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Dispersive Global Solutions to the Time-Dependent
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By Akihiro SHIMOMURA
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Abstract. We study the time decay estimate for LP-norm (2 <
p < 00) of a solution to the time-dependent Hartree-Fock type equa-
tion with a long-range potential, which decays more slowly than the
Coulomb potential as || — oo, for small initial data.

1. Introduction

We study time decay properties (precisely, dispersive estimates) of solu-
tions to the initial value problem of the time-dependent Hartree-Fock type
equation

1
(1.1) i0pu = —§Au + F(u)u, (t,z) €e R x R",
(1.2) u(0,2) = ¢(x), xz € R".
Here the space dimension n > 3,7 = v/—1, u = (ug,...,uy) is a CV-valued

unknown function (N > 2), ¢ is CV-valued given initial data, 9; = 9/0t, A
is the Laplace operator for the space variable z, F'(u) = (Fjr(u))i<jr<n is
an N x N Hermitian matrix defined by

Fi(u) =V * (Julgw &5 — ujtn),

“x” denotes the convolution for the space variable, |- |cw is the norm of CV,
0jx is Kronecker’s delta, the function V' is a potential given by

Vi(e) = Az, (z € R"\ {0})
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A is a non-zero real constant, and v is a constant such that 0 < v < 1.
(Thus V is a long-range potential decaying more slowly than the Coulomb
potential as |z| — c0.) The system (1.1) appears in the quantum mechanics
as an approximation to a Fermionic N-body system. In this paper, we show
the existence of a solution u to the initial value problem (1.1)—(1.2) satisfying
the dispersive estimate, that is, ||u(t)| e = O(|t|~™/2) as t — oo, for small
initial data ¢. In the main result (Theorem 1.1 below), we will assume that
1—-1/(m+2) <7 <1, where m is the integer defined by (1.7).

There are many works on the Cauchy problem and the large time be-
havior of solutions for the Hartree equation

(1.3) 10 — —%Au F (Vs uPu,  (hz) ER xR

where u is a complex-valued unknown function, and there are some works
for the Hartree-Fock equation (1.1). For the Cauchy problem of the Hartree
equation (1.3), see, e.g., Cazenave [1], Ginibre-Velo [3] and Hayashi-Ozawa
[16]. We are interested in properties of solutions for large time. The poten-
tial V is called “short-range” when ~ > 1, on the other hand, it is called
“long-range” when 0 < v < 1. When v = 1, V is called the Coulomb po-
tential. In the short-range case, contribution of the potential is negligible
for large time. Roughly speaking, when 1 < v < n, the solution to the
equations (1.1) and (1.3) approaches some solution to the free Schrédinger
equation

1
(1.4) 10 = —§Au, (t,z) e R x R",

as t — £o0o. On the other hand, in the long-range case (0 < v < 1),
contribution of the potential is not negligible for large time, and hence
solutions do not approach any non-trivial free solutions as t — +o0o. Hence
to investigate the large time behavior of solutions to the equations (1.1) or
(1.3), the long-range case is more difficult than the short-range one. In this
paper, we concentrate on the long-range case. (For the large time behavior
of solutions to the Hartree equation (1.3) with a short-range potential, see,
e.g., Hayashi-Ozawa [15], Hayashi-Y. Tsutsumi [17] and Nawa-Ozawa [24],
and to the Hartree-Fock equation, see Wada [28].)

We recall several known results on the large time behavior of solutions
to the Hartree equation (1.3) with a long-range potential, namely, the case
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0 < v < 1. The existence of the modified wave operators (the final value
problem) for the equation (1.3) was studied by, e.g., Ginibre and Ozawa [2],
Ginibre and Velo [4, 5, 6] and Nakanishi [22, 23]. On the other hand, the
time decay and large time asymptotics of solutions to the equation (1.3)
for small initial data were studied, e.g., by Hayashi and Naumkin [11] and
Hayashi, Naumkin and Ozawa [14] when v = 1, and by Hayashi, Kaikina
and Naumkin [10], Hayashi and Naumkin [12, 13] and Wada [29] when
v < 1. To study properties of solutions to the equation (1.3) for large
time, the case 0 < v < 1 is more difficult than the critical case v = 1.
According to their results, for small initial data, the solution to the initial
value problem of the equation (1.3) with v < 1 decays like ¢~(1/2=1/P) in
LP as t — oo, where 2 < p < oo. This decay rate is the same as the free
solution (see Remark 1.3 below). Furthermore there exists some function
u4, which is called a modified scattering state, such that the solution to (1.3)
approaches a modified free solution U (t)e‘is(t’_iv)u+ as t — 00, where
U(t) is the free evolution operator defined by (1.6) below, and S(¢,&) =
(V * |y ]?)(€) flt 77 7dr. Here 44 is the Fourier transform of uy. The

—i5(t=1V) s represented explicitly. The nonlinearity (V * |u|?)u

modifier e
with v = 1 as in the equation (1.3) also appears in the Maxwell-Schrédinger
system with the Coulomb gauge condition in three space dimensions (see,

e.g., [7,8,9, 20, 21, 25, 26)).

