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Log Néron Models over Surfaces

By Chikara NAKAYAMA

Abstract. We prove that admissible normal functions over sur-
faces extend to sections of log Néron models.
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Introduction

To study admissible normal functions, various analytic Néron models
have been introduced by several authors (Green-Griffiths-Kerr [4], Brosnan-
Pearlstein-Saito [2], Schnell [14],...). Log Néron models ([10], [12]) are
among them. They have geometric structures and, via the work of Hayama
([6]), in case of the 1-dimensional base, they are homeomorphic to the ones
of Green-Griffiths-Kerr.

In this paper, we study the problem to construct a log Néron model for
each admissible normal function v, that is, a log Néron model Jx, which
“graphs” v in the sense that v extends to a section of Jy; (cf. the paragraph
before 1.8). Over the 1-dimensional base, it is relatively easy to see that
there is the log Néron model which graphs any admissible normal function
(cf. [10] §7 and [12] 6.1.8). But, over a general base of any dimension, we
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cannot expect that there is such a nice model which graphs any v simulta-
neously. Instead, we hope that there is a nice model for each v. We call
such a model a log Néron model for v. This model depends on v.

More precisely, as is explained in [10] and in [12] §5 respectively, there
are two ways to formulate log Néron models, i.e., the absolute formulation
and the relative formulation. Roughly speaking, in the former, we use cones
in the Lie algebra, while, in the latter, we use cones in the fiber product of
the cone of the log structure of the base and the Lie algebra. The absolute
one is more understandable and is studied earlier from the pioneer work
[10], whereas the relative one has some advantages, and, in [12], we adopted
the relative formulation to define some log Néron models (see ibid. 5.5 for
a comparison of both methods).

As is said in the above, over the 1-dimensional base, both formulations
(the absolute one [10] and the relative one [12]) works well and yield the
best model. Over the higher dimensional base, there are some results in
the relative formulation so far. First, the log Néron model in the rela-
tive formulation ([12]) graphs the admissible normal functions with torsion
singularities, i.e., the admissible normal functions whose associated local
systems are Q-split. Further, it is not very hard to see that, for each admis-
sible normal function v with any singularity (not necessarily with torsion
singularity), there is a model in the relative formulation which graphs it. On
the other hand, we have studied the problem little in the absolute setting.

In this paper, we return to the absolute setting and find it an interesting
problem to construct a log Néron model in the absolute formulation for each
admissible normal function v over the base of any dimension. The main
result in this paper is to carry it out in the surface base case. Since the
machinery is already established in [12] §2 to associate a nice model to a
weak fan, the problem is in essence to construct an appropriate weak fan for
v, whose proof we will outline soon. (Here “weak fan” is a relaxed concept
of fan, which admits some overlappings of cones.)

Another problem is to construct a model which graphs given two or
more admissible normal functions simultaneously, which has not yet been
studied well for neither context (absolute nor relative). We will investigate
this problem in a forthcoming paper.

In Section 1, we formulate the problem, state the main results, and
deduce some corollaries.
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The proofs start in Section 2. Roughly speaking, the idea is as follows.
(See 1.17 for a more precise outline.) Let o be the admissible nilpotent cone
associated to v. The problem is to subdivide ¢ into a finite set of cones such
that each cone of this set generates a weak fan, that is, we have to prove
that, after replacing o by each member of a finite subdivision of o, all the
translations g(o) (g € Gz) of 0 make a weak fan, where Gz is the group of
automorphisms of the lattice.

Generally, the given o and its translation g(o) are overlapped, that is,
the intersection g(o) N o is not necessarily a face of o. Sometimes, we see
that, after a finite subdivision, the intersection g(o) N o becomes a face of
o. Sometimes, it is not the case, but still we can prove that after a finite
subdivision, o generates a weak fan. In this introduction, we temporarily
call the former case (A) and the latter case (B).

In case (A), we subdivide o in a careful way: First, in Section 2, we
prove some lemmas in an abstract setting which provide several methods
to subdivide cones. In Section 3, we prove some properties of polarized
nilpotent orbits, which are necessary to apply the methods in Section 2 to
our situation.

Next, in Section 4, we add more lemmas in an abstract setting to subdi-
vide cones suitably in the case (B). After reviewing some basic consequences
of admissibility in Section 5, we prove the main results in the final section
6 by combining the propositions in the preceding sections.

Acknowledgments. The author is thankful to K. Kato and S. Usui for
collaboration for log intermediate Jacobians, from which this subject arose.
The author thanks J. C. for suggesting this work. He also thanks the referee
for the careful reading and pointing out some unclear points in 6.2 and in
6.5.

Notation and Terminology. All combinatorial notions are the rational
ones, i.e., are considered over Q, unless explicitly stated otherwise. For
example, a polyhedral cone is a finitely generated and integral (i.e., can-
cellative) Q>p-monoid. A fan in a Q-vector space V is a set ¥ of strictly
convex polyhedral cones in V satisfying: (1) A face of a member of ¥ also
belongs to 3; (2) For 0,0’ € ¥, the intersection cNo’ is a face of 0. A finite
subdivision of a polyhedral cone ¢ is a finite fan > whose support coincides
with o.
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Let N: V — V' be a map of sets. For a subset A of V and a subset A" of
V', we write NA for N(A) and N~ A’ for N~1(A’). For example, for maps
N1, No: V — V', the symbol (NaN;1)2A’ means No(N; ' (No(NyH(AN)))).

1. Main Results

1.1. First we review the definition of weak fans. The weak fan is the
relaxed concept of fan introduced in [11]. We follow the formulation in [12].
For a slight (inessential) difference between the formulations [11] and [12],
see [12] 2.2.5 Remark 2.

As is explained in [12] §2 and in ibid. §5 respectively, there are the
absolute formulation and the relative formulation of weak fans. In this
paper, we study weak fans in the absolute setting, i.e., the one in [12] §2.

Thus the following definition is the same as that in [12] §2 except that
we work over Q, which yields no difference in essence.

1.2. In this section, we fix a free Z-module H7, of finite rank and
define Hy := H}, ®Z. Let W be the increasing filtration on Hq := Hz ® Q
characterized by gr'";(Hq) = Hg and grtV (Hg) = Q. Let (, )o be the
pairing Z x Z — Q;(a,b) — ab. Let (, )_1: Hj x H; — Q be a non-
degenerate anti-symmetric pairing. Let (h”?),, are non-negative integers
given for each integers p, ¢ satisfying the following conditions (1)—(4).

(1) "2 =0 unlessp+g=—-lorp=q=0.

(2) R%0 = 1.

(3) 2pig=—1 WP =rank zHy.

(4) hP1 = %P for any p, q.

1.3. Let D' := D(Hy, (h?9)ptq=—1,( , )—1) be the classifying space
of polarized Hodge structures of weight —1 defined by P. A. Griffiths in
[5]. Let D := D(Hz, W, (h"?),4,(, )=1,(, )o) be the classifying space of
gradedly polarized mixed Hodge structures introduced by S. Usui in [16].

For A = Z,Q, let G’y be the group of the A-automorphisms of
(H,(, )-1). Let G4 be the group of the A-automorphisms of (H4, W N
Hy, < ) >*1a ( ) >O)

Let gq be the Lie algebra associated to G. Let gq be the Lie algebra
associated to Gq.
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1.4. A nilpotent cone is a polyhedral cone o in the Q-vector space gq
whose elements are all nilpotent and mutually commutative, i.e., NN’ =
N'N for any N,N' € o.

A nilpotent cone o is said to be sharp if it is strictly convex, i.e., o N
(—o) = {0}.

Let o be a nilpotent cone and let F' be an element of the “compact dual”
D of D. We say that (o, F) generates a nilpotent orbit if the following three
conditions (1)—(3) are satisfied.

(1) The adjoint action of o on Hq is admissible. (For the definition of
the admissibility, see below.)

(2) NFP C FP~1 for any N eoandpeZ

(3) For a set N1,... , N, of generators of o, we have exp(}_7_; iy; N;) F
belongs to D for any y; > O

The important concept of admissibility, which appears in the above (1),
was introduced and studied in [15] and [8]. Its definition was reviewed in
[12] 1.2.2, where the formulation is over R. To define the admissibility over
Q, read R there as Q, or, equivalently, define the admissibility of the action
of o on Hq by that of 0 ®q., R>0 on Hr. Because of its importance, we
repeat the definition here: We say that the action of o on Hq is admissible
if there exists a family (M (7, W)), of finite rational increasing filtrations
M (1,W) on Hq given for each face 7 of o satisfying the following conditions

(1)~(4).
(1) M(enN(—0), W) =W.

(2) For any face 7 of 0, any N € o and any w € Z, we have
N(M (T, W)w) C M(T,W ).
)

(3) For any face 7 of o, any N € 7 and any w € Z, we have

N(M(7,W)w) C M(7,W)y—2

(4) For any faces 7, 7/ of o and for any N € o such that 7/ is the smallest
face of o containing 7 and N, M (7/, W) is the relative monodromy filtration
of N with respect to M (r,W).

1.5. A weak fan ¥ in gq is a non-empty set of sharp nilpotent cones
satisfying the following conditions (1) and (2).
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(1) Any face of an element of ¥ also belongs to X.

(2) Let 01,02 € ¥. Assume that they have a common interior point.
Assume also that there is an F' € D such that (o1, F) and (09, F) generate
nilpotent orbits. Then o7 = o9.

A fan in gq is defined, as usual, by replacing (2) with the condition: If
01,09 € X, then o1 Noy is a face of o;.

Any fan is a weak fan ([12] 2.2.4, cf. [11] 1.7), but the converse does not
hold, that is, o1 N o is not necessarily a face of o1 in a weak fan. See [11]
4.13 and [12] 7.2 for examples and the necessity of weak fans.

1.6. Next we review log Néron models and their variants.

Let o/ C g’Q be a sharp nilpotent cone.

Let I := exp(0’8?)NGY,, where 0’8 = 0’4 (—0’). Let I be the subgroup
of Gz consisting of all the elements whose restrictions to Hy, belong to I”
and which induce 1 on grl/ (Hz) = Z.

Let ¥ be the fan consisting of all faces of o’. Let X be a weak fan which
is strongly compatible with T ([12] 2.2.6).

Let D{, and Ds; be the sets of nilpotent orbits. The quotients I\ D,
and I'\ Dy, are endowed with the structures of the objects in the category
B(log) ([13] 3.2.4).

Assume the following condition on X:

(*) The image in gg of any cone in ¥ is contained in o”.

Then, we have the natural map
g : T\ Dy — I\ D&,

induced by the natural map D — D'; F s gr, (F).
Let
0: S — 1"\ Dy,
be a strict morphism in the category B(log), where a morphism is said
to be strict if the pullback of the log structure on the target is naturally

isomorphic to that on the source.
Let Jx. be the fiber product of

S —T'\ Dy — T\ Ds.

Then, a series of main results in [12] say that Jy is a nice space in various
senses; for instance, by 2.5.5 of [12], Jx is Hausdorff if S is Hausdorff.
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1.7. By another main theorem 2.6.6 of [12], Jx. represents the following
functor.

Let H' be a polarized log Hodge structure on S endowed with a I'-level
structure ' of type (=1, (hP?)pyg=—1,Hy, (, )—1,I",%’) corresponding to
p: S — I'"\ D§, by the main theorem B in [13] 4.2.1.

