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Spectral Anomalies of the Robin Laplacian in

Non-Lipschitz Domains

By Sergey A. NAZAROV and Jari TASKINEN

Abstract. We consider the spectral Laplace-Robin problem in
bounded peak shaped domains of R™, n > 2. In case of a sufficiently
sharp peak and ”wrong” sign of the Robin coefficients, the spectrum
becomes pathological: the residual spectrum covers the whole com-
plex plane, while all complex numbers are eigenvalues of the adjoint
problem operator. Our results solve a spectral problem posed by H.
Amann and D. Daners.

1. Introduction

1.1. Preamble

For the so-called rooms-and-corridors-domain €2 C R? the Sobolev em-
bedding H'(Q) c L?() fails, as shown in [5]; see Fig. 1.1, where squares
of size 27% x 27F are connected with rectangles of size 27571 x 272k, As a
consequence, the spectrum of the Neumann Laplacian cannot be discrete.
Many other “interesting” domains can be found, e.g., in the papers [8, 10,
33] and the books [18, 22], all having the property that the natural compact
embedding is lost and the essential spectrum of the classical boundary value
problem becomes nonempty. However, in all those examples the spectrum
o is contained in the closed positive semi-axis R of the complex plane C.
The inclusion o C R is a consequence of the general result [4, Thm. 10.1.2],
which associates a semi-bounded self-adjoint operator with a semi-bounded
closed quadradic form in a proper Hilbert space. The energy quadratic form
of the above mentioned boundary value problems apparently gives rise to a
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Fig. 1.1. Rooms and corridors.

positive self-adjoint operator in L?(2), the spectrum of which is contained
in R, and the non-discreteness of the spectrum is caused just by the non-
compactness of the Sobolev embedding H'(2) ¢ L?(Q) ([4, Thm. 10.1.5].)

In this work we give a different kind of example by considering the
spectral Helmholtz equation with the Robin boundary condition in a peak-
shaped domain with some geometric requirements (Fig. 1.2). We show that,
first, if the Robin coefficient has the “wrong” sign (see (1.4) and (1.13) be-
low), the above mentioned theory does not always apply, since the quadratic
form may lose semi-boundedness, though it is still symmetric. Second, the
spectrum of the Robin Laplacian with the natural domain becomes patho-
logical: it covers the whole complex plane and apart from a countable set of
real eigenvalues, stays residual with empty discrete and continuous spectra.
At the same time, any point A € C is an eigenvalue of the adjoint operator
in the Lebesgue space L?(f2). This is caused by the fact that the corre-
sponding operator is symmetric but not self-adjoint. Third, we describe
all possible self-adjoint extensions of the operator and prove that each of
them has discrete spectrum on the real axis with two accumulation points,
at +00 and —oo. In this way there is no natural choice of an appropriate
self-adjoint extension.

For a treatment of the Robin problem on general domains but with
a “good” coefficient (see (1.4) and (1.10) below), we refer to [6] and the
citations therein.

1.2. Statement of the problem; notation

Let w be a domain in R, n > 2, with Lipschitz boundary dw and
compact closure @ = wUOw. For technical reasons we assume that 0 € R"~!
is contained in w and that w is star shaped with respect to 0; this assumption
may be relaxed, see the explanations just after the formula (1.8). We denote
by II; a peak of height d > 0,

(11) Ty={z=(y,2) eR" ' xR : 2€(0,d),z 7y € w},
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Fig. 1.2. Peak-shaped domains.

where v > 0 is the sharpness exponent. The height d will be chosen small
enough during the course of the proofs. We introduce the peak—shaped
domain € (Fig.1.2) which coincides with II; inside the layer {z : y €
R"1 0 < 2z < 1} and has the boundary I' = 92 and compact closure Q.
The surface I' is assumed Lipschitz everywhere else except in the origin
O = (0,0) € R* ! x R; indeed, if v > 0, the Lipschitz property is lost
at O due to (1.1). If v were equal to 0, the set (1.1) would be a cone,
hence, €2 would be Lipschitz. The following additional notation will be used
throughout the paper:

Qd) = Q\Iy, I'(d) ;=T\ 0olly,
(1.2) wg = OlyNoN, w(z):={y: 2y cwl,

where d € (0,1] and 0 < z < d.
We consider the Helmholtz equation

(1.3) —Azu(z) = du(z) , =€,

where A, is the Laplacian and A € C is a spectral parameter. Taking into
account that the outward unit normal v is defined almost everywhere on
the surface I', we supply (1.3) with the Robin boundary condition

(1.4) du(z) + a(z)u(z) =0 for a.e. x €T,
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where 0, is the outward normal derivative and a is a measurable function
on I' such that

(1.5) la(x) — ap| < c|z|* for a.e. x €T,

and a > 0, ¢ > 0 and ag are some constants. In particular (1.5) means that
a € L>(T).

The variational formulation of the problem (1.3), (1.4) is written as the
integral identity [15]

(1.6) (Vau,Vev)a + (au,v)r = Mu,v)q , veCXQ\0O),

where V, is the gradient, (-,-)q is the natural inner product of L?(2) and
(-,-)r has a similar meaning, and the linear space C°(Q \ O) consists of
infinitely differentiable functions with supports in Q \ O, i.e. functions
vanishing in a neighbourhood of O.

The main goal of the paper is to show that the loss of the Lipschitz
property may lead to a pathological structure of the spectrum of the Robin
problem (1.3), (1.4). The question on the structure of this spectrum was
posed to the authors by H. Amann and D. Daners.

1.3. Preliminary information on the spectrum

Let us first comment on the case €) is Lipschitz, e.g., v = 0. Then
it is known that the Sobolev space H'(Q) with the traditional norm
u; HH Q)| = ([[Vau; L*(Q)]1* + Hu;L2(Q)||2)1/2 embeds compactly both
into L2(Q) and L?(I") (cf.[15]) Hence, the spectrum o of the problem (1.6),
posed in H'(Q), is discrete and forms the unbounded monotone sequence

If a > 0 almost everywhere on I, the first eigenvalue in (1.7) satisfies

) [Vau; L2(Q)]12 + (au, u)p
1.8 A\ = f 2 0.
(1.8) L= e\ (o} [|u; L2(£2)]]? B

Let now v > 0. We start by remarking that in this case both C*°(Q)
and C2°(Q2\ O) are dense in H'(2). The first case follows from [18], Th. 2 in
Section 1.1.6., since the domain Il is an epigraph of a continuous functions
due to the star shaped assumption on w. (This is the only point of the



Anomalies of the Robin Laplacian 31

paper where this assumption is used. Hence, it is quite obvious that the
assumption could be made weaker.) For the second, given g € H'(Q) we first
approximate it in the Sobolev-norm by a function f € C*°(§). Then, for all
0 < § < 1/2 we choose an infinitely smooth cut-off function x5 : R* — [0, 1]
such that xs(z) = 0 for 0 < z < §/2 and xs(z) = 1 for z > ¢ and such
that |xs(z)| < C/é for some constant C' > 0 and all z. For any r > 0,
denote A, = {z = (y,2) € Q : z <r}. The quantity ||f — xsf; H:(Q)]||?
can be estimated in a straightforward way by a sum of terms [ Ay |f|2dz,
Ja, |V f|?dx and Ja 1f V(1 — Xs)|?dz. The first two tend to zero as § —
+0, since f and V,f are bounded functions and since the measure of the
integration domain tends to 0. The third is majorized by a constant times
572 A\ 2 | f|?dx. This also tends to zero, again since f is bounded, and

the d-dimensional measure of As \ As/5 is at most Co+I+d=1),

The following Hardy type inequality was proven in [30, Proposition| for
domains 2 with any v > 0. The citation actually contains a proof for
functions in a special function space, but the remark above generalizes it
for all u € H'(Q2). (See also [22] for much more general results).

LEMMA 1.1. Lety > 0. For any u € C*(Q\ O), we have
(1L9) POV 2w LD+ [ s LA Q)] < callus HH Q)]
where r = |z| and cq > 0 is a constant independent of .

From (1.9) it follows that the embedding H'(Q) C L?(Q) is compact
for any v > 0. If v € (0,1), the embedding operator H'(Q) C L?(T')
is also compact, because it is the sum of a compact operator (restricted
to the Lipschitz domain (d)) and a small operator with norm O(d=7)/2)
(restricted to the peak IIz, due to the large weight #(V=1)/2 > ¢d(v=1)/2 in the
first norm in (1.9)). Hence, the spectrum o stays discrete for insufficiently
sharp peaks with exponent v € (0,1).

Let the peak be sharp, i.e. v > 1. It follows from a result in [6] that in
case the stabilization condition (1.5) holds with

(1.10) ag > 0,

the spectrum is discrete as well. We give here a proof of this fact using a
result [4, Ch.10]. Let d > 0 be chosen such that (cf. (1.10) and (1.5))

(1.11) a(x) > aqg >0 for a.e. x € wy.
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The sesquilinear form
(1.12) qa(u,v) = (Vou, Vov)o + (au, v)w,

defines a scalar product in the Hilbert space H = H(Q) N L?(T") (recall
that the surface I' \ wy is Lipschitz; H is usually called the Maz’ya space).
Hence, the theory mentioned above associates with the form (1.12) a self-
adjoint positive operator Ay with domain D(Ay) € HY(Q) N L*(T). Since
the embedding H'(Q) C L?(2) is compact, the spectrum o(4,) is discrete
and consists of positive eigenvalues, [4, Th.10.1.5 and 10.2.2]. The operator
A of the problem (1.6) is generated by the sesquilinear form ¢(u,v) on the
left hand side of the identity (1.6), and it is a compact perturbation of Ay
with D(A) = D(Ag). Hence, by [4, Th.9.1.3], the spectrum o(A) is discrete,
too, although the relation A\; > 0 may be lost.

1.4. The main goal of the paper
We are going to investigate the spectrum of the problem (1.6) in the

case the Robin coefficient has ¢

‘wrong” sign, that is,
(1.13) ap < 0,

which means that for some d > 0 we have

(1.14) —a(z) > aqg >0 for ae. z € wy,

contrary to (1.10) and (1.11). The next lemma demonstrates that if v > 1,
then the form (1.12) in the space H'(2) N L?(T) is not semibounded and
therefore the theory in [4, Ch. 10] does not apply. The case v = 1 is much
more delicate and will be considered in Section 3.3.

LEMMA 1.2.  For any m > 0 there exist functions u'l € H*(Q) N L*(T)
such that

(1.15) +q(ull, ult) = ml|uf; L2(Q)]*.
In other words, neither the form
(1.16) q(u,v) = (Veu, Vav)o + (au, v)r,

nor the form —q is semibounded from below.
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PrOOF. Clearly, it suffices to deal with large m. To define the functions
u'l', we just pick them so as to satisfy

(1.17) IVaull's L2(Q)|2 > mllu; L2 Q)]

from the subspace Hg(Q;T) of functions in H'(Q) which vanish on T\

To construct the functions u™, let x € Cg°(1,2) be such that 0 < y <
1 and x(z) = 1 for z € (5/4,7/4). We set u™(z) = x(2™2). A direct
calculation shows that

217771
s @I < ol [ D00z < om0,
95m
21—'m
Vo™ L2Q)? < cylwl / LD+ gy < e o-m((n=DA+1)-1),
9 m
7.27™ /4
[ POP 2 efos] [ A )
5.2-m /4
(1.18) > ep2 M=+ — g-ml(n=1)(A4) =)
where |w| = mes,_jw and |0w| = mes,_20w are the (n — 1)-dimensional

volume of w and the (n — 2)-dimensional area of its surface, respectively.
Since v > 1 (for v = 1 the conclusion is wrong), we infer for all sufficiently
large m that

—q(uT,uT) > 2—m(n—1)(1+’y) (cr2m’y - 012m) > %CF2—m(n—1)(l+7)2m7

(1.19) > o2 DI > mlw™; L2(Q)1%. O

1.5. Excursis to the theory of elliptic problems in peak-shaped
domains
We assume for a while that dw and 9Q \ O are smooth. The theory of
boundary value problems for elliptic systems in peak-shaped domains was
developed in [20, 32, 19, 23] (see also the monographs [14, 13]). The starting
point for this approach is the coordinate change

d
)Yy s = [
(1.20 yon=h) 2o == [
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which transforms the peak

{(y,2) : z€(0,d), h(z)_ly € w}

into the semi-cylinder Q = w x (—00,0). Our particular sharpness function
h(z) = z'*7 leads to

1
(121) n = Zflf'yy , C = __(Zf'y _ d*'Y)'
Y

‘We have
(122) Yy =h(:)7'V, , 8 = h(z) (0 — W(2)n- V),

where 1/(z) = (14+7)27 — 0 as 2z — 07 and ( — —oco. The Helmholtz
equation (1.3) takes the form

(B + B = W (- V)h(2) ™D = B (2 - Vi) Jul, )
= A(2)*u(n.Q) . (n.¢) €Q,

and still has the Laplace operator A, + 8? as the main part as ( — —o0.
Moreover, the normal derivative 9,,(,) on dw X (—00, 0) remains as the main
part of the Robin boundary operator in (1.4). As evident, e.g., in [2, 12,
19], an appropriate scale of function spaces in cylindrical domains is the
Sobolev spaces Wé(Q) with exponentially weighted norms

(1.23) | exp(5¢)u; H'(Q)|)-

It was shown in [19] and [14], [13] that the problem operator with a domain
in the Wé—class becomes Fredholm for every 8 € R, with the exception of
a countable set of forbidden indices. These are produced by eigenvalues of
the auxiliary spectral problem on the cross-section w.