We return to the Hartree-Fock equation (1.1). To investigate the large
time behavior of solutions, the Hartree-Fock equation (1.1) is more compli-
cated than the the Hartree equation (1.3), because (1.1) is a system and
F(u) is not a diagonal matrix (though it is Hermite). According to author’s
knowledge, there is only one result (Wada [30]) on the large time behavior
of solutions to the equation (1.1) with a long-range potential. In the case
v =1 (the critical case), Wada [30] studied the existence of modified wave
operators to the equation (1.1) for small final states, and the time decay and
large time asymptotics of solutions to the initial value problem (1.1)—(1.2)
for small initial data. He proved that when v = 1, there exists a global
solution u to the initial value problem (1.1)—(1.2) satisfying the time decay
estimate ||u(t)|z» = O(t="1/2=1/P)) as t — oo for small initial data, where
2<p<2n/(n—20)and 1/2 < 0 < n/2. Moreover he showed that there
exists a unique modified scattering sate w4 such that the solution u to the
equation (1.1) approaches the modified free dynamics U(t)A(t, —iV)uy as
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t — o0, where U(t) is the free evolution operator defined by (1.6) below,
A= A(t,€) is an N x N matrix satisfying the Cauchy problem

(1.5) {Z’@tA =t F(Ai)A, t>1, £E€R”,

A(17£> :IN7 gGRn,

and I is the N X N unit matrix. It is easy to see that the modifier A(t,¢)
in [30] is a unitary matrix, but it can not be expressed explicitly. So the
modifier for the Hartree-Fock equation (1.1) is more complicated than that
of the Hartree equation (1.3).

According to author’s knowledge, in the case 0 < v < 1, there is no
result on properties in large time of solutions to the Hartree-Fock equation
(1.1). (To investigate properties of solutions to the equation (1.1) for large
time, the case 0 < v < 1 is more difficult than the critical one v = 1.) In
the present paper, when v < 1, we study the time decay of the solution u to
the initial value problem (1.1)—(1.2) in LP (2 < p < o0) for small initial data
when the space dimension n > 3. In the main result (Theorem 1.1 below),
we will assume 1 —1/(m + 2) < v < 1, where m is the integer defined by
(1.7) below.

Here we introduce several notations. For k, s > 0, the weighted Sobolev
space based on L? is defined as follows:

HY = { € LP(R™CY) : [[§llgges = (14 |2)*2(1 = A2 12 < o0}
For t € R, we define U (t) by
(1.6) Ut) = ™2 = Frle M2,

where F is the Fourier transform with respect to the space variable. U(t) is
the free evolution operator for the Schrédinger equation. (See Remark 1.3.)
For s > 0, we define the operator |J|* by

[P =[P =U@)lPU(=t),  (teR).
The main result in this paper is the following theorem.

THEOREM 1.1. Let the space dimension n > 3, and let

(1.7) m =

”TH, when n is odd,
5+1, whenn is even.
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Let 1 —1/(m +2) < vy < 1. Assume that ¢ € H®™ and ||¢| gom is suf-
ficiently small. Then there exists a unique global solution w to the initial
value problem (1.1)—(1.2) satisfying

(1.8) u € C(R; L?), |J|™u € C(R; L?),
(1.9) lu@)llz2 = lllL2,

(1.10) HI™ ()] 2 < Cllgl|grom (1 + [,
(1.11) lu(®)llze < Cllp] gom (14 [¢)~/271/P)

fort € R, where 2 < p < 0.

REMARK 1.1. Under the assumptions of Theorem 1.1 except the small-
ness condition on the initial data ¢, the existence and uniqueness of the
global solution u to the initial value problem (1.1)—(1.2) satisfying (1.8),
and the equality (1.9) are well-known. (See Proposition 4.1 below.) The
main purpose of this paper is to prove the time decay (1.11) of the solution
u to that initial value problem for small initial data ¢.

REMARK 1.2. By the definition (1.7) of m, we see that m is the smallest
integer such that m > n/2. Note that the condition m > n/2 implies the
embedding H™ — L.

REMARK 1.3. The solution to the Cauchy problem of the free
Schrodinger equation (1.4) with initial condition u(0,z) = ¢(x) is given
by

By the definition of U(t), U(t) is unitary in L?. When 2 < p < oo, the
following estimate is well-known:

(1.12) U@ ellre < @alth 2P, (£ #0),

where p’ is the Holder conjugate exponent of p, i.e., 1/p+1/p’ = 1. Accord-
ing to the estimates (1.11) and (1.12), the time decay rate (as t — oo) of
the solution to the equation (1.1) is the same as that of the free solution.

REMARK 1.4. In this paper, large time asymptotics of the solution to
the initial value problem (1.1)-(1.2) is not obtained, and that problem is
still open. (See Section 5.)
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For convenience to readers, we briefly explain idea of the proof of Theo-
rem 1.1. The proof of the main theorem depends on the spirit of the proof
in Wada [29] on the long-range scattering for the Hartree equation (1.3).
Because of difficulties caused by the long range potential, it is difficult to
obtain desired estimate for u by using the equation (1.1) directly. To avoid
this difficulty, we introduce the function w by (4.3) and (4.7), and then w
satisfies the equation (4.8). By using the equation (4.8), we derive esti-
mates for w in H™, which imply the desired estimate for the solution u and
Theorem 1.1.

This paper is organized as follows. In Section 2, we introduce several
notations which will be used below. In Section 3, we collect several lemmas
which will be used in the proof of Theorem 1.1. In Section 4, we prove
Theorem 1.1. In Section 5, we remark on the large time asymptotics of
solutions.

2. Notation

We introduce several notations used below.

Let 0 = 9/0xy for k = 1,...,n, 0% = o' --- 99~ for a multi-index
a = (a1,...,a,) € Z%, and let w = (—A)Y/2 = F7L¢|F. For linear
operators P and @, [P, Q] = PQ — QP is the commutator of them.