Then, the functor represented by Jy associates to T' € B(log)/S the set
of isomorphism classes of a log mixed Hodge structure (LMH, for short)
H on T with polarized graded quotients endowed with a I'-level structure
w ([12] 2.6.2) satisfying the following conditions (1) and (2) (see [13] 2.6,
[7] 2.3, 2.5, [12] 1.3 for the definition of LMH; recall that, roughly speak-
ing, an LMH is a pre-LMH satisfying the following three conditions point-
wise, i.e., the admissibility, the Griffiths transversality, and that it yields a
mixed Hodge structure in the usual sense after a sufficiently twisted spe-
cialization).

(1) grV(H) is isomorphic to the pullback of H’, Z (unit Hodge struc-
ture), and 0 if w = —1, w = 0, and w # 0, —1, respectively.

(2) For any t € T8, if ji;: H; = Hyz (H here denotes the lattice of
H by abuse of notation) is a representative of the germ of p at ¢, then
there exists a ¢ € ¥ such that exp(o) contains the image of the induced
map 7} (7717(t)) — Aut(H) REY Aut(Hgz), and such that (o, i:(C ® F}))
generates a nilpotent orbit.

Here m; (17 17(t)) :== Hom((MT/OT):(t),N) C Hom((MT/(’)T)f(t), Z) =
7 (17 7(t)) and F is the Hodge filtration of H.

We have an embedding

Mor(—, Js) C Ext' (Z, H')

of functors from the category B(log)/S to the category of sets. Here Ext! is
the sheaf T'+— Ext}:(Z, H'|7) in the category of log mixed Hodge structures
with polarized graded quotients (cf. [7] 3.1.4). The image of this embedding
consists of H satisfying the following (3).

~

(3) For any ¢ € T'°8, if ;I{f: H| — H,, (H' here denotes the lattice of H’
by abuse of notation) is a representative of the germ of y' at ¢, then there
exists a o € ¥ such that exp(o) contains the image of the induced map

a1 () — Aut(Hy) P Aut(Hy), and such that (o, (2 @ id)(C ®

F})) generates a nilpotent orbit.
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Now we proceed to state the results. Fix a ¢/ and let IV, T, and ¥’ be
as in 1.6. Let ¢ be as in 1.6 and H' as in 1.7.

We first state results in 1-dimensional base case for the reader’s conve-
nience, though they are essentially included in those in 2-dimensional base
case (cf. [10] §7, [12] 7.5.3 (3)).

We say that, for any object T' € B(log), Jx graphs an extension a €
Exth(Z, H') if a belongs to Mor (T, Js) C Ext:(Z, H').

PROPOSITION 1.8. Assume that dimo’ < 1. Let o be a nilpotent cone
in g whose image in g/Q is o’. Assume that o is admissible, i.e., its action
on Hq is admissible. Then, there is a finite subdivision of o such that, for
each member T of this subdivision, the translations Ad(y)(v) of all the faces
v of T by all the elements v of T' (the translations by T, for short) form a

fan.

We prove this proposition in the last section after preparations.

REMARK 1.9. The main theorem in [10] essentially claims more
strongly as follows. (For its proof, see also [12] 7.4.) Let ¢’ be as in 1.8.
Then, there is a fan 3 in gq which is strongly compatible with I', and all of
whose cones are admissible and have the images ¢’ or {0} in g’Q, satisfying
the condition that, for any ¢ as in 1.8, there is a finite subdivision of ¢ such
that each member of this subdivision is contained in some cone in .

COROLLARY 1.10. Assume that dimo’ < 1. For any object T of B(log)
over S and any a € Ext%ﬂ(Z,H’), locally on T, there is a log modification
T' — T ([13] 3.6) and, locally on T, there is a fan X (being strongly com-
patible with T' and satisfying (x) in 1.6) such that Jx, graphs a, which means
that the restriction of a in Extl,(Z,H') belongs to Mor(T',Js) C
Extt (Z, H').

We call such Jx a log Néron model for a.

PrOOF. Let H be the LMH corresponding to a. Let t € T8 and we

work around 7(t). Let p; be as in 1.7 (3). Then, via u,®id, the monoid
7 (r717(t)) acts on Hz.
Let o be the local monodromy cone of H at 7(t), that is, the cone in gq

generated by the logarithms of the actions of the elements of ] (7717(¢))
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(cf. [13] 2.5.11). This is determined up to the translation by an element of
I'. Clearly, the image of o in gg is contained in o”.

By localizing T' and taking a chart around 7(t), we may assume that
there is a chart P — T'(T, M) with a sharp fs monoid P such that P —
(Mr/O3F)¢ is bijective. Then, for any ¢’ € T8, the monoid 7] (7717 (¢))
is regarded as a face of " (7717(t)), and the action of 7 (7717(#')) on Hgz
factors through the action of 7" (7717(¢)) on Hz modulo the translation by
an element of T'.

Now we apply 1.8 and make a log modification T” of T according to the
finite subdivision of Hom (P, Q>¢) induced by that of o in 1.8. Let 7 C o
be a member of this subdivision. Then, all the translations of 7 with their
faces form a fan 3 by 1.8, which is easily seen to be strongly compatible
with I'. By localizing T”, we may assume that X contains the set of the local
monodromy cones of H|pr.

We will show that Jx, graphs a. For this, it suffices to verify the condition
(3) in 1.7. But, since the set of the local monodromy cones of H is now
contained in ¥, we can take the local monodromy cone itself as the desired
cone o in the condition (3) in 1.7. O

COROLLARY 1.11. Assume that dimo’ < 1. For an fs log analytic
space T' over S which is log smooth over C ([13] 2.1.11), let U be the open
subspace of T where the log structure is trivial. Let a € Extllj(Z,H’) be an
extension of gradedly polarized variations of MHS, which is admissible with
respect to T. Then, locally on T, there is a log modification T' — T and,
locally onT", there is a fan X (being strongly compatible with T and satisfying
(*) in 1.6) such that the morphism U % Js extends to a morphism T' — Js.
(Note that, by the definition of a log modification, the open subspace U of
T can be regarded also as an open subspace of T".)

PrROOF. By the assumption of the admissibility, a extends to an
element of Exth(Z, H'). Hence this corollary is reduced to the previous
one. [J

COROLLARY 1.12. Assume that dimo’ < 1 and that S is a complex
analytic manifold endowed with the log structure defined by a smooth divisor
Z. Then any normal function on S — Z which is admissible with respect to
S, locally on S, extends to a section of Jx for a fan 3 which is strongly
compatible with T and satisfies (x) in 1.6.
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Proor. Let U =S — Z. A normal function on U is nothing but an
element of Ext};(Z, H'). Since, in this case, a log modification over S have
to be trivial, this corollary is reduced to the previous one. [

We remark that in the last case 1.12, the log Néron model in the sense
of [12] exists as a best model and satisfies the same conclusion. See [12]
6.1.8.

1.13. We proceed to the surface base case.

We introduce some terms to state the result. Let ¥ be a finite set of
nilpotent cones in gq (not necessarily a fan). Let {fan} be the set of the
fans in gq. A map s: ¥ — {fan} is a finite multi-subdivision of ¥ of length
one if for any o € X, the image of ¢ by s is a finite subdivision of o. Let
Y5 be the union of s(o) for all o € ¥. A finite multi-subdivision of ¥ is a
sequence Sy, ... , S, of finite multi-subdivisions of length one such that s; is
a finite multi-subdivision of ¥ of length one, and for any j with 2 < j < n,
s; is a finite multi-subdivision of ¥, _, of length one.

We call an element of ¥, a member of this finite multi-subdivision.

A finite multi-subdivision of a nilpotent cone ¢ is a finite multi-subdi-
vision of the set of all faces of o.

The next is the main theorem in this paper, which is proved in Section
6 after the necessary preparations.

THEOREM 1.14. Assume that dimo’ = 2. Let o be a nilpotent cone in
gq whose image in g/Q is o'. Assume that o is admissible. Then, there is
a finite multi-subdivision of o such that, for each member T of this multi-
subdivision, the translations Ad(y)(v) of all the faces v of T by all the ele-
ments v of I' form a weak fan.

We expect that the conclusion in 1.14 would hold without the assump-
tion dim ¢’/ = 2. Another problem is whether we can find a finite subdivision
instead of a finite multi-subdivision.

COROLLARY 1.15.  Assume that dimo’ = 2. For any object T of B(log)
over S and any a € Exti(Z, H'), there is a finite set of surjective, strict
(1.6), local isomorphisms T; — T; (0 = j = n —1) with Ty =T and a set
of log modifications Tj — T;_y (1 = j = n) such that, locally on T, there
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is a weak fan X (being strongly compatible with T' and satisfying (x) in 1.6)
such that Js graphs the restriction of a.

We call such Jx a log Néron model for a.

PrRoOF. The proof is parallel to that of 1.10.
Let H be the LMH corresponding to a. Let t € T'°¢. The monoid
7 (7717(t)) acts on Hz via p,®id, where 1} is as in 1.7 (3).

Let o be the local monodromy cone of H at 7(t).

In the same way as in 1.10, we may assume that there is a chart P —
[(T, Mr) such that P — (Mr/OJ); is bijective. Then, for any ¢ € T'°8,
the action of 7" (r717(#)) on Hz factors through the action of 7} (7717 (t))
on Hz modulo the translation by I'.

We apply 1.14 and have a sequence
T =T =Ty —T g— =T —Ty—=Ty=T

as in the statement according to the finite multi-subdivision in 1.14. By
further localization of T),, we may assume that n = 0 and that all the
translations of ¢ with their faces form a weak fan ¥, which is strongly
compatible with I'.

Then, Jy graphs a, as is seen in the same way as in 1.10. O

COROLLARY 1.16. Assume that dimo’ = 2. For an fs log analytic
space T over S which is log smooth over C, let U be the open subspace of
T where the log structure is trivial. Let a € Ext};(Z, H') be an extension of
gradedly polarized variations of MHS, which is admissible with respect to T'.
Then, there is a finite set of surjective, strict, local isomorphisms T]’ — T}
(0=j=n-1) withTy =T and a set of log modifications T; — T;_,
(1 £ j £ n) such that, locally on T,,, a weak fan ¥ (being strongly compatible
with T and satisfying () in 1.6) exists and the morphism U, — U % Js
extends to a morphism T, — Jx. Here U, is the inverse image of U in
T,.

ProoF. Similarly to 1.11, this is reduced to the previous corollary. [

1.17. Here we explain the idea of the proof of the main theorem 1.14.
The full proof will be given in Section 6.
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Consider the following three toy models (A1), (A2), and (B). Notation
here is temporary.

Let H = Q. Let I' = Z. Let Nj, N} € Hom(T, H'). Let o/ = Q2. Let
g=o0'xH' LetT act on g by v: (a1,az2, ') — (a1, a2, K+ (a1 N|+azN}) (7))
(v € T'). Let o0 C g be a finitely generated sharp cone. Assume that the
projection o < g — ¢’ is surjective and that ¢ N ({(0,0)} x H') = {0}.

We consider the following three conditions.

(A1) N{ = N} = 1. (Here we naturally identify Hom(T', H') with Q.)

(A2) N{ =0, N) =1and oN({(1,0)}x H') is a singleton, say, {(1,0, h})}.

(B) N{ = 0,N}, =1 and o N ({(1,0)} x H') is not a singleton but is
1-dimensional.

In each case, we ask if there exists a finite subdivision of o such that, for
each member 7 of this subdivision generates a fan, i.e., all the translations
of 7 by I" with their faces form a fan. We observe that it is affirmative only
in the first two cases:

In (A1), we subdivide o into the set ¥ of all faces of o; (j € $Z), where

oj ={(a1,a2, /) €o|jlar+az) Sh' < (j+ 3)(a1 +a2)}.