The inverse change (7, () — (y, z) brings the weight

exp(—By '277)

from (1.23) into the Sobolev norm in Q. In order to make (1.6) the varia-
tional formulation of the problem (1.3), (1.4) we have to accept 8 = 0. Un-
fortunately, though not surprisingly, the index 8 = 0 is forbidden, because
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in our case the auxiliary problem, namely the spectral Neumann problem in
w with the Laplace operator A, has the null eigenvalue. Hence, the general
theory mentioned above does not suffice to answer the above posed question
on the spectrum of (1.3),(1.4).

In [11] the authors studied the problem (1.3), (1.4) with a(x) = a9 <0
in a two-dimensional peak-shaped domain, that is, w = (0,h) C R, h > 0,
and v = 11in (1.1). They constructed the asymptotics of the solutions using
the projection technique developed in [20, 32, 23] (see also [14] and [13]);
however, estimates of the asymptotic remainders were derived in [11] in
the scale of weighted Holder spaces, which is not suitable for our purposes.
Hence, to consider general peak-shaped domains in R™ with Lipchitz cross-
sections we shall employ a different approach [25], which is partly based on
some techniques in [24] and involves asymptotic ansétze from the theory
of elliptic problems in thin domains (see [28], [21, Ch. 15,16], [26], [27] and
others). In this connection we emphazise that the peak (1.1) is a rapidly
thinning domain as z — 0%.

1.6. The case v = 1; formal asymptotics
We proceed to construct the formal asymptotics for the solution u of the
inhomogeneous problem

(1.24) — Ayu(z) = f(z) , z €,

(1.25) Ou(x) + a(z)u(zx) = g(z) , x €T,

which is written as the integral identity

(1.26) (Vau, Vav)a + (au,v)r = (f,v)q + (g,v)r, v € CX(Q\ O).

Notice that the term Au of (1.3) is included in f on the right hand side (see
Remarks 2.4 and 2.7 for an explanation). Here, f as well as g are supposed
to have “nice” properties. The asymptotic procedure applied here will be
justified in Section 2.4.

Assuming for a while that dw is smooth, the normal v(x) of the lateral
peak surface wo; takes the form

(1.27) N(n.2)Puly, z) = (V'(n), =221 - V' (n)),
where n = 272y is the “rapid” variable on the cross-section of the peak such
that

y={z=(y,2) : 2€(0,d),n €w}
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(cf. (1.1) and (1.20), (1.21)). Furthermore, /(n) is the unit vector of the
outward normal at the boundary of w C R*~!, and the normalization factor
N is given by

(1.28) N(n,z) =1+42%n-v'(n)|%,

where the central dot stands for the scalar product of R»™!. The same
factor (1.28) appears in the relation

(1.29) dsy = N(n, z)1/222("72)dsndz

of the measures ds, and ds, on w; and Ow, respectively. Notice that
N(n,z) =1+ O(z?) and

(1.30) dz = dydz = 2" Vdndz.

The leading term in the asymptotics of solutions in thin domains usually
stays independent of the transversal variables®, as it is demonstrated in [26]
and [28], [21, Ch. 15,16] for many boundary value problems, see also Remark
1.3 with the ansatz (1.37). We accept this assumption and leave its rigorous
justification for Section 2.4. Let us change u(x) and v(z) in (1.26) for U(z)
and V(z), where V € C2°(0,d) and the function U, independent of y, is to
be found. We use the formulas (1.29) and (1.30) and get rid of the lower
order terms by replacing N and a with 1 and ay according to (1.28) and
(1.5), respectively. After integrating over w and Ow, the left hand side of
(1.26) becomes

d d
(1.31) || / 2000, 17(2)0,V (2)dz + ao| O] / U2V (2)dz.
0 0

Assuming the right hand sides f and g to decay sufficiently fast as z — 40,
we put (1.31) equal to null, and after integrating by parts arrive at the
ordinary differential equation

_ 4 1)U

1.32
( ) dz dz

(2) — AZ2DU(2) =0, 2 >0,

We emphasize that this is especially true in the theory of thin plates, where the
Kirchhoff asymptotics gets a complicated structure: the leading term does indeed not
depend on the transversal variable, but the important correction terms do.
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where
(1.33) A=—ap— >0

recall that we have fixed ag < 0. The equation is of Euler type and has the
general solution

(1.34) U(z) = c UM (2) + ¢ U (2) for A# (n—3/2)%
N _ 3 3\ 2
Ut(z) = 2* ,)\i——n+§:t (n—i) —A
and

(1.35) Uz) = 27"32(cg+c1Inz) for A= (n—3/2)°.
We emphasize that

(1.36) Ay >-—n+3/2> A for A< (n—3/2)%
Rely = —n +3/2 for A > (n—3/2)%

REMARK 1.3. The functions U = 2*+ can also be found by inserting
the following asymptotic ansatz in thin domains (see, e.g., [28, Ch. 1])

(1.37) u(z) ~ 2 + 22 (27 %y)

into the problem (1.24), (1.25) restricted to the peak and extracting terms
of order 222 in II; and of order z* in w,. Notice that z is considered here
as a small parameter. Writing these equal to zero we get the Neumann
problem

_AW() = AA-1), new
(1.38) 0,W(n) = 2\-V(n)—aop, n€ ow.

Since

[ v s, = [ 9yendn = (- Do,

ow
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the compatibility condition in problem (1.38) reads as
A = 1)|w| + A(n — 1)|w| — aplow| =0
and yields the same quadratic equation

A2+(2n—3)A—a0@ =0
|w]
and roots Ay in (1.34) as the Euler method for the ordinary differential
equation (1.32). Once the compatibility condition is satisfied by the proper
choice of A in (1.34), the problem (1.38) admits a unique solution of mean
zero. We shall use this solution in Section 3.

REMARK 1.4. In the critical case A = (n — 3/2)? we shall also use the
particular solutions

(1.39) Ut(z) = 2"32(1 +ilnz)

so that the general solution

(1.40) U(z) = c UM (2) +c U (2) for A= (n—3/2)*
takes the same form as in (1.34).

The structure and the properties of the solutions mentioned above es-
tablish the threshold

(32l

Namely, in the case ag € (—ay,0), i.e. above the threshold —ay, the normal-
ized solution

(1.42) 2 2VT2UE ()

either grows unboundedly, or decays as z — +0. In contrast, for a < —ay,
i.e. below the threshold, the function (1.42) oscillates in the logarithmic
scale and has no limit as z — +0. At the threshold a = —a3 the solution
(1.34), with ¢; = 0 and multiplied by 2"~3/2, neither grows nor decays but
stays constant.
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1.7. Preliminary description of the results on the spectrum

One of our aims is to give an explicit formula for the domain of the
unbounded operator, which is naturally related to the problem (1.3), (1.4).
To this end we shall assume in Section 3 that the boundary dw and the
punctured surface 9 \ O are smooth, say C3, and that the coefficient a
belongs to C'! in a neighbourhood of €. Furthermore, we restrict ourselves
to the case

(1.43) v =1,

where a straightforward asymptotic analysis is available (see Section 1.6
and §2) and which provides the noncompact embedding H'(Q) ¢ L?(T).
We discuss the case of a non-smooth 02 and a in Section 3.7

If the punctured surface 9Q\ O is not smooth and the normal derivative is
not properly defined, we have to define the domain of the problem operator
of (1.3), (1.4), which is an unbounded operator in L?(f2), as follows: based
on the integral identity (1.6) we set

D(T)= { uwe H(Q) : Ayuc L*(Q) and

(1.44) (Apu,v)q + (Vau, Vov)a + (au,v)r = 0 for all v € HY(Q)}.
Notice that owing to Lemma 1.1 and (1.43), the scalar product in L?(T")
is defined correctly. However, when 99 \ O is smooth, the local elliptic
estimates (cf. [1], [17]) put u into the Sobolev space H?(K) for any compact

K C Q\ O, hence, u € H2_(2\ O). Moreover, taking a test function
v € CX(Q\ O) and integrating by parts turn the identity in (1.44) into

(Opu, v)r + (au,v)r =0, v € CX(Q\ O).
We now see that the boundary condition (1.4) is met by functions u € D(7)
and the domain of the operator becomes
DT)= { we H(QNH.(Q\O) : Ayuc L*Q),
(1.45) ou(z) +a(z)u(z) =0, x € 02\ O}.

Note that the boundary condition in the formula (1.45) is to be understood

in the Sobolev-Slobodetskii class Hllo/f(@Q \ 0).
In Section 3 we prove in particular the following theorem which distin-
guishes the properties of the operator 7" above and below the threshold —a;.
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THEOREM 1.5. 1) In the case ag > —a; the operator T is self-adjoint
with discrete spectrum.
2) In the case ag < —ay the operator is still symmetric but no longer self-
adjoint. Its spectrum covers the whole complex plane C.

Furthermore, in Section 3 we give a much more accurate description of
the domain D(7) and additional information on the spectra of 7 and the
adjoint 7* below the threshold.

The simplest formula (see Theorem 3.5)

(1.46)  D(T)={uec H*Q) : du(z)+a(z)u(z) =0, z € 90\ O}

occurs in the case?

5Y |wl|
1.4 —a, = _< 2 _ _)_
(1.47) 0>ag>—a n 3n+4 ]
while for
(1.48) ap € (—at, —as)

the domain becomes

D(T)= { u=K,xoU"+a : a€ H(Q), K, €C,
(1.49) Opu(x) + a(z)u(x) =0, x € 90\ O},

where x( is a smooth cut-off function with support in ITg such that yo(z) = 1
for z € Il /5.

Notice that the function U* defined in (1.34) belongs to H?(Il) only
under the condition (1.47), when the exponent A\ is bigger than —n +5/2,
while UT € H'(I1y)\ H?(I1y) for ag € (—ay, —aes] and UT € L2(I1)\ H' (I1,)
for ag < —a;. At the same time the function U~ (see (1.34) and (1.35),
(1.39)) always stays outside H'(Ily), because the exponent A_ is smaller
than or equal to —n + 3/2.

This simple observation is the main distinguishing feature of the above-
threshold case: none of the functions U+ belongs to the natural domain
(1.45) of T, but both fall into the domain of the adjoint 7*. The latter

2The critical case ag = —as leads to a complication of the formulas (1.49) and (1.46)
for the domain of 7', see Remark 3.6.
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makes any A € C an eigenvalue of 7% and thus a point of the residual
spectrum of 7 (Section 3.5). Of course, one may try to find an intrinsic
self-adjoint extension of 7 with discrete spectrum, and in Section 3.6 we
describe all such extensions. However, the explicit formula (3.58) in Theo-
rem 3.13 does not allow to select a canonical self-adjoint extension, and the
discrete spectrum remains dependent on the extension parameter. We find
that below the threshold, there is no possibility to construct a self-adjoint
operator of the problem (1.6), which possesses the same nice properties as
the operator does above the threshold.

In Section 2 we reformulate the boundary value problem (1.3), (1.4) as
an integral identity and examine the solutions in weighted Sobolev spaces,
namely Kondratiev spaces [12], see the norm (2.2) and also Remark 2.1.
This approach with weak solutions in weighted spaces reduces the smooth-
ness requirements on the problem data so that for example peaks and edges
like in Fig. 1.2)b), can be treated. We find a necessary and sufficient condi-
tion for the problem operator to be Fredholm, and we present an asymptotic
form of the solution by constructing a parametrix and making rigorous the
dimension reduction, outlined in Section 1.6. As a conclusion of these re-
sults we prove Theorem 2.16 concerning the index of the problem operator
in weighted spaces, see Fig. 2.4. This becomes the key point in our investiga-
tion, since it reveals the underlying reason for the pathology of the spectrum
of the problem (1.3), (1.4).