For CN-valued functions, we use the following function spaces. |- |cw
and (-,-)c~ denote the norm and the scalar product in CV, respectively.
For a CN-valued measurable function ¢ = (¥1,...¢y) on R and 1 < p <
0o, 1 € LP means that ¢; € LP for j = 1,..., N, which is equivalent to
|t|cv € LP. Tts norm is defined by

[¥llze = e e

For CV-valued measurable functions ¢ = (p1,...,px) and ¥ = (1,...,
¥n) on R”, their L? scalar product is defined by

N

(vl = [ (o) wla)ov do = Y ()10

=1

Let WP and W¥P be the k-th order Sobolev and the homogeneous Sobolev
spaces based on LP, respectively. Namely, for £k > 0 and 1 < p < oo, we
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denote

WhP = {y € L+ [[¢llyer = [[(1 = B)*/2¢|| 10 < o0},
WP = {y € 8" |9 ]lyrrp = lw™¥llze < o0}

For a non-negative integer k, we define

Whe =3 e L Yy = D [0°Y]Le <00 p

laf <k

Whe =L e 8 [Ylpne = . 10|10 < 00
lo|=Fk

For k > 0, H* and H* denote W*2 and W*?2, respectively. Then H¥ =
H*O,

For matrix-valued functions, we introduce the following notations and
function spaces. We denote by My the set of N x N matrices with complex
elements. For A = (ajx)i<jr<n € Mn, |A|ry denotes the operator norm
in CV of A. Then there exist constants C;, Cy > 0 such that

N 1/2 N 1/2
Ol Do laul® | <Ay <Co| D lajul?
k=1 k=1

For an My-valued function 4 = A(z) = (ajx(x)) on R" (4 : RY — My),
we use the following notations. For 1 < p < oo, A € LP means that a;; € LP
for 1 < j,k < N, which is equivalent to |A|ys, € LP. Its norm is defined by

[Alze = [HAC) sy [l zo-

A € &' means that aj, € 8’ for 1 < j,k < N. For a Fourier multiplier
K, KA denotes the matrix whose (j, k) element is (Ka;)(x). For an M-
valued function A = A(z), we introduce the Sobolev and homogeneous
Sobolev spaces as follows. For £ > 0 and 1 < p < oo, we denote

WhP = {A e L |Allwrs = |11 = A)2A() gy l|ze < o0},
Wh? = {4 eS8 || Alljrs = 0" AC) [aryllze < 00}
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For a non-negative integer k, we define

Whe = $ A€ L% [Alwre = D 10" AC) |y llze < oo
| <k

Whe =3 Ae8 Ao = Y I0“AC) syl Lo < 00
|a|=k

We also use the following notations for matrix-valued functions. For k& > 0,
H* and H* denote W*2 and W*2, respectively.

C denotes various constants, and they may differ from line to line, when
it does not cause any confusion.

3. Preliminaries

In this section, we collect several lemmas, which will be used for the
proof of Theorem 1.1.

LEMMA 3.1. Letn >3, 0< 8 <n,2<p<2n/(n—p) <q and
1/p+1/q=1—/n. Then there exists a constant C > 0 such that

1177 % (ado) e < CUI1 o2l 9l ol ) 2.

We can prove Lemma 3.1 exactly in the same way as in the proof of
Lemma 2.4 in Wada [27].

LEMMA 3.2. Let 0 < 8 <mn, and let p and q satisfy 1 < p,q < co and
1+1/q=1/p+ B/n. Then there exists a constant C > 0 such that

- 1775 e = ellw™ " Lo < Cll]l o
(Here c is some positive constant independent of 1.)

Lemma 3.2 follows from the embedding W?"~#(R") < LI(R™).

Next we introduce the Leibniz rule and the commutator estimate for
fractional derivatives. (See, e.g., Kato [18], Kato-Ponce [19] or Ginibre-Velo
[7,9].)
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LEMMA 3.3. Let s> 0,1 <p,q1,q2 <00, 1 <ry,re <ooandl/p=
1/q1 +1/r1 =1/g2 + 1/r2. Then the following estimates hold:

lw*(p)llr < C(llwll Lo [¥llzr + (w3l Loz ]l zr2),
lw® (09) = ¥ llLr < Cllw*@llza [Pl + llw*™ Pl [Vl zr2).

4. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. Our proof of the theorem is
mainly based on the spirit of the proof in Wada [29] on the long-range
scattering for the Hartree equation (1.3).

On the initial value problem (1.1)—(1.2), the following proposition holds.

PROPOSITION 4.1. Letn >3,0 <~ <2 and ¢ € L?. Then there exists
a unique solution u to the initial value problem (1.1)—(1.2) in C(R;L?) N

L?O/C'Y(R; LA/ @n=7)) - Moreover the following hold.

o The solution u satisfies

u(t)|r2 = (|0l 2
for any t € R.

e If p € HOF for k € N, then |J|*u € C(R;L?). Furthermore, the
solution u € C(R; L?) with |J|*u € C(R; L?) is unique.

o There exists a 6 > 0 such that if
(4.1) 18] rox <6

for k € N, then

sup (|lu(t)|g2 + | [J[Fu(t)llz2) < Coll$llro.x-
te[0,2]

We can prove Proposition 4.1 in the same say as in the case of the Hartree
equation (1.3) (see, e.g., Cazenave [1], Ginibre-Velo [3], Hayashi-Ozawa [16],
Wada [29, 30]). Hence in this paper, we omit the proof of Proposition 4.1.
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REMARK 4.1. In Proposition 4.1, growth rate of || |J|™u(t)|| 2, decay
rate of ||u(t)||Lr for 2 < p < oo and asymptotics of the solution u are not
obtained.

