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Quasilinear Parabolic Equation and Its Applications
to Fourth Order Equations with Rough Initial Data

By Tomoro ASAI

Abstract. The main part of this paper is devoted to establish-
ing existence and uniqueness results for a class of abstract quasilinear
parabolic equations by using the theory of continuous maximal reg-
ularity. The abstract results are then applied to some fourth order
quasilinear parabolic equations (such as the surface diffusion flow and
the Willmore flow) with rough initial data.

1. Introduction

In this paper we study the abstract quasilinear parabolic equation of the
form

" {5 A= 500

on a Banach space Ej, where —A(-) is the infinitesimal generator of the
strongly continuous analytic semigroup on Egy with dense domain Ej. The
main purpose of this paper is to establish the existence and uniqueness of a
local solution of the equation (1.1) and to apply this result to solve fourth
order equations with rough initial data. Typical examples of fourth order
equations include evolution of hypersurfaces {I';} in R", such as the surface
diffusion flow,

(12) V= —AFH,
and, more generally, the anisotropic surface diffusion flow
(1.3) V =—-ArH,.

Here V denotes the normal velocity of the evolving hypersurface I'; and Ar
denotes the Laplace-Beltrami operator on I' = I';. The mean curvature is
denoted by H while H, is an anisotropic mean curvature of I'.
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We also consider the Willmore flow (cf. [6])
1
(1.4) V =—-ArH — 5H3 + HR.

Here R denotes the scalar curvature. If n = 3, R = 2K where K is the
Gaussian curvature. Another example is a parabolic approximation of the
evolution equation for the height of a crystal growth

(1.5) ?;; _BV. {A-V[V~(|gu|>+ By (|W|vu)”,

for nonnegative B > 0. Here V denotes the gradient, V = (9/0x,0/0dy),
and A is a 2 x 2 matrix.

Let h® denote the little Holder spaces of order s > 0, that is, the closure
of BUC®™ in BUC?, the latter space being the Banach space of all bounded
and uniformly Holder continuous functions of order s. The aim of the second
half of this paper is to apply our abstract result to solve the above fourth
order equations with h!'Tf-initial data (0 < B < 1), which is less regular
than those treated in the literature.

Now we state the precise settings of the problem (1.1). We say that a
mapping f : X — Y between two metric spaces X,Y is locally Lipschitz
continuous, and we use the notation f € C'=(X,Y), if every point x € X
has a neighborhood W such that f|y is Lipschitz continuous. Let E, be
the continuous interpolation space (cf. [14, Chapter 1]) between Ey and Ey
with parameter a (0 < a < 1) and Bg, (y,7) an open ball centered at y
with radius 7 > 0 on E,. A pair (A, f) denotes a mapping from U into
H(E1, Ep) x Eg. Here U is a nonempty subset of Ey and H(E1, Ep) denotes
the set of bounded linear operators B such that —B is the infinitesimal
generator of a strongly continuous analytic semigroup on Ey. The definitions
of BUC_q, BUC'll_a and M, shall be given in Section 2. We state the main
result of this paper.

THEOREM 1.1. Let o € (0,1) be fized and let E, = (Eo, E1)Y, ., be a
continuous interpolation space. Assume that U, C E, is open.
For the operator A assume that

(1.6) A€ CY (Uy, Mo(E1, Ep)).



Quasilinear Fourth Order Parabolic Equation 509

For the nonlinear term f assume that for M > 0 there exist Cy > 0,0 €
[a,1) and p € (0,1) which satisfy ¢ :=p+ (0 —a)/(1 —a) < 1 such that

(L7 lf(z1) = f(22)llEy < Cum (HZlH%l + |22, + 1) |21 — 22l &,

for z1,20 € E} ﬂEEa(xO,M).
Then for every xo € V,, there exist positive constants T = 7(x0),e =
e(xo) and ¢ = c(xg) such that (1.1) has a unique solution

u(-,x) € BUCL_([0,7], Ey) N BUC:_o([0, 7], E1)

for any initial value v € B, (xo,¢). Moreover,

0—« —a =
(- 2) = u( ) ooz < cle =yl /0", 2y € By, (v, ).

Here B, (7o, ) is the closed ball in E, centered at v with radius & > 0.

Theorem 1.1 is motivated by Clément and Simonett [7]. The assumption
on the operator A(-) in (1.6) is the same as that of [7, Theorem 3.1]. The
new ingredient of Theorem 1.1, however, is the assumption on the nonlinear
term f(-), which reflects the structure of the lower order terms of the fourth
order equations considered in this paper. Theorem 1.1 is based on maximal
regularity results of Da Prato-Grisvard [8] and Angenent [3]. Maximal reg-
ularity results of [8] and [3] are useful for showing the smoothing property of
the equation. In [7] the assumption on the nonlinear term f(-) is so restric-
tive that [7, Theorem 3.1] cannot be applied to prove the unique existence
of a local solution of a fourth order equation with less regular initial data.
In this paper, however, by imposing a new estimate (1.7) for the nonlinear
term f(-), we can deal with fourth order equations with A!'*#-initial data.