Section 3 is devoted to a study of the spectrum of the problem (1.24),
(1.25), that is, the spectrum of the operator 7 with the domain (1.44).
Below the threshold the form (1.16) stays semibounded from below (Section
3.1) and therefore the spectrum is discrete, while the domains of 7 are
described in Theorem 3.5 (and Remark 3.6). The main tool to verify the
explicit formulas (1.46) and (1.49) becomes Lemma 3.2 on lifting smoothness
of the weak solutions of (1.24), (1.25). Below the threshold the form (1.16)
is no more semibounded (see Lemma 3.7), but the domain is still of the
form (1.46). On the other hand, using Theorem 2.16 on the index and the
generalized Green formula (Lemma 3.10) we find out in Section 3.4 that
the domain (3.47) of the adjoint operator 7* is much bigger. Moreover,
in Section 3.5 we describe all main properties of the spectra of 7 and 7,
and in particular prove the second assertion of Theorem 1.5. In Section
3.6, Theorem 3.13, we investigate all possible self-adjoint extensions of the
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symmetric operator 7 and notice that each of them has two unbounded,
positive and negative, sequences of eigenvalues. As a conclusion, the the
boundary value problem (1.3), (1.4) cannot be realized above the threshold
as a self-adjoint operator in L?(Q) in the same way as below the threshold,
with similar general properties like discrete spectrum of type (1.7). Finally,
in Section 3.7 we discuss the case of non-smooth problem data.

2. The Fredholm Property in Weighted Spaces and Asymptotics
of the Solution

2.1. Weighted function spaces and formulation of theorems
We consider the Poisson equation (1.24) with the Robin condition (1.25)
written in the variational form

(2.1) (Veu, Vov)g + (au,v)r = F(v) , ve CX(Q\ 0);

cf. (1.26). Here, the functional F' can determined by the right hand sides
f and ¢ in (1.24) and (1.25), but we shall also consider general (anti)linear
functionals. We search for the solution of (2.1) in the function space Vﬁl(Q)
with the weighted norm

(22) s VH@Q)I = (I Vs LAQ)[? + |7~ s L2@))2) 1,

where r = |z| and § € R is the weight index. Actually, Vﬁl(Q) is obtained
as the completion of C°(2\ O) with respect to the norm (2.2) and consists
of all functions in H}. (Q2\ O) with finite norm (2.2). The last term in (2.2)
defines a norm in the weighted Lebesgue space L%il(ﬂ).

REMARK 2.1. The norm (2.2) has the same distribution of weights
as in the Kondratiev spaces in conical domains (see [12] and, e.g. [29,
14]). However, the reason for this distribution in peak-shaped domains
is completely different and crucially relies upon the introduced restriction
(1.43), cf. weights in the inequality (1.9) and other estimates presented
below in this section.

LEMMA 2.2.  The following weighted trace inequality is valid:

(2.3) lus LZ(T)|| = [[ru; LAT)| < egllus Vs ()]
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PROOF. Let u € C2(Q\ O) and insert v = r%u into (1.9) with v = 1
to conclude that
lus LED)I| = [lvs LD < e([[Vav; L2 Q)] + [lvs L))
c(lIr?Vou; L) + 177~ us L2(Q)]| + |r7u; L2(Q)]))
Cllu; Vs (Q)]]. O

IN A

Using a density argument and applying Lemma 2.2 to the second term
on the left, we find that the integral identity (2.1) must hold for any test
function v € VEB(Q). Hence, the right hand side of (2.1) may be any
continuous (anti)linear functional on V1 5(§2), in other words, F' belongs to
the dual space V! 5(€)*. The problem (2.1) thus defines the mapping

(2.4) Ty : V3(Q) — V24(Q)".

REMARK 2.3. The embedding L%_l(Q) C Vﬂl(Q)* is compact. This
follows from the formula

(’LL, U)Q - <U7U)Ha + (U’?v)ﬂ(z—:)?

the standard Sobolev embedding in the Lipschitz domain €2(¢), and the
estimate

(2.5)  [(u,0)m.] < (7Pt r P o) | < €2fus L () || ||os V2 (T |
with the small factor e.

REMARK 2.4. Since Vﬂl(ﬂ) C L%_I(Q) by the definition (2.2), the iden-
tity mapping I : VBI(Q) — V_lﬁ(Q)* is compact, by Remark 2.3. This per-
mits us to treat in the present section the Poisson equation instead of the
Helmholtz equation.

In the sequel we prove the following two theorems.

THEOREM 2.5. The mapping (2.4) is Fredholm, if and only if
(2.6) B # By := £Rey/(n — 3/2)2 — A.
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In the case B = By or B = B_ the range of the operator T is not closed.

The proof will be presented in Section 2.3. We emphasize that Theorem
2.5 gives two forbidden indices 8+ for A < (n — 3/2)? such that £3+ > 0.
On the other hand, 3+ = 0 for A > (n — 3/2)?, where A is computed in
(1.33). The corresponding solutions (1.34) and (1.35) of the limit equation
(1.32) appear in the next theorem on asymptotics.

THEOREM 2.6. Let u € Vﬁl(Q) be a solution of the problem (2.1) with
F e V,(Q)* and let the weight indices 3 and

(2.7) 0 € [ — min{a, 1/2}, 3)

(e as in (1.5)) meet the condition (2.6). Then u has the asymptotic form

(2.8) u(@) = xola) 3 KU(2) + (o),
+

where 4 € Vgl(Q), X0 % a cut—off function which equals to one in a neigh-
bourhood of the peak tip and vanishes outside the peak 111, K4 is a numerical
coefficient which is null in the case

(2.9) Reds ¢ I(8,0) i (g—n—ﬂ,g—n—G),

where Ay is defined in (1.34), (1.35). The following estimate is valid:

(2.10) 1% Vg (@)l + Y 1K | < e([I1F; V2 ()| + [lus V3 ()1).
+

REMARK 2.7. Ifu € Vﬁl(Q), then the functional F), € V_lﬁ(Q)*, given
by

Fu(v) = (u,v)q,

falls into the space V- 5(02)" (cf. the left inequality (2.5) in Remark 2.3)
and therefore into V',(Q)*, if (2.7) holds. This is just another reason to
consider in this section the Poisson equation instead of the inhomogeneous
Helmholtz equation.
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2.2. Weighted inequalities

The next lemma is formulated for the peak (1.1) with any sharpness
exponent v > 0, although it will be used with v = 1 only. We assume here
that v € Vﬁl(Hd) satisfies the orthogonality conditions

(2.11) / v(y,z)dy =0 for a.e. z € (0,d).
w(2)

LEMMA 2.8. The following inequality is valid:

127710y LA(TL) || + |27~ 20 L2 () |2
(2.12) < |2V L (1) %

PROOF. From (2.11) we obtain for the function w x (0,d) > (n,z) —
V(n,z) =v(27n, 2) the relation

/V(n,z)dn =0 for a.e. z € (0,d).

w

Applying now the Poincare inequality in w and then the standard trace
inequality in dw (see e.g. [15]), we get

(213) Vs L2 (@) + IV L2(0w)? < ol Vo Vs L2 ()12

Performing the change n — y = 2!’ and multiplying (2.13) by
2072049+ (=D(+7) | we integrate the result over (0,d) > z and recall the
relation (1.29) to arrive at (2.12). Note that to make the integrals on the
left of (2.12) a priori converge, one may integrate over (g,d) and then send
e to +0. O

Weighted trace inequalities can be found for example in [22], but we
shall need the exact constant, which is not available in the cited standard
formulation. However, it is given in the next lemma, taken from [30]. For
the convenience of the reader we give here an abbreviated proof.
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LEMMA 2.9. Lety=1. For anyu € H'(Q) and any ¢ > 0, there holds
the inequality

| 2l o
O < ((n=3) =) Ve PO
(2.14) + Cellus LAQ)IP),

where C. — +00 as € — +0.
PROOF. In the well-known inequality (see, e.g., [15])
(2.15) lus L2 ))* < ellVaus L2(Q()I? + Cellu; L (Qe))II?,

where € > 0 is arbitrary and C; — oo as ¢ — +0, we take ¢ = d/2, and thus

we may restrict the consideration to functions u € C°(Il; \ ©) which also

vanish at z = d. Notice that d will eventually be chosen small enough.
Recalling the notation in (1.2), we have

(2.16) Z0 V| = w(z)| , 22T7|0w] = |ow(z)|.

Let us make the decomposition

. 1
(2.17) u(y,z) = uo(2) +uy(y,2z) with ug(z) = e / u(y, z) dy.
w(2)

Notice that then u, satisfies the orthogonality condition (2.11).
We apply Lemma 2.8 with v =1, § =0 and d > 0 so small that

(2.18) d<ect/?
(cis as in (2.12)) to get the bound

(219)  fuy: L2(wa)|? < 52/|VyuL(x)|2dx _ 52/|Vyu(a;)|2dx.
II4 Iy

Next we derive a bound for the component w on Il;. First,

[Vawbe = [19u@aPas [
Hd Hd

Iy

2

Ouy dx

W(yv Z)
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duo

|52

II4 Iy
(220) = Lh+DL+I3+214> 15+ 21y

2
8u0 GuL
dx + 2/ E(Z)E(y’ z)dx

The differentiation rule for integrals with varying limits and definition
(1.1) with v = 1 establish the estimate

d ou
[ ewaa- [ Gl

w(z) w(z)
(2.21) < 2z, / luy(y,2)| dsy , z€(0,d),
Ow(z)

while the first integral on the left vanishes due to (2.17). Using (2.16) we

thus get
; d 0
UuQ u|
Ll < Gto ouL
n o< of |50 [ |G|
0 w(z)
; d
< o f 1920 [ i)l ds,dz
0 8u(2)
d
du 2\ 1/2
< c</z - (2)| dz
0
d
5 N\ 1/2
(2.22) X (/ ZQ_Q("_I)(/ lug (y, 2)] dsy> dz)
0 Ow(z)

Taking into account (2.16), the Cauchy-Bunyakovskii-Schwartz inequality

implies
2
</ "U;J_‘dSy) < CZQ(”_Q)/ ’UL’2d3y7
Ow(z) Ow(z)

and hence (2.22) can be bounded by

c[|0:u0; La(T) | [[us; L (wa) || = e I3/ [|u; Lo (wa) |
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(223) < cely+ s uys Lo (wa) |1

To estimate I3 we need the one-dimensional Hardy inequality

sH

d
1 daUu

224 2k—1 d < 2H+1

ey [AUEPE < =

0 0

where k = (2(n—1)—1)/2=n—-3/2 > 0 and U(d) = 0 is assumed, so that
extending U as null for z > d reduces (2.24) to the case d = co. Taking also
into account (2.16) we obtain

d
13 — ’w’/z%ﬂ—i-l
2|w| / / luo(2)|* dsydz

0 dw(z)

@) = (n-2) Elm @l

dUO

d
2
E(z) dzz,'@?]aw[/z%_l\uo(z)\de

The estimate

|wl

0w |(1 — de)|uo; L ()|

(2.26) (1 + ce)||Vou; LA(T1y)|| > (n— —)
for some positive constants ¢ and ¢, follows by combining (2.20) with (2.25)
and (2.23); in (2.23) apply (2.19) to the second term. Moreover, using again
(2.19), the triangle inequality |luo; L*(wwq)|| + ||ui; L3 (wq)|| > |Jw; L (wq) ||
and increasing the constant c on the left of (2.26), we obtain the inequality
(2.26) with u replacing up. The result (2.14) follows from this together with
the inequality (2.15). O

2.3. The parametrix and the proof of Theorem 2.5
Let us construct a right parametrix of the operator (2.4), i.e. a mapping

(2.27) Ry : V()" — V3(Q)
such that the operator
(2.28) I —TgRg: V()" — VI(Q)*
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¢ 7 ; T
a3 | 2d/3 d/3 | | 2d/3

a3l 2d/3 di3 b 2d/3

Fig. 2.1. Cut-off functions.

is compact. Since T_g is the adjoint of the operator Tjz and the require-
ment (2.6) holds true for both weight indices (3 simultaneously, the adjoint
operator R* ;3 serves as a left parametrix for 7Tj3, namely

(2.29) I — R 3T3: V3(Q) — V5(Q)

is compact as well. It is known (see, e.g., [3]) and can be readily verified,
that the statements (2.28) and (2.29) imply the Fredholm property for the
operator Tg. The loss of this property at § = (4, see (2.6), will be shown
in Remark 2.13.

We introduce the smooth cut—off functions xq, x6, xim, and xj; such
that

xoxa = Xa , xa(z) =0for 2 <d/3, xo(z) =1 for z > 2d/3;
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Y

Fig. 2.2. Blunted and truncated peaks.