Then, for any v # 0 and any j, we have vy(o;) N o; = {0}. Hence any
T € 3 generates a fan.
In (A2), we subdivide o into the set ¥ of all faces of o; (j € +Z), where

oj={(a1,a2,}) € olarhf +asj W < arhf +as(j + 1)}

Then, again, for any v # 0 and any j, we have vy(o;) No; = {0}. Hence
any 7 € 3 generates a fan.

In (B), we cannot resolve the overlapping, i.e., for any finite subdivision
> of o, there exists a 7 € 3 which does not generate a fan. In fact, there ex-
ists a 3-dimensional 7 whose intersection with {(1,0)} x H’ is 1-dimensional.
Then, for any v € I' — {0}, the intersection v(7) N 7 is not a face of 7.

Now we return from toy models to the explanation of the idea of the
proof of 1.14. Let H' be the polarized nilpotent orbit of weight —1 as in
1.7.

To prove 1.14, roughly, we carefully choose a decreasing filtration (J7) j
of the unipotent part (cf. 6.1) I, = Hy, of I" such that for any j and for any
v € JI~ JIFL the action of v modulo J7*! looks like either that of 7 in



Log Néron Models over Surfaces 625

(A1), (A2), or (B). The existence of such a nice filtration is proved in 3.21
below, based on a property 3.15 of the polarized nilpotent orbit H’.

We subdivide ¢ according to the above nice filtration.

In the case (A1) or (A2), we subdivide the given cone to resolve the
overlapping by generalizing the procedures in the above toy models. The
precise procedures for (Al) and (A2) are provided in 2.3 and 2.8 below,
respectively.

In the case (B), we cannot resolve the overlapping. Instead, we prove
that the given cone generates a weak fan after a finite subdivision. The key
observation in this step is 4.3 below; the other lemmas in Sections 4-5 are
rather standard.

2. Subdivision of Cones

In this section, we prepare the lemmas of type (A1) and of type (A2) (see
1.17), which show how to subdivide cones according to the nice filtration
explained in 1.17.

2.1. Let H be a finite dimensional Q-vector space. Let
X=Q% x H.

Let ¢ C X be a finitely generated sharp cone. Assume the following condi-
tion:

(1) o N ({(0,0)} x H) = {0}.

Let L be a finitely generated free Z-module. Let Ny, No € Hom(L, H). Let
L act on X by

l: (al,ag,h) — (al,ag,h + ((11N1 + agNg)(l)) (l € L)

Note that, in applying the results in this section to the proof of the main
theorem, we take H(’Q in the main theorem as the H here.
We introduce the following notation. For a rational number & with
0<Se<1,let
H1+5 = on(l — 8,6) x H.
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In particular,

H, = QZO X {O} X H, and
HQZ{O} X QZO x H.

LEMMA 2.2. Let the notation and the assumption be as in 2.1. Let
b1,bs € Qso. Then, the subset

Sbl,bz =0 ({(alaaQ) ’albl + asby = 1} X H)

of X is bounded. In particular, each fiber of the projection o0 — X — szo
s bounded.

PRrROOF. First we show that
M := {(a1,a2) € Q*|a1by +aghy =0} x H C Q* x H

is a supporting hyperplane of {0} of the cone ¢ C X C Q? x H. Let
(a1,a2,h) € M No. Then, (a1,az) is in the image of 0 C X, so a,az = 0.
Since b1, by > 0, we have a; = ag = 0. Hence, (0,0,h) = (a1, a2, h) belongs
to 0. By the condition 2.1 (1), we have h = 0. Thus, M No = {0}, i.e., M
is a supporting hyperplane of {0} of o.

Since our set Sy, 5, is the intersection of o and the translation of M by
a vector in Q% x H, it is bounded. O

The next is the lemma for the situation of type (Al).

LEMMA 2.3.  Let the notation and the assumption be as in 2.1. Then
we have the following.

(1) Assume that aiN1 + aoNo: L — H is injective for any (a1, a2) €

2, —{(0,0)}. Then, there is a finite subdivision of o such that, for each

member T of this subdivision and for any | € L—{0}, we have I(T)NT = {0}.

(2) Assume that Ny is injective. Then there is a positive g < 1 such

that for any positive rational number € < gq, there is a finite subdivision of

o N (Hi + Hiye) = 0N ((on(l,O) +Qso(1—z,8)) x H)
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such that, for each member T of this subdivision and for any |l € L — {0},
we have I(T) N7 = {0}.

(3) Assume that we are given an identification L ® Q = H. We regard
Ny and No as elements of End(H) wvia this identification. Let J C H be a
Q-subspace satisfying Nl_lNzJ C J (cf. Notation and Terminology). Then
there is a positive eg < 1 such that for any positive rational number € < &g,
there is a finite subdivision of

o0 (Hy + Hiyo) = 00 ((Q20(1,0) + Quo(l — &,)) x H)

such that, for each member T of this subdivision and for anyl € L ~ J, we

have I(T) N T = {0}.

Before the proof, we briefly review the pullback of the subdivision. The
next fact is well-known and is seen by considering the dual statement.

LEMMA 2.4. Let o,7 be two polyhedral cones in a vector space. Let v
be a face of the cone o N7T. Let o1 and 7 be the faces of o and T spanned
by v, respectively. Then, we have v =01 N Ty.

2.5. Let X be a fan in a vector space V. Let o be a polyhedral cone.
Let p: 0 — V be a map induced by a linear map. Assume that for each
7 € %, the pullback p~!(7) is sharp. (This holds, for example, when o is
sharp or when p is injective.)

Then, it is easily seen from 2.4 that the set ¥’ of the cones of the form
o1 Np~Y(r), where oy is a face of o and 71 is an element of ¥, makes a fan.
We call ¥/ the pullback of ¥ by p.

PrOOF OF 2.3. To prove (1), we may replace o with a larger finitely
generated sharp cone containing o and satisfying 2.1 (1). Hence, by 2.2, we
may assume that there is a convex polytope C in H such that o is generated
(as a cone) by the set {(1,0,h)|h € C} U{(0,1,h)|h € C}. (Concretely,
we can take as C' the image in H of the subset 51 in 2.2 for the original
0.) Then, a subdivision ¥ of C naturally induces a subdivision of o. That
is, for each C" € X, the set {(1,0,h)|h € C'}U{(0,1,h) | h € C'} generates
a subcone of o and these cones together with their faces form a subdivision
of o.
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On the other hand, by the assumption of the injectivity, we have

inf inf [(a1 N1 4 aaN2)l| > 0,
ai1t+a2=1 e L—{0}
where we fix a metric |—| on H. Hence, by subdividing the polytope C
sufficiently finely, we may assume that (C + (a1 N1 + a2 N2)l) N C is empty
for any aj,as > 0 with a1 + a2 = 1 and any [ € L — {0}. The last condition
implies the desired property I(o) No = {0}, which completes the proof of
(1). See the remark 2.6 below for an alternative proof of (1).

(2) Since Nj is injective, there is a positive g9 < 1 such that for any
positive rational € < ¢, the operator (1 — &)Ny + N3 is injective. Hence,
by replacing No by (1 — )Ny + &Ny, and X by Hy + Hi4e, (2) is reduced
to (1).

(3) Let A := N1J+ NaJ. Then, the action of L on X induces the action
of L/(JNL) on

X :=Q%, x (H/A)

because we have a; N1l + aaNaol € A for a1,a2 € Q>¢ if [ € J. Further, we
have the operators

Fj: L/(JNL)— H/A

induced by Nj; for j =1,2.

Let @ be the image of o in X. Then, 7 N ({(0,0)} x (H/A)) is trivial
and we are in the situation in 2.1 with H/A, L/(J N L), N1, N2, X, and &
for H, L, N1, N2, X, and o there.

We prove that Nj is injective. Let [ € L and assume Nj(I) € A. Since
A = N1J + NoJ, there are ji,jo € J such that Ny(I) = Ni(j1) + Na(j2).
From this, N1(I — j1) € NoJ, so | — j1 € Ny 'NaJ C J by the assumption.
Hence [ € J, and N; is injective.

Therefore, by (2), there is a positive g9 < 1 such that for any positive

rational € < &g, there is a finite subdivision of @ N ((on(l,O) + Q>o(1 —

e,e)) x (H /A)> such that, for each member 7 of this subdivision and for
any | € (L/(JNL))—{0}, we have [(T) N7 = {0}. To pull back this
subdivision (2.5) gives a subdivision of o N (H; + Hi4.). Let 7 be a member
of it and [ € L ~ J. By construction, {(7) N7 C {(0,0)} x A. Together
with the condition 2.1 (1), we have I(7) N7 = {0}. Hence, this is a desired
subdivision. [J
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REMARK 2.6. We sketch another proof for 2.3 (1). In general, the
following holds. Let an abstract group G act linearly on a Q-vector space
V of finite dimension. Let V' be a G-stable Q>p-submonoid of V. Assume
that the action of G on V' — {0} is proper and free. Let o be a finitely
generated sharp cone contained in V’. Then, there is a finite subdivision of
o such that, for each member 7 of this subdivision and for any g € G — {1},
we have g(7) N7 = {0}.

This is seen by considering the projection p: V' — {0} — G \(V' —{0})
and observing that any € 0 —{0} admits a neighborhood S satisfying that
S — p(S) is a homeomorphism and that p~!p(9) is isomorphic to G x p(S)
as G-torsors over p(.5).

We apply this with G = L, V = Q? x H, and V' = X — ({(0,0)} x H)U
{0}. The freeness is direct by the injectivity assumption. The properness is
deduced from the fact that if Ny (A runs over a directed set) converges in
the space of the injective homomorphisms from L to V', and if Nyl (I € L)
converges, then [ converges, that is, eventually is constant.

The next is a 1-dimensional variant of 2.3.

LEMMA 2.7. Let the notation and the assumption be as in 2.1. Let
Y =Qsox H. Let L act on'Y by l: (a,h) — (a,h+aNy(l)) (I € L). Let
T CY be a finitely generated sharp cone. Assume that 7N ({0} x H) = {0}.
Then, there is a finite subdivision of T such that, for each member v of this
subdivision, we have that 1(v) Nv = {0} in the case | € L~ Ny '(0), and
that 1 acts trivially on v in the case | € LN Ny *(0).

PrOOF. Let C:=7N({1}x H). Then, similarly to 2.2, the assumption
7N ({0} x H) = {0} implies that C' is bounded. Further, 7 is spanned by
C, and a subdivision of C' naturally induces a subdivision of 7.

We regard C' as a subset of H. Fix a metric on H. Since the image

N1 L is discrete in H, we have  inf  |z| > 0. Hence, we can take a finite
x€N1 L—{0}

subdivision of C' such that each member C” of this subdivision satisfies the
condition that (C” 4 Nyl) N C" is empty for any I € L ~ Nj (0).

It is clear that the subdivision of 7 induced by this subdivision of C'
satisfies the desired condition. [J

The next is the lemma of type (A2).
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LEMMA 2.8.  Let the notation and the assumption be as in 2.1. Then
we have the following.

(1) Assume that the dimension of cNHy is0 or 1. Assume also NyL = 0.
Then, there is a finite subdivision of o such that, for each member T of this
subdivision and for any | € L ~ Ny *(0), we have I(T) N7 C Hy.

(2) Assume that we are given an identification L ® Q = H. We regard
Ny and Ny as elements of End(H) wvia this identification. Let J,V be two
Q-subspaces of H. Assume that there is an h € H such that o N Hy is
contained in the cone generated by (1,0,h + V). Then there is a finite
subdivision of o such that, for each member T of this subdivision and for
any 1 € (JNL)~ Ny Y(N1J+V), we have either ()07 = {0} or l(T)NT =
7N Hl.