Throughout this section, let the space dimension n > 3, m be the posi-
tive integer defined by (1.7) and ¢ € H®™. Let 0 < v < 1.

For simplicity, we only consider the case that ¢ is positive and large. So
we may consider the time interval [1, c0).

It is well-known that the free evolution operator U(t) = ¢"*4/2 is decom-
posed as

(4.2) U(t) = M@)D@)FM(E),  (teR\{0}),
where the operators M (t) and D(t) are defined by

(M(1)9)(x) = e/ (),
DOV = v (D). @eRr\{0).

(it) t
The identity (4.2) is called the Dollard decomposition.
Let ¢ € H%™ satisfy the condition (4.1) and u € C(R; L?) with |J|™u €
C(R; L?) be the unique solution to the initial value problem (1.1)—(1.2)
obtained in Proposition 4.1 with k =m. For ¢t > 1 and z € R", we put

(4.3) o(t,z) = FMOU(—t)u(t) = (it)"2e P2y (¢ ta).

In the second equality in (4.3), we have used the identity (4.2). Then the
equation (1.1) is equivalent to

. 1 .
(4.4) 10w = —ﬁAv +t77F(v)v,

when t > 1 and z € R™. To overcome the difficulty caused by the long-
range potential V', (as in the case of the Coulomb potential in Wada [30]),
we introduce the solution B of the following initial value problem of an
N x N matrix-valued ordinary differential equation

(4.5) i,B=tF()B, t>1, z€cR"
B(l,z)=1Iy, xz€R"
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where Iy is the N x N unit matrix.

LEMMA 4.1. When t > 1 and x € R"™, the solution B(t,x) to the
Cauchy problem (4.5)—(4.6) is an N x N unitary matriz.

PROOF. Let z € CV. Since the matrix F'(v) is Hermite, by the equation
(4.5), we see that

%\B(t, m)z[?cN =2Re(0:B(t,z)z, B(t,z)z)cn

=2Re(—it 7 "F(v(t,x))B(t,x)z, B(t,x)z)c~
=0.

Hence the above equality and the initial condition (4.6) yield
|B(t,z)z[cy = |B(1,2)z|cy = |z|en-
Therefore B(t, ) is a unitary matrix when ¢ > 1 and z € RY. O
Let
(4.7) w = B*v.
Then w satisfies the following equation:

1

I~ Lo,
TP > B*(0xB)(Orw) — 5z B (AB)w

k=1

(4.8) 0w = —

fort > 1 and z € R™.

To prove the estimates (1.10) and (1.11), it is sufficient to show that
lw(t)||gm is bounded in ¢t € [1,00). (See the estiamtes (4.31) and (4.32)
below.) We shall estimate the function w in H™.

Let 0 < p <1 be fixed. We fix a constant 1" > 1 such that

(4.9) sup_|lw(t)||am < p

1<t<T
arbitrarily. (By Proposition 4.1, if ||@||go.m is sufficiently small, then we
can take a constant 7' > 1 satisfying the inequality (4.9). For example, it is
sufficient to take ¢ sufficiently small such that ||¢[| o.m < min{é, £}, where
6 and Cj are the constants appearing in Proposition 4.1.)
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First we consider ||w(t)||;2. Since F'(v) is an Hermitian matrix, the
equation (4.4) implies that

@10) Ll = SOl
= 2Re(0w(t),v(t)) 2

] -
= 2Re<@Av—lt 7F(v)v,v(t)>
= 0

L2

for ¢ € [1,T7.
Next, we estimate ||w(t)|| m = [|w™w(t)| 2. By the equation (4.8), we
have

(4.11) 5 2 w7,

1 S Im([w™, B(t)* 95 B(t)]0kw(t), w™w(t)) 2

——Im(w™(B(t)*(AB(t))w(t)),w™w(t)) 2.

To overcome loss of derivative in the first term of the right hand side of
the equation (4.11), we calculate that term. Since B*B = Iy, B*OyB =
—(0xB*)B for k =1,...,n. So we see that

(B* (0 B)w™ 0w, w™w) 2
= — ((OxB*) BOpw™w, w™w) 12
(W™w, O (B* (O B)w™ w)) 2
=(w™w, (O B*)(0x B)w™w) 12 + (w™w, B*(0: B)w™w) 2
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+ (W w, B* (0 B)w™ O w) 2
=((0x B*) (0 B)w™w, w™w) 12 + (07 B*) Bw™w, w™w) 12
+ (B* (0 B)w™ 0w, wmw) 2.

Hence

(4.12) Im(B* (0 B)w™ 0w, w™w) 12

_%<(8kB*)(8kB)wmw,wmw>Lz — %((6%3*)mew,wmw)p.
By the equations (4.11) and (4.12), we obtain

1d
2dt

k=1

(4.13) ().

- 22? ((AB()")B(t)w™ w(t), w™w(t)) 2

_tl2 S Im([w™, B(t) 95 B(1))0kw(t), w™w(t)) 2
k=1

_%Imwm(B(t)*(AB(t))w(t))vwmw(t»L?

= Q1(t) + Qa(t) + Q3(t) + Qu(t).

To estimate the right hand side of the equality (4.13), (that is, Q1, ...,
Q4), we have to estimate B(t) in appropriate spaces.

