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Local Existence for Nonlinear Cauchy Problems
with Small Analytic Data

By Hideshi YAMANE

Abstract. We study the lifespan of solutions to fully nonlinear
second-order Cauchy problems with small real- or complex-analytic
data. In each case, the nonlinear term is analytic in (the complex
conjugates of) the derivatives of the unknown function. This is an
improvement of our previous result.

1. Introduction

Cauchy problems with small initial data have been studied by many
authors. Most results are about nonlinear wave equations or nonlinear
Schrédinger equations in the C*°-category. On the other hand, some re-
sults about the Kirchhoff equation were derived in [1] and [2] in the real-
analytic category, and m-th order equations have been solved in the Gevrey
class in [2]. In our previous article [10], we studied second-order fully non-
linear Cauchy problems with small data in the real- and complex-analytic
categories without hyperbolicity assumption, namely in the spirit of the
Cauchy-Kowalevsky theorem.

We generalize these results in the present paper: now the nonlinear term
is an analytic function not only in Vu and V?u but also in u, 9;u and Vou.
Moreover, we can deal with equations involving the modulus of the unknown
function like (07 — 02)u = |0,u|? = Opu Oyu.

Now we state our result.

Let © be an open set of R?, z = (z1,... ,z,). A C®-function ¢(z) on

€T
Q is said to be uniformly analytic on € if it satisfies

3C > 0,Va € N* sup |0%(z)| < ClelF |,
e

where 0% = 91l /92" ... 0x%. We define the function space A(Q) to be
the totality of uniformly analytic functions on €.
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Let t be a point of R. For T' > 0, the open interval |—T,T [ is denoted
by I7. We set Qp = I x Q C Ry x R”.

For k € N, a continuous function u(¢, x) on Qp = I x Q) is said to belong
to C*(T; A(Q)) if it satisfies the following two conditions:

(i) Vj € {0,... ,k},Va € N", 8 9u € C(Qr),

(il) V1" €]0,T[, 3C = Cp» > 0, V5 € {0, ... ,k}, Va € N,

sup |358au(t,x)\ < gl
[t|<T",zeQ

Let P(0r,0x) = >_5_1pj00; + > kg Z?:l p;jr0;0; be a second-order
linear partial differential operator with constant coefficients, where 9; =
0/0x; and pj;,p;r € C. We consider the following Cauchy problem for a
fully nonlinear equation:

(CP1) {(8? — P(8,0z)) u = f1(t;u; Opu, Vu; Vyu, V3u),
u(0,z) = ¢(z), (0, z) = Y(x),

where 8; = 9/0t, Vu = (0ju)1<j<n and V>u = (8;0ku)1<j<k<n. Here ¢(x)
and v (z) are uniformly analytic in an open subset 2 of R™. We assume
that f1(¢; X;Y;Z) is continuous and bounded on R; x U, where U is an
open neighborhood of (X,Y,Z) =0 € C x C"*! x CN, N = n(n + 3)/2.
Moreover we assume that it is complex-analytic in I/ for each fixed ¢ € R
and has an expansion of the form

(1) AGXY:2) = aap,(0)XYPZY, L=a+2|6+3.
L>4

We shall study the lifespan of a solution when the data are small in some
sense.

THEOREM 1.1. There exist 6 > 0 and €9 > 0 such that the following
holds for all e with 0 < e < gqp:

If sup,eq |0%¢] < el“Flall and sup,cq |0%0] < el®F2|all for all a €
N7, then (CP1) has a solution u(t,z) € C?(T; A(Q)) for T = §/e.

We formulate (CP1c), the complex version of (CP1), in the following
way. Let p(z) and ¢ (z) be complex-analytic functions on an open set U of
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C". We assume! that f; is independent of ¢t . For T > 0, set By = {t €
C;|t| < T}.

THEOREM 1.2. There exist 6 > 0 and €9 > 0 such that the following
holds for all ¢ with 0 < e < ¢gqp:

If sup,err |0%0| < elelFal! and sup,ep [0°Y] < lelF2|al! for all a €
N, then (CP1lc) has a unique solution u(t,x) which is complex-analytic on
By x U for T = 0/e and satisfies the following estimate: for all T' with
0<T <T=4d/e, there exists C = Cp» > 0 such that

sup  |0%u(t,z)| < CloFall
[t|<T",zcU

holds for any o € N™.