(2.30)  xmXhg = X, xm(z) =0 for z > 2d/3 , x(z) =1 for z < d/3;

and {xq, X[;} is a partition of unity in 2. Possible graphs of these functions
are drawn and compared in Fig. 2.1.

Let us consider auxiliary problems in the domain €(d/3) with the
blunted peak and truncated peak Ilyq/3 (see Fig.2.2), namely,

(Vou, Vou¥)aays) + (au, v pa/z) + M (w0 qss)

(2.31) = F2u%), v e H'(Q(d/3)),
(Vzun» Vzvn)ﬂzd/s + ao (UH7 UH)WM/B
(2.32) = FUM), ol e V().

where M > 0 is a number to be fixed later on. Owing to the properties of
the cut—off functions in (2.30), the right-hand sides are defined as follows:

v e HY(Q(d/3)) = xav® € Vfﬂ(ﬂ) and F () = F(xqu®),
(2.33) ol e VEﬁ(HZd/g) = o'l € VEB(Q) and F1 (o) = F(xo™).

Furthermore,
v e V25(d/3)) = xqu € H(Q(d/3))
XTv € V_lﬁ(sz/3) and

F(xqv) + F™ (xiv) = F(xaxqv) + F(xuxiv)
(2.34) = F(xqv) + F(xmv) = F(v).
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Then, after solving the problems (2.31) and (2.32), we may determine the
approximate solution of the problem (2.1) by the formula

(2.35) RsF = xqu 4+ xjut.

The inequality (2.15), with d/3 replacing d, exhibits the compactness of
the embedding H'(Q(d/3)) Cc L*(T'(d/3)), and with its help we find the
number M = My > 0 such that the problem (2.31) is uniquely solvable and
its solution u> € H'(Q(d/3)) obeys the estimate

(236)  [[u H'((d/3))[| < cal F H' (2d/3))|| < call F; V()"
Let us turn to the second auxiliary problem (2.32). We set

(2.37) u(y, 2) = g (2) + ull (y, 2),

ull(2) = Jw(z)| ! / My, 2)dy = | / a1 (22, 2)dn,

w(z) w

(238) 0= / ull(y, 2)dy = ZQ("‘”/UE(ZQW,Z)CM-

w(2) w
Clearly, ufl € Vﬁl (Tlyq/3) in the case u'l € Vﬂl(sz/:g), but also
g’ Vi n—1(0,2d/3)]*
2d/3

_ / L2040 (10l ()2 4 272l (2)2)dz
0

2d/3
< o [ 200 ( [0l )P + 20 VR0, 2) Py
0 w

+ |w(z)|_2z_2‘ /un(y,z)dyf)dz

w(z)
2d/3

Ct/'zﬂ5+n_n

0

IN
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X (z_2("_1) / (lﬁzun(y, z)\2 + z26w|VyuH(y, z)\Q)dy
w(z)
(2.39) + oz 2nD)2 / (g, 2)Pdy ) dz < Clu™: V3 (TLayy0)
w(z)

The same decomposition (2.37) applies to the test function v in (2.32).
We plug both the decompositions into the integral identity (2.32) and write
the system
(2.40) (azuOH7 azv(l)_[)HQd/B + aO(UOHa U(l)_[)wzd/s = FH(U(I)_[) - S(I)_I(”(l)_[)’

(2.41) (Voull, vaﬂ)nw/g + ao(ug, vﬂ)w%/g = FIh — s,
where U(l)_l and ’UE are arbitrary elements of the appropriate function spaces
and the cross terms are given by

S(l)_l(v(l)-[) = (aquH_, azv(l;[)nzd/g + aO(”E? v(l)-l)wzd/37
(2‘42) SE(’UE) = (82‘“01_[7 8ZUE)H2d/3 + ao(u0H7 ’UE)WQd/3'
First of all, we investigate the solvability of the problems (2.40) with Sit = 0

and (2.41) with SII = 0; these are denoted by (2.40)" and (2.32)', respec-
tively.

ProprosiTiON 2.10. Ifd > 0 is small and 8 # [+, then the problem
(2.40)" has a unique solution ul} € Vﬂ1+n_1(0, 2d/3) which satisfies the esti-
mate

lug's Vs (Maaya)|l < collugs Vi1 (0,2d/3)]]
(2.43) < GollF™: V25 (Taays) |l < call F3 V()" I,

where the constants ¢y and Cy are independent of d.

PROOF. Performing integration with respect to y, we rewrite (2.40)" as
follows:

w] (220, 0:v0) (0,.24/3) + ao|Ow| (22", 00 (0,24/3)

(244) + (s(2)22 Dl o) g2/ = FU(ol) s ofl € Vogyn1(0,2d/3).
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The term with the multiplier

(2.45) s(z) = / ((1 +422|n -V (n)]? - 1)c1ls77 = 0(2?)

dw

arises from (1.28), (1.29), and it is small when d < 1. The integral identity
(2.44) with s = 0 generates the Cauchy problem

—iz%”’l)%(z) — A2l = F(2), 2 € (0,2d/3)
dz dz 0 ’ ’ ’

(2.46) d.udl(2d/3) = 0.

We recall the notation in Section 2.1, the Euler change of variables z — t =
—In z which reduces (1.32) to an ordinary differential equation with con-
stant coefficients, and the standard variation of constants method. Putting
together theses pieces of information provides the assertion. [J

Let Vﬂ1 (ITyq/3) 1 be the subspace of functions ull € Vﬁl (Tlyq/3) satisfying
the orthogonality conditions in (2.38) for almost all z € (0,2d/3). Note that
codimVﬁ1 (Iyq/3) L = o0

PROPOSITION 2.11.  For a small d > 0, the problem (2.41)" has a
unique solution ull € Vﬁ1 (Iaq/3) L such that

129V ulls L2 (Mg 3) || + 1|27 2ull; L2 (Tgg 3)||
(2.47) < ol MV g(Hgay0) || < cal F3 V2 5(2)%,

where ¢y does not depend on d.

Proor. If w!l € Vj(Ilygs)1, then off = 22wl € VI;(Tlay/3)1.
Hence, we can write the problem (2.41)" in the form

(2°Vull, ﬂVIwL)HQd/B—i—ﬂ(z Vull, 2P~ MUE)sz/g
(2.48) + ag(2Pul], 2wl = FU (2wl | wll € V,B (Maq/3) 1

By the inequality (2.12) with v = 1 and the formula 2’V ull = vV, (z/ull) -
BzP~ 1ul, we have

IV (2P ull); L2 (Tagy3)|*

N | —

127V aull; L? (Tlgq/3)|* >
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_ 1
— B2 L2 (M) |° > ZHV(ZBUE)SLQ(sz/s)W
C _ _
+ ZHzﬁ 2ully L2 (Tygy3) |12 — 82127 ulls L2 (Tagys) ||

Choosing a small d > 0, we can make the last term smaller than the previous
one, since the exponent §—1 is larger than §—2. Thus, the first term on the
left of (2.48) serves for a scalar product in V,g1 (Iyq/3) 1, and the left-hand

side of (2.47) does not exceed c||:<:5Vmu1E(HQd/?,)H2 with ¢ > 0. Furthermore,
using Lemma 2.8 again, we see that
127wl LQ(l—Izd/s)”2 < cdeﬁwaE;LQ(sz/g,)HQ,
(Pl 2wl )y, ] < ed?| (27 Ml 2P )y
< ed?||Z"Voulls L (Taq s) |27 Vaow'ls L (Tagys) |l
These mean that the second and third terms on the left of (2.48) give rise

to small operators in the Hilbert space Vﬁ1 (ITaq/3) 1 so that our assertion is
established by the Riesz representation theorem. [

Differentiating the orthogonality condition (2.38) with respect to z and
using (2.16) we observe that

(2.49) 022/?1yWﬂmd@+/@ﬂ%d@
w(z) w(z)

Hence, replacing the last integral in (2.49) by the first one and taking into
account that |y| < c,2% on w(z), we infer

2d/3
@utl 0.0l = | [ 0:08(e) [ Dealy )y
0 w(2)
2d/3
< o [ ol [ IV . ) ldyd:
0 w(z)
< )]Vl ATy ) |2~ 70.08%; L2 (Mg )|

and

11 II
|(azu0 ) 8ZUJ_)H2d/3|
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< Cd||2ﬁ3zuon§LQ(H2d/3)||||ZfﬁVyUE;LQ(sz/?,)H-

These, together with the estimates

‘(uJH_7U(1)_I)w2d/3’ < CHZﬁvaE;L2(H2d/3)HHZ FHlug's L2 (waass)|

o2 v yull; L*(Maq3) | [ L*(Maq3) |
< Cd||zﬁvyug§L2(H2d/3)||||2 . 1”(1)_[7L2(H2d/3)H
(2.50) \(Uonvvf)wzd/SISCdHZB gy L2 (Tagys) |||z~ P Vol L? (Tagys),

IN

taken from Lemma 2.8 with v = 1, ensure that the cross terms (2.42) gener-
ate in (2.40) and (2.41) operators with norms of order d. Thus, Propositions
2.10 and 2.11 establish the unique solvability of the full problems (2.40),
(2.41) in case d > 0 is fixed small. As a corollary, the same holds for the
second auxiliary problem (2.32).

Recalling the notation (2.35), we take any v € V}ﬁ(ﬂ) and put the
test functions v = ypv € H(Q(d/3)) and v = xjjv € V_lﬁ(Hgd/g) into
the integral identities (2.31) and (2.32). After commuting twice the cut—off
functions with the gradient operator, we have

(V (XIQUQ) vwv)Q + (vxug vaX/Q)Q - (UQV:EX/Q: vxv)Q
(2.51) + a(xqu”,v) + M(xqu®,v)a = F(xqv),
and
(vﬁ(XhuH)v va)Q + (VIUH), Uvah)Q - (UHVIXi'D va)Q
+ ao(xqu, v) = F(xio).

The integrals can be extended over {2 and II using the disposition of the sup-
ports of the cut—off functions. In view of (2.34) and (2.35), the summation
of the above relations gives

(2.52) (V.RgF,Vav)a + (aRgF,v)r = F(v) — (SsF)(v) , ve V!(9Q),

where Sj is an operator in V1 5(2)" defined by

(SpF)(v) = M(x'u®, v)a + ((a0 — a)xpu', v)r
+ (vzuﬂ’ vaXé))Q
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(2.53)  — (u¥Vauxn, Vav)a + (Vaul, vVaxh)a — (u! Vexi, Vev)a.

By estimates (2.43) and (2.47), the operators Rg and Sg are continuous.
Moreover, Sg is compact. Indeed, the first and second terms on the right of
(2.53) give rise to compact operators. The reasons are that the embedding
HY(Q) c L*(Q) is compact and that

(@ — a”)xmu™, 0)om. | < ce®[|u'"; Vg (Taays) [|v; V()]

for any € (due to the stabilization condition (1.5)), and that the embedding
Vﬁ1 (Tlggq/3 \ L) C L*(twaqy3 \ we) is compact (the peak top is cut off).

The last four terms in (2.53) do not contain products of derivatives of u‘?,
ul and v, therefore, they produce compact operators as well. In other words,
the property (2.28) of the operator Sz = I — TgRs holds true, and hence
the desired parametrix Rg is constructed and Theorem 2.5 is proven. []

COROLLARY 2.12. If 8 meets the restriction (2.6), any function u €
Vﬁl(Q) satisfies the relation

(254)  [lus V5 () < ca(B) (1 Tpus V()| + llus L (Q(d))]]),
where the factor cy(B) is independent of u.

PrOOF. Theorem 2.5 ensures that Tj is Fredholm, so, the dimension
of the kernel kerT} is finite, and the estimate

lu; Va (1 < e (I1Tpus V2(Q)"I] + 1 (w)])

holds. Here, f is any nonlinear weakly continuous functional in Vﬁl(Q) such
that

fltu) = tf(u), t€[0,+00) , ue Vi (Q);
flu) = 0, uckerTg < u=0.

Since a nontrivial harmonic function cannot vanish everywhere in Q(d), we
take f(u) = ||u; L>(Q(d))|| and finish the proof. (J

REMARK 2.13. To verify that the range Tj, (Vﬁli (©)) is not closed in
V1 5, ()7, we introduce a family of test functions

(2.55) u™(z) = xm(—1In2)UT(2)
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Fig. 2.3. A cut-off function.
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with small supports located at the peak II;. Here, UT are given in (1.34),

(2.56) Xm () = xo(t — 2™ 4+ 1)xo(2™ +t + 1),

and xo € C°(R), 0 < x <1, xo(t) =1 for t <0 and xo(t) =0 for ¢t > 1.
The graph of (2.56) is depicted in Fig.2.3. By (1.34), (2.6) and (2.16), we

have
™ (2)| = 27732 for z e [exp(—2"F! 4 1), exp(—2™ — 1)),
hence,
[u™; Vi, ()7 = [lu™; L, _,(IL)]* =

exp(—2™—1) exp(—2™-1)

> 7,2(5:&:—1)’w(z)|z—2ﬁi—2n+3d2 > %
z

exp(—2m+141) exp(—2m+141)
(2.57) > c(2mT—2m _2)=¢(2™ ~2), ¢> 0.