LEMMA 4.2. Letl be an integer satisfying 0 <1 < n—1, and let p and q
satisfy2 < p <2n/(n—y—1) < q<2n/(n—2) and 1/p+1/q =1—(v+I)/n.
Then there exists a constant C7 > 0 independent of T' such that

414)  [[E®)llyree < Cillo@llzellv@)]ze = Crllw(@)| e llw(®)] e

fort € [1,T]. Furthermore, there exists a constant Cy > 0 independent of
T such that

(4.15) IE (W) llyitee < Collw(®)[fm < Cap?
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fort € [1,T), where m is defined by (1.7).

Proor. Noting 0 < v+1 <141 < n, by Lemma 3.1 and the unitarity
of the matrix B, we have

[ F(v() e <C Z I v () vk(t)) || Lo
J:k=1
<C Y (s @) o ok (B | o lvg ()] Lallvk (£) | o)/
G k=1

<Cillo@)|zellv(®)]| e
=Chlw®)] e [w(t)]| za-

Therefore we obtain the estimate (4.14).

Next we show the estimate (4.15). Since 2 < p < 2n/(n — v — 1),
HO+D/2 < IP. In the estimate (4.14), for any ¢ > 0, we choose ¢ (and p)
sufficiently close to 2n/(n —~ — ) such that HO+)/2+e <, 14 holds. Note
that (y+1)/2 < (1+10)/2<n/2<m,since0 <l <n—-1land0<~vy<1
We take the above € such that 0 < ¢ < m — (v +1)/2. Then we have the
embedding H™ — LPN LY, if p and q are sufficiently close to 2n/(n—~—1).
The estimate (4.14) and the above embedding imply the estimate (4.15). O

LEMMA 4.3. Let [ be an integer satisfying 1 <1 < n — 1. Then there
exists a constant C > 0 independent of T such that

(4.16) [B®)||ze =1,
(4.17) IB(#) g0 < CpP¢Y)
fort e [1,T].

PROOF. Since the matrix B(t,z) is unitary for ¢ € [1,7] and = € R",
|B(t,z)|amy = 1. Hence for any ¢ € [1,T], we have ||B(t)||f~ = 1. The
identity (4.16) is proved.

We prove the estimate (4.17) by the induction in I. Let z € CV and
a € Z7 be a multi-index satisfying || > 1. Since the matrix F(v) is
Hermite, we have

d
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= 2Re(050:B(t,z)z, 05 B(t,x)z)c~
= 2Re(—it7 705 (F(v(t,z))B(t,x))z, 0y B(t, z)z)c~

— 2 7Im Z(Z) (PR (u(t, )0 B(t,x)) § 2,

BLa

0y B(t,x)z
CN

% 0)

BLa, BFa

I ({07 Pt )) (0B a)y=. 2 B(1.2):)

Note that if |« > 1, then 0¢B(1,z) = 0 for any x € R™ by the initial
condition (4.6). Since |a| > 1, the equality (4.18) implies

|09 B(t, x)z|cn

<o ¥ / @ P (o(t,2)) ary |02 B(L, @) ary drl2lon,
B<Lla, B#a

and hence
(4.19) |0SB(t, )| nmy

<0 X [ E e ) OB dr
B<a, fa

Therefore we have
(4.20) 107 B(t)]| L=

<0 3 [0 ) B0 dr
BLa, B

First we show the estimate (4.17) for [ = 1. By the estimate (4.20) with
|a] =1 and (4.16), and Lemma 4.2, we have

[1B®) 10 < C/l T E @) e [ B(T) [ Lo dr
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t
C / T dr
1

< Cpti.

IN

Thus the estimate (4.17) with [ = 1 is proved.

Next assume that the inequality (4.17) holds for [ = 1,...,k. (k is a
some integer satisfying 1 < k < n — 2.) We prove the inequality (4.17) for
l =k+1. Noting 2 < k+1 < n—1, by the estimate (4.20) with |o| = k+1,
Lemma 4.2 and the assumption of the induction, we have

IB(#)[lyrkr1.00

IN

t
0/1 T NE@E) oo vk 100 1 B(T) lwrece dr

IN

t

C/ 7% x PP dr
1

< CprktDi=7),

Thus the estimate (4.17) with [ = k+ 1 is proved. Therefore this completes
the proof of the estimate (4.17). OJ

LEMMA 4.4. If1 <p<oo, then

lo(@)llze = llw(®)] e
fort € [1,T). Moreover, let l be an integer satisfying 1 <1 < mn —1, then
there exists a constant C' > 0 independent of T such that
o)l g1 < CpPllw(®)]| et
forte[1,T].
PROOF. Since B is a unitary matrix, we have ||v(t)||z» = ||Jw(¢)| L» for
I <p<oo.

Next we show the second estimate. Since 1 <[ <mn — 1. by the Leibniz
rule and Lemma 4.3, we have

o)l g =[1B@)w(®)]] g
<C Y 195 (B®w(b)| 2

|| =l
<CB®)[wrel[w(®)]l
<Cp* D w (b)) -
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Therefore the second inequality is shown. [

LEMMA 4.5. Let 1 be an integer satisfying 1 <1 <n, and let m be the
integer defined by (1.7). Then there ezists a constant C > 0 independent of
T such that

F O i <) s e 1210
<Clw®)|| grie1 [[w (@) || grmt A=)

fort e [1,T].