In our previous paper [4], we applied the analytic semigroup theory of
Buttu [5] to solve the fourth order equations with h!'*A-initial data. How-
ever, the assumption on the nonlinear term was more complicated than our
new assumption (1.7). Thanks to maximal regularity results of [8] and [3],
the assumption on the nonlinear term are more general and simpler. There
is also a significant difference between the assumptions on the nonlinear
term f(-) of this paper and that of [4]. The parameter ¢, introduced in
Theorem 1.1, is less than one. This ¢ denotes the sum of necessary powers
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of Eq1-norm of the right hand side of (1.7) if Eg-norm is estimated by the in-
terpolation inequality with E, and E;. On the other hand, in our previous
paper [4] the sum of necessary powers of F1(= D(A))-norm for the nonlin-
ear term is one when interpolating Fo(= X) and E; = D(A) in [4]. Hence
we are forced to take Ej to be a little Holder space larger than h*t# when
applying the result to the fourth order quasilinear parabolic equations.

We now state a local existence result for the fourth order quasilinear
parabolic equations with rough initial data, which is the goal of the second
half of this paper.

THEOREM 1.2. Let the initial hypersurface Iy be given as the graph of
a function ug € KM P(R™1) with § € (0,1), ie., Tg = {x, = uo(z'); 2’ =
(r1,29,...,2n—1) € R"}. Then for v € (0,3) there exist positive con-
stants T' = T(ug) > 0 and € = £(up) > 0 such that the problem (1.k) with
k = 2,4 has a unique classical solution

u(-,w) € BUC,_o([0,T], **7)n BUC}_ ([0, T], h"),
for any initial value w € Ehl+,{3(Rn—l)(UO, g). Here o = (14 3 —~)/4.

REMARK 1.3. The structure of problems (1.3) and (1.5) is the same as
the structure of problems (1.2) and (1.4), and therefore we can state similar
theorems for problems (1.3) and (1.5).

Several local and global existence results for the surface diffusion flow
and the Willmore flow were obtained by Escher and Simonett [9], [16].
They dealt with the surface diffusion flow and the Willmore flow of multi-
dimensional closed hypersurfaces. Their regularity assumption on the initial
hypersurface was h%1?. In this paper, we deal with the surface diffusion flow
and the Willmore flow of multi-dimensional hypersurfaces represented by a
graph. The assumption on the initial data in Theorem 1.2 is h'*#, that is,
the curvature of the initial hypersurface is not necessarily continuous.

Recently there have been several papers which deal with fourth order
equations with rough initial data. Escher and Mucha [10] proved the unique
solvability for the the surface diffusion flow with rough initial data by using
the theory of harmonic analysis. The class of the initial data considered
there is a Besov space 32(2274 P and they impose the condition p > (2n+8)/3
on the parameter p, where n is the space dimension. In other words, the field
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of normal vectors to the initial hypersurface is Holder continuous in space
and time, hence the space 327/2274 P is a subset of C1T%. However, the Besov

space 327/22_4/ P of [10] is not comparable with the class h'*? considered in
this paper. In [12], Koch and Lamm prove the existence of solutions of the
graphical Willmore and mean curvature flows with Lipschitz initial data.
Their method relies on a technique introduced by Koch and Tataru [13]. The
class of the initial data in [12] is larger than the class of h'*# in this paper.
However they impose the smallness assumption on the Lipschitz norm of the
initial data. Since they show the existence and uniqueness of a solution by
a fixed-point argument on the function space X$ which is introduced in [12]
they need to choose the Lipschitz norm of the initial data to be sufficently
small. So our result is not included in their result. The purpose of this paper
is to establish an abstract theorem—Theorem 1.1. This abstract theorem
is flexible enough to be applied to various fourth order problems. However,
the space where the time continuity on the solution u(-,w) holds is slightly
smaller than the space of the initial data ug since we arrange parameters
f and v as 0 < v < B < 1. Our abstract theorem is new because of the
new assumption (1.7) on the lower order term. Moreover, to the extend of
our knowledge, the application to fourth order parabolic problems with less
regular initial data has not appeared in the literature.

Let us give an outline of the main proofs. For the proof of Theorem 1.1,
we follow the idea of the proof of [7, Theorem 3.1] by Clément and Simonett.
The assumption (1.7) is different from the assumption of [7, Theorem 3.1],
and therefore, we more carefully estimate the nonlinear term f(-). We prove
Theorem 1.2 by applying the abstract result of Theorem 1.1.

The content of this paper is as follows. In Section 2, we introduce
some notation and state maximal regularity results of the linear theory,
which shall be used in Section 3 to prove Theorem 1.1. In the final section,
Section 4, we finally prove the local existence and uniqueness of fourth
order equations with h!*P-initial data via the unique local existence result
of Theorem 1.1.