Differentiating the function (2.55) in the formula
(2.58)  (Tp.u™ v)g=—(Au",v)g+ (Qu",v)r, veE V_lﬁi (Q)*
and using (1.27) for the normal v, we deduce that
Au™ =X f" + £ f3(2) = A5 (s = 1)
and
u™ + au™ = Xmgg" + xmg" + 9y 96" (v, 2) =1V (M)AxL —ao,

where

PR < B2 gy, 2)] < RO | [y, )] < 2wt
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fx(z) =0, gy(y,2) =0 for z ¢ [exp(—2™F1), exp(—2mF1 +1)]
Ulexp(—2™ — 1), exp(—2")].

In view of the disposition of supp f," and supp gy, we have

||f>T§L%i+1(Q)H2
exp(—2mT141) exp(—2™)
+ )ZZ(ﬂi+1)Z2(n1)22(Re)\;Q)dz <,
exp(—2m+1l) exp(—2m—1)
lgys L3, (D)2
exp(—2mT14+1) exp(—2™)

< c< / + / )zwizﬂn_mzme)‘;dz < C.

exp(—2m+1) exp(—2m—1)

IA
o

Moreover,
Ixmg™; L2, (D)|| < Cexp(—min{a, 1}2™).
Recalling a calculation in Remark 1.3 we also observe that
I (v) = (Xm f3" s v)a + (mg0"> 0)r = (m f6", v)1, + (Xm90"5 VL) g

where v, is the component in the decomposition (2.17). The inequality
(2.12) with v = 1 yields

(I (v)] < exp(—2™).
The above formulas provide the estimate
|1 Tpu™; V2, ()] < C,

which contradicts with (2.57), if we assume that the range Tj, (Vﬁli (Q)) is
a closed subspace; the reason is that ker T3, C ker T for any index 5 > 34+
which is not forbidden, and hence dimker73 < +o00, owing to the already
exposed part of the proof of Theorem 2.5.
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2.4. Dimension reduction and the proof of Theorem 2.6

First of all, the result on asymptotics is local, because Theorem 2.6 does
not improve properties of the solution u € V[}(Q) outside a neighbourhood
of the peak top O. Indeed, by the definition (2.2), a function v € Vﬁl(Q)
with support in 2\ O belongs to the Sobolev space H'(€2) and moreover to
the Kondratiev space VWI(Q) with any weight exponent. Therefore, we may
work with a function u € Vﬂl(Q) which vanishes outside the peak (1.1) with
any fixed d > 0.

We again employ the decomposition (2.37) for u(y, z) with the terms
uo(z) and u (y, z). We have the estimate

03 V1 (0, )| + 1127 Vs L (I |
(2.59) + 27 P LA | < ellus Vi ()]

(cf. (2.39) and Lemma 2.8). The following integral identities are derived
from (2.1) similarly to (2.40), (2.44) and (2.41), but without using the de-
composition for the test function:

(22" V0.1, 0.v0) (0,0) + a0(z*" 2 ug, v0) (0,0

(2.60) = F[)(Uo) ( ) fo(vo) s 'UoECgO(O,d),
( 2Ul, V )Hd_’_(auLav)wd
(2.61) P = Flo) = Fu(0) . e (L O)

Here, the perturbation terms

Fo(vo) = (O.ulr,0v0)m, + (auy,v0)wm,
(2.62) — ((ao — a)ug,v0)ewm, — (s2°
(2.63) Fi(v) = (0zu0,0v)m, + (aup,v)w,

72)“05 vO)(O,d)?

are analogous to (2.42) and (2.45). Note that (2.60) is obtained just by
setting v = vg in (2.1).

To investigate the problems (2.60) and (2.61), we need the next auxiliary
assertions.

PROPOSITION 2.14. Assume that u) € Vﬁl(Hd) satisfies the integral
identity (2.61), where the functional F'| meets the bound

Fu@) < Np(lrVaw; (I | + 7020 12(11))
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(2.64) < eNpllv; V(1) |

for some 6 € (—o0,B) and any v € V1 (1) with zero mean as in (2.11).
Then u, belongs to the space Vel (I14), and there holds the inequality

(2.65) PV pu; L2(Tg) || + |7 2w ; L2(I,)|| < eNg

PROOF. By a completion argument, we extend (2.61) for test functions
in V! ,(I14) and then introduce the weight function

20 for z > (,
(2.66) Re(z) = { 2B—B+E for 2 < ¢,

where ¢ € (0,d) is a parameter which will eventually be sent to +0. Since
Re(2) < ¢(€)z” and |0,R(2)| < ¢(¢)2z#~L, we find that v = REUL belongs
to V1 5(Ilg) and hence it can be inserted as a test function into (2.61). We
denote U} = R¢u, € Vol(Hd), and after simple transformations, namely
commuting R¢ and V, several times, we take the real part of (2.61) and
convert it into

VUL 2P = ReFL(RUL) + |ULR; 'VaRe; LA (Ty)||?
(2.67) — (GUJ_,UJ_)wd.

We emphasize once more that all integrals here converge absolutely. The
weight function (2.66) does not depend on y and meets the estimates

(2.68) |Re(2) <27, |10.Re(2)] < e2’71 ) R (2)0.Re(2)] < ez

with a constant independent of (. Note that U, still satisfies the orthogo-
nality condition (2.11) and, by Lemma 2.8 with v =1,

(2.69)  [lz72U1; L2Ma) || + (127 UL LA(wa) | < el VaUi; L (wa)|)-
Therefore,

(2.70)  |ULR;'VR¢; L2 (W) [|* + |[(aUL, UL )yl < ed?(|VoUL; L*(Ta) 1.
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Moreover, owing to the first couple of formulas in (2.68), the inequality
(2.64) gives

[FL(R¢UL)|
(2.71)

Np(||r Ve (ReUL); L ()| + |7 ReUL; L2 (1) )

<
12 —2r 72
< eNp([IVoUL; L ()| + [[e*UL; L* () ]).

Collecting together these calculations, we obtain for small d > 0 that

IR¢Vaur; L2(a)|* + [|l27*Reus; L* (1) ||
< (VUL P22 + 12201 L(11) )
(2.72) < ¢eNp||V.Uy; LA(Ty)).
Thus, the left hand side of (2.72) remains uniformly bounded when ¢ — 0.

It increases monotonely, cf. (2.66), and thus has a limit which readily
becomes (2.65). O

To conclude the estimate
(2.73) Juy; Vg (a)| < e([Ju; Vi () + [1F; V2 ()*])

for € as in (2.7) of Theorem 2.6, it suffices to verify the condition (2.64)
for the functional (2.63), because this property is obvious for the functional
F € V1,(9)*, due to Lemma 2.8. For the last term in (2.63), the inequal-
ities (2.3), (2.59) for up and (2.12) for v (with v = 1, § — —f + 1 and
orthogonality condition (2.11)) give

cll2Pug; L (wa) || ||z~ v; LA (wa)l|
cl|uo; V3 (Ia) || (|2~ V05 L2 () |
cl[uo; Vi1 (0,d)| ||~V 405 L2(T1y) |
Cluo |7V v LA (1) ),

| (a0, ), |

IA A

IN A

where the inequality —3+1 < —#@ for exponents follows from the restriction
(2.7). The same argument and (2.49) for v (recall that (2.11) is assumed)
is used in the calculation

‘(azu(% azv)l'[d‘ - 2‘(82«“07 Z_ly ) Vy'l))nd‘
< |2 0u0; LA ()| |1z~ ty - Vyo; L2(T1G) |
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< cfluo; Va1 (0,d)]| 277V y0; L2(TLy)|
< Cluollr™Vav; L(Ia)|-

The desired property of the functional (2.63) is thus verified and the proof
of (2.73) is complete. O

The problem (2.60) leads to the variational formulation of the ordinary
differential equation derived in Section 2.1, although in a perturbed form.
Thus, the next assertion on the asymptotics of its solution can be obtained
by standard methods. However, we first need to give appropriate estimates
for the perturbation terms.

Using the stabilization condition (1.5) and the relation (2.45) for the
coefficients generated by the Jacobian in (1.29), we easily derive the estimate

(a0 — a)uo, vo)ew,| + (52" 210, v0) (0.0)|
<l g 20, ) (115 2 L2(0, d)|
22200 12(0, d) )
(2.74) < cluo; Visn—1(0,d)] [lvo; V21 (0, D).

Notice that by (2.7), « — 3 > —6. Based on the result which has been
concluded in Proposition 2.14, we now make use of the inequality (2.12) to
get the estimates of the two other terms in (2.62):

[(8zur, Ozv0)m, | < [|2°0.u s LA ()| |2 ~%0200: L (TLa) |
(2.75) < cllur; Vg (Wa)|l [lvos V21 (0, )],

and

(aur,v0)w,| < cll2Pur; L (wa)|| |2 vo; L (wq) |
(2.76) < cflus; Vi M) llvo; Vg1 (0,d)]l.

Formulas (2.74) and (2.75) mean that Fy is a continuous functional on
V2. ,_1(0,d) and, by virtue of (2.59) and (2.73), the norm of Fy does not
exceed c||u; Vﬁl(Q)H

ProprosITION 2.15.  The asymptotic representation

(2.77) v(z) =Y K:Usr(z) +0(z) , z€(0,d),
+
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holds true; the notation is as in Theorem 2.6 and in particular the co-
efficients Ky satisfy the same requirement as in (2.8)—(2.9). Here, ¥ €
Vit _1(0,d) and moreover

(2.78) 1190 Viyn1 (0, )| + D 1Ka] < e(1F5 V2] + llus VE())).-
+

The representation (2.8) and the inequality (2.10) in Theorem 2.6 follow
by applying Propositions 2.14 and 2.15 to the components in the formula
U =uy+ UL (Cf. (2.37)).

2.5. Calculation of the index
Let us assume the condition (2.6) and calculate the index

(2.79) Ind T3 = dim ker T3 — dim coker T,

where ker T3 and coker T}z stand for the kernel and cokernel of the operator
(2.4).

Above the threshold, i.e., for ag > —ay, the interval I(5_, 31), see (2.6),
includes By = 0 while, by the definition, the Fredholm operator Tj is self-
adjoint, hence, for 8 = 0 we have

(2.80) Ind T3 = 0.

By Theorem 2.6 on asymptotics, ker T3 = ker Tj, if the interval (3, 6) does
not include any of the indices fy. Noting that I(3,0) and I(—0,—f) are
free of the forbidden indices simultaneously and thus coker Tj3 = coker Tp,
we extend the formula (2.80) for

3\ 2 |Ow|
(2.81) 18] < \/(n— 5) +a0m.

Assume that 8 > G_ > 0 and that the hypotheses of Theorem 2.6 are
fulfilled. We introduce the space U} () consisting of functions u of the form

w(z) = xo(x)K_U~ () + a(x)

with the norm

~ 1/2
s DR = (K[> + [[a; Vi ()]%) >
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Theorem 2.6 passes all the properties of the operator T (under our condi-
tions) to the operator

Ty : V() — VH(Q)"

In particular, ker Ty = ker Tj3 and coker ‘Zg = coker Tjz. Since the dimension
of the quotient space Q]é(Q)/Vgl(Q) is equal to 1, we have

(2.82) IndTy =IndSp— 1 =IndTs — 1= —1.

Again Theorem 2.6 extends the equality (2.82) for all § < G_ while the
relation A_g = Aj implies

(2.83) IndTy =1 for 0 > 3L =—F_.

THEOREM 2.16. 1) Assume aqg is above the threshold, i.e. ag > —aj.
We have

3\2 o)
Ind T3 = 0 for |5] < \/(n— 5) —i—ao%

and

3\ 2 |Ow|
_ - > -2 Lt
(2.84)  IndTj = +1 for £ 3> +Re \/(n 2) Faot

2) Below the threshold, ag < —ax, the formula (2.84) holds for all £ >
0 =Re((n —3/2)* + ao|dw|/|w|).

ProOF. It suffices to confirm the second assertion only. Let 8 > 0 and
§ = — (3 satisfy the hypotheses of Theorem 2.6. By 01 5(2) we understand

the space of functions of the form (2.8), endowed with the norm
_ 1/2
s 0L (@) = (1K + 1K+ [l V(@) .

Again we have ker T_g = ker T}, coker T_5 = coker Tj, but dim (U 5(0)/
V15(Q)) = 2 so that

Ind7Tg=Ind%_g=IndT_g+2=—Ind Ty + 2.

