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On the Spectrum of the Operator of Inner Waves

in a Viscous Compressible Stratified Fluid

By Andrei GINIATOULLINE and Tovias CASTRO

Abstract. We study the structure of the spectrum of differen-
tial operators which arise in the problems modelling the inner oscilla-
tions of viscous compressible barotropic exponentially stratified three-
dimensional fluid. For Dirichlet problem, we prove that the essential
spectrum consists of three real points. We find the sector of the com-
plex plane to which all the eigenvalues belong.

1. Viscous Stratified Compressible Fluid

Let us consider a bounded domain Q C R? with the boundary 992 of the
class C'°° and the following system of fluid dynamics

% — vAuy — I/ﬁ% (div @) + 8301 0

92 — AUy — yﬁ% (div @) + sz = 0
(1.1) % —vAus — 1/[36%3 (diva)+p+ 8x3 =0

% _ N?uz =0

QQ%—i—dlv =0 xreQ, t>0

Here x = (x1, x2, x3) is the space variable, @ (x,t) = (uy (z,t) ,us (z,1),
us (z,t)) is the velocity field, p (x,t) is the scalar field of the dynamic pres-
sure and p (z,t) is the dynamic density. In this model, the stationary distri-
bution of density is described by the function e~V3 | where N is a positive
constant. For the compressibility coefficient «, the kinematic viscosity co-
efficient v, and the volume (bulk) viscosity coefficient 8 we assume a > 0,
v>0,02>0.
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For inviscid case, the equations 1.1 are deduced in [3], [11] , [17]. For
viscous compressible fluid, the system 1.1 is deduced, for example, in [12].

We may observe that, despite an extensive study of stratified flows from
the physical point of view (see, for example, [2], [4], [5], [13], [14], [16]),
there have been relatively few works considering the mathematical aspect
of the problem.

We associate system 1.1 to Dirichlet boundary condition

oo = 0.

Let us consider the following problem of normal vibrations

(1.2)

We denote v = (77, v4,v5) and write the system 1.1 in the matrix form

(1.3) Lv=0
where
L=M-M\
and
2 2 2
_VA_Vﬂ 8 _Vﬁaw?axz _Vﬂaml&rg 0 éaixl
1.9
1.4 Vﬁ@h??‘z _VA_Vﬁax 1/687"287"3 0 a dzg
. M = 1.9
(1.4) V5l VBmkm  vA-uBEs N1
0 0 -N 0 0
1.8 1.0 1.9
@ Da1 @ Bas e 0 0

We define the domain of the operator M as follows.

D (M) =

0 3
—{ve <W21(Q)> cos € Lo (), vs € Ly () : MU e (Ly (2))° 5,
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0
where W () is a closure of the functional space C§° () in the norm

2

I£1= ([ (15 + 2] do

Q

In this paper, we will study the spectrum of the operator M.

From the point of view of applications, the separation of variables 1.2
serves as a tool to describe every non-stationary motion modelled by 1.1
as a linear superposition of the stationary modes. The knowledge of the
spectrum of normal vibrations may be very useful for studying the stability
of the flows. Additionally, the spectrum of operator M plays an important
role in the investigation of weakly non-linear flows, since the bifurcation
points where the small non-linear solutions arise, belong to the spectrum of
linear normal vibrations, i.e., to the spectrum of operator M.

It can be easily seen that the operator M is a closed operator, and its
domain is dense in (L (€2))°.

Let is denote by oess (M) the essential spectrum of operator M. We
recall that the essential spectrum

Oess (M) ={Ae€ C: (M — X) is not of Fredholm type},

is composed of the points belonging to the continuous spectrum, limit points
of the point spectrum and the eigenvalues of infinite multiplicity ([10], [15]).

To find the essential spectrum of the operator M, we will use the fol-
lowing property ([9]):

Oess (M) =QUS,
where
Q={\eC: (M- X) is not elliptic in sense of Douglis-Nirenberg}

and

g A€ C\Q: the boundary conditions for the operator (M — AI)
N do not satisfy Lopatinski conditions '

We recall the following two definitions.
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DEFINITION 1. Let us consider a differential matrix operator

Int ... INN la|<ni;

lot|
O pe- D ..Dgm = 0
8$j

al=a1+...+a,, D;= =
e e dx{...0zp"

Let {si}ij\il, {tj};.vzl be two sets of integer numbers such that, if I;; # 0,
then n;; = degl;; < s; +1t;. In case l;; = 0, we do not require any condition
for the sum s; +¢;. Now, we construct the main symbol of L (D) as follows.