PrROOF. Since0 <[!—1<n—1and~y/2+1 < 3/2 < m, by Lemmas 3.2,
3.3 and 4.4, we have

IE ()l

< OZ ™ =700 0 ()0 (0)) | 20
jk: 1

< C Z le H (v () vw(t ))HL?"/ 2n—y-2)
],k 1

< C Z (' o; @) |2 vk )l 2n /-2
7,k=1

+ |0 ()| p2ns -2 |0 ok ()] £2)
< Cllw @) ||z lv ()] L2nsn—n-2
CllvO|l g [lw®) | L2n/n—v-2)
< DD w(t) || g [[w ()| oo
< Cllw(®)|| g [w(t)| gmt DA,

This completes the proof of the lemma. [J

LEMMA 4.6. Let m be the integer defined by (1.7). There exists a con-
stant C' > 0 independent of T such that

1E () lyirr.2n/v2) < Cllw(®)1F,/s < Cllw(®) [ Zm
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for t € [1,T]. Furthermore, let I be an integer satisfying 2 < | < n + 1.
Then there exists a constant C' > 0 independent of T such that

IF () lyirt2nscan SCllw(®)l| -z l|w(®)]] gryjaetHE)
<Cllw(t)] -2 w (@) || st =20

fort e [1,T].

PROOF. We prove the first estimate. By Lemma 3.2 and the fact v/4 <
1/4 < m, we obtain

[E (@) lyipr2n/cee < CZ oo™ (v ()0 ()] p2n 42
J.k=1
n —
< O okl 2nsen
Jik=1

< Cllo@®I ans2a—)
= Cllw®)l|Fan/@n—
Cllw()1%-,4
Cllw(t)||7m-

IN A

Next we show the second estimate. Since 0 <[—2 <n—1and v/2+1 <
3/2 < m, by Lemmas 3.2, 3.3 and 4.4, we have

IE ) lvirt2n/rt2)

< C Z lw™ D2 (0 (8 0g (6)) [ p2ms (42
jk 1

< C Z o' =2 (w3 ()or ()| 2n/2n—-2)
jk: 1

< C Z (Nl 20; ()| L2 lor (8| p2n a2
7,k=1

+ i ()| pons 2 W' vk (t) | 12)
< Ol 20|z vE)]| 2n/ -2

= Cllo@l g2 lw®)] L2n/ (-2
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IN

C1=2)(1-7) | w(®)|| -2 ||w(t) ||m/2+1
Olfeo(8)] -2 w(t) g 020,

IN

This completes the proof of the lemma. [

LEMMA 4.7. Let m be the integer defined by (1.7). Then there exists a
constant C' > 0 independent of T such that

(421) B lyiym.2n/m < Cp*tm1=7),
(4.22) 1B sonss < CpAm DO,
(4.23) 1Bl zny oy < Cp2mA=),

( ) | B |lyiymt1.2n/(v42) < C’th(m‘H)(l—'Y)’
( ) | B yiymt2.2n/(r42) < Cp?tm+2)(1=7)

PRrROOF. First we show the estimates (4.21) and (4.22). By the defini-
tion (1.7) of m, we see that 2 < m < n —1 and that 3 < m+1 < n. Let
I = m or m+ 1, and let j be an integer satisfying 0 < 57 <[ — 1. Then
1<l—j<Ii<m+1<nand0<j<I—1<m<n—1, and hence we see
that [ — 7 and j satisfy the assumptions of Lemmas 4.5 and 4.3, respectively.
By the estimate (4.19), the Holder inequality, and Lemmas 4.3 and 4.5, we
have

IN

-1 ¢
1Bl yir1.20/4 CZ/l T NEF @) lyirimszns 1B lyise dT
=0

-1 t
< / 7 2= (1) 13 (1= g

< sztl(ldy).
Therefore the estimates (4.21) and (4.22) are proved.

Next we show the estimates (4.23) and (4.24). Since1 <I—j <m+1<n
and 0 <5 <1—1<m <n-—1 as above, we see that [ — j and j satisfy the
assumptions of Lemmas 4.6 and 4.3, respectively. By the estimate (4.19),
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the Holder inequality, and Lemmas 4.3 and 4.6, we have
-1 t
IB(@)llyirtznsce2) < C‘Z/l T NE @) yiri-s20/ 642 1B(T) s dT
j=0
-2 t
= CZ/I T NE @D yir-s2n/ 642 1B(T) e dT
j=0
t
+C/1 T NE @) yi2ns e 1B -1, dT

-2 t
CZ/ 27175 2)(1=9) 25 (0=) g
i=071

IN

t
+Cp2/ D0 gr
1
< Cp2tl(1—7)_

Hence the estimates (4.23) and (4.24) are shown.

Finally we prove the estimate (4.25). Let j be an integer satisfying
0<j<m. Then2<m+2—-j<m+2<n+land0<j<m<n-—1,
and hence we see that [ —j and j satisfy the assumptions of Lemmas 4.6 and
4.3, respectively. By the estimate (4.19), the Holder inequality, Lemmas 4.2,
4.3 and 4.6, and the inequality (4.24), we have

[ B(#)lyirm+2.2n/(r42)

m t
S CZ/I Ti’YHF('U(T))||W'm+2fj,2n/(»y+2) ||B(T)HW],00 dT
j=0
t
e /1 FNEOE) e | B s snposy dr
<

m t
CZ/ PR (M2 =2)(1=9) 15 (1-) g
j=0"1

t
—|—C’p2/ MmN gr
1

< Cp2t(m+2)(1—7) )

Hence the estimate (4.25) is proved. [J
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LEMMA 4.8. Let m be the integer defined by (1.7), and let Q1,Q2, Q3
and Q4 be the functions defined in the equation (4.13). Then there exists a
constant C' > 0 independent of T such that

Q1(1)] < CP 2w (t)|[30,
Q2(1)] < CPt > [w(t)|[3,
|Qa()] < CPP V=2 (1) 3,

Qu(t)] < CPAH™ D2 (1) [Fm
fort e [1,T]
PRrROOF. First we note that n/2 <m <n —1.