REMARK 1.3. The functions ¢ and ¢ in Theorem 1.1 extends to the
1/(4¢)-neighborhood of Q in C" and satisfies |p(®(z)| < 2releltlqll,
(@) (z)| < 2"elel+2|a|! there. If f; in (CP1) is independent of ¢, we can
apply Theorem 1.2 for a larger value of € (hence a more modest estimate of
lifespan). We get a unique real-analytic solution u to (CP1) for |t| < 6/(2"¢),
x € Q and it is uniformly analytic in . The same can be said about the
other theorems.

We can relax the condition on 1 when the nonlinear term belongs to
a smaller class and P = P(0,;) = > }_, Z?lejkajﬁk is free from 9;. The
second Cauchy problem is:

((‘it2 — P(&z))u = fo(t,u, Opu, Vu, Vou, V>u),
U(O, (L‘) = 90(33)7 atu((]?x) = T/J(x),

where fo(t, X,Y, Z,0,E) is continuous and bounded on R; x V, where V is
an open neighborhood of (X,Y, Z,0,2) =0 € Cx C x C" x C" x C*»+1)/2,
Moreover we assume that it is complex-analytic in V for each fixed t € R

(CP2) {

and has an expansion of the form

(2> f2(t7X7KZ7®7E') = Z aaﬁ»y)\u(t)XaYﬂZ’Y@)\E“,
L12>2,L2>2

Ly =a+ |y +|ul, La =B+ |y + 2|\ + 2|ul.

1We assume that fi is a bounded entire function in ¢. It is equivalent to saying that
f1 is independent of ¢ in view of Liouville’s theorem.
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THEOREM 1.4. There exist 6 > 0 and €9 > 0 such that the following
holds for all e with 0 < e < ¢gqp:

If supgeq |0%0| < el®tlal! and sup,eq [0%0] < el all for all a €
N, then (CP2) has a solution u(t,z) € C*(T; A(Q)) for T = §/¢.

(This is a generalization of Theorem 1.1 of [10].)

REMARK 1.5. In the definitions of L, L and Lo, the unknown function
u and its derivatives have weights as in the following table:

u Ou Vu Vou Viu

1 2 2 3 3
Ii(>2)|1 0 1 o0 1

0 1 1 2 2

For example, (0ju)? satisfies L > 4, L; > 2,Ly > 2. On the other hand,
(Osu)? does not satisfy Li > 2, although it satisfies L > 4, Ly > 2.

REMARK 1.6. The complex-analytic version of Theorem 1.4 can be
formulated in an obvious way.

Our method extends to nonlinearities involving the complex conjugates
of the derivatives of the unknown function. We can deal with

(97— P(9,))u
(CP3) = f3(t; u, u; Opu, Opi; Vu, Vi, Voyu, Voyu; Viu, V21),
U(O,[L‘) = 90(11)7 8tu(07 l‘) = w(x)a

where f3(t; X.Y:Z:6; é) is continuous and bounded on R; x V, where V is
an open neighborhood of (X,Y, Z,0,2) = 0 € C2xC2xC?" xC2" xCMn+1),
Moreover we assume that it is complex-analytic in V for each fixed t € R
and has an expansion of the form
fa(t; X:Y:Z;6; é) = Z adgﬂﬂ(t))?&?ﬁﬁé*éﬂ,
L122,L2>2

Ly =&+ 3] + |al, L = |8 + 17| + 217l + 2|7l.
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THEOREM 1.7. There exist 6 > 0 and €9 > 0 such that the following
holds for all e with 0 < e < ¢gqp:

If supyeq |0%0| < el®tlall and sup,eq [0%9] < el all for all a €
N, then (CP3) has a solution u(t,z) € C*(T; A(Q)) for T = §/¢.