2. Maximal Regularity

First, we recall interpolation spaces and the notion of maximal regular-
ity. Throughout this paper, we use the notation of [7]. Let Ey, E1 be two
Banach spaces such that E; is continuously embedded in Ey. Let H(FE1, Ep)
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be the space of all bounded linear operators B € L(E;, Ey) which have the
additional property that — B, considered as an unbounded operator in FEj,
generates a strongly continuous analytic semigroup on Ey. For T' > 0 set
J=1[0,T],J := J\ {0}. Let 0 < a < 1 be fixed. Let

BUC)_o(J, E) := {u € O(J,E); [t — t'=*u] € BUC(J, E),
lim £ u(t)|p = 0} ,

t—0+
BUC}_(J,E) :={uec CY(J,E);u,u € BUC,_(J, E)},

where FE is a (real or complex) Banach space. Then we set

Ei(J) = BUCL_(J, Ey) N BUC_o(J, Ey),
Eo(J) = BUC_o(J, Ey),

where the norms of E;(J) and E(J) are defined by

lullg, () = sup '~ (lw/ )| 5 + [u(®)5,),
teJ

1—
[ullgy ) = sup ™™ [|lu(®)| -
teJ
The vector spaces E;(J) and E(J) are Banach spaces with respect to the
above norms. In the following we will use the notation

Eq = (E07 El)gpo

for the continuous interpolation spaces. See also [7, Section 2], [14, Chap-
ter 1].

Let us recall the notion of maximal regularity. The class My (E1, Ep) is
defined for B € H(E1, Ey) as

d
B e Ma(El,E()) <~ (E + B,’y) S ISOm(El(J),Eo(J) X Ea),
where v : Eo(J) — Eu;v +— v = v(0). The norm of My (F1, Ep) is
equivalent to the norm of L(E1, Ey).

If B € My(E1, Ey), then (Eo(J),E1(J)) is called a pair of mazimal
reqularity for B.
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3. Abstract Quasilinear Parabolic Equations

In this section we study the existence of solutions to the quasilinear
parabolic equation of the form

3.1) { gy = I

For this purpose we shall first recall the notion of a solution. We assume
that

(A, f) U — H(El, Eo) X E(),
where U is a nonempty subset of Fy. Let x € U be given and let J C RT :=
[0,00) be an interval which contains 0. By a solution of (3.1) on J we mean
a function

we CHJ,E)NC(J,E)NC(J,U)
which satisfies

(3.2) { Zgg))iifu(t))u(t) = f(u(t)), teJ,

where J = .J \ {0}. We shall prove our main unique local existence result
of the problem (3.1), that is, Theorem 1.1 in Section 1.

PrROOF OF THEOREM 1.1. The proof is parallel to the proof of [7,
Theorem 3.1] except in how it handles the nonlinear term f(-). We set

Eo(J) := BUC,_o(J, Ep),
Ei(J) := BUC}_(J, Eq) N BUC,_o(J, E).

We rewrite the problem (3.1) into

{ i+ Au = B(u) + f(u),

(3.3) w(0) = o

where A := A(zg) and B(z) := A(xg) — A(2) for z € U,. We conclude that
B € C'" (U, L(E1, Ep)) and that B(xg) = 0. We may assume that E, is
equipped with the (equivalent) norm

I 1|20 = sup s’ *|[(w + A)e T g,
s>0
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where w is a fixed number such that type(—(w + A)) < 0. Let T"> 0 be
fixed and let J := [0, T]. It follows from [7, Lemma 2.2] that there exists a
constant M7 > 1 such that

(3.4) lulle, Bay < Mallullgy(,),
ueEi(J:), u0)=0, J=][0,7]CJ

Moreover, we obtain

(3.5) [le™ 2l () < e(w)e” sup s (w + ez g, < M|zl g,
S

for 2 € E, and J; C J. Let ||[Ka|l := ||[Kall £ (1), E (7)), Where the operator
K 4 is defined by

(Kaf)(t) = /0 DA f(r) dr,

for f € E1(J). See also [7, Section 2]. Then from our assumptions (1.6)
and (1.7) there exist positive constants pg,b,C,, and L > 1 such that
Bg, (x0,2p9) C U, and such that

1 —
3.6 B < - B
( ) H (Z)HK(ELE()) = 4||KA||M1, z € BEg, (IOMOO)?
(3.7) 1B(21) = B(22)ll 2y o) < L1 — 22| 24,
(3.8) 1f(21) = f(22)llBe < Cpp(l21lly, + 22l + D21 — 2215,

where 21,20 € Bg,_ (z0,p0). Let go := min(po, (4||Ka|M;L)~!). Then we
find a number 77 € J such that

le*420 — 2ollp, < e0/2, te Ji:=[0,T1],

3.9 _
(3.9) le=Ao g, 1) < 20/2.