We begin with the functions @ and (2. By Lemma 4.3, we have

n

Y (@OBE)) (OxB(1)w ™ w(t), w™w(?)) 2

k=1

1

QO =55

1 & i .
SQ—tQZH@kB(t) | oo |0k B(t)|| oo [lw™ w(t) |7 2
k=1

<Cpt 2 lw(t) |,

and

|Q2(t)] 22—12|<(A3(t)*)3(t)wmw(t)»wmw(t)ml

1 . m
<l ABE | B ™ ()12,
<CR 2w ()],

for t € [1,T]. Therefore the first and second inequalities are proved.
Next we estimate Q3 and Q4. By Lemmas 3.3, 4.3 and 4.7, the Sobolev
embedding theorem and the fact v/2 + 1 < 3/2 < m, we have

|Qs(2)]

- t% ZlmqwmvB(t)*akB(t)]akw(t)’wmw(t»Lz
k=1

< 2 |w™ B(0) O B(0))dkw(t)] g2 ™ w(t)]] 2
k=1
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n

Ct_2 [Z{ me(B(t)*akB(t)) ||L2n/“/ ||akw(t) ||L2n/(n7'y)

k=1

IN

(Za )01 B( >>Loo) rwmlakwu)nmﬂ ™) 2

n

ct? {Z(meB(t)*llen/w 10k B(t)]| L

k=1
HIBE) | oo [lw™ O B(E) || 203 ) [ w ()| /21
HUB@) e 1BE .o
+||B(t)*||L<>oIIB(t)HWz,oo)Ilw(t)llgm} lw™w(t)]| 2

Cp*t 2 (O w ()| szin + I w ()] o) [0 ()] o
Cp2t(m+1)(1 v) ZHw()

IN

ININ

£)][Frm-

and

Qu(1)
= 5l (B (ABO)w(e),w™ 0 (1) ]
e

W (B@)" (AB(t))w(t)),w™ w(t)) 2|
1

22 lw™ (B (AB()w(t)) 2 llw™ w(®)]l 2
Ct=2(|lw™(BA)* AB))ll p2nscr 1w () p2n/nv-2)
HIB(#)"AB(@)| Lo [|w™ w(B)]| 2) W™ w(t) | 2
Ct{(lw™ B(t)" || y2nsre2 | AB(#) | 2o
HIBE) |z lw™ 2B | 22 [0 ()] 2022
+|B( )*IILOOHAB( M zeellw™w (@) L2 }lw™ w(t)| 22
Cp*t 2 (2w (O gz + (@) g 0 ()]
CpPt D=2 o () 3

IN

IN

IN

IN

ININ

Hence the third and fourth inequalities are proved. [J

By the equalities (4.10) and (4.13), and Lemma 4.8, we obtain the fol-
lowing proposition.
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PROPOSITION 4.2. Let p € (0,1] and T > 1 be the constants fized
above, » € H*™ u € C(R; L?) with |J|™u € C(R; L?) be the unique solution
to the initial value problem (1.1)—(1.2) obtained in Proposition 4.1 with k =
m, and let w € C([0,T]; H™) be the function defined by (4.3) and (4.7),
where m be the integer defined by (1.7). Assume that the condition (4.9)
holds. Then there exists a constant C' > 0 independent of T' such that

d

Zlw®)Fm < CpPt B0 =2 o (1) |

fort e [1,T].
Now we prove Theorem 1.1.

PrROOF OF THEOREM 1.1. Suppose that the assumptions of Theo-
rem 1.1 are satisfied. In particular, assume that 1 —1/(m +2) < v < 1,
where m is defined by (1.7).

Let ¢ € H%™, and it satisfy the condition (4.1), and v € C(R;L?)
with [J|™u € C(R; L?) be the unique solution to the initial value problem
(1.1)—(1.2) obtained in Proposition 4.1 with £ = m. By Proposition 4.1, the
equality (1.9) holds.

We show the estimate (1.10). Let p € (0, 1], and

T" =sups T:T >1and sup |lw®)|gm <p,,
te(1,71)

where w is the function defined by (4.3) and (4.7). It is sufficient to show
T* = oco. Let T € [1,T*) be arbitrary. By Proposition 4.2 and the Gronwall
inequality, we have

(4.26) [[w (@) rm
t
< w(1)| gm exp <Cp2/ L (m+2)(1—7) -2 dr)
1
t
< CNU(=1)u(1)]| gom exp (c,)?/ T(m+2)(17)2dT>
1
<

t
C"||@]| gro.m exp (C’p2/1 L (m+2)(1=7)-2 d7'>
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fort € [1,T]. Note that (m+2)(1—~)—2 < —1,since 1 —-1/(m+2) <y < 1.
Hence, by the estimate (4.26), there exist positive constants Cy, Co and
C3 > 0 independent of T' such that

2
(4.27) [l < C1e%"||gl| om < 3|6 grom

for t € [1,T]. Here we have noted that 0 < p < 1. Now we choose the initial
data ¢ sufficiently small such that

(4.28) Calléllzrom < .
By the inequalities (4.27) and (4.28), we have

lwo@lm < £
for t € [1,T]. Hence for any T € [1,T%),

(4.29) sup [lw(®)|gm < g.
te[1,7)