This formula, Theorem 2.6 and the inequality TE =T_g yield (2.84) for any
8 #0.0

The index areas for Tz are drawn in Fig. 5.
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Fig. 2.4. The index areas.

3. Problem Operator in L?(Q)

3.1. The discrete spectrum above the threshold
In the case ag > —ay the sesquilinear form

(3‘1) Q(uv 7)) = (v:cu7 vx“)Q + (a’uv U)F

is semi—bounded from below. To verify this property we use Lemma 2.9
with the exact constant in the embedding H'(Q2) c L?(I"). Namely, we put
e = (2(1+ay)) ' (ag + ap) in the inequality (2.14) including the number C:
and obtain

a(u, w) + Mu; Q)|
= el Vo Q) + (aw, w)r + (1= &) (|| Vs LA
+ (ag = )Cellus LAQ)I?) + (M = (1= &) (ay — £)Ce) lus L)
>

eIV aus LA + (au, u)r + (1 — £)(ag — &) |us LA(D)2
(M~ (1= &) (ay — )C) s Q)]

Owing to (1.4) we have

alw) + (1 - e)(ay — €)= ale) +ap — (1 +ap)e + >
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1 1
> a(w)—l—ai—i(ai—ao)—>§(ao+ai)>O as x — O.

We thus find a small d > 0 such that a(z) + (1 —¢)(a; — &) > 1(ao +as) for
z € 0,d], and therefore

(a0 + ag)||u; L* (w(d)) .

|

(au, w)e(q) + (1 = €)(ag — &) ]lus L (w(d))|* >

We now use the inequality (2.15) to get an estimate for (au,u)pr) and
then choose a small t > 0 and a large M such that

(3.2) t max |a(z)| <

2 , M > (1 — 8)(@1 — E)Cg + Cd(t),

DN ™

where Cy(t) is the coefficient in (2.15). Gathering the above calculations
yields

(33)  q(u,w) + Mu; L2(Q)* > 0= qlu,u) > =ML} Q)|

Hence, ¢ is semi—bounded from below and, evidently, it is also closed. Ac-
cording to [4, Th.10.1.2], this form generates a semi-bounded self-adjoint
operator 7 in L?(Q) associated with the problem (1.6) (or (1.3), (1.4)
in differential form). Finally, [4, Th.10.1.5] establishes the following as-
sertion.

THEOREM 3.1. In the case

2
(3.4) mh_r)% a(z) =ag > —a; = —<n - g) Ha%,
i.e. above the threshold, the spectrum of T and, hence, of the problem (1.6),
are discrete and form the eigenvalue sequence (1.7), where \y = —M and
M is the lowest constant in the estimate (3.3).

3.2. The explicit description of the operator domain above the
threshold
Theorem 3.1, which is based on the general results in [4, Ch. 10], does not
yield the explicit form of the domain D(7). Moreover, the Lipschitz prop-
erty does not prevent the surfaces dw and 92\ O from having irregularities
like conical points, edges and so on, while a solution of the problem (1.3),
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(1.4) may possess singularities and thus live outside HZ (2 \ O) (cf. the
introductory chapters in [29] and [14]). In order to describe D(7) explicitely
we assume from now on that the surfaces dw and 92\ O are C3-smooth and
that the Robin coefficient a is continuously differentiable in a neighbourhood
of 9 (see Section 3.7 for the case of Lipschitz surfaces).

Since the problem data is smooth, standard local elliptic estimates (see,
e.g., [1, 17]) guarantee that a solution u € H(2) of (1.26), or (1.24), (1.25)
with

(3.5) feL?9),g=0
belongs to u € HZ (2 \ O) and satisfies the estimate
(3.6)  llus H*(Q2e))| < e (ILf3 L2 + llus L2(2(e)))

with any € > 0 and coefficient ¢, which may grow unboundedly for € — 0.
The next auxiliary lemma yields weighted estimates of the second deriva-
tives of solutions to the problem (1.24), (1.25) with

(3.7) fe L%H(Q) » 9= G’F , Ge L%fl(Q) , ValG € L%H(Q)-

The right hand side of (1.25) is defined as the trace of the function G which
belongs to H (2 \ O), hence, g € Hl/Q(F \ O). The solution u meets

loc

the estimate (3.6) but with an additional term, either ||G; H'(Q2(¢))|| or
llg; H/?(T'(¢))|| on the left. In what follows we still refer to this modified
estimate as (3.6).

LEMMA 3.2. Letu € V[}(Q) be a solution to the problem (1.26) with
data (3.7). Then V2u € L%H(Q) and the following estimate is valid:

(3.8) [PV LA < e(If; L ()] + us V3 ()1).

PrOOF. Putu € HZ (2\0), v € C(Q\ O) into the integral identity
(1.26). Integrating it by parts shows that

(3.9) (—Azu,v)q + (au+ dyu,v)r = (f,v)q + (g9,v)r.

Taking here test functions v € CZ°(Q2) yields the equation (1.24) and test
functions v € C°(Q\ O) give the boundary condition (1.25). In view of
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(3.6), where e = d/4, it suffices to consider only the peak I1;/5. We introduce
the sets

g = {x cz € (g(l —i—j)*l,gjfl) , yEw(z)}

_ N — . -1
(3.10) :;» = {x iz € (5(5 +j) ’5(‘7_5) ) , yew(z)}
and notice that
(311) E;CE, Myp=|JE , EjClly, EjnE), =0
jeN

1

Since 1 — - = J% + O(J%) and the sets (3.10) have diameters O(jQ), we

J 1+j
make the coordinate dilatation

i 9 . d._
(3.12) 2 = (7,52 — 57 M),

which transforms (3.10) into

(11>

- d j ~ d 1.5\"2.
j = {$—§m<2<0,(§+32) yew},
L. 3d j . d ] d 1.\-2_

- {x:_Zj+3/2<z<1j—1/2<O’(§+3Z> yew}‘

[
<l

We emphasize that

= = ~ d d 1.N\72.

E;CEj = {x:—1<z<0,(§+32) yew},

= ~ 3d d (d 1.\—2 =

==l = T 72 ([Z23+ZF) T =
(3.13) E;DE; = {x.—10<z<2,(2+jz> yew}aﬂ.

The change of variables (3.12) converts the problem (1.24), (1.25) into

—A@@J(EE) = j74fj(§) , T € E.;,
(B.14) 0,03 = — @ E) +5%5@) . el
where f; ={7T € 8%; : =34 < 2 < 4} is the lateral side of the “cylinder”

Z' in (3.13) and @;(Z) = u(x) for 7 €

E; ;> and fj, g; and a; are defined
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similarly. We apply to (3.14) the local estimates for the Poisson equation
with Neumann condition (cf. [1, 17]) and write

IV2a; PEDIT < eI LPEDIP + 5 g f: HY (@)1
(3.15) + 572G BTN + 1Vaa5; LA (E))IP),

where H'/? (f;) is the Sobolev-Slobodetskii space. Moreover, the bound
(3.16) @ f5; H'2 (D) < ellag; H' (Z))
holds by virtue of the assumed smoothness property of the Robin coefficient.

REMARK 3.3. Local estimates of type (3.15) are usually written
with the “weak” term ||ﬂj;L2(Eg~)||2 at the end, however, the norm

INEXR L2(§;) | is much more convenient here. This substitution is due
to the following simple observation: the estimate can initially be written for
uj—uj, where u; is the mean Value of u; over = E;. The difference satisfies the

same Neumann problem in Hj and meets the relatlons Va(u; — ;) = Viu,

and [[t; — 15, L*(Z))|| < ¢|| Va;, L*(Z))]-

For big indices j, the domain =’ in (3.13) is a small regular perturbation

J
of the cylinder
{f- —3—d<2<c—l iAew}
710 SR i &

and hence the constant ¢ in (3.15) can be chosen independent of j € N and,
of course, u;. Relations (3.15) and (3.16) give

IV3a L2ENIZ < e If L2PENI® + 571G H (EDI
+ IVaty; L2 E)I + 5 ay; L2EDI?),
and after the inverse change z; — x, we obtain

VR L2EDIP < RIS LA EDI® + 58 IVG; L2 (EI
+ TG LAEDN? + 5 I Vaus L2(E))?
(3.17) + 5w LAE)IP)-
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We multiply (3.17) with j726%4 and make use of the relation

(3.18) 0<cit<r<Cj ' forzed,

1

see (3.10), in order to turn the factor j~* into the weight r inside the norm.

In this way we have
P2 Veu LPEIP < e(IrP2f; L2EDIP + P72 V.G; L2 ()2
PG IAEIP + 10 L) P
(3.19) + JrPu L2(E))|1P).
Summing up the inequalities (3.19) with respect to 7 € N and recalling the
formulas (3.11) lead to the estimate
V3w L a(Map) 1P < 2¢(|1f5 L2 (Ma)l* + 1| V2 Gs Lo () ||
W p42\1d/2 = y Lg4+2\1ld sy gy ollld
+ G L5(M)|* + || Vs L5 (o) |
(3.20) + [lu; L3(T) )
the reason for the factor 2 is that the family {E;}jeN covers the set 1/,
twice, see the last formula in (3.11). Note that all norms on the right of
(3.20) are bounded.

The inequality (3.20) together with (3.6) at ¢ = d/4 provide the inclusion
Viu € L%Jrz(ﬂ) and the estimate

(3.21) PP VEu L2 < el Ly (I + llus V3 (D)),

which however is not satisfactory because of the “wrong” exponent 3+ 2 on
the left. However, it is straightforward to improve the exponent and turn
(3.21) into (3.8) by means of our previous calculations.

Multiplying the solution with an appropriate cut-off function x and re-
calling the estimate (3.6), we may again assume that the support of w is
contained in II;. Applying the decomposition (2.17), we write down the
integral identities of type (2.60) and (2.61) for the components uy(z) and
u (y, z), respectively. The first identity, namely

w|(z2"V0u0, 0:v0) 0,0) = (Fo,v0) 0.0y » v € C52(0,d)
turns into the ordinary differential equation

(3.22) —|w|8. 22"V, ug = Fo(2) , z € (0,d),
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where
Fo(z) = /f(y,z)dz—i—(‘)z/@zuL(y,z)dy
w(2) w(2)
- /N(y,Z)l/Qa(y,z)u(y,z)dSy
Buw(2)
(3.23) = Fl(2) + Fi(2) — Fa(2).

Clearly, by virtue of (2.16),

d d
[l @tas < [ 202 0@p [ 15,2 Py
0 0

w(z)

< dlfs Ly ().

To process F§j we take into account the relation (2.49) following from the
orthogonality condition (2.11) for u :

/(%ul(y,Z)dy:—? / 2y - Vyuy (y, 2)dy

w(z) w(z)

= =2 / zfly-vyu(y,z)dy.

w(z)

Together with the formula |y| < ¢,,2? for y € w(z), this yields
d
/ 2T R ()| dz
0

2
[ (19yuty.2)1 + 2109w, 2) )y o

w(z)

< o 2 / (IVyuly, 2)? + 2210:V yu(y, )|?) dyd=

w(z)

/
/



72 Sergey A. NAZAROV and Jari TASKINEN

< (PP Vpu )P + 772V s L) ),

where both of the norms on the right are finite due to our assumption and
the estimate (3.21). Finally, we apply the trace inequality to obtain

d
20420 | pa )24, < 0/22(5+2‘")|8w(z)| / [u(y, 2)[*dsydz
0 dw(2)

o\&

< o [Pty o) ds, < el V1)

@4

It remains to mention that the proof of Lemma 2.8 yields

(3.24) 1277 Mug; L2(0,d) || + |27~ "0,u0; L2(0, d)|| < c|u; Vﬁl(Hd)H,

and that the following estimate for the solution of (3.22) is evident:
I+ 02 uo; L2 (M) || < ellr?*"02uo; L*(0, d)|

(3.25) < ([P Fg; L0, d) || + |27 0,u0; L2(0,d)])) .-

The second integral identity is nothing but (2.61) with the functionals
F(v) = (f,v)n, and (2.63). Both satisfy the condition (2.64) with § = 5 —1.
Indeed, in view of Lemma 2.8 with v = 1 we have

(from,| < 1270 L2 @)1= 0% L2 () |

< ellfs L (o)l Vav; L25(Ia) |
|(auo, v)w,| < cll2Puo; L2 (wa) Iz~ o; L (wa)|

< |27 ug; L2(0,d) ||| Vav; L2 p(Ta) .