The first inequality in (3.9) follows from the strong continuity of the semi-
group et on E,, whereas the second one is a consequence of [7, Re-
mark 2.1]. Let 7 < T} be given and set J, = [0, 7]. For x € Bg, (7o, ) with

2Moe < gg we set

Wa(J7) :={v € E1(J7);v(0) = z, |lv — mollc(s, B0y < €0} NBE,(4,)(0,€0)

and we equip this set with the topology of Ei(J;). It follows from [7,
Lemma 2.2] that W;(J;) is a closed subset of Eq(J;) and thus is a complete
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metric space. The estimates (3.5) and (3.9) yield [t — e t4x] € W,(J,).
This shows that W, (.J;) is nonempty. Let v € W, (J;) be given. We invoke
the interpolation inequality,

1-0)/(1—« 0—a)/(1—a
Il < elloll, O Nollfe, 0 for v e By,

—0)/(1-)

and we estimate the constant Cp, ||nga by a constant (from above)
depending only on pg (which is still denoted by C,,) since the norm ||v| g,
can be estimated from above by pg > 0. Then we obtain from (3.6)—(3.8)

(310) [ B(u()v(t) + f(o(t))]|z
< B®)ll et~ lo@)lle, + ) f (o)l &

1
[ C tlfa HIP 1 "
< Eaan I + Ot = (e @ll, +Dlv®llz,
€0

= UK A My
-« 1-6)/(1— 0— 1—
+ Cpt (o)1, + D)5 7 (e &)

-~ 1o +(0—a)/(1-a)
S KA P
~ 4| Kal|M; + o [(t [v(t)] &)

xt =PI o (0o e g, ) O/ 17 I GED)]

€0 q (1—a)(1—q)
<9
< s+ oo 1ol 07
9 1— 1-6

ol gy 6]

___fo Fi-a)(1-g) 4 (0=0)/(1=0) 1-0
< .
A —l—CpO[ +e€ T }

The estimate (3.10) shows that B(v)v + f(v) € Eg(J;) for any v €
W, (J;). Thus, the mapping

Gy Wa(Jr) = E1(Jr), Ga(v) == ez + Ka(B(v)v+ f(v))

is well-defined for any = € By, (20, €).
(i) It follows from (3.4), (3.9), (3.10) and from the strong continuity of
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the semigroup e *4 on E, that

(3.11) 1G2(v) = 2ollcs,, k)
< lle™(z — wo)|

C(Jr,Eq)
+ lle a0 = Bolle s, .m0y + I1KAB@) + FO)ow, 5.
e
< cle — o)l g + 5
€0
Kl | g
R FTyon7

+ Cp, (587—(1—00(1—!1) + 6(()0(1)/(1&)71_0)}

S €0,

provided that ||z —z¢||g, < ¢ for a sufficiently small number € and provided
that 7 is small enough. We can always arrange 7 smaller since the relevant
constants and || K al| £y (.7, ),E, (J,)) are independent of J, C J. Additionally,
we also obtain

(3.12) |Gz ()|, ()
< lem" (@ — z0) gy (1) + e 2ollg, (1)
+ | Ka(B)v + f()lE, ()

€
< Ma(e — o)l + 5
€0 —a)(1— (0—a)/(1—a) _1-6
K C q._(1-a)(1—q)

< ¢&p

if ¢ and 7 are small enough. Lastly, observe that G,(v)(0) = x. We have
shown that G,(W,.(J,;)) C W,(J,) for all x € Bg, (zo,¢), provided that ¢
and 7 are sufficiently small.

(i) Let x1,22 € Bp, (w0,¢) be given and pick v; € Wy, (J;) and vy €
W, (J7). Tt follows from (3.5) that

(3.13) le™ (@1 = 22)lly 2y < Mallz1 — 22|, -
Moreover, we obtain from (3.4) that
(3.14) (01 = v2) — e~ (21 = 22) (s, 20)

< My[(vr = v2) — e w1 — 2) |,y ()
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This estimate together with (3.13) immediately yields

(3.15) [lv1 —v2llo@, Ba) < Millvr — vallg, (g,) + M2(1 + Mi)|z1 — 22| £,

Next, observe that

1
1 B — < -
(3 6) || (’Ul)(?)l UQ)H]E()(JT) = 4||KA||M1 HUI U2HE1(J7—)>

(3.17) 1(B(v1) = B(v2))vallgg () < Lllor = v2llos, g llvallE; )

< €0LHU1 - U2HC(J7—7E0¢)'

To obtain the estimate for [|f(v1) — f(v2)||lg,(s,), We observe that

(3.18) £ f(va(t)) — f(v2(t)) | o
< Cot (s (1)1, + oD, +1)
x JJor (t) = o))l o (8) — wa(t)]| G )
< G [t0909) (112 o (1))
+¢(1-a)(1-q) (tlia”UQ(t)HEl)p i t(l—a)(%)]
x (My|vr — vallgy () + (M1 M + Ma) ||z — szEa)(l_")/(l‘a)
x (£ or (8) = v (B, ) O
< Gy (01l 5,y 700 4 g 7100 4 71-0)
x (Mylor — vallgy () + (MyMa + Mo)||zy — $2||Ea)(1—9)/(1—a)
X [Jv1 —v2||(9 a)/( —o)
<C, <26PT(1 a)(1-q) +Tl—9) (ME=O/0=) gy gy A=)/ 1=0)
+ (My My + My)=9/0=9) 1z, $2||(1 0)/(-a)y
X ||lvg — U2H]E1 )/(1 a)
In order to derive the last inequality in (3.18), we use

(a+b)" <a" 47",
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for a fixed r € (0, 1], and any positive numbers a > 0,b > 0.
It follows from the definition of ¢y and from (3.13)—(3.18) that there
exists a constant ¢y > 0 such that

(3.19) |Gy (v1) = G (02) 3 (2,
< col|lwy — xz\\g;a)/(l_a) + BHm —v2||E, ()

+ | KaAllMi Gy My =0
X(%%ﬂ%mkm+Tkg\m—vﬂEMﬂ

0—a)/(1—« 3
< callzr — sz(Ea L o = vellmy ),

provided that 7 is chosen small enough.
(iii) As a particular case we obtain from (3.19) that

3
1Gx(v1) = Ga(va)llg, (1) < ~llv1 — v2llE, (1),

r € Bg, (v0,e), wv1,v2 € Wy(J,).

