the upper estimate and the lower estimate in Theorem

3.4 are equal to f1(λ1, λ2, λ3) since e1 = λ1, e3 = λ3 and m− e1 − e3 = λ2.

Then we obtain the following:

Corollary 3.8. Let W be a domain inM(3,C) containing the origin.
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Then for nonnegative integers a ≥ b ≥ c,

dim Sol(W,E
(2)
3 ((a, b, c), (a, b, c)))

=

{ 1
3(c+ 1)(3bc− c2 + 3b+ c+ 3), b+ c ≤ a;
1
3(c+ 1)(3bc− c2 + 3b+ c+ 3) −

(
b+c−a+2

3

)
, b+ c ≥ a.

In particular,

dim Sol(W,E
(2)
3 ((a, a, a), (a, a, a))) =

1

2
(a+ 1)(a2 + 2a+ 2).
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