Proor. To prove (1), we may replace o with a larger finitely gen-
erated sharp cone containing o satisfying the same condition in (1) and
the condition 2.1 (1). Hence, we may assume that there are a vector
v € H and a convex polytope C' in H such that o is generated by the
set {(1,0,v)} U{(0,1,h)|h € C}.

Since the image N»L is discrete in H, there is a finite subdivision {C}};
of C' such that for any j and any | € NoL —{0}, the intersection C;N(C;+1)
is empty. This subdivision of C' naturally induces a subdivision of o, that
is, the cones o generated by the set {(1,0,v)}U{(0,1,h)|h € C;} together
with their faces form a subdivision of o.

We prove that this is the desired one. Take an element x of o, which
we can write z = (a, b, av + bh) with a,b € Q>¢,h € C;. Let l € L act on «
and we have [(z) = (a,b,av+bh+aN1(l)+bNy(l)) = (a,b,av+bh+bNy(1))
by the assumption N1L = 0. Hence, if an element of (o) N o; does not
belong to Hi, there are b > 0 and h,h’ € C; such that bh = bh’ + bNx(1l) so
h = h' 4+ N»(l). By the choice of the subdivision {C}};, we have Ny(l) = 0.
Hence, I(0;) No; C Hy for any I € L ~ N, '(0), which means that our
subdivision satisfies the desired condition.

(2) Let 7 := o N Hy. First we prove this (2) under the additional as-
sumption that for any I € (JN L)~ N;*(0), we have I(7) N7 = {0}. In this
case, let A:= N1J+ V. Apply (1) with H/A for H, with L for J N L, with
the induced operators J N L — H/A by Nj, Ny for N1, N9, and with the
image & of o in Q% x (H/A) for o. Note that Ny sends JN L to A so that

the operator induced by Nj is zero. Then, (1) gives a finite subdivision Y’
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of & such that for any ' € X/ and I € (J N L) ~ N, '(A), the intersection
[(v") N’ is contained in Q> x {0} x (H/A).

To pull back this subdivision gives a subdivision ¥ of ¢. For any v € X,
we have [(v) Nv C Hy for any I € (JN L)~ Ny *(A). We prove that the last
inclusion implies that {(v) N v coincides with either {0} or v N H;. In fact,
by this inclusion, we have I(v) Nv =1(vN Hy)N(vNHy) C I(7)N 7. Hence,
if Ni(1) # 0, the assumption [(7) N7 = {0} gives I(v) Nv = {0}. Otherwise,
[ acts trivially on Hy and I(vN Hy) = vN Hy, which coincides with [(v) Nwv.

In the general case, we first apply 2.7 to the cone 7 with H; as Y
there and subdivide 7. Take any finite subdivision ¥ = {0} of o which
induces this subdivision of 7. Then, we can apply the above proof for the
special case to each o; because for any j and any [ € L ~ N 1(0), we have
l(o; N Hy) N (05N Hy) = {0}. We denote by ¥; the resulting subdivision of
oj for each j. (We remark that these X; already give a multi-subdivision
of o satisfying the desired condition. Actually, it will suffice for the main
theorem in this paper.) Take a finite subdivision ¥’ of the fan ¥ which
induces a finite subdivision of 3; on each o;. Then, it is clear that this ¥’
satisfies the desired condition. [

3. Polarized Nilpotent Orbits

One of the key facts which we will use later in the proof of the main
theorem is the following proposition 3.2 on a pure nilpotent orbit. This
might be known, but we include a proof for completeness.

3.1. Let Hyz be a free Z-module of finite rank, let w be an integer,
and let ( , ) be a non-degenerate (—1)“-symmetric pairing on Hz. Let
(hP9), 4 q— be non-negative integers satisfying h?¢ = h%P and such that
almost all of them are zero. Let D = D(Hg, (h??),(, )) be the classifying
space of polarized Hodge structures, and D its compact dual.

Let Gq be the group of the Q-automorphisms of (Hq,( , )), and gq
the associated Lie algebra.

Let N1, N2 € gq C End(Hqg) be mutually commutative nilpotent ele-
ments. Let F € D. Assume that (Ny, Ny, F') generates a nilpotent orbit
([13] 5.4.1).

Note that, in applying the results in this section to the main theorem in
Section 6, Hq here is H(’Q in the main theorem. Note also that we will use
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only the case w = —1 in Section 6.
We assume that the associated weight filtrations W(N; + N2)[—w] and
W (N2)[—w] coincide. We denote by M this filtration.

The main result in this section is the following, which will be proved in
3.5-3.14 below after preparations.

ProrosITION 3.2. Let the notation and the assumption be as in 3.1.
For any n = 0, we have

My-10 ﬂ w2 + (N)7HIm N{H)) 1 (No Ny (Muy—2) © My,

3.3. For the proof, first we review the direct sum decomposition of
Hr = Hq ®q R associated to (N1, No, F).

Though this direct sum decomposition can be described in terms of the
associated SL(2)-orbit (see 3.4 below), we define it here without that theory
as follows (cf. [9] 2.5).

Let (M, F(Q)) be the R-split mixed Hodge structure associated to the

mixed Hodge structure (M, F'). Let s@: grM — Hp be the splitting of M
by (M, F(Q)). Next, let (M (N1), F{1)) be the R-split mixed Hodge structure
associated to the mixed Hodge structure (M, exp(zNg)F(g)). Then M (Ny)
coincides with W (Np)[—w]. Let s(: grM(N1) . [p be the splitting of
M(N1) by (M(Nl),ﬁ(l))-

For any j, k € Z, let Hl[,{’k} = 3(1)(gr§\/[(Nl)) N s (gr)). Then, we have a
direct sum decomposition

Hr = @ m3".

J,k€EZ

In particular, for any j, k € Z,

MN); = @ HEMand M= @ HIY.
kez,j' <j JEZK <k

In the following, we denote by kU the [7, k]-component of an element
h of H, R-
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Further, this direct sum decomposition naturally induces that of gr
as follows. Let g[ M be the subspace of gr consisting of the operators IV

satisfying N(H[J ]) H[Jﬂ kR for any j',k' € Z. Then, we have a
direct sum decomposition

IR = @ 9[]’ :

7,k€Z

We denote by NIl the [}, k]-component of an element N of gg.
By [3] 4.20 (cf. [9] 2.7), we know that

Ny egh > P and Ny € @ ol
J=0

We define
Ny = NP2

3.4. As mentioned in the above, these all are incorporated into the
theory of the associated SL(2)-orbit ([3] 4.20). Though it is not necessary
in the sequel, we explain it briefly, basing on the formulation in [9] §2.

Let (p, ) be the SL(2)-orbit in two variables associated to (Ny, Na, F'),
where p is a homomorphism of algebraic groups SL(2, C)? — G¢ and ¢ is
a holomorphic map P!(C)? — D.

Then, Hl[,{’k] is the part of Hg on which p <(lé>‘ ?\) (8 ?)) (A € RX)
A

acts via the multiplication by M~* and p ((1{))‘ 2) , (1{) 2)) (A € RX)

acts via the multiplication by \¥~%,

Similarly, g%’ Vs the part of gg on which Ad (p (( 1/ 9\) (8 (1))) (N e

R>) acts via the multiplication by A and Ad (p ((1{)’\ 9\) , (16’\ g\))) (N e

R*) acts via the multiplication by A*.
Finally, N, is the image of ((§9),(93)) by the homomorphism of Lie
algebras s[(2, R)? — ggr induced by p.

3.5. We begin the proof of 3.2. The proof goes through several re-
duction steps, which completes in 3.14. We work over R and prove the
inclusion in 3.2 after tensoring R. We regard N; and Ny as elements of
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End(Hg) and, for a subspace V of Hq, we use the same symbol to denote
the subspace V ®q R of Hg.
First we have

(1) Ny My—o C My, + Ker Ny.

In fact, let h be any element of Hr. Then, we can write it as h =
hi +hy € Hg, where hy € My and hy € @, czupi< HY". Assume
Ni(h) € My_o. Since Ny € g > we have Ny(hy) € My,_o and Ny(hg) €
Diczw 1<, HY". Hence Ny(hy) = Ni(h) — Ni(h1) € My—2 and Ny(hy)
must be 0, which implies h € M,, + Ker Ny, and (1) is proved.

Hence, for 3.2, it is enough to prove a slightly stronger statement as
follows.

(2) M- 1ﬂﬂ w— 2+ N]) (ImN{Jrl))

N NQ(NI NQ) (Mw + Ker Nl) C My_o.

LEMMA 3.6. Let xj,y; be elements of Hr (0 < j < k). Assume

Nl(yj) =Tj1 (] > O), Ng(yj) =x; (j 2 0), and T € Mw—l; that z's,

No N, No Ny Ny Na
Yo > Lo YL = o T A Y T € My,

Then, for any j, we have x; € My_1 and y; € My41.

PrROOF. We prove this by downward induction on j. First, x; € My,
by assumption. Hence, it is enough to prove the following two implications
(i) for any j and (ii) for 7 > 0.

(i) x; € My_1=y; € Myq1.

(ii) Y € My = Tj—1 € My,—1.

We prove (i). Suppose z; € M,,—1. Since Na(y;) = x;, we see that y; be-
longs to N, 'M,,_1, which coincides with M, 1 because M = W (Na)[—w].

We prove (ii). Let j > 0. Suppose y; € My41. Since xj_1 = N1(y;),
we see that z;_1 belongs to Ni(My41), which is included in M,,_; because
Megg D

3.7. We reduce (2) in 3.5 to the following statement for all k£ with
0<k<n:
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(3)r Let z;,y; be elements of Hg (0 < j § k). Assume the following (x).
(*)  Niyj) = zj1r (5 > 0), Na(y;) = 25 (j 2 0), and o € My_1 N
ﬂ;’io (My—2 + (Ng)_l(lm N{+1)), that is,

Ny Ny Na No Ny Na 00
Yo P Xg YL o e S Tp_q HAYp — T € Mw_lﬂﬂj:O(Mw_g—i—

(N9)~' (Tm N ).

The claim is this: if yg € M,, + Ker Ny, then, yg € M,,.

We prove this reduction of (2) in 3.5 to (3). Let x,, be an element of
the left hand side of (2) in 3.5. Then, there are z; (0 < j < n) and y;
(0 £ j £ n) together with z,, satisfying all the assumptions in (3),. (In
particular, yo € M, + Ker Ny.) Hence yg € My, by (3),. Then, Na(yp) = xo
belongs to M,,_s because No(M,,) C My_o.

We have to show x,, € My,_2, which is the right hand side of (2) in 3.5.
If n = 0, we have already proved it. If n > 0, we note N1(y1) = 9 € My_2.
By this and by (1) in 3.5, we see y; € M, +Ker Ny. Hence, by (3),,—1 in this
time, we have y; € M, which implies in the same way that Na(y;) = x;
belongs to M,_2. If n > 1, again by (1) in 3.5 and by Ni(y2) = x1 €
My,—o, we have yo € M,, + Ker N;. By (3),—2, we have y2 € M,,. Thus,
inductively, we show that all y;’s belong to M,, and all z;’s belong to M,,_s.
In particular, x,, € My _o.

Therefore, it is enough to show (3)g.

3.8. Further, we reduce (3); in 3.7 to the following statement (4);. In
the following, we denote yU! for yl+1 for simplicity.