(iv) It follows from (i)—(iii) and Banach’s fixed point theorem that the
mapping G, has a unique fixed point

u(-, ) € Wp(J,) € BUCL_(J-, Eg) N BUC_o(Jr, E1)

for each z € By, (wo,¢). This u is the unique mild solution. By a standard
argument we observe that u € BUCY__(J;, Fy), which is a solution.
(v) We infer from (3.19) that

lu(-,2) — w9 IEy ) < dezlle —yllle /0 2y € By, (w0,¢).

Thus the estimate

0—a)/(l—a
-, ) = uls )l oo m < clle -yl o /0=

follows. [
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4. Applications to Fourth Order Equations with Rough Initial
Data

4.1. New criterion for local existence and uniqueness for fourth
order quasilinear parabolic PDEs

In this section, we solve various kinds of fourth order parabolic equations
with rough initial data. To be more precise, we shall derive the existence
and uniqueness for h'*P-initial data (0 < § < 1). With this assumption,
the curvature or the second derivative of initial data of the graph may not
be continuous. For this purpose we apply the abstract theorem which was
established in Section 3. Thus, we have to verify that the structures of the
principal parts and the lower order terms of several fourth order equations
indeed satisfy the assumptions of the abstract theorem. A direct application
of Theorem 1.1 for each equation is rather complicated. Thus we establish
a statement which bridges the gap between the abstract theory and its
application to PDE problems. The fourth order quasilinear equations which
we treat in this paper have a common structure of the principal parts and
lower order terms. We extract the essence of the structure and establish
a new criterion for local existence with rough initial data which is easy to
check. We now consider an equation of the form

Ou + A(Vu)u = F(Vu, Viu, V3u),
ot

(4.1)
u(0) = wo,

where V¥4 denote the k-th order derivative for k = 1,2,... in R™. This is
a special quasilinear equation for v = u(z,t),x € R™ but it includes inter-
esting problems. We impose several continuity conditions for the operator
A(-) and the lower order term %(-,-,-). Let & be a fourth order differential
operator whose coefficients depends on Vu = (Qu/dz1,0u/0z2, . .., 0u/0x;)
for u € h'*8 on hY (0 < v < B < 1). We denote the coefficients of & by a,
ie.,

A(Vu) = Y aa(Vu)D"
|a|=4
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Here for k = 1,2,...,0 < v < 1, A***(R!, R) denotes the little Holder space
and it is identified with

(4.2) hF"RLR) = {cp € BUC* (R R);

D~ — D*
lim max sup 12 P) )l _ 0}7
8—0 Jal=k gty |z —y|¥

lz—y|<6

where o denotes the multi index.

(A1) (Uniform ellipticity) For any Z > 0 there is a positive constant V =V
such that

> aa(Q)€™ = VIE,

|a|=4
for all ¢ satisfying |¢| < Z.

(A2) (Regularity) All coefficients a, are of Cl-class.

(F) %(-,-,-) is of Cl-class. For M > 0 there exists Cy; > 0 such that for
Ci € Rl777i € Rmv&z €R" (Z = 172)

(43) |g(C17771=£1) - %(C%T’Z?EQ)’
< Cop{1+ (Iml? + o)l — m2l
+ (1€1] + 1€&aD 1y — mal + (| + [m2])1€1 — ol

for |41, [¢o] < M. Here | -| denotes the usual Euclidean norm, i.e., for
x = (21,72,...,on5) € RV, |z| is defined by |z| := (2 + 25+ - +
A

THEOREM 4.1.  Assume (Al),(A2) and (F). Let 0 <y < 5 < 1. Then
for ug € hW'*P there exist T = 7(up) > 0 and € = (ug) > 0 such that the
problem (4.1) has a unique solution

u(-, w) € BUC1_([0,7], **7) N BUC]_,([0,7], 1)
for any initial value w € Bji+s(ug,e). Here a = (14 8 —7)/4.
Proor. Take v € (0,7) and set two Banach spaces (Fp, F1) as

Fy:=h", F,:=hr*t".
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Then, take the parameter § = (y—v)/4 and set two Banach spaces (FEy, E1)
as
EO = (F07F1)g,oo = hﬂ’ E1 = h4+7.

We take a := (143 —+y)/4 and observe by the reiteration Theorem (cf. [14])
that
Eo = (Ey, 1), o = M7

The reiteration Theorem also asserts that

h* = (B, E1)° B3 = (E,, E1)°

w1,007 w2,007

where wy = (1+7=08)/B3+7v—=8), w=02+7-05)/B+~—-0).