The estimate (4.29) implies T* = co. (Indeed, if T* < oo, then the inequal-
ity (4.29) contradicts the definition of 7*.) Therefore under the condition
(4.28), we see that w € C([1,00); H™) and

lw(@®)[m < p
for ¢ > 1, and moreover by the estimate (4.27), we have
(4.30) [w@)||zm < Cllé] grom

for any ¢ > 1. This implies that if ||@|| go.m is sufficiently small (precisely
speaking, if the conditions (4.1) and (4.28) hold), then the unique solution
u to the initial value problem (1.1)—(1.2) satisfies the estimate (1.10). In
fact, by the definitions of v and w (see (4.3) and (4.7)), Lemma 4.4 and the
estimate (4.30), we see that for ¢t > 1,

431) I u@)llz = [I"UGMTF o)
HU @)U (=)}U )M F o(t)| 2
= |z F o)l 2
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o)1l grm
Cllw(t) | mt™ =

<
< Cllgllgomt™ .

This implies the estimate (1.10).

Finally we prove the time decay estimate (1.11) as follows. Let 2 < p <
0o. By the definitions of v and w (see (4.3) and (4.7)), the unitarity of the
matrix B, the estimate (4.27) and the embedding H™ — L? N L* (since
m > n/2), we have

(432) le@lle = 2o (62)]
4—n(1/2=1/p) v(t,-)

= 17
= ¢ "127YP) ()| o
Ct U270 () | grm
C||¢|| go.mt "1/271/P)

IA A

for any ¢ > 1. Therefore the estimate (1.11) is proved. This completes the
proof of Theorem 1.1. [J

5. Concluding Remark

Finally we remark about the asymptotics in large time of the solution
to the initial value problem (1.1)—(1.2) in the case 0 < v < 1.

Suppose that the assumptions of Theorem 1.1 are satisfied. Let u be
the unique solution to that initial value problem obtained in Theorem 1.1,
and let v and w be the function defined by (4.3) and (4.7), respectively. To
investigate the large time behavior of the solution w, it is sufficient to obtain
asymptotics of the function v. To do so, first we investigate asymptotics of
the function w. By the equation (4.8), the estimate (4.30) and Lemma 4.3,
it is easy to see that for t > 1,

10pw (®)]] L2

< Ot (\AW(t)IIL2 + 3 10B(@) || 1o | 0w (1)) 2
k=1

+ \AB(t)IILooIIw(t)Hm)
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< Cct™.

Therefore for 1 <t < t/,

lw(®) = w2 < /t 107w (T)|| > d7

t/
C/ 27 dr
t

IN

since —2y < —2(1 —1/(m+2)) < —1. Noting that 1 — 2y < 0, we see that
there exists a unique ®, € L? such that

lw(t) = @4|2 < O
for t > 1. In particular,

(5.1) slimw(t) =®,  in L2

t—o00
Since ||w(t)||gm is bounded in ¢, the fact (5.1) implies w-lim;_ow(t) = ¢4
in H™, and hence & € H™. Therefore we obtain the asymptotics . € H™
of the function w in L?. To get asymptotics of v from that of w, we have to
obtain asymptotics of the matrix B. Unfortunately, F'(v) = F(Bw) # F(w),
and hence it is not easy to obtain asymptotics of B by using ®, directly.

As mentioned in Section 1, the asymptotics in large time of the solu-
tion to the initial value problem of the Hartree equation (1.3) with v < 1
was obtained by, e.g., Hayashi, Kaikina and Naumkin [10], Hayashi and
Naumkin [12, 13] and Wada [29]. For the Hartree equation (1.3), they used
W = exp(i flt V x |v(7)|? dr)v instead of our w. Fortunately, for the Hartree
equation (1.3), exp(i fltV * |v(T)]2dr) = exp(i fltV * |w(T)|?d7). So it is
possible to investigate asymptotics of exp(i flt V x |v(7)|>dr) by using the
asymptotics of w directly.

We return to the Hartree-Fock equation (1.1). As mentioned in Sec-
tion 1, in the case v = 1, Wada [30] obtained the asymptotics in large time
of the solution to the initial value problem (1.1)—(1.2). In Lemma 4.5 in
[30], he overcame the above difficulty by constructing a My-valued func-
tion A = A(t,£) such that

(5.2) A =t""F(AD,)A, t>1, (eR”
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(5.3) JA(t) — B(t)||z~ = O(t™%),  ast— oo

for suitable ¢ > 0, by the contraction method, where <5+ =
s-lim¢_,oo B(t)*FU(—t)u(t) in a suitable Sobolev space. He put uy =
FLA(1)®, and A(t) = A(t)A(1)*, and proved that asymptotics of u
is U(t)A(t,—iV)uy. (The Mpy-valued function A = A(t,&) satisfies the
Cauchy problem (1.5), and it is a unitary matrix.) In the construction of
the function A satisfying (5.2)—(5.3), he essentially used the coefficient of
the right hand side of (5.2) is ¢t~1. Precisely he essentially used the fact

o 1
(5.4) / Tl dr = Z¢7e
t a

for t > 1.
In our case v < 1, the equation corresponding to (5.2) is

(5.5) A=t TF(AD)A, t>1, £eR™

Note that the coefficient of the right hand side of (5.5) is t77 with v < 1.
Since v < 1,

/ T % £ Ct™%.
¢

Therefore the idea of the proof in the case v = 1 (Lemma 4.5 in Wada
[30]) is not available for our case v < 1. Hence, in this paper, large time
asymptotics of the solution to the initial value problem (1.1)—(1.2) can not
be obtained, and that problem is still open.
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