(4)r Let ! e Z. Let xj,y; be elements of Hgr (0 < j = k). Assume (* )
in 3.7 (3)g. Assume that for each j with 0 £ j < k, the component y[ al
zero whenever a > [ + 2j. The claim is this: if y[] € Ker Ny, then y([)] =0.

We prove the reduction of (3) in 3.7 to (4)k. Assume (x) in 3.7 (3)g.
Then, by 3.6, all y;’s belong to M,y1 and all x;’s belong to My_1. In
particular, yo € My11.

Therefore, under the assumption (*) in 3.7 (3)g, yo € My + Ker Ny if
and only if y[ I ¢ Ker Nj for all a € Z, and yy € M,, if and only if y([)a} =0
for all @ € Z. Hence the claim in 3.7 (3)j is equivalent to the following one:
if y([)a} € Ker N for all a € Z, then, y([)a} =0 for all a € Z.

We prove the following slightly stronger claim than this one by using
(4)g for k' < k. Let [ be an integer.
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CLAIM (3)g;. Let zj,y; be elements of Hgr (0 = j < k). Assume (k)
in 3.7 (3)g. If ygl] € Ker Ny for a = I, then, ygl] =0 fora =1l

To prove (3); in 3.7, it is enough to prove this for all { (under the
assumption (%) in 3.7 (3)g).

PRrOOF OF CLAIM (3);;. We prove this by induction on k. First note

that the claim trivially holds if [ is sufficiently large so that ngﬂ] =0
for a = 1.

Let kK = 0. Then, (4)¢ says that, for any [ € Z, if y([)Ha] =0 (a >0) and
yg} € Ker N1, then y([)l] = 0. Hence, by downward induction on a, the claim
(3)0,; holds for any .

Next, let & > 0. Assume that the claim holds for any (¥,1) with ' < k
and for (k,l+ 1). Then, we can show (3);; by using (4); as follows.

[a]

By assumption, 3, € Ker Ny (a > [). Then, by the induction hypothesis
(3)k,1+1, we have y([)a] =0 (a>1). So x([)a’w_l] =0 (a>1) and yga] € Ker V;
(a > 1+ 2). By the induction hypothesis (3)r_1,;+3, the last fact implies
yga} =0(a>14+2). So x[la’w_l] =0 (a>10+2)and ygl] € Ker Ny (a > 1+4)

if k> 1. By (3)k—2.45, we can deduce ygl] =0 (a > [+4), and, inductively,

yj[-a} =0 (a>1+2j) forall 0 < j < k. Further, y([)” € Ker N1 by assumption.

Therefore, (4) shows y[[)l] = 0. The claim follows. [J
It remains to show (4)g.

3.9. First, the casel > w of 3.8 (4), is easy. In fact, the homomorphism

griw(Nl) — gr%gNl) induced by Nj is injective if [ > w. Hence the kernel of

N on Hl[%wﬂ] is zero for any [ > w. This proves the case | > w.

3.10. We reduce (4); with I < w to the following (5);;. Let £ = 0 and
I < w.

(5)k,; Let xj,y; be elements of Hg (0 = j < k). Assume y; € Hl[iﬁj’wﬂ}

(0 £ j £ k). Assume the following condition (*)’, which is similar to () in
3.7 3)r.

(=) Ny) = zj-1 (G > 0), Nao(yy) = z; (j 2 0), and x5, €
N2 (V) ~1(Im N T, that is,
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Yo ]li% o & Y1 & e & Th—1 ]<i1| Yk lll% Tk I~ m;io(Ng)il(Ime—‘rl)
The claim is this: if yp € Ker Ny, then yo = 0.

The proof of the reduction is as follows. In the following, we denote mga}

an ! (0 £ j £ k,a € Z) for simplicity. Let xj,y; be as in 3.8 (4)y.

Take the components x£+ 4] and y[l+ 4] as new zj,y; (0 £ j < k). Then,
the assumptions in (5);,; are satlsﬁed that is,

for z

(6) Ny (yj[-l”j]) = xyi—fj_z] for j > 0.
& 12\ 1+24) .

(7) Nz(yj ) = T, for j = 0.

(8) zp M e ﬂ (M)~} (Im N{ ).

(9) H € Ker N1

We check them. First, (9) is a part of the assumption in (4);. The re-
maining ones are deduced from the corresponding assumption in (%) in
3.7 (3)k, respectively. In fact, (6) is by Ni(y;) = z;j—1 and by the fact
Ny € g[ 22, Next, (7) is by Na(y;) = «; and by the assumption y[ ad_9
for a > 1+ 2j in 3.8 (4);. Finally, we verify (8). Let j = 0. Since
2 € My_o + (NJ)~1(Im N/ *1), the element N3 (x1,) belongs to My, 2 o +
Im Ny 1 We consider the [l + 2k, w — 1 — 2j]-component of this element.
Since Nf“ € g[R 2]_2’_2j_2], this component is in the image of Nf“. On
the other hand, since y,[ca] = 0 for a > [+ 2k, we have xgca} =0 for a > [+ 2k.
Hence the concerned component is Ng (QZLH_%C}). Thus, N] (x [H%}) belongs
to Im (N7 1), which completes the verification of (8).

Now, (5)g, implies yg} =0, and 3.8 (4) follows.

3.11. We prove 3.10 (5)x; (k20,1 < w).

First, by the assumption in 3.10 (x)’, for any a = 0, we have

(10) N§(zy) € Tm NI+
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Take a sufficiently large m such that N3*(z;) = 0.
We divide into three cases: (i)l S w—m—Fk; (i) w—m—k <l < w—k;
(iii) w — k < 1 £ w, and prove them one by one.

3.12. We prove the case 3.11 (i) [ S w —m — k.
This case is easy. First we prove by downward induction on j that for
any j with 0 < j < k,

(11) NI () = 0, and
(12) NIty — 0.

In fact, (11) for j = k holds by the choice of m. Next, (11) and (12) are
equivalent because Na(y;) = ;. Finally, assume (12) for j > 0. Then,

Ngn-‘rk—j-‘rl(xjil) _ N;n-l-k‘—j-i-lNl(yj) _ NlN;n-‘rk—j-l-l (y]) — N (O) —0.
Thus we proved (11) and (12). In particular, Ny*™*1y; = 0. Recall that
yo belongs to H&wﬂ]. Since

rm—+k lLhw+1 l,w—2m—2k—1
Nkt et gl ]

is injective because (w + 1) + (w —2m — 2k — 1) = 2(w — m — k) = 2[, we
have yg = 0.

3.13. We proceed to the case 3.11 (ii) w —m —k <l < w — k.
In this case, we use the full assumptions. First we prove

Cram.  NZ7Y(zp) € Tm N1

PROOF OF CLAIM. We prove No' ™" (z;) e In NP7 (0 < j < k)
by the downward induction on j. The case 5 = 0 is our claim. First, by 3.11
(10) with @ = w — 1 — k 2 0, the case for j = k follows. Let j > 0. Assume
that the case for j holds. Then, IV} (N;U*l*j (x)) belongs to Im N{“U*l*jﬁ,
and this element coincides with

N9 Ny () = N2~ Ny N (yy) = NETT4N () = N2t (),

which completes the proof of Claim. [
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In the following, we prove yo = 0 by using Claim. Note that Ni-
weight of N27!(zg) is the same as that of yg, which is I: N¥!(zg) =
(N;u—l(xo))[l,ﬂ—w—l] )

On the other hand, since yy € Ker N1, we see that 2y and hence N;j_l(flf())
also belong to Ker Ny. Since Ker N1 NIm N{“"*Hl C M(N1);—1, the element
NP ag) = (N2 Hap))b2=w=1 belongs to M(Ny);_1 by Claim. Hence,
this is zero. Then, N& = (yo) = N¥H(Na(yo)) = N~ !(z0) = 0.

Recall that yg belongs to Hg’wﬂ]. Since ]\75”‘”1 : Hl[i’wﬂ] — Hl[ifl_w_u
is injective because (w + 1) + (2l —w — 1) = 2[, we have yo = 0.

3.14. Finally, we prove the case 3.11 (iii) w — k < [ < w.

This case is similarly treated in the previous case. In fact, since the
argument of the reduction to Claim in 3.13 does not use the assumption
w—m—k <l < w—k, it is enough to show the statement of Claim in 3.13,
that is, N&'~!(z0) € Im N1,

To see it, we prove the equality

(13) Nj(zo) = Ni T (yj21) (0ZjSw—1).

(Note that w — 1+ 1 < k.) The case for j = w — [ is what we need. The
case for j = 0 is by assumption. Assume (13) for some j < w — [. Then,
sending (13) by Na, we see

NJ ™ (o) = NoN{ ™ (yj41) = N Na(yj0) = N (1) = NP2 (yj00),
which is (13) for j + 1. This completes the proof of 3.2. O

In the rest of this section, we discuss several consequences of 3.2. For the
main theorem, actually we use only the following corollary, which is proved
in 3.16-3.20. We return to the convention that we work over Q unless stated
otherwise (cf. Notation and Terminology).

COROLLARY 3.15. Let the notation and the assumption be as in 3.1.
Let V := Ker Ny NIm Ny NKer No. Then, we have the following.

(1) Let Y; be the increasing filtration defined by Yo = 0 and Y1 =
NNy Y(Y; + V). Then, for any n =0, we have

(U Y5) n(NaNTH)™0) € M.
j=0
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(2) Let X; be the increasing filtration defined by Xo = 0 and X411 =
Ny H(N1X; + V). Then, for any n = 0, we have

(fj X;) N (N7 'N2)™(0) € Ny ' M.
j=0

The Y; and the X; are actually increasing. This is shown by the in-
duction on j. In fact, Yy C Yj is trivial, and the correspondence Y
NiN; Y (Y + V) from the set of the subspaces of Hgq to itself is order-
preserving. Hence Y; C Y41 implies Y11 C Yjyo. Similarly, X —
Ny (N1 X + V) is order-preserving so that the X; is increasing.

Before starting the proof of the corollary, we prove some lemmas.

LEMMA 3.16. Let V' be a Q-vector space of finite dimension. Let W be
an increasing filtration of subspaces. Let N be a nilpotent endomorphism of
V' preserving W. Assume that the relative monodromy filtration M (N, W)
exists. Then we have Ker (N) N Wy, C M (N, W)y, for any w € Z.

This is well-known. For the proof, see, for instance, [12] 1.2.1.3.
LEMMA 3.17. N§Y; € NFY,_y for any j = k 2 0.

Proor. If k =0, then this is trivial. Assume that the case for k holds.
Let j = k+ 1. Then,

NEFY; € NoNFYj = NENaY;
= N NoNiNy YY1 + V)
= NF NNy (Yopen + V)
C NP Yk + V) = NP (Y k),

where the last equality is by V' C Ker Ni. Hence, the case for k+ 1 holds. J

LEMMA 3.18. NJY; =0 for any j = 0.
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PrROOF. The case j = 0 is trivial. Assume that the case for j holds.
Then,

N3 Y1 = N3 THNING (Y + V)
= NJ(N1No Ny (Y5 + V)
C NJNi(Y; + V)= NJNY; (by V C KerNy)
= NiNJY; = N1(0) = 0,
which is the case for j + 1. O

3.19. We prove 3.15 (1).

By 3.2, it is enough to show the following two inclusions for any j.

(*) )/J C My_1.

(+%) Y; C (N¥)~*(Im NF™) for any k > 0.