By our assumption (A1), the generation theorem of analytic semigroup
on little Holder space (cf. [14, Chapter 3]) asserts that for u € A8, —A(Vu)
generates a strongly continuous analytic semigroup on Fy. Then, by the
maximal regularity results of Da Prato-Grisvard [8] and Angenent [3],

&Q(Vu) S Ma(El, E{)).

Now we study the mapping properties of [u — ao(Vu)]. From the assump-
tion (A2) and the fundamental theorem of calculus,

aa(Vur) —aa(Vug) = le </01 djaa(sVur+ (1 —5)Vuz) d8> - (Oju1 — Djua),

Jj=1

where 0; = 0/0x;. Thus we have

l 1
(4.4) llaa(Vur) — an(Vu2)||py < J;(/O |10ja0(sVur + (1 — s)Vus)|| ds)

X [|0ju1 — Ojua||p

< cllur — ug||p+y < cllur — ug||pris.

From (4.4) and the Banach algebra property of h”, the Lipschitz continuity
of [u — A(Vu)] from h'+F to L(A*7, hY) follows.
We conclude that

ﬂ E Cli(Uaa MO!(Ela EO))
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For uy,us € Bg, (ug, M), define M >0 as
[uill o < llui —wollE. + lluollz, < M + [luol|e, == M.

The assumption (F) implies that F(Vu, VZu, V3u) for u € h**7 is in E
since %(+, -, -) is a composite of a smooth function and a little Hélder function
(see the characterization of h*+¥ in (4.2) just before (A1)). Thus we observe
that

(4.5) || (Vuq, V2uq, Vgul) — F(Vug, V2u2, V3u2)||EO
< Oy A1+ (IV?wllfy + 11V2u2ll72) V21 — V2usllpn
+ (HV?’UI”}W + HV3u2||m) 1V2u1 — Vus||pn
+ (||V2U1||h“/ + ||V2UQ||m) HV?’ul - V3UQ||m}.

We shall estimate each term of the right hand side of (4.5). Observe that

(4.6) (V27 + V% u2li) V%01 = V]|

< (luallfoer + lluzllfoe)lur = uallpz+s,

and apply the interpolation inequality in order to estimate ||uql/p2+~ and
Hu2Hh2+7. That is,

(4.7) laillnzer < elluill g luillg, < M luillg, (i =1,2).
Applying (4.7) to (4.6) we have

(4.8) (IV2urll7s + V22l V21 = Vus o

< Oyl + llullE)llua — wallpz+s
A similar argument enables us to conclude that

(4.9) (IVPurllpr + V22l V21 = V2uz |

< Oy (g + luall ) llur — uallpzen

(4.10) (”VQ’LHH]W + ||V2UQth)||v3’LL1 — V3UQHm

< Cyp(luall 3 + lluzllg)lur — ual[ps
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We also have to check the sum of powers of Ej-norm in (4.8)—(4.10).
Note that

h2+7 - (EO’El)gl,OO’ h3+’7 = (EOaEl)gg,ooa
where 01:1/2, 02:3/4
In (4.8),

R i F o Mt
_20+v-p)
-5 <t

In (4.9)

S o M=
_3+200-P)
-5 <t

In (4.10)

(4.13) wr+?_§:;13—g 49M;$;ﬂgwﬂﬁ
_3+2(y-h)
B priv

By (4.11)—(4.13) the sum of powers of Ej-norm for the lower order term is
less than one. Thus, the estimate for the lower order term %(-, -, -) satisfies
the assumption of Theorem 1.1. We are now in a position to apply The-
orem 1.1 to show the existence and uniqueness of a local-in-time solution
of (4.1) with h'*B-initial data. O

4.2. The surface diffusion flow, the Willmore flow and the aniso-
tropic surface diffusion flow
In this subsection we consider the existence and uniqueness of a family
{I'(t);t > 0} of smooth hypersurfaces solving the surface diffusion flow

(4.14) {‘/__APH

['(0) = Ty,
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the anisotropic surface diffusion flow

(4.15) { Lo o

['(0) = Ty,

and the Willmore flow

1 3
(416) { V= —ArH - SH*+ HR,

T'(0) = Ty.

Here V is normal velocity of I'(t), while H and R denote the mean curva-
ture and the scalar curvature of I'(), respectively, and Ar is the Laplace-
Beltrami operator on I'(t). For a smooth function f and a smooth vector
field X on I', Vr and divr are defined by

va = vf - <n7 Vf>n,
divp X = Trace((I —n®@n)JX).

Here n denotes the unit normal vector on I'(¢), (-,-) denotes the standard
inner product on RY, while JX stands for the Jacobian of X. The Laplace-
Beltrami operator Ar on I' is defined by

Ar = divp Vr.

Here H,, denotes an anisotropic mean curvature of I'(t), that is, for a given
surface energy density g, the one-homogeneous extension p of pg is given
by
N
u(p) == pmo(p/lp)lpl, peR”.

Define the Cahn-Hoffman vector v by v = V. Then H, is defined as
H, = —divpv(n).