(This is a variant of Theorem 1.4. There is a variant of Theorem 1.1,
too. )

Ezample 1.8. The theorem above can be applied to a nonlinear wave
equation

(02 — A)u = |[Vu|? Zauau

We can deal with operators with first-order terms. Let P'(9,) =
> 19505 (p; € C) be a vector field. We consider, with P involving

atv

(CP4) {(at2 - P(at, am) - P’(gm))u = f4(t, u, Opu, Vu, Vouu, v2u)’
u(0,z) = (), du(0,z) = (z),

where f4(t,X,Y,Z,0,E) is continuous and bounded on R; x V, where V is
as in (CP2). Moreover we assume that it is complex-analytic in V for each
fixed t € R and has an expansion of the form

f4(t7X7 Y, Z7@75) = Z aaﬁ’y)\u(t)XaYBZ’Y@)\E‘u?
0>5/2

3 5) )
C=a+SB+2]+ 2N + 2yl
a+5p+20]+ S+ 2l

THEOREM 1.9. There exist 6 > 0 and €9 > 0 such that the following
holds for all ¢ with 0 < e < gq:

If sup,eq [0%¢| < eldFall and sup,eq [0%)] < el@H3/2]a|! for all a €
N7, then (CP4) has a solution u(t,x) € C?(T; A(Q)) for T = §/\/z.

REMARK 1.10. One can easily formulate and prove variants of The-
orem 1.9 like Theorems 1.2 (in the complex domain) and 1.7 (involving
complex conjugates).
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REMARK 1.11. The Nagumo type argument (using scales of Banach
spaces consisting of bounded holomorphic functions) as in [8], [9] etc. can
be useful for the study of small initial data in the complex domain. The
key would be to choose several constants independently of €. If one wants
to get results in the real domain by using this method, one has to escape to
the complex domain as in Remark 1.3 with some loss of lifespan.

2. The Banach Algebra Gr((2)

We recall some results about a Banach algebra which will be useful in
the proofs of the theorems. Set §(X) = K1Y 22 X*/(k+1)2, K = 47%/3
and let D79(X) be its j-th derivative. If ¢ > 0, then a continuous function
u(t, ) on Q7 is said to be an element of Gr ((€2) if it is infinitely differentiable
in  and there exists an constant C' > 0 such that

(3) Vo e N',Vt € Iy, sup|d®u(t,z)| < ccl Dot /T).
z€eQ

We define the norm |Jul| to be the infimum of such C’s. Then Gr ()
becomes a Banach algebra. Moreover it is a subspace of C(T; A(Q)) for
any T, ¢ > 0. See [2] or [10] for proof.

For a positive integer m, we equip the direct sum %gT,C(Q) with the
norm || - ||, defined by

1/2
HT(t,a:)Hmzl > |!Tj(ta$)||2] :

7j=1,....,m
7(t.x) = (Ti(t,2), ... \T(t, 7)) € BGrc(9).
Set 9; tu(t, x) = fg u(s, z)ds.

PROPOSITION 2.1.  For all (k,a) € (—N) x N™ with k + |a| < 0, there
exists a constant Cy o > 0 such that OFO™ is an endomorphism of the
Banach space Gr ¢(€2) and its norm is not larger than Ck7|a‘T*k(‘a|.

3. Proof of Theorems 1.1 and 1.2

First we shall show Theorem 1.1. Notice that ¢ is “smaller” than .
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PROPOSITION 3.1.  For any T > 0 and any ¢ > 2ec, we have p,19 €
Gre(Q) and ol < Ke, 0] < K2, [90ll < Ke2, 9,0 < K&*,
0;0k0| < 3Ke3, 0;0p|| < 3Ke* for j k€ {1,2,...,n}.

PROOF. See [2] or Propositions 3.3 and 3.4 in [10]. O

PROPOSITION 3.2. Set ( = 2e%¢,T = 6/e fore > 0,0 < § < 1. Then
there exist positive constants C1 and Co independent of ¢ and § such that
1PO; w|| < Cidllwll,  [|P(p+ ty)|| < Coe®,
107 2w + @+t ]| < Coppe?|lw] + 2K,
180 %w + ¢ + t)|| < Cor06™ ! |w]| + Ke?,
10 (07w + ¢ + t)|| < 26°C_pye™"||w]| + 2K<?,
10000 2w+ + )| < 263C_1 1 ]| + K&,
10,0 (0 *w + ¢ + 1) || < (26%)*C_2|w|| + 6K &

hold for any w € Gr¢(£2).

PRrROOF. Apply Propositions 2.1 and 3.1. We neglect §(< 1) in most
places with the only exception of the first estimate, in which we use 6% < 4.
For example, we have

10;0k (t) || = ||td;0k0|| < T - 3Ke* = 3K 63 < 3K &P,
18; 2wl < Cog0T?|lwl| = C2,06% 2||lw]| < Cg062[|w]|.