We prove (%) by induction on j. The case j = 0 is trivial. Assume that
Y; C My—1. By the inclusion Ker Ny N Im Ny C M (Ny)w—1 and by the fact
that M = M (N7 + Na) is the relative monodromy filtration M (Na, M (Ny)),
the lemma 3.16 shows that

V= (KerN1 N Ile) N Ker Ny C M(Nl)w,1 NKer Ny C M,,_1.

Together with the induction hypothesis, we have Y; +V C M,,_1. Hence
N{l(Y} + V) C My, and N1N271(Yv] + V) C NMiMy+1 C My—q, which is
(x) for j + 1.

We prove (xx). First assume j > k. Then, by the lemma 3.17, Né‘ch C
NFY;_j, € Nf(Im Ny) = Im N7

Next assume j < k. Then, by the lemma 3.18, N§Y; C N§Y} = 0.

Hence, in any case, (xx) holds.

3.20. We prove 3.15 (2). The case n = 0 is trivial. Assume n > 0.
First we show Y; = N1 X; by induction on j. The case j = 0 is trivial.
Assume Y; = Ny X;. Then, N1 X;41 = NNy YN X; + V) = NyN; (Y +
V) =Yj
Using this, we see
Ni(X; N (N7 N2)"(0)) = Ni(X; N Ny H(N2NPH"7H(0)
C NiX; N (NoNTH™H0)
=Y; N (NoN;7H"H0) € Mo
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Here the last inclusion is by 3.15 (1) already proved. Hence, X; N
(N{1N2)™(0) € Ny 'M,,_o. This completes the proof of 3.15. [J

Now, using 3.15 just proved, we get a nice filtration on Hq as follows.

ProOPOSITION 3.21. Let the notation and the assumption be as in 3.1.
Let V := Ker Ny N Im N1 N Ker Ny as in 3.15. Then there are subspaces
JOJY LT of Hq satisfying the following two conditions:

(i) Ny ENoJO  JO.

(i) Hq = (Hq~J*)UUj— (J7 ~ Ny (N1 J7 + V) U(Ny ' My 9N My,).

PrOOF. Consider the sequence of subspaces {0}, (N;'N2)(0),
(N7 1N2)2(0), (N1 N5)3(0),. ... This sequence is increasing, which is seen
as in the same way as we saw right after 3.15 that the Y; is increasing. Since
the whole space Hq is finite dimensional, the sequence is eventually stable.
We take as JO the stable subspace:

JO = (N7 'N2) (0)

with a sufficiently large & > 0. Then, Ny 'NoJO = (N 'No)*+1(0) = JO,
and (i) is satisfied.

Next we define a decreasing sequence J1, J2, J3, ... of subspaces induc-
tively by the formula

JIT = JI AN (N T V).

This sequence is eventually stable again, and we take an n = k such that
Jn = Jn—&—l.

To prove (ii), which is equivalent to Hq = (Hgq ~ J%) U UlLy(J7 ~
JITY U (N My,—2 N M), it is enough to show that J™ is contained in
N My, 2N M, that is,

(1) J" C Ny'M,, o, and

(2) J" C M.
First we prove

(3) JIC (N7 N)R(0) + X;
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for any j < k.
The case j = 0 of (3) holds by the definition of J°. We assume (3) for
j. Then, for k 2 5+ 1,
N7 +V € Ny((NyEN)R9(0) + X)) + V
C No(N7'No)771H0) + N1 X + V.

By pulling it back by N, we see
Ny (N1 + V) € (NI N)P 7 7H(0) + Ny (N X + V)
= (N7 'No)7710) + X4

Since J7*t! is contained in N, '(NyJ7 4 V), the inclusion (3) for j + 1 is
proved. Hence, (3) for any j < k is proved.
We prove (1). We have J*¥ C X by (3) for j = k. Hence,

JrcJk=J%nJgk
C (N7 N)R(0) N Xy,
C Nl_le_Q

by 3.15 (2). The inclusion (1) is proved.
To see (2), first, by the choice of n and by (1) just proved, we have

JV=J"N Ny YN T V)
C Ny'My—o NNy (My—g + V).

Hence, (2) is reduced to the inclusion

Ny My—o NNy (My—2 + V) C Ny "My = M,,
which is still reduced to
(4) No(N;y My 9) N (My—2 + V) C My, _s.

We prove (4). By 3.2, it suffices to show that

(5) My—_2 + V is contained in M,,_;, and

(6) V is contained in (NJ)~!(Im N,7*1) for any j > 0.
First, we already saw V' C My,_ in 3.19. Hence (5) follows.
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Next, V' C Im Ny by definition. This is the case j = 0 of (6). Further, if
7 =1, (NJ)~'(Im N/ ™) contains (NJ)~1(0), which contains Ker No. Hence
it also contains V. Thus (6) follows, and (4) is proved. OJ

The next is not indispensable to prove the main theorem, but enable us
to simplify the construction; see 3.24 below.

ProproSITION 3.22. Under the same assumption as in 3.15, let J =
(N7 No)*(0) (k> 0). Then, we have the following.
(1) Ker No C J.
(2) Let A = N1J + NoJ. Then, A = NaoJ. Further, for any ai,as €
2,—1{(0,0)}, the homomorphism Hq/J — Hgq/A induced by a; N1+ azNo
18 _z'njectz've.

PRrROOF. We continue to work over Q.

(1) Take an element z; € Ker Na. Since Ker Ny C M,,, we have Ny(z1) €
Ny(My) C My—2 C No(M,,). Hence, there is an element zo € M,, such that
Ni(z1) = Na(x2). Similarly, Ni(xz2) € Ni(M,,) C No(M,,). Hence, there is
an element x3 € M, such that Ni(z2) = Na(x3). Inductively, we can take

a sequence Ta,x3,... of elements of Hq such that Ni(x;) = Na(xj41) for
any j 2> 1.
Since Hgq is finite dimensional, there is an n 2 1 and ¢q,... ,cp—1 € Q
such that
Tp =0C21+ -+ Cp—1Tp—1-
We may assume x, = 0. In fact, for j =1,2,... ,n, let
.17; =Tj — Cp—1Tj—1 — ** — Cp—j4+101.-

In particular, 27 = x; and z], = 0.
Then, since Na(x1) = 0, we have

Na(x}) = Na(2;) — cn—1N2(zj-1) — -+ — cn—jp1N2(21)
= Ni(zj—1) — cp—1N1(xj—2) — -+ — cn—jp2N1(21) — Cp—jt1 - 0
= Ni(zj_1 — cp—1Zj—2 — - - — Cp—j42%1)
= Nl(«??;fl)
for any j = 2,... ,n. Hence, we can replace z; by x;, and we may assume
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Then, Ni(z,—1) = Na(zn,) = 0, and z,_1 € N;'(0). Similarly,
Nl(.%‘n_z) = Nz(l'n_l) € NQNfl(O), and z,_o € Nlengl(O) =
(N7 'N2)?(0). Inductively, we see x1 € (N; 'No)™1(0), which is contained
in J.

(2) First, we prove the equality NyJ+ NoJ = NoJ. Since J = Nl_lNgJ7
we have N1J = Nl(NlegJ) C NoJ. From this, the equality follows.

We prove that the homomorphism Hq/J — Hq/A induced by a1 Ny +
as N is injective. First we assume ag = 0. Then, (a;N1) 1 (A) = N1_1N2J =
J, and the concerned map is injective. Next, the case where (a1, a2) = (0, 1)
is reduced to (1) because Ny'A = N, 'NoJ = J + Ker Ny C J by (1).
To reduce the other case to the case where (aj,as2) = (0,1), let N} :=
a1 N1 + asNo. It is enough to show

(3) J=J = (N7'NDH¥0) (k> 0),and

(4) A=A"=NyJ.
To see (3), we prove
(5)s T = (NI N2)H(0) = Jj = (N7 Ng)*(0)

by induction on k. The case k = 0 is trivial. We assume (5);. Then,
Ji 1 = Ny 'N4J, = Ny (a1 Ny + asN2) Jy, by the definition of N and (5),
and it is contained in Nl_l(Nljk + NoJi) = Ji + Nl_lNng =Jp+ Jgr1 C
Jrt1 because (Ji)y is increasing. By symmetry, Jpy1 C Jp ;. Hence (5)g 41
follows.

Finally, we prove (4). By (3), A’ = NJJ' = (a1 N1 + a2N3)J, which is
contained in N1J + NoJ = A. Thus A’ C A. By symmetry, A C A'(=
N1J + N4J). Hence (4) follows, and (2) is proved. OJ

Together with the results in the previous section, we obtain

PROPOSITION 3.23. Let the notation and the assumption be as in 3.1.
Let L = Hz, H = Hq, and regard N1,N2 as elements of End(H) =
Hom(L, H). Let X be as in 2.1 on which L acts. Let o, Hy, and Hj.
be also as in 2.1. Let V := Ker Ny N Im N1 N Ker No. Assume that there is
an h € H such that cNHy is contained in the cone generated by (1,0, h+V').
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Then there is a positive g < 1 such that for any positive rational number
e < gq, there is a finite subdivision of

0N (Hi + Hiyo) =0 N ((on(l,O) +Qso(1—,8)) x H)

such that, for each member T of this subdivision and for any | € L ~
(N My o N M,), we have either I(7) N7 = {0} or I(T) N7 = 7N
H;.

ProOF. Take a sequence of subspaces J°, J!, ..., J" of H as in 3.21.
Apply 2.3 (3) with J = J°. Then we see that there is a positive £g < 1 such
that for any positive rational number £ < gg, there is a finite subdivision ¥
of oM (Hy + Hy.) such that, for any member 7 of ¥ and for any [ € L~ J°,
we have [(7) N7 = {0}. Fix such an ¢.

Next, take an index j with 0 < j < n. Apply 2.8 (2) with J = JJ.
Then we see that there is a finite subdivision X; of o such that, for any
member 7 of ¥; and for any I € (J7 N L)~ Ny ' (N1J7 + V), we have either
Il(t)NnT={0} or i(7)NT=7NHj.

Considering a common subdivision of ¥ and the pullbacks of 3;’s (0 <
Jj = n)to Hy+ Hiic, we see that there is a finite subdivision Y of o N (H; +
Hi4.) such that for any member 7 of T and for any [ € (L\JO)UU?:O((Jjﬂ
L)~ Ny (N1J7 +V)), we have either I(7) N7 = {0} or [(T) N7 =7N Hi.

By the condition 3.21 (ii), (L~ J°)U U?ZO((Jj NL) N\ Ny Y (N JI+ V)
contains L ~\ (Nl_le_z N My).

Hence, for any I € L~ (N; ' M,,_o N M,), we have cither /(1) N7 = {0}
orl(t)NT=71NH;. O

REMARK 3.24. In this proposition, actually, we can take ¢g = 1 by
3.22.

4. Combinatorial Lemmas

In this section, we add more lemmas to be used to care for the situation
of type (B) (cf. 1.17).

The first is well-known.

Recall that a cone o is said to be simplicial if it is spanned by dim o
vectors. A subdivision of a cone or a fan is said to be simplicial if it consists
of simplicial cones.
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LEMMA 4.1. Let X be a finite fan in a vector space. Then there is a

finite subdivision X' of ¥ consisting of simplicial cones such that the set of
1-faces of ¥ coincides with that of X.

For the proof, see, for example, [1].

LEMMA 4.2. Let the notation and the assumption be as in 2.5. Assume
the following two conditions.

(1) The image of p: 0 — V coincides with the support of 3.

(2) For any face o1 of o and for any element T of X, the intersection
p(o1) N7 is a face of T.

Then, Y coincides with the set of the cones of the form p(c'), where ¢’
is an element of X'.