In this subsection we consider the case when the hypersurface I'(¢) is
represented as the graph of a smooth function u(z,t), i.e., I'(t) = {z, =
u(2’,t); 2" = (z1,79,...,2,-1) € R" '}, We take the unit outer normal
vector n as

" (_ Vu 1 >
N (1+ |[Vu)V/2' (1 + |Vu2)t/2 )’
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where Vu = (0u/0x1,0u/0xs,...,0u/0x,—1) = (01u,0su,...,0h_1u).
Then, from [11, Chapter 1], we have

8tu
A+ Va7

) Vu o;ud;u 0;0;u
4.18 H=d — | = | 6 — J J .
(4.18) v ((1 + !WP)W) < Ty \Vu!2> (1+|Vuf2)12

(4.17) V=

The Laplace-Beltrami operator Ar is of the form

Orudju 02
419) Ar = (6 —
(4.19) Ar (5’“ 1+ |w|2> D0z

1 0 OLudju 0
1 2\1/2 YUYy e
+ (1 + |Vul2)1/2 dxy, {< +Vul’) (5’“ 1+ [Vu?2) | ox

Here the summation runs from 1 to (n—1) for all indices. We now apply the
result of Theorem 4.1 to show the unique local solvability of equations (4.14)
and (4.16).

THEOREM 4.2. Let the initial hypersurface Iy be given as the graph of
a function ug € KMP(R™1) with § € (0,1), ie., Tg = {x, = uo(z'); 2’ =
(r1,29,...,2n_1) € R"}. Then for v € (0,3) there exist positive con-
stants T = T(ug) > 0 and € = £(up) > 0 such that the problem (4.k) with
k = 14,16 has a unique classical solution

u(-,w) € BUC1_([0,T), k™) n BUCL_([0,T],h"),

for any initial value w € EhHB(Rnﬂ)(uo, ). Here a = (1+ (3 —~)/4.

REMARK 4.3. The structure of the problem (4.15) is the same as the
structure of problems (4.14) and (4.16), and therefore we can state similar
theorem for problem (4.15). In order ¥ = Vi to be a continuous function,
we must assume p is of C2-class away from the origin.

PrROOF OF THEOREM 4.2. First we study the surface diffusion flow
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(4.14). By (4.17)—(4.19) the surface diffusion flow is

(4.20) ot = (1 + |V’LL‘ ) (Skl 71 T |VU|2 akﬁl
% i — @uaju 818]u
T VAR ) (14 [VuP) 2
1 Opudu
b 5 2y1/2 (g _ _OkUOU
(1+ yvUP)l/?ak {( +1vul’) M VP

&U@jﬂ 82‘(9]‘11
<o [(5” 1+|Vu\2> (1+ !VUP)WH'

We have to verify that the principal parts and the lower order terms of (4.20)
satisfy the assumptions (A1), (A2) and (F). The principal symbol of the
right-hand side of (4.20) is given by

1

(4.21) aricp? (k1 (1 + ICI%) = GrC) (8351 + 1€%) = Gi¢)] prpipips
1
= Ot ep? [(T+ KPPl = (¢ 'p)Q]Q,
where we denote ¢ = (1,2, ..., (,—1) for variable for the first order deriva-

tive Vu = (O1u, 0o, ..., 0, 1u) and p = (p1,p2,...,pn-1) € R* 1\ {0}.
Cauchy’s inequality then yields uniform ellipticity: there exists a constant
Y > 0 such that

(4.21) > Vip|*,

for all p = (p1,p2,...,pn_1) € R* 1\ {0}. Thus for a fixed ¢, the principal
part #(¢) is an elliptic operator and of C'-class with respect to ¢ so that
(A2) is fulfilled. (See [1, Section 7], [2, Section 3] for various definitions of
uniformly elliptic operator). It is easy to see that this estimate for (4.21) is
locally uniform for ¢ so that #(¢) fulfills (A1).

The lower order terms of (4.20) are of the form

F __ QCkGmigSikt
(4.22) FiCm &) = = R
(4.23) Fo(Cm, €) = — SRSk

(1+1¢?)?
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Here we denote n = {n;;} and £ = {&;x} by the second order derivative
and the third order derivative respectively. For example, 7;; denotes 0;0;u
and ;3 denotes 0;0;0,u. Note that the sum of powers of the polynomials
n and € of (4.22) and (4.23). In (4.22), the sum of powers of n is 1 and
that of £ is also 1, while in (4.23) the sum of powers of ¢ is 3. Thus, we can
conclude that F1(¢,n, &) and F1({, n, ) satisfy the assumption (F).