The inequality ||P(p + ti)|| < Cae? follows from the estimates on 9,0,
0;0k(ty) and 0. O

Set w(t,x) = O?u(t,z), then u = Z?t_zw+<p—|—t¢. We define the mappings
Q@ and L; by

Qu = (u; Oyu, Vu; Vou, V>3u),
Li(w) = P 2w + ¢ + t) + f1 (1 Q(0; 2w + ¢ + tv))).

Then (CP1) is reduced to w = L£1(w). We shall find a fixed point w of £y
by showing that £; is a contraction from a closed ball of Gr (2) to itself,
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where
(4) T=06/e, ¢(=2% (6>0,0<8<1).

Set r = 20%¢3/(1—2C16), where C; and C5 are as in Proposition 3.2. If &
is sufficiently small, then there exists a positive constant C'5 independent of §
and ¢ such that 2C2e® < r < C3¢3 holds. Let B(r,T,¢) = B(r,d/¢,2¢e%) C
G1.¢(92) be the closed ball of radius r centered at 0. For w € B(r,T,(), set
u =0 *w+ ¢ + th. A combination of Proposition 3.2 and (4) implies that
there exists a positive constant Cy for which we have

(5) lull < Cag ||Opul| < CZe? ||Ojul| < CFe?,
(6) 10:0ull < O3’ 1|0;0kul| < Cfe’
for j,k € {1,2,...,n}. Therefore there exists a positive constant Cj inde-

pendent of € and § such that

11(6; Q) < D laagy (D)](Cae)* < Cset

L>4

holds if ¢ > 0 is sufficiently small. The estimate r > 2Cse3 implies
Il f1(t; Qu)|| < r/2 for a sufficiently small €. Thus we find that

L1 (w)]| < (Ci6l|lwl]| + Cag®) + || f1(t; Qu) |
< (C1or 4 Coed) + || /1t; Qu)|| < /2 +7/2 =7

holds for w € B(r,T,(). It means that £; is a mapping from B(r,T,() to
itself if € and ¢ are sufficiently small.
Next we shall show that £; is a contraction mapping. We have

(7) HGX5YSZ) = 1t XY Z)
= (X'-X,Y'-Y, 72 -2) ¢
=(X'-X) g +Y'-Y) g +(Z'-2)- g7,

where

1
0 = (g a7 g7) = / Viyzfi(t(1— $)(X,Y,2) + s(X',Y", Z'))ds.
0
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For w,w' € B(r,T,¢), set u = 0 2w + o + t, v = 7w + ¢ + tih.
Then for (X,Y,Z) = Qu and (X', Y, Z") = Qu’, we have

IX" = X|| = v = ull = |07 (w" —w)|| < Coe™?||w’ —wl
1Y =Y [lng1 < 10:0,2(w' — w)|| +[IVO; *(w = w)]|n
< Cﬁf_lel —wl[,

12~ Zlly < 1903 20! — )+ 9207 2w — )]s
< CﬁHw/ - w”7

where Cg is a positive constant independent of € and .

On the other hand, Vx f1, Vy f1 and V2 f; consist of terms of the form
“(a function in )XY 827" with L = o + 2|8| + 3|y| > 3,2, 1 respectively.
This fact, together with (5) and (6), implies that there exists a positive
constant C7 independent of ¢ and § such that

lgi* (t, Qu, Q)| < C7e®, gt (¢, Qu, Qu')||ns41 < Cre?,
lg? (t, Qu, Qu') | < Cre.
A combination of (7) and the inequalities above yields
If1(t; Qu') — fi(t; Qu)|| < CeCr(e™> - +e7' e+ 1-¢)|lw' —w|
= 3CsCrellw’ — w].
Hence
1£1(w') = Ly (w)[| < (C16 + 3C6Cre)|lw' — wl],

which implies that £1: B(r,T,¢) — B(r,T,() is a contraction mapping if ¢
and ¢ are sufficiently small. Its fixed point w € Gr¢(Q) C CO(T; A(2)) gives
us a solution u = ;2w + ¢ + ty € C3(T; A(Q)).