L1 (D) .. Ly (D)
L(D)= ,

In1 (D) ... Iyn (D)

_ 0 if lij (D) =0 or deg lij (D) < 8; + t]'
lij = Z CLZ(?)DO‘ if deg lij (D) =S; + tj

|Ol|:sqj+tj

If there exist the sets s and ¢ which satisfy the above conditions and, addi-
tionally, if the following condition holds,

det L(£) £ 0 for all € € R\ {0},

then the operator L (D) is called elliptic in sense of Douglis-Nirenberg

(see[1]).

DEFINITION 2. Let us consider £ = (£1,£2,&3), = (&1,&2) LE (&) —the
matrix of the algebraic complements of the main symbol matrix L (§) , G (£)
is the main symbol of the matrix G (D) which defines the boundary condi-

tions, M+ (E, 7') =11 (7’ —T; (5)) y Tj (f) are the roots of the equation
det L (E, T) = 0 with positive imaginary part. If the rows of the ma-

trix G (5, 7'> L (E, 7') are linearly independent with respect to the module
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M* (5, T> for a # 0, then we will say that the conditions of Lopatinski
are satisfied (see[9]).

Now we establish the following main result.

THEOREM 1. The essential spectrum of operator M is composed of
three real points

Oess (M) = {0’ Vol (;Jrl)’ va? (;—1‘2)}'

Proor. We observe that the main symbol of the operator L = M — AT
is:

Ve —vBE  —vpal —vBags 0 1y

N —vBGa& VP -vBEg  —vBh& 0 L&

L(¢§) = —vB61€s Bty vl -vpe 0 lg
0 0 0 A 0

=& 16 les 0 -

We calculate the determinant of the last matrix
Ty . 2
det (M - )\I) (&) = =5 16 (v2a? (B+ 1) —1).

and thus we can see that for two points A =0 and A\ = m the operator
L = M — M is not elliptic in sense of Douglis-Nirenberg. We will show,
additionally, that for the point A\ = —34— the condition of Lopatinski is

va?(8+2)
not satisfied.
The Dirichlet boundary condition can be written in a matrix form

1 00
0 0 1

o O O

0
0
0
If we denote £ = (£,&5), & = 7, then

det (M/:/)\I> (5, T) = Z—Vj Qﬂz + 72>3 (vAa® (B +1) —1)
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and thus the equation det <]\Z?XI) (E, T> =0for A\#0

1
, m has one

root 7 =14 ’ﬂ of triple multiplicity in the upper half of the complex plane.
~ 3
In this way, M ™ (f ) 7') = (7’ —1 ‘ED . Since the elements of the matrices

M — M and G are homogeneous functions with respect to 5,7', then it is
sufficient to verify the Lopatinski condition for unitary vectors &. Let us
choose a local system of coordinates so that & = 1, £& = 0. Then, we have

M (§~,7') =(r—1)

and
(M =21 (7) =
—v(B+1) —vr? 0 —viT o 1
0 —v (1472 0 0 0
= —vpT 0 —v—v(@B+1)7r* 0 I
0 0 0 -2 0
1 T
1 0 T 0 -\

For the matrix (]\Z_:/)\I ) we construct first the adjoint matrix (]\/[/—\)\I )
(which is composed of algebraic complements of the original matrix), then
we multiply (M — A ) by the boundary conditions matrix G, after which we
divide G (]\4/—\)\1 ) by the polynomial (7 — i)?’, and, finally, we consider the
matrix My which is composed of the residues of that division. After some

elementary transformations of the rows of M; and making the notation
n=0-— TlaQ, we obtain the following matrix My :

My = 2\ (1 — i) x

(4+3n)i—(5n+4)7 0 —n (1 + 37i) 0 0
><< 0 —4 (1 +n) (1 —1) 0 0 0).
—n (14 37i) 0 d4+n)i+n—4)7 0 0

If we define as M3 the 3" order square minor of My without the last two
columns, then the linear independence of the rows of the matrices My, M;
can be verified by calculating the determinant of the matrix Ms.
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We observe that
det My =16 (n+1) (n+2)% (*A)° (7 — )® =

_ 16 <(6+ 1) - V;A) ((ﬁ+2) - V;2A>2 (PN (r — )P

As we can see, for A # 0, mz(}@ﬂ), ua2(1ﬂ+2) the rows of the matrix M;

are linearly independent. We have already proved that the first two points

belong to the essential spectrum of the operator M. In this way, due to the
1
va?(5+2)

verification of Lopatinski condition, we have that the point A =
also belongs to the essential spectrum of the operator M and thus