Moreover, integrating by parts and recalling the formula (1.27) for the nor-
mal v(y, z) we derive similarly

(0210, 00)1,| = |(82u0, Dv)m, + 2(2 Ly - V'O tug, V) wy|
< ([l 202u0; L2(0, d) | + |27 D.u0; L2(0, d)|) [ Vv L2 (Ta) |

where both norms of ug also appear in (3.24) and (3.25). In other words,
Proposition 2.14 furnishes the estimate

17 Vs () ||+ 1772 L (M) |
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(3.26) < (PP L2 ()| + Jlus Vi () )

We emphasize that the increasing of weights from 7% on V,u to r®~! on
V.uy and from =1 on u to 73 on u, allows us to derive the necessary
estimate

P92 L) < e L2 (M) 2+ s V3 () ):
here we also use the local estimates for the solution u of the problem
—Aguy(z) = fL(x) = f(z) + Buo(x) , x €Ty,
(3.27) Odyuy(x) +a(x)uy(x) = g1 (x) := —=0yup(2) — a(x)up(z) , = € wy.
To this end, we rewrite the estimate (3.17) as follows:

(
WP < e(58I L L2 (E))1?
WP+ 5 luws L2(E))).

§8VEuy; L2 (5
+ i NVeuy; LA (E]

Multiplying with j~2%%6 and using (3.18), one can again introduce weighted
norms and obtain

P2 LA ()17 < e(llr?+ fus L2(E)|1?
(3.28) + [PV aus s LAED P + (Ir7 s LA(E)|?).
The right hand sides possess the necesssary properties because of the esti-

mates (3.24) and (3.25) for the component uy. For example, the extension
G, of g; in (3.27) is given by

(329)  Gi(y,2) = —a(y, 2)uo(z) — 22"y - N'(2~%y)d.uo(2),

where N’ = (N{,N}) is a vector function in @ coinciding with
N(z2y)"1 /20 (272y) at dw, see the formulas (1.27) and (1.28) for the ex-
terior normal v(y, z) on dwy. The inclusions for G| in (3.7) are verified by
a direct calculation.

Summing (3.28) up with respect to the index j € N leads to the estimate
(3.26), which together with (3.25) completes the proof. [J

REMARK 3.4. Introducing the weighted Kondratiev space VZ(§) with
the norm

ls V@I = (I Vau LX)
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_ _ 1/2
(3.30) + PV Q) + 702 L2Q))12) Y,

we may rewrite the inequality (3.8) in the same way as in (2.2):
(3.31) s Va3 (D < eIl Laa (DI + [lus Vg (1)

We have assumed here that g = 0 in the boundary condition (1.25) so that
u satisfies (1.4). Furthermore, the evident multiplicative inequality

17V au; Q)| < el Vaus Vi () us L, ()]
allows us to write (3.31) in the new form
(332) VR < e(llfs L (D] + llus L1 (D)),

and a completion argument proves that a solution u € Hy (Q\O)NL3_,(Q)
of the problem (1.24), (1.4) with f € L% () falls into V3, (€2). There are
crucial differences between the estimates (3.31) (or (3.32)) and (2.54): in
both (3.31) and (3.32) the forbidden indices § = B+ of (2.6) are accepted,
but (2.54) does not permit § = (1. On the other hand, (2.54) involves
the L?((d))-norm of u and Vﬂl(Q) is embedded compactly into this space,
while none of the embeddings VﬁQH(Q) C Vﬂl(Q) C L%_l(Q) is compact.

We are now in a position to verify the given formulas for D(7).

THEOREM 3.5. In the case ap € (—ae,0) the domain D(T) of the
operator T takes the form (1.46), while for ay € (—a;, —ae) it equals
(1.49).

PROOF. If u belongs to the linear space (1.45), then u € H'(Q) =
Vi (Q) is a solution of the problem (1.24) with the right-hand sides f €
L*(Q) = L3(2) and g = 0. At the same time it becomes a solution of the
problem (2.1) with the functional

F() = (f,v)a+AMNu,v)q , FeViy(Q)* with § = —1.

In the case (1.47) the exponents Ay in (1.34) live outside the interval
I(0,-1), see (2.9). Hence, recalling the restriction (2.7), a recursive ap-
plication of Theorem 2.6 shows that u € V1, (Q2) and

s VI ()] < e(I1F5 V) | + llus Vo (1) < ellus HY(Q)]]-
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Furthermore, Lemma 3.2 with 3 = —1 proves that VZu € L3(Q) = L*(Q2)
and
IV2u; L2 < e(|1f; L2 + lus Vi (Q))-

This yields (1.46).
In the case (1.48) the exponent A\, (1.34), falls into the interval I(0, —1),
(2.9), and so Theorem 2.6 assures that

u(z) = xo(z) K+ U (2) +a(2) ,
(3.33) K|+ [[a(2); V2 < e(I1F V)| + [|us Vi (D))

We rewrite the representation (3.33) as follows:
(3.34) u(x) = xo0(v) K4 (M + 2 P2WH(272y)) + (),

where W is a solution of the Neumann problem (1.38) described in Remark
1.3. Noting that

(3.35) xo K2 2wt e H2(Q) c V4 (Q)

we find that the new remainder @ = u — yo K 2 T2W+ € V1, (Q) satisfies
the problem (1.24) with the right-hand sides

f+ KiDoxo(UT + 242w,
= —K (8, +a)xo(Ut +2T2w).

Q¢

A direct calculation repeating the arguments in Section 1.6 shows that
(3.36) feL3(Q), g=G|..GeL?5(Q), V.G € L§(Q),

while the corresponding norms do not exceed c(||f; L2(Q)| + |K|). Thus,
Lemma 3.2 yields the following;:

Via € L*(Q), ie., @€ V(Q) and [|Via; L2(Q)] < e(|If; L2(Q)] + [K4]).

This and (3.33) show that the representation (3.34) readily converts into
the one in (1.49). O

REMARK 3.6. In the case ag = —ae we have 84 = +1 and

(3.37) UE(z) = 2217432
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cf. (2.6), (1.34) and (1.47), so that we cannot derive the formulas (3.33)
from Theorem 2.6, since the weight index § = —1 is forbidden. This means
that we need to repeat the dimension reduction procedure to yield the dif-
ferential equation (3.22) with Fy € L?_ (0,d). Taking into account the last
weight exponent 1 —n and the form (3.37) of the solution U™, we get the
representation

(3.38) u(@) = xo(@) K+ ()T (2) + lx)

by using the variation of constants-method found in standard textbooks of
differential equations. However, the function K, has logarithmic growth
as z — +0, instead of the constant K in (3.33). The estimate for the
remainder u also differs from the one in (3.33). The present particular case
ag = —ae is above the threshold and thus has discrete spectrum, however,
it requires cumbersome calculations which lay a bit outside the scope of the
paper. Hence, we only formulate an easily accessible result: for any ¢ > 0,

D(T) = {ueViQ) : Auc L*(Q),
(3.39) Opu(z) + a(z)u(xz) =0, z € 0Q\ O}.

We also refer to papers [20], [32], [23] and the book [13], which contain
general methods for describing in detail the properties of the terms in (3.38).
Finally, we mention that the Sobolev space H?(£2) can be replaced in (3.33)
and (3.35) by the Kondratiev space VZ(£2), but (3.39) does not hold for the
index 6 = 0.

3.3. The operator below the threshold
We proceed with the following assertion which demonstrates that under
the condition

(3.40) lim a(z) = ag < ( 3)2 ]

. im a(x) =ap < —ay =—(n— <)
z—0O 0 ! 2 |8w[

the sesquilinear form (3.1) is not semibounded. Hence, the results in [4,

Ch. 10] do not apply, and we have to investigate the operator of the problem

(1.6) by special methods.

LeEMMA 3.7. If (3.40) holds, one can find for any m a function ulf' €
HY(Q) C L?(09Q) such that the inequality (1.15) is valid.
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PROOF. As in the proof of Lemma 1.2, we again define the functions
u!" by choosing for every large m one from CZ°(2) satisfying (1.17)
Let us define the functions v™ € H'(Q) by

u(2) = X In2)z "2,

where x, is the cut-off function (2.56), see Fig.2.3, so the support of u™ is
contained in the interval [exp(—2™*1), exp(—2™)]. Recalling (2.16) we can
calculate

exp(—2™)
™ L2(Q)]? < |w] / Z 23 2(n=1) g

exp(—2m+1)

1
< 5Iw|(exp(—2m“) — exp(—2"1?%)),

IVzu; L2(Q)]? = [|0:u; L2()]”
exp(—2™-1) "
< _ e 2(—n+1/2) 2(n—1)
|w| / ( n + 2) z z dz
exp(—2m+141)
exp(—2mT141) exp(—2™)

+ ( / + / )(cxz‘"+3/2 + (n - g>z‘”+%>2z2n—1dz>

exp(—2m+1) exp(—2m—1)

3\ 2
< wl((n—3) @™ =27 =) +epnexp(-2m),
exp(—2™—1)
e B
exp(—2m+141)
(3.41) > |Ow|(2mT — 2™ — 2)).
In the last formula we have used (1.28) and (1.29). The relation (1.15)

follows now from the threshold condition (3.40): we can find a § > 0 such
that, for large enough m,

(3.42) a(z)|0w| < —(n —3/2)?|w| — 6
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for x = (y, z) with z < exp(—2"). Then (3.42) holds in the support of u™,
we can deduce using (3.42)

—q(u™ ™) >~ inf a(e)llu; L2(OQ)|° — || Vaul; L2(Q)]?
z<e™

> — inf a(x)|dw| (2™ — 2™ — 2))
z<e~
— Jw|(n —3/2)2(2m™ L — 2™ _ 9) — cexp(—2™)

§(2m Tt —2m —2) — cexp(—2™)
mlu™; L*(Q)]2. O

ARV

(3.43)

REMARK 3.8. In the proof of Lemma 3.7 we did not care for the Robin
boundary condition (1.4), which however will become important in Section
3.6. For smooth data it is not difficult to modify the test functions (3.62)
so as to satisfy (1.4). Similarly to (3.34) we set

u”(z) = X (= In2) (M + 2 P2W(27%)) + Wy, 2)

with two correction terms. The first one, defined according to Remark 1.3,
satisfies
exp(—2™)
IXmz M P2W S L2(Q))2 < e | 22t T2,
exp(—2m+1)
< cexp(—6-2™),
exp(—2™)
|’vx(XmZ)\++2W+);L2(Q)H2 < ¢ / 22(n=1) 2(=n+3/2) g,
exp(—2m+1)
< cexp(—2-2M),
exp(—2™)
m P2 L2 < e / L2A(n-2) 22-n+3/2) .,
exp(—27+1)

(3.44) < cexp(—4-2"),

and thus cannot spoil the calculations (3.41) and (3.43). The second term
W™ is intended to compensate for a discrepancy left in (1.4), which can be
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put to the following form using the formula (1.27) for the normal on wy:

Ay (Xm(—In2) (M + 2 P2W, (2 2y)))
= Xm(—Inz)z™ (9 Wy (n) — 2A4m - V' (n) + ao) + g™ (¥, ).

The first term on the right vanishes in view of the boundary condition in
the problem (1.38) for W,. The remainder has support in {(y,z) € @y :
z € [exp(—2™11), exp(—2™)]} and meets the estimates

9™ (y, 2)| < ez "2 10,9 (y, 2)] < e
Vg™ (y,2)| < e "2,

Going over to the coordinates (7, (), see (1.21), we can readily find a function
W™ without solving a differential equation, such that the following holds: its
support is contained in {(y,z) € wq : z € [27 exp(—2"11), 2exp(—2™)]},
and moreover 9, W" 4+ aWW" = 0 on 012, and

W™ (y, 2)| < ez T2 1o, WM (y, 2)| < ca T2
IV, WM (y, 2)| < ez 372,

Hence, the relations (3.44) are valid for the second correction term as well
and therefore the family {u"} satisfies (1.17). Notice that there is no
need to modify the family {u/'} because the functions /" vanish near the
boundary.

In the next assertion we show that below the threshold the domain (1.45)
again takes the form (1.46). However, later we discover that the operator
T loses all nice properties.

THEOREM 3.9. The formula (1.46) holds for ag < —ay.