PrOOF OF THEOREM 1.2. Uniqueness follows from the Cauchy-
Kowalevsky theorem. We sketch the proof of existence. A complex-analytic
function on By x U is said to be an element of g% (U) if there exists an
constant C' > 0 such that

(8) Vo€ NVt € By, sup|0%u(t,z)| < ccleDlg(|t]/T).
zelU



60 Hideshi YAMANE

The theorem can be proved in the same way as in the real case, because
Q%C(U) is a Banach algebra.

4. Proof of Theorem 1.4

Proposition 3.1 must be revised in an obvious way: now % has the same
bound as ¢ and P(0,) is free from 0;. The estimates in Proposition 3.2
must be replaced by the following:

1PO; ?w|| < C1d|lwl (unchanged), [ P(¢ +t¥)|| < Cac®(e +9),
107w + @+t < Coppe™|Jwl| + K (e +9),
10:(0; 2w + ¢ + t)|| < C_10e ! |lw| + Ke (much worse),
10;(9; *w + ¢ + 1) || < 262C_z167 |Jw|| + Ke(e + ),
10:0;(8; %w + ¢ + )| < 2e*C_1 1||w]|| + Ke* (much worse),
10,0 (8 2w + @ + 1) < (2¢°)°Cpp|w] + 3K (e + 0).
Only one remains unchanged and all the others have worsened more or less.
Especially, two have become much worse because smaller powers of € have
appeared. Set r = 2Ce%(e + 6)/(1 — 2C15). Then 2Coe%(e + 6) < r <
Cse?(e + 6) for some constant C3 if ¢ is sufficiently small. If ||w| < r, the
estimates (5) and (6) for u = 9; *w + ¢ + th should be replaced by
lull < Ca(e +6), [|0pull < Cue, [95ull < Cie(e + ),
10:0jull < CFe?, [19;0ull < Cie?(e +6).

We have, for some positive constant C5 independent of € and 6,

HfQ(t? u, atua VU, vatua VQU) H

< Y laappanBICETE (e 4 8)e" < O + 6)%E,
L12>2,L>2

and it is smaller than r/2 if € and § are sufficiently small. It follows that
the mapping Lo, the counterpart of £;, is a mapping from B(r,T,() if ¢
and ¢ are sufficiently small.
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Next, we have
(9) ft, XY 2 0 2~ fo(t,X,Y, Z,0,=)
=(X'-X,....2 -2 ptX,....,5,X,...,T)
=(X' = X)X+ +(E -5) 45,
where g2 = (95,93, 9%, 99, 95) is the counterpart of g;.
For w,w' € B(r,T,¢), set u = 0 2w + o + t, v = 7w + ¢ + tih.
Then for (X,Y,Z,0,Z) = Qu, (X', Y', 7,0, Z") = Qu’, we have
1X" = X || = [l —ull = 15, (w = w)]| < Coe™?[Jw’ —w],
1Y = Y| < [0:0;(w' = w)|| < Coe™ ' —w],
1Z" = Z|ln = VO *(w' —w)|ln < Coe™u" —wl,
18" = Ol = IV8:; *(w' = w)|ln < Cl|w’ — wl,
IE ~ Zhagriyz = 1907 20" — ) lausnyz < Collu’ — w,
where (Y is a positive constant independent of € and 4.

On the other hand, the gradients Vx fa, ..., V= fs are sums of terms like
“(a function in t) X*Y#ZYOE*” with L and L as in the following table:

Vxfo Vivyfo Vzfs Vefs Vsfo
Ly =a+ v+ |ul >1 >2 >1 =2 >1
Lo=pB+ [ +2A+2[p| >2 >1 >1 >0 >0

There exists a positive constant C7 independent of € and d such that
93" (t, Qu, Qu')[| < Cr(e +8)e?,  lgy (8, Qu, Qu')[[ns1 < Oyl +6)%e,
g5 (t, Qu, Qu)|In < Cr(e +8)e, 1195 (t, Qu, Qu')[n+1 < Cr(e +6)%,
195 (¢, Qu, Qu')[ln+1 < Cr(e +6).

A combination of (9) and the inequalities above yields, if e +0 < 1,
If2(t, Qu) = falt, Qu)|| < 5C6Cr(e + 0)[[w’ — w]].
Hence we have

[1L2(w") = La(w)]| < [C16 +5C6Cr(e + 8)] [|w" — wl,
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which implies that £1: B(r,T,¢) — B(r,T,() is a contraction mapping if ¢
and ¢ are sufficiently small.