We now apply Theorem 4.1 to obtain the unique local classical solu-
tion of the surface diffusion flow with A!*P-initial data. For the Willmore
flow (4.16) and the anisotropic surface diffusion flow (4.15), the structure
of the principal part and the lower order terms is the same as the structure
of the surface diffusion flow (4.14). For this reason, we leave the details to
the reader. 1

4.3. The evolution equations for the height of a crystal

In this subsection we study the evolution equations for the height of a
crystal which is derived in [15] as a limit of microscopic models

@:—Bv-{z\-v[v-<v“>+ By. (]Vu|Vu)]},

(4.24) ot [Vl
u(0) = up.
Here
Oy
7= (),
1 (0w (Opu)?  q|Vu| (9.u)(9yu)
A= | 1+dVyl |[Vul2  |[Vul? 14 ¢q|Vu|  |Vul?
_ q|Vu|  (9zu)(9yu) 1 (Oyu)®  (Jwu)?
14 ¢q|Vu|  |Vul? 14 ¢q|Vu| |[Vul?2  |Vul?

The quantities B, q, g1 and g3 are given positive constants. We will try to
solve the initial value problem for (4.24). Unfortunately, the equation (4.24)
is degenerate (not parabolic) and singular at Vu = 0. Our aim in this
subsection is to construct a unique classical solution for regularized and
relaxed problems which are parabolic. We introduce |Vh|. := (24| Vh|?)!/?
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for (small) ¢ > 0 and relax and regularize the original equation (4.24) to get

%——BV- {Ag-v [v <VV“ >+ By (|W\avu)”,
(4.25) [Vule
u(0) = uy,
where
1 (0zu)?  (Oyu)? ~q|Vule (Oxu)(Oyu)
A 14 ¢q|Vuls [Vu|?2  |Vul? 1+ ¢|Vul. ]Vu|2
c ~qVule (9zu)(9yu) 1 (Oyu)?  (Oyu)?
1+¢|Vul:  [Vul? L+q|Vule [Vulz [Vl

THEOREM 4.4. Assume ¢ > 0. For 3 € (0,1) let ug € h'P(R2).
Then for each v € (0, 3) there exist positive constants T = T'(ug) > 0 and
e = e(up) > 0 such that the problem of (4.25) admits a unique classical
solution

u(-,w) € BUC1_4([0,T),R*™)n BUCL_([0,T],h"),
for any initial value w € Ehug(Rz)(uo,e). Here o = (1+ 3 —7)/4.

PROOF. The proof is the same as the proof of Theorem 4.1. From now
on we denote ag;(Vu) by the (4, j)-th component of the matrix A.. We also
observe that

32
v <V |5> qul 8$ka$l

with

1 O O, U
by — CntInt)
(V) = 17, u(’“ SE >

Then the highest order term of V- A, - V[V - (Vu/|Vul.)] is calculated by

84
4.26 e _ 7
(4.26) ”Zk:l @i Gkt Ox;0x0x10x; u,
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where the indices run from 1 to 2. Thus the principal symbol is

,L'7j7k7l

(4.27) > a5 au(pipiprp = Z% wii | | D au(pepr | -
ol

for p = (p1,p2) € R\ {0},¢ = (¢1,¢2), [¢| £ M. We now calculate

(4.28) ZQE,Z(C)pkpl = Kl (\p!z — Ckfgi;“)
k,l € €

:qggmﬂqawpff>

2

g
> ——|p|?
ICET

(4.29) Z Cl” pzpj pl p?) A. <];;>

_ 1 & C22> 2
‘<uwmkm2+m3pl

ql€le G2
+2< 1+mqsmP>“m

1 <2 €1> 2
*(mem2+mw
1

T 1+ gl [C2 [(Cl (1+al¢lo)¢3)pt

— 24/C|-C1Gapipa + (G + (1 + al¢l)CDpS).
In order to show that the bilinear form (4.29) is positive definite, we shall

calculate the determinant of the coefficient matrix of the bilinear form. The
determinant is

1 1\?
(4.30) Giﬁimﬁ (GG + (1 +alcl)ct + (1 + alcl)ed
+ (1+ql¢1e)*3E - ?I¢2d]
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11\’
~(trarice) [G8+a+ddod

+ (1+4l¢l)cs + (1 +241¢1)63e3

~(1roerie) [0+

1+ q|¢|- [€]2
1 1
-t 0.
1+ q[¢le [¢]2
The trace of the coefficient matrix is obviously positive. Now we can con-
clude that there exists V = Va; > 0 such that

(4.31) > a5(Opipy > VIpl,
¥

for all || < M. From (4.27), (4.28) and (4.31), we finally obtain the
ellipticity of the principal part so that the principal part of the equation
fulfills (A1) and (A2).

The typical terms of the lower order terms of (4.25) are

4
2B GEmuint
L+ q[¢le [qFa—

where we denote 7 = (911, M2, M21,M22) and & = (&111, 112, - - -, &222) by the
second order and the third order derivatives respectively. For example 711
denotes hg, and &112 denotes hgg,. Note that the sum of powers of the
polynomials i and € of (4.32) and (4.33). The sum of powers of i in (4.32)
is 1 and that of £ in (4.32) is also 1. On the other hand, the sum of powers
of n in (4.33) is 3. Thus, we can conclude that %(¢,n, &) and %1(¢,n, £)
satisfy the assumption (F). The other terms can be handled in a similar

(4.33) F1(¢,m,€) =

way. We are now in a position to apply Theorem 4.1 to obtain the unique
local classical solution of (4.25) with h!'*A-initial data. OJ
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