PROOF. Let 7 € ¥. By the assumption (1), 7 = p(p~'(7)). Since
p~1(7) is an element of ¥/, we have one inclusion. To see the other inclusion,
let 0/ € ¥/, and it is enough to show that p(¢’) € ¥. By definition of ¥,
there are a face o1 of o and an element 7 of ¥ such that o/ = o1 Np~ (7).
Then, p(c’) = p(o1) N 7. By the assumption (2), the right hand side of the
last equality is a face of 7 so that it belongs to . O

The next is a key observation. The proof is also not hard.
LEMMA 4.3.  Let the situation be as in 2.1. Let M C H be a subspace
of H.

Then there is a positive eg < 1 such that for any positive rational number
e < gg, there is a finite subdivision ¥ of the cone

o N (Hy + Hite) = onN ((QZO(LO) +Qs0(1—2,8)) x H)

satisfying the following two conditions.
(a) Any 1-cone in X is contained either in Hy or in Hyyc.
(b) For any element of ¥, its image in Q% x (H/M) is simplicial.

ProoOF. Consider the projection

p: Qg x H— Q% x (H/M) =:X.
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The first step of the proof is similar to the proof of 4.3.8 of [13]: For
each face o of o, subdivide its image p(o;) in X into finitely many sharp
cones. Let B be the set of all these sharp cones. For each 7 € B, take a
finite fan ¥, in X such that UT’EET 7" = X and 7 € ¥,. Consider the set
Yo of all cones of the form () .z o(7), where o(7) is an element of X, for
each 7 € B. Let Y be the set of the elements of X which are contained in
some element of B. Then ¥’ is a fan whose support is p(c). For each face
o1 of o, there is a subfan of ¥’ whose support coincides with p(o1).

This fan ¥/ satisfies the following property.

(1) For any element ¢/ € ¥’ and any face o1 of o, the intersection
o' Np(o1) is a face of o'.

In fact, since p(o1) is the union of some elements 0;- of ¥/, the cone
o' Np(o1) is the union of faces o' N o of o', so o' N p(oy) itself is a face of
a'.

Note that any subdivision of >’ still satisfies (1). This is easily seen from
the fact that for any subcone ¢” of ¢/, the subset ¢” N p(o1) of o is the
intersection of the face o/ Np(o1) of ¢’ and o”.

Note also that for any positive rational number ¢ < 1, the pullback X,
of ¥ to C := (Q>0(1,0) + Qx0(1 — &,¢)) x (H/M) satisfies a similar con-
dition:

(1). For any element o’ € ¥, and any face o1 of o N (Hy + Hi4c), the
intersection o’/ N p(o1) is a face of o’.

This is seen as follows. By 2.4, o1 is the intersection of a face oo of o
and a face ¢ of Hy + Hy,.. We have p~!p(c) = c. On the other hand, by the
definition of X, the cone o’ is the intersection of an element 7 of ¥’ and a
face ¢’ of C. Then, the concerned set o’ N p(coy) coincides with

r0d Nploane) =rnéd NplosNp~Liple)))
=7 Nc Nploz) Np(c)
=(r N p(o2)) N (' Np(c)).

Since 7 N p(o2) is a face of 7 by (1), and since ¢ N p(c) is a face of ¢/, its
intersection is a face of TN ¢ = o’.

Since there are only finitely many 1-cones in ¥/, we can take a positive
g9 < 1 such that for any positive rational number £ < g¢, the pullback X,
additionally satisfies the following condition:
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(a)’ Any 1-cone in X! is contained either in Q>(1,0) x (H/M) or in
on(l — &, 6) X (H/M)

Further, for each e, by 4.1, there is a finite simplicial subdivision X” of
Y. which still satisfies (1), and (a)’ (with X replaced by %”).

We prove that the pullback ¥ of X7 to o N (Hy + Hi4.) satisfies (a) and
(b).
First, by 4.2, (1). implies the following (2).

(2) The set of the images in C of all cones of ¥ coincides with 7.

Together with (a)’, we get (a).

Second, again by (2), the image in C of each cone in ¥ belongs to X7,
and simplicial. Thus (b) is satisfied, which proves the lemma. [J

The next is also for the situation of type (B).

LEMMA 4.4. Let H be a finite dimensional vector space. Let V1,V be
two subspaces. Let C; be a polytope in Vj (j = 1,2). Let o; be the cone in
Q? x H generated by (e;, C;), where e; is the j-th unit vector (j = 1,2). Let
o =01+ 02.

(1) Assume that Vj is generated by the set {c —d|c,d € C;} as a vector
space (7 = 1,2) and that o is simplicial. Then, we have V1 NV, = {0}.

(2) Assume that Vi N Vo = {0}. Let £; be a finite subdivision of o; for
7 =1,2. Then,

Y= {7‘1 +T2‘7’1 € 31,7 € 22}

s a subdivision of o1 + oo. All the 1-faces of 3 are contained either in o1
or in osy.

Proor. (1) Let vy,...,vy, and wy,... ,w, be the vertices of Cy and of
Cy respectively. Then, (1,0,v1),...,(1,0,v),(0,1,w1),...,(0,1,w,) are
vertices of the simplicial cone o1 + 09, and hence, are linearly independent.

Let v € V1 N V5. Then, by assumption, v is written as v = Z;”zl cjvj
with ¢; € Q and 3772, ¢; = 0, and also written as v = >, djw; with
d; € Q and Z?Zl d; = 0. Hence,

m n
E Cj’l)j = E djw]'.
Jj=1 Jj=1
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From this, we have

By the linear independency, all ¢; and d; are zero so that v = 0. Therefore,
VinVy ={0}.
(2) We may assume that V; + Vo = H. Then, the natural isomorphism

(Q x {0} x V1) x ({0} x Q x Vo) 5 Q° x H; (1, 22) — @1 + 2

induces an isomorphism from the product cone o1 X 02 to 01 4 09, and X is
nothing but the image by this map of the product fan ¥; x ¥5. This proves
the first assertion.

For the second assertion, note that any 1-face of X is either a 1-face of
Y1 or that of ¥5. Hence it is contained in o1 U o9, which completes the
proof. [J

5. Admissibility

In this section, we return to the mixed situation in Section 1. We gather
in this section a few consequences of admissibility to be used in the proof
of the main results.

Let the situation be as in 1.6. Let ¢ be an admissible nilpotent cone in

9Q-

CONVENTION. Below, we adopt the following general convention: For
any element N € gq, we denote its image in gg with the prime: N’.

We identify gq with gg x Hq as a Q-vector space.
ProposiTION 5.1. 0N ({0} x Hg) = {0}.

PROOF. Let e be the standard generator 1 of Q C Hb ® Q = Hq of
weight 0. In general, N € gq is zero if and only if N =0 and N(e) = 0.

Let N € 0N ({0} x Hg). Since N’ is already zero, it is enough to show
that N (e) is zero. By the admissibility (1.4), N(e) € M(0)_o = W_o = {0}.
(See 3.3 for M(—).) Hence N(e) =0 and N =0. O
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PROPOSITION 5.2.  Let N’ be an element of o’. Let Hy be the fiber of
the projection gq — g over N', which we identify with Hg via N < N(e)
(e as in the proof of 5.1). Let T be the polytope o N Hi. Then, we have the
following.

(1) For N1, Ny € 7, the difference of N1 and Ny regarded as an element
of Hg belongs to Ker N'.

(2) T is contained in Im N'.
PrOOF. (1) Let N1, Ny € 7. Since N1 Ny = NoNj, we have
N'(Na(e)) = N'(Ni(e))-

Hence Ny(e) — Ny(e) € Ker N'.

(2) Let N € 7. Take an element e + h (h € Hg) of M(N,W)o. By the
admissibility (1.4), N(e) + N(h) € M(N,W)_onNW_1 = (W(N)[1])_1 C
Im N’. Hence, N(e) € In N’ and 7 C ImN'. O

In the rest of this section, we assume that dimo’ = 2. Fix a set of
generators Ni, Nj, of o’. Let Hél 0) be the fiber of the projection gq — gq
over Ny, which we identify with Hg via N <> N(e). Let 7 be the polytope
on HéLO)'

PROPOSITION 5.3. Assume that o is mot contained in 7. Then, the
subset S = {t1 —ta|t1,t2 € T} ofHéQ is contained in V := Ker Ny NIm NiN
Ker NJ,.

PROOF. First, by 5.2 (1), we have S C Ker Ny.

Similarly, by 5.2 (2), we have 7 C Im Nj. Hence, S C Im Nj.

Let N1, L1 € 7. Recall that e is the standard generator 1 of Q of weight
0. We show Li(e) — Ni(e) € Ker Nj, which completes the proof. Since o is
not contained in 7, there is an NV whose image in ¢’ is of the form aN] +bN;
with b # 0. Since NL; = L1 N, we have N(L;(e)) = L1(N(e)), and

(aN{ +bN3)(L1(e)) = Ni(N(e)).
Similarly, since NN; = N1 N, we have

(N1 + bN3)(N1(e)) = Ni(N(e)).
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Hence, (aN{ 4+ bN3)(Li(e)) = (aN{ + bN3)(N1(e)), which implies
Li(e) — Ni(e) € Ker (aNj + bN3).

Since we already know that Li(e) — Ni(e) € Ker N{, we deduce Lj(e) —
Ni(e) € Ker Nj. Thus, we proved S C Ker Nj. O

6. Proofs of Main Results
Here we prove 1.8 and 1.14.

6.1. Let ', be the kernel of the natural projection I' — I"”. Then T,
is naturally isomorphic to the additive group Hy,, via the correspondence
v < 7(e). Here e is the standard generator 1 € Z C H, & Z = Hz. We
identify T, and H7, via this isomorphism. The group I is isomorphic to a
semi-direct product of I';, and I".

We begin the proof of 1.8.

6.2. First we claim that, in the statement of 1.8, we can replace “I'”
with “T",”.

We prove this claim till the end of this paragraph 6.2. We may assume
dimo’ = 1. Let N’ be the generator of the monoid {N" € ¢’ | exp(N") €
I}, which is isomorphic to N. Fix a point N of o whose image in gg is N’
and let h := N(e).

Since N’ is nilpotent, there is an integer M > 0 such that all the elements
h, Nzlh, N;;h, e N”Z;lh, ... belong to the lattice ﬁH/Z

Thus, we have

(%) N”I:lh € & H}, for any k > 1.

If we replace the lattice H7, with ﬁH’Z, the groups I' and I';, become
larger. We may assume that the (larger) I';-version of 1.8 for %H/Z holds.
Hence, it is enough to show that the action on ¢ of any element of the
original I' coincides with that of some element of the larger I';, because a
subset of a fan is a fan if it is closed under the operation of taking a face.

Because the original I is a semi-direct product of I';, and I", it is enough

to prove that the action on o of any element of the original I” coincides with
that of some element of the larger I',,.
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We identify the fiber of o < gq — gq over N’ with a subset of Hg, via
N < N(e). Then the action of any element exp(nN’) (n € Z) of T is

’ ’ 1k—1
htz— e (h4z) = h+z+ (e —1)(h) = h+x+N,<Zkgl nk o h),
where h +x (v € H é) is any element of the concerned fiber. Here we use
the fact that N'(x) = 0, which is by 5.2 (1).
Since ) ;> n¥ N/Zlh is in ﬁH’Z by (), this action is certainly realized
by that of the corresponding element of the larger I';,, which completes the
proof of our claim.