1 1
M)=<0
O'ess( ) { ) I/ag(ﬂ—f—l)’ Va2(ﬂ+2)}7
which concludes the proof of the Theorem. [
THEOREM 2. The spectrum of operator M is symmetrical with respect

to the real axis, and all the eigenvalues of operator M are in the following
sector of the complex plane:

Z:{)\EC: ReA >0, [ImA| <N + (Re)\)}.

va2N
PrROOF. Let wus denote v* = (v1,v2,v3,v4) and Sv* =
00 O 0 U1
00 O 0 )
00 0 N V3
00 —-N 0 Uy

Then, the system (M — AI) {v*,v5} = 0 can be written in the form

—\* + Sv* — VAT —vBdivy + %va, =0
—Avs + édiVT> =0

Now we multiply this system by {v*,vs} and then integrate by parts in 2.
In this way, we obtain the following equations:

3
“AMo*]? + (Sv*,v*) + v Y Vo ||? + vB]|div T |)* = L (v5,div T) =0
k=1 .

~Mus||” + L (div @, v5) =0
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We sum up these two equations

3
=2 (Il + lusl®) + (S0, 0%) + v 3 [ Vgl + w8 |ldiv 2> +
k=1

1
+E [(div @, v5) — (v5,div D) =0

and then separate the real and the imaginary parts, keeping in mind the
fact that, since S is skew-symmetric matrix, then the expression (Sv*,v*)
is imaginary.

3
v IV + v ||div 7|2

Re )\ = k=1 D) P} Z 07
[[o*[1* + llvs |

(Sv*,v*) + L[(div T, v5) — (v5,div 7))

2 2
[0 )17+ Jlvs]l

Im\| = —i
Using the inequalities

2
a a
(f79)L2 < ||fHL2 HQHL2 ) 2\/—me§ N +b°N,

we estimate

v

2 . 2 2 di
N Jjo*[]* + 2 fldiv T los_ N o ]* + N flos])® + 14571

[Im A] < 2 2 = 2 2
o[ + [lvs | o[ + [Jvs |
Since
Y T
Re A _ o’ E—1 2N [|div 2’|
ve?BN ot P+ sl ot s
and
. 2
ﬁ |div ||

Im A < N4 g
[0 + sl
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then we finally have

(Re )
va2N’

ImA| < N +

It remains to prove that the spectrum is symmetrical with respect to
the real axis.

For that purpose, we apply the complex-conjugation to the original sys-
tem of (M — AXI) {v*,u5} =0

— M\ + SvF — VAT —vBdiv T + 1Vos =0
—Ms+1dive =0

from which we can see that, if \ is an eigenvalue of M, then A is also an
eigenvalue of operator M, and thus the theorem is proved. [

2. Inviscid Stratified Fluid

For v = 0 and 8 = 0, for the case of compressible stratified fluid (o > 0),
in [8] it was proved that the essential spectrum of operator M is the interval
of the imaginary axis [—iN, iN].

For non-compressible inviscid stratified fluid (« = = v = 0), in [6], [7]
it was proved that the essential spectrum of the operator M is the same
interval of the imaginary axis [—iN, iN], outside of which there can be
only the eigenvalues of finite multiplicity.

3. Conclusions

Let us discuss briefly the results obtained in Theorems 1 and 2, compar-
ing them with the corresponding results of the inviscid stratified fluid.

Just as in case of the explicit representations of solutions of Cauchy
problems, where, in most cases, the inviscid solution cannot be obtained
from viscous solutions as a mere limit for vanishing viscosity parameter; the
essential spectrum of normal vibrations for inviscid stratified fluid cannot be
obtained from the essential spectrum for viscous stratified fluid by putting
the viscosity parameters v and (§ equal to zero.

Therefore, the considered problems are remarkable and interesting due
to the special property that, for the viscous fluid, the two points of the
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essential spectrum

1 1
va? (B+1) va?(8+2)

move to infinity for v, 3 — 0; while the essential spectrum of the inviscid
fluid contains an interval of the imaginary axis.

Additionally, as we can observe, the previous results obtained for the
inviscid fluid ([—iN, iN]), correspond, in a certain way, to the statement of
Theorem 2, if we formally put ReA =0 :

(Re )
va23N

(Re)\ZO, ImA| < N+ >, for ReA =0 we have |[ImA| < N.

The authors would like to thank professor P. P. Kumar for suggesting
the theme of this paper.
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