PROOF. We have to study once more the solution u € H*(Q) = Vi (Q)
of the problem (1.24), (1.25) with right-hand sides f € L?*(Q) and g = 0.
However, we cannot directly apply Theorem 2.6, because the index 8 = 0
becomes forbidden due to (2.6). So, we fix a small positive ', and using
ue Vi (Q) C Vﬂl,(Q) and Theorem 2.6 with 3 = /', § = 3/ — 1/2 we obtain



80 Sergey A. NAZAROV and Jari TASKINEN

the representation (2.8), where @ € V,}(€2) C H'(£2). None of the functions
X0z, (1.34), lives in H'(£), since the integral

d
/\Bzz/\i\de: \)\iﬂw\/22(_”+1/2)z2(”_1)dz
0

Iy

diverges. Notice that if a9 = —a3, none of the functions (1.35) and (1.39)
belongs to H'(f) either. Hence, the coefficients K+ in the decomposition
(2.8) of u € H'(Q2) must vanish, and we conlude that v = u € Vﬁl,fl/z(ﬂ).
Now an application of Theorem 2.6 with 5 =3 —1/2 € (0,1) and 6 = —1
(this index is no more forbidden here) shows that v € V1,(Q), and Lemma
3.2 completes the proof. [J

3.4. The generalized Green formula and the adjoint operator
above the threshold
If both u € VZ(Q) and v € VE(Q) C L*(Q) satisfy the two condi-
tions imposed in (1.46), the traditional Green formula is valid, by a com-
pletion argument, and as a consequence, the symplectic (sesquilinear and
anti-Hermitian) form

(3.45) s(u,v) = (—Agu,v)q — (u, —Azv)q

vanishes. Note here in particular that the form (3.45) can be defined by
continuity in VﬂZ(Q) X V_QB(Q) for any 3 € R.

Let 6 € (0,1/2) be fixed and let B, (Q2) denote the space of functions
of the form (2.8) with the norm

_ 1/2

(346)  Jlus WL Q)] = (K- + K4+ [l VL (@))
Clearly U ,(Q) C VH(Q) C L?(Q2). Notice that U* are taken from (1.34)
in the case A > (n —3/2)? and from (1.39), if A = (n — 3/2)2.

REMARK. 1.) If the Fredholm operator 7} is an epimorhism and 7"
is thus a monomorphism, then ', (Q) is but the preimage (77)~ 'V, ()
with the induced topology.

2.) The space ' (Q) inherits the Hilbert space structure from V1, (),
although this fact will not be used later. The superscripts 2 and 1/2 can be
omitted simultaneously in (3.46).
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Let 7* denote an unbounded operator in L?()) with the differential
expression —A, and the domain

DT ={ weVL(Q): Ayuel*Q),
(3.47) du(z) + a(z)u(r) =0, z € 002\ O}.

We emphasize that the boundary condition can be understood in H/2(9\
O). As the chosen notation suggests, we are going to verify that 7* is the
adjoint for 7.

The form (3.45) is defined for functions in (3.47), but it does not vanish
any more.

LEMMA 3.10. For functions u,v € D(T*) with the attributes Ky, a,
and Ly, 0, respectively, the following generalized Green formula is valid:

(3.48) s(u,v) = pi Y +KiLs,
+
where
o) (A= (m—3/27)"? for A> (n —3/2)2,
(8.49)  p=2] '{ 1 for A= (n—3/2)%

PROOF. Since C(Q\ O) is dense in V1 (), it suffices to consider
i, € C2(Q\ O). For a small d > 0 we thus have

(—Agu,v)qa) — (U, Azv)oa)
[ (@00l )~y O D)y
w(d)

wd)] Y- > KoLy ((7(d) + 0(a7/2))

p=x ==+
x  (8,U%(d) +O(d"+3/%))
(3.50) — (UP(d) + O(d"7/2)) (0.0 (d) + O(d*”+3/2))).

In the case A > (n — 3/2)? the formulas (1.34), (3.49) and (2.16) show
that the expression (3.50) indeed tends to the right-hand side of (3.48) as
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d — 0. The case A = (n—3/2)? is treated similary, using the functions U+
in (1.39). It suffices to note that s(u,v) is the limit of (3.50) as d — 07. O

PropPOSITION 3.11. Let T* be the adjoint of the operator T with do-
main (1.45) = (1.46). The domain D(T™*) is given by (3.47).

PROOF. We need to verify the following: If u, f € L?(2) and
(3.51) (u, floa = (—Azu,v)q for any u € D(7),

then v € D(T*) and —A,v = f. First, we can conlude that u € HZ _(Q2\ O)
using the general results on lifting the regularity of solutions of elliptic
problems in domains with smooth boundaries, see [17]. Integrating by parts
in (3.51) yields

0 = (u,flo+ (Aru,v)q = (u, flo+ (u,Azv)o + (dyu,v)r — (u, dv)r
= (u,Ayv+ fla — (u,dv + av)r,

where the boundary condition in (1.45) was used. Hence, v satisfies the
problem (1.24), (1.4) with f € L?*(Q2). Next, since f € L(Q) C L3(Q2) and
v € L3(Q), Remark 3.4 with 3 = 1 imply € VZ(Q) C V{{(Q2). Applying
Theorem 2.6 with =1 and § = —§ (recursively, because 5 —6 > 1/2) and
Lemma 3.2 we conclude that v falls into the linear space (3.47).

Finally, we observe that by Lemma 3.10,

s(u,v) =0

for all u € D(T) and v € V() satisfying the condition (1.4). This means
that, indeed, any element of the space (3.47) belongs to the domain of the
adjoint operator 7*. [J

3.5. The spectra of 7 and T*
We proceed with the following simple observation.

LEmMA 3.12. If A € C\R, the kernel of the operator T — X is trivial.

PROOF. Assuming u € ker(7T — \) C D(T) C HY(Q), we deduce from
the integral identity in (1.44) with —A,u = M € L?(Q) that

(3.52) (Vau, Vyu)g + (au, u)r = Mu, u)q.
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Let Im A # 0. Since the left hand side of (3.52) is real, we conclude that
lu; L2(Q)|| =0 and uw = 0. O

Let us now consider the Fredholm operator
(3.53) T 1:VH(Q) — VHQ)*
(cf. (2.4)). Since evidently
(3.54) V() C L2,(Q) c L3(Q) c VHQ)*,

the embedding V1, (Q) C V{1(Q)* is compact. We can thus use the general
result [9, Th.1.5.1] to conclude that the spectrum of the operator (3.53)
consists of normal eigenvalues and has no finite accumulation point. Since
ker (T_; — ) = {0} for A € C\R (cf. Lemma 3.12), the eigenvalues fall into
the real axis of the complex plane and form a countable set A of separated
points. The set A thus belongs to the point spectrum o,(7) of the operator
T. Moreover the formula

(3.55) op(T) = A

holds, because 7 is the restriction of T, onto the linear set (1.46), which
is included in V#(£2), while all eigenfunctions of T, also belong to V#(€),

by Lemma 3.2.
Since ker (T, — \) = {0} for A € C\ R, we have

(3.56)  ker (T1; — \) = coker (T, —X) ={0} , A€ C\A,
and, by the index formula (2.84),
(3.57) dim coker (T, — \) = dimker (T}, — X) = 1.

From the above information, we conclude for 7 that the regularity field
0(7) equals C\ A and the resolvent set o(7) is empty. So, the spectrum
o(T) = C\ o(7) fills the whole plane while A coincides with the spectral
kernel 6 = C\ 4(7). Its complement is the residual spectrum: o,(7) =
o(T)\o(T)=C\A.

For the adjoint operator 7* we have

oT*) = o(T*) =0, o(T*) = )(T*) = C
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(cf. the second inequality (3.57)). Furthermore, any point in C \ A is a
simple eigenvalue, while eigenvalues in A have finite multiplicities bigger
than 1.

For both 7 and 7*, the continuous and essential spectra are empty (the
latter because of the finite multiplicities).

3.6. Self-adjoint extensions

Formulas (3.56) and (3.57) show in particular that defect number d(\)
of T—\is equal to 1 everywhere in C\A D {A € C : Im A > 0}. Hence, any
symmetric extension of 7 is self-adjoint (see, e.g., [4, §4.4]). The famous
Neumann formulas give a parametrization of all self-adjoint extensions. This
can also be determined via the generalized Green formula (Lemma 3.10).
Indeed, if 79 is a symmetric extension of 7*, the identity

s(u,v) =0 , w,v € D(’Tﬁ),

is valid due to the symmetry. The null spaces of the symplectic form s have
a direct description (see [16]), namely

(3.58) DT ={ueD(T") : Ky =eVK_}

with the parameter 9 € [0, 27). Notice that by (3.48) we have
s(u,v) = ip? (KYK” — K*K®) = i KYKY (1 — ee™™) =0

for any u, v € D(T?) with the attributes KY, KY.

THEOREM 3.13. Any self-adjoint extension of T has the domain
(3.58), and the restriction T” of T* to (3.58) is self-adjoint.

The embedding D(77) C L?*(Q) is still compact because D(77?) differs
from D(T) C H?(Q) C V() by a one-dimensional subspace. Thus, by
[4, Thm. 9.2.1], the spectrum o¥ = ¢(77) is discrete. We divide it into two
sets, 00 ={A€0” : A >0} and 0¥ = {A € 0¥ : XA < 0}. If 0¥ contains
only a finite number tt(af) of points, then the operator 79 happens to
be semibounded from below, and therefore the smallest eigenvalue can be
computed from the minimum principle

0
(3.59) min L %We
ueD(TON0}  (u,u)
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On the other hand, a calculation in Remark 3.8 shows that the minimum
(3.59) does not exist, i.e., it equals —oo. The same argument applied to the
operator —7 " (notice the minus-sign) proves that # (o) = oo . Hence, the
spectrum aﬁ Uo? of T forms two unbounded sequences

0< A <A <. <A\ = 4o,
3.60 0> >\ > .. >\ o .
1= 2 = - n

In this way, none of the self-adjoint operators associated to the problem
(1.3), (1.4) above the threshold possesses the properties of 7 below the
threshold, such as the monotone sequence (1.7) of eigenvalues. We empha-
size that in this situation, a much more physically relevant tool would be to
impose a radiation condition at the peak tip (see [31] for a different geomet-
rical setting), but we do not discuss this in the present paper. Let us only
mention that a radiation condition leads to an anti-symmetric extension of
the operator onto the subspace of waves D(7*)/D(7T) (cf. [29, Ch.6]).

3.7. Returning to the case of Lipschitz domains

For Lipschitz surfaces dw, 02 \ O and a Robin coefficient a € L*>(T'),
the formulas (1.46) and (1.49) are of course no longer true. However, using
Theorem 2.6 we readily conclude that below the threshold, in case (1.47),
the space H'(Q) in (1.44) can be replaced by the smaller space V().
Furthermore, assuming the condition (1.48) the functions v € D(7) have
the representation

(3.61) u=K,xoU"+u, K €C, uecV}Q), 6 =6_—min{a,1/2},

see (2.7) and (2.8).

At the same time, all main conclusions about spectra and self-adjoint
extensions in Sections 3.5 and 3.6 remain valid above the threshold. This is
due to the following formulas for the domains of 7 and 7*:

D(T) = {ueVY(Q) : usatisfies the conditions in (1.44)}
D(T*) = {uecV}!(Q) : u takes the form (3.61) and satisfies
the conditions in (1.44)}.

To derive these formulas one may argue in the same way as in Section 3.4,
using only Theorem 2.6 and the generalized Green formula (3.48); they do
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not require smooth data, since the form (3.45) is defined properly for w,
v € HY(Q) such that Ayu, Azv € L?(Q).
Let U, (Q) denote the space of functions of the form

(3.62)  u(x) = xo(x) ZKi (z)‘i + z)‘i”Wi(z*Qy)) + u(z),
-

where Ky € C, @ € VZ(2) and W are solutions of the Neumann problem
in w described in Remark 1.3. This space is endowed with the norm

o 1/2
s DL ()] = (K2 + K2 + [l VE©Q)|2) 2.

Clearly U ,(Q) c VX(Q) € L?(R). Notice that U* are taken from (1.34)
in the case A > (n —3/2)? and from (1.39), if A = (n — 3/2)2.

The representation (3.62) looks like (3.34) and it is a bit different from
(2.8). It is obtained in the following way. First, we apply Theorem 2.6 itera-
tively and obtain the representation (2.8) with the remainder u € V!, ()
for any 6 > 0. It is impossible to take 6 = 0, for example due to the
observation that

F=F+Y KiloxoU* € LE(Q) but f ¢ L3(Q).
+

However, similarly to the proof of Theorem 3.5 we find that the right hand
sides

fo= 1+ Kildgxo(U* + 2 12w),
+

(3.63) § = =Y Ki(d+a)xo(U* + 22w
+

of the problem (1.24), (1.25) for u satisfy (3.36), a fact caused by the correc-
tion terms 2 T2+ (272y) of (3.62). We emphasize that |U(2)| = |U~(2)|
and the inclusion (3.35) fails above the threshold. Nevertheless, the func-
tions (3.63) generate a functional F' € V;!(Q2)* on the right-hand side of the
integral identity (1.26) for %. Thus, Theorem 2.6 proves that @ € V()
while @ € VZ(Q) due to Lemma 3.2 (and Remark 3.4).
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