REMARK 6.3. Here we explain another proof of the claim in 6.2. (This
may be simpler, but we prefer the above because it is easier to be general-
ized.) We use the above notation. Instead of 5.2 (1), we use 5.2 (2). By 5.2
(2), there is an h' € Hg such that h = N'R’. Take an integer M > 0 such
that b’ € ﬁH 7. Let v be the element of the larger I, corresponding to A'.
Then, replacing o by 7~ 'o, we may assume that ' = h = 0. In this case,
the action of I is trivial, and our claim follows.

6.4. Now 1.8 is direct from 2.7. In fact, we take H(’;2 as H there,
I'y 2 Hyz as L, and ¢ as 7. By 5.1, we have o N ({0} x Hg) = {0}. Hence
we can apply 2.7, and we may assume that for any element v € I'y,, either
(o) Mo = {0} or the action of 7 on o is trivial. Then, all the translations
by I',, of all the faces of ¢ form a fan.

6.5. We prove the main theorem 1.14 in some steps till the end of this
section.

Similarly to the case of 1-dimension in 6.2, we first claim that, in the
statement of 1.14, we can replace “I'” with “I",”.

We prove this claim till the end of this paragraph 6.5. Let Ny,... , N/,
be a set of generators of the fs monoid {N" € ¢’ | exp(N") € I"}. For each
j with 1 = j = m, take a point N; of o0 whose image in gq is Nj. Let
hj :== Nj(e).

Since N is nilpotent, the set

NI NT ()
5o { BNt iz 1 i S
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is finite, and there is an integer M > 0 such that the lattice ﬁH 7, contains
this finite set.

Thus, we have

(x) S CHp.

Similarly to 6.2, it is enough to show that the action on ¢ of any element
of I coincides with that of some element of the larger I',, because a subset
of a weak fan is a weak fan if it is closed under the operation of taking a
face.

We see that, for any element N of o, there are non-negative rational
numbers a; (1 = j =m) and = € (Ker (N}) C Hg such that N' =} a;N;
(cf. the Convention in §5) and that N(e) = > ajh; + . In fact, N’ is
written as ) a;N;. Consider the element ) a;N;. This is in 0. Hence, by
5.3, := N(e)— (3_a;jNj)(e) = N(e) —>_ ajh; is annihilated by N}, for any
k.

Then the action of any element exp(L') (L' =" myN/,m; € Z) of I on
the Hé—component of N is described as

Y ajhj 4z Y ajh; 4z + (e = 1)(T ajhy)

But, we have

L'(3 25 ah;) = (32, mulN)) (325 ajhy)
=22 agmu (N (h ))
=1 a;mu(Ni(hy))  (by NyN;j = N;N;)

= (22 a;NH) (2, mulu).

Hence the action is
rk—1
Sajhi+x =Y ashy+x+ (30N (X B (0 miln)).

Since Y > F— L/k - (3, muhy) is in 4 Hy, by (x), this action is certainly
realized by that of the corresponding element of the larger I';,, which com-
pletes the proof of our claim.

6.6. In the rest, we prove the I';,-version of 1.14. To prove it, we can
replace o by each member of a finite subdivision of o and replace ¢’ by
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the image of the member. Further, if the image of the member in g’Q is
of one dimension, such a member can be treated by 1.8. Hence, in the
replacement, it is enough to consider only the member whose image in gb
is 2-dimensional.

Take a set of generators Ny, Ny of ¢’. In the following, let H/, act on gq
via the isomorphism Hj, = T', in 6.1. Let H; (j = 1,2) be the pullback of
the cone generated by N} in gq by the projection gq — gq-

First we use 3.23, and prove that we may assume

(1) For any [ € Hj ~ (N{"'M_3 N M_1), we have I(¢) No C H;.

We let w = —1, and take H' as H in 3.23. Let V = Ker Ny N Im Ny N
Ker Ny. By 5.3, there is an h € Hg such that o N H; is contained in the
cone generated by (1,0, h+ V). Hence, we can apply 3.23 and, if we replace
N] by (1 —e)N{ + &N}, for a sufficiently small € > 0, we may assume (1).

In general, we can work by a compactness argument as follows. For
each rational number a with 0 < a < 1, take (1 — a)N{ + aNj as Ny in
3.23 and 52N] + H2N) as N, in 3.23. (Note that then the condition
W (N1 4+ N2) = W(N3) in 3.1 is satisfied.) Then we can apply 3.23 in virtue
of 5.3. Apply 3.23, and let b, = (1 — gg)a + EOHT“, where ¢g is what the
proposition gives. Let b; = 1.

Similarly, for each rational number a with 0 < a < 1, take (1—a)N{+aNN,,
as Ny there and (1 — §)N| + §N; as N there. Apply 5.3 and 3.23, and let
ca = (1 —¢c0)a+e0§. Let cg = 0.

Consider the set of the intervals I, := [cq, bs) (a € [0,1]).

We prove that there is a sequence

€0=d0=0<61<d1<€2<-~-<€k<dk:€k+1:1

such that for each j =0,1,... ,k, the interval [e;, e;41] is contained in Ia;.
Consider the set S of all sequences eg =dyp=0<e; <d; <ex <--- <
er—1 < dg_1 < ep with various k such that for each j =0,1,... ,k — 1, the

interval [ej,e;j11] is contained in Iy;. Let e be the supremum of such eg.
Then, since c. < e, there is a sequence eg = dy = 0 < e; < d] < eg <
coe < ep_1 < dp_1 < e belonging to S with ¢, < er. By replacing e by
max {ce, (dx—1 + ex)/2} and by defining dy, = e and exy; = b., we obtain
another sequence in S whose largest member ey is strictly larger than e
(a contradiction) unless e = 1. Thus we see e = 1 and dy, = ex11 = 1.
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Subdivide ¢’ into the 2k cones with their faces spanned by two elements
(1—d;j)N{+d;jNj and (1—e;) N{+e; Ny with | = j or [ = j+1. Subdivide ¢ by
their pullbacks, and replace o with each pullback and further replace it with
each member of the subdivision which 3.23 gives. Then, by construction,
we see that the condition (1) is satisfied. (We take (1 — d;)N{ + d; N5 as
new Nj and (1 — e;)N{ + ¢; N}, as new NJ.)

Note that this property (1) is preserved by further subdivision and by
the replacement of NJ.

6.7. Let Cj (j = 1,2) be the inverse image of N; by 0 — gq — 9q;
which we regard as a subset in H& Let V; be the subspace generated by
the set {c —d|c,d € C}}.

Next we enhance the argument in 6.6 and show that we may assume
further that the following two conditions:

(2) o is generated by (o N Hy) U (0 N Hy), and
B) Vi+M_3)N (Va+ M_3) = M_3.

To see it, by the compactness argument in 6.6, we can work around N7,
that is, it suffices to show that after replacing Nj by (1 —e&)Nj + &Ny, for any
sufficiently small € € Qx, and after subdividing o, (2) and (3) are satisfied.

We use 4.3. By this lemma with M = M_3, we may assume the above
(2) and the following (x).

(*) The image @ of ¢ in o’ x (Hg/M_3) is simplicial.

By 4.4 (1), (x) implies that the intersection of the images of V7 and V3
in Hg/M_3 is {0}, and hence, we get the above (3).

Note that the property (3) is preserved by further subdivision. Hereafter
we always assume (3). (We will not replace Nj any more.)

6.8. Hereafter we always assume 6.6 (1) and 6.7 (3).

Next, by 4.1, without loss of (2) in 6.7, we may assume that o is simpli-
cial.

Then, by 4.4 (1), the intersection of V; and V3 is {0}. Hence, by 4.4 (2),
a pair of finite subdivisions of o N Hy and of o N Hy induce a subdivision of
0.

Apply 2.7 by taking H = Hq, L = Hz, Ny = N, and 7 = o N Hj.
Then, it gives a subdivision of ¢ N H;.
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Apply 2.7 by taking H = Hb, L = H),, Ni = Nj, and 7 = o N Ha.
Then, it gives a subdivision of ¢ N Ho.

By 4.4 (2), these two subdivisions induce a subdivision of ¢, and, after
replacing o with each member of this subdivision, we may assume further
the following two conditions.

(4) In the case | € Hy ~ N{~1(0) we have (¢ N Hy) N (0 N Hy) = {0},
and in the case [ € Hy, N N{~1(0) the action of [ is trivial on o N Hy, and

(5) In the case | € Hy ~ N571(0) we have I(o N H2) N (0 N Hy) = {0},
and in the case [ € Hy, N N571(0) the action of [ is trivial on o N Ha.

In this process, (2) in 6.7 is still preserved by the last statement of 4.4

2).

6.9. Thus, we may assume (1)—(5) in 6.6-6.8. Under these assump-
tions, we prove the following (6), which completes the proof of the main
theorem.

(6) Let I € H. Let o1 and o3 be faces of 0. Assume that {(01) and o9
have a common interior point z and that there is an F' € D such that both
(I(01), F) and (o2, F') generate nilpotent orbits. Then, I(01) = o2.

First assume that [ ¢ N{~1(M_3)NM_;. Then, by (1) in 6.6, [(c)No =
l(cNHy)N(ocNHy). By (4) in 6.8, this cone coincides with {0} if N{(l) # 0,
and coincides with o N Hy if N{(l) = 0. In both cases, this is a common
face of (o) and of 0. Hence, I(01) N oy is a common face of I(o1) and of o9.
Since [(01) and o9 have a common interior point, [(o1) = I(01) N o2 = 03.

Thus we may and will assume [ € Nj~'(M_3) N M_; in the following.
For j =1,2, let

Tj:=o0;NHy and wvj:=o0;N Hs.
Then, by (2) in 6.7,
0 = T; + vj.
Further, there are interior points ¢; of 7; and u; of v; such that
xr = l(tl —|—U1) =t + us.

Since I(t1 + u1) = t1 + uy + aNj(l) + bN4(I), where aN{ and bNJ are the
images of t; and u; in gb respectively, we have

t1 —to + aN{(l) = Uy — U] — bNé(l)
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Since Ni(l) € M_g, the left hand side belongs to V; + M_3. Similarly, since
Nj(l) € NJM_1 = M_3, the right hand side belongs to Vo+M_3. Hence, (3)
in 6.7 implies that both sides are in M_3. On the other hand, by Griffiths
transversality, both sides are in FnF ' In fact, take e+h € FO (h € Hg).
Since (I(o1), F) generates a nilpotent orbit, we have I(t;) + Nj(h) € F~1.
Similarly, since (o9, F') generates a nilpotent orbit, we have to + Nj(h) €
F~!. Hence, I(t;) — ta € F~!. Since this element is real, it is also in 7
This element is the left hand side of the above equality.

Since F-'NF 'NM_3 = {0}, both sides are zero. Here we use the fact
that (M, F) is a mixed Hodge structure.

Now we have the equality

t1 + aNj(l) = to.

The left hand side of this belongs to (¢ N H;) and the right hand side
belongs to o N Hy. Hence, the condition (4) in 6.8 implies that, if Nj(I)
is not zero, then both sides of this equality are zero. Then, t; is also zero
by 5.1. Since ¢; is an interior point of 71, the cone 71 is {0} on which [
acts trivially. On the other hand, if Nj(l) is zero, then [ trivially acts on 7
again. Thus, in any case, [ acts on 71 trivially. Similarly, the equality

uy + bNY(1) = ug

and the condition (5) in 6.8 imply that [ acts on v trivially. Hence, I
acts on 01 = 11 + v trivially, and l(o1) = o;. Since l(01) = 01 and o2
are faces of o, and since they have a common interior point, they coincide:
[(01) = 01 = 092, which completes the proof of (6) and hence the proof of
1.14, that is, that all the translations of ¢ with their faces form a weak
fan. O
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