5. Proof of Theorem 1.7

We shall solve

(10) (07 — P(0x))u1 = f3(t, Quy, Quy),
(11) (07 — P(8))uz = f3(t, Qua, Quy),
(12) u1(0,2) = (), Gpu1(0,z) = ¥(z),
(13) uz(0, ) = @(x), dus(0,2) = P (x),

where f3(t, Qui, Qua) = f3(t;u1, uz; Opur, Opug; Vuy, Vug; ... ) by abuse of
notation: the order of the arguments should be changed. Moreover P and
f3 are defined by

n k
P(0:) =Y 00k,
k=1 j=1
f3(t; X:Y:Z;6; é) = Z a&ﬁﬂﬁ(t))zé‘?ﬁzﬁéj‘éﬂ.

Set W = *(ur,uz), B ="(¢,0), ¥ ="(.0), W= W~ F 1.
Here 07 acts componentwise on a column vector. It is also the case with
P(0y,0,), P(04,0,) and Q below. We have only to solve W = L3(W), where

L3(W) = PO7°W + G +19) + F(QO7*TW + 7 +t9)),
F(Vi, Vo) = (f3(t, Vi, Va), f3(t, Vo, V1)).

By using almost the same estimates as in the proof of Theorem 1.4, we
can show that it has a unique fixed point in the closed ball By(r, T, () C
69297’7((@) for some r if € and § are sufficiently small. It gives a unique solu-
tion (u1,us2) to (10), ..., (13) in Ba(r, T, (). By taking complex conjugates
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and rearranging the order, we obtain

(14) Juz = f3(t, Qua, Qur),

(15) (0} — Pyur = f3(t, Qur, Quz),

(16) U_Q(va) = 30(1:)’ atu_Q(va) = 1/1(1’),
(17) )

w10, 2) = (), 0@ (0, z) = ¥ ().

17

The pair (ug, u7) satisfies the same condition as (u1, u2). The uniqueness of
the fixed point implies that these pairs are identical. In particular, we have
ug = uy. The solution (uy,uz) of (10), ..., (13) gives a solution u = u; to
(CP3).

6. Proof of Theorem 1.9

For ¢ = 2¢e%,T = 6/ (0 < § < 1,0 < € < 1), there exist positive
constants C1, C1, Ca, C4 such that

1Po; w|| < CL(6e"2 + 8%¢)[|w]l,  [|[P'O; 2wl| < C16%|wl,
1P(p + )]l < Co™2, [[P/(p + 1) < Coe®.

Set r = 2(Cae®? + Che?) /{1 — 2[C1(8e'/? + §2%¢) + C162]}. There exists a
positive constant Cs such that Cze? < r < 2C3¢? for sufficiently small 6 and
e. For w € B(r,T,(), set u = 8[210 + ¢ + t) as usual. Then there exists a
positive constant Cy for which we have

lull < Cae, 9pull < G322, [j0jull < CFe
|Bdjull < CF%e%2, 00l < Cie® < CFe/2.
The remaining part of the proof is now routine.
7. Systems of Nonlinear Wave Equations

Some authors (e.g. [6] and [7]) have studied systems of nonlinear wave
equations with different speeds of propagation in the C*°-category. They
obtained some results about existence or blow-up of solutions. We can con-
sider similar systems in the real-analytic category. Let the space dimension
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n be 1 for simplicity (€2 is an open interval) and assume 0 < ¢; < c3. We
study the following simple example of a system of nonlinear wave equations:

(02 — 302)uy = Opu1Ozus,
(02 — c202)ug = Opuz0,us,
u;(0,7) = pj(x) (j = 1,2),
Opu;j (0, ) = ¥;(x) (j = 1,2).

(CP4)

There exist § > 0 and g > 0, dependent on ca but independent of cy,
such that the following holds for all € with 0 < ¢ < g¢:

If sup,cq |0%0;(z)| < 10 and sup,cq [0%;(x)| < 1! for j = 1,2
and ¢ € N, then (CP4) has a solution u(t,z) € C*(T; A(Q)) for T = §/e.

This fact can be proved by introducing a mapping on a closed ball of
@2gT7c(Q) as in §5.
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