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A Note on Hyperbolic Operators with Log—Zygmund
Coefficients

By Ferruccio COLOMBINI and Daniele DEL SANTO

1. Introduction

Consider the operator

(1.1) L=20?— zn: O (@1 (t)Ony ).

jk=1

Suppose that L is strictly hyperbolic with bounded coefficients, i.e. there
exist Ag, Ag > 0 such that

n

(1.2) Ml¢f? < Z agr(t)er; < Aolél?

jvkzl

for all ¢t € [0,7] and for all £ € R™.
It is well-known that if the coefficients a;;, are Lipschitz—continuous then
an energy estimate holds for L: for all s € R there exists Cs > 0 such that

sup {[|u(t, )llpetr + [Ocult, -)llws }

0<t<T

(1.3) T
< Cs([[u(0, ) lpge+r + [10(0, ) [l s +/O [ Lt )| dt),

for every function u € C°([0, T], H*1(R™)) N CL([0, T], H#¥(R™)) with Lu €
L£1([0,T], H*(R™)), in particular for all u € C2([0, T], H>(R™)) (see e.g. [11,
Ch. IX]). The estimate (1.3) implies that the Cauchy problem for (1.1) is
H> —well-posed (without loss of derivatives) if, for instance, the forcing term
is null.

If the coefficients aj, are not Lipschitz—continuous, then the estimate
(1.3) is no more true in general; nevertheless the H*>—well-posedness may

2000 Mathematics Subject Classification. 35L15

95



96 Ferruccio COLOMBINI and Daniele DEL SANTO

be recovered from an energy estimate with loss of derivatives (see e.g. the
estimate (1.5) below), under regularity assumption on the a;;’s weaker than
Lipschitz-continuity.

A first result of this type was obtained in the well-known paper of
Colombini, De Giorgi and Spagnolo [4]. The regularity condition was the
following: there exists C' > 0 such that

T—e 1
(1.4) /0 (an(t +) = ajn(t)| dt < Celog (< +1)
for all € € (0,T]. The energy estimate, deduced from the Fourier transform
with respect to x of the equation together with an approximation of the
coefficients which is different in different zones of the phase space (the so

called approzimate energy technique, see [5]), is then: there exist Cs, K > 0
(K independent of s) such that

sup {[|u(t, )llpsrr-r + [[cult, ) llpa-rc
<t<T

(15) =% T
SQW@J%M+WMQNw+AHM@NWﬁ%

for all u € C%([0,T], H*(R")) (on the necessity of some kind of loss of
derivatives when the coefficients are not Lipschitz—continuous, see [2]).

Recently, in [12] (see also [13]), Tarama has proved the H*—well-posed-
ness to the Cauchy problem for (1.1) under the condition: there exists C' > 0
such that

T—¢
(1.6) / (it +¢) + aji(t — €) — 2a;(t))| dt < Celog (% + 1)

for all € € (0,7/2]. The improvement with respect to [4] is obtained intro-
ducing a new type of approximate energy which involves the second deriva-
tives of the approximating coefficients (see par. 3.3 below).

The case of the operator L with coefficients depending on the time vari-
able t and also on the space variables x was considered by Colombini and
Lerner in [6]. In this paper the regularity condition was: there exists C' > 0
such that

1
(L.7) sup [(azu(y +y') — aje(y))|dt < Celog (- +1)
y,y'€[0, T xR €
ly'|=¢
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for all e € (0,T]. Here the use of the Littlewood-Paley dyadic decomposition
(in place of the Fourier transform with respect to z) together with the
approximate energy technique was the crucial point to obtain an energy
estimate of the following type: for all § € (0,1/4] there exist 3, C' > 0 and
T* € (0,7] such that

sup  {[|u(t, )|ly-o+1-se + || Opult, )|l p—o-st }
0<t<T*

<C

/N

[0, ) llg=o+1 + ([0 (0, -)[l3¢-0

T*
[ 1t v )
0

for all u € C?([0,T*],H°(R)). Results concerning local existence and
uniqueness of the solutions to the Cauchy problem for similar hyperbolic
problems can be found in [7].

In the present note we will consider the case of one space variable (from
now on n = 1) and will study the case of the coefficient a depending on ¢ and
x, under a regularity condition inspired by (1.6) and (1.7). In particular a
will be log—Zygmund—continuous with respect to ¢, uniformly with respect to
x, and log—Lipschitz—continuous with respect to x, uniformly with respect
to t (see par. 2 for the precise definitions). The dyadic decomposition
technique will be applied as in [6] (see also [3], [9] and [8]) together with
Tarama’s approximate energy. An energy estimate similar to (1.8) will be
obtained.

Before ending this introduction, let us remark that the choice of con-
sidering only one space variable is due to the fact that the case of several
space variables needs some different and new ideas in the definition of the
microlocal energy e, .(t) (see par. 3.3 below). This point still remain as an
open problem.

Acknowledgments. The authors would like to thank J.—M. Bony and
G. Métivier for the useful discussions on the topics of this paper. They
would also like to thank the anonymous referee(s) for the suggestions and
the improvements proposed.
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2. Main Result

Let a : R? — R. We suppose that there exist \g, Ag > 0 such that, for
all (t,z) € R?,

(2.1) )\0 S a(t,:r;) S A().

We suppose moreover that there exists Cy > 0 such that, for all 7, & > 0,

1
(2.2) sup la(t+7,2)+a(t —1,2) — 2a(t,z)| < Co1log <— + 1>,
(t,z)eR? T

1
(2.3) sup |a(t,x + &) —a(t,x)| < Cp&log (— + 1).
(t,z)eR? 3
THEOREM 1. Let # € (0,1/2). Consider the operator
(2.4) L =0~ 0y(a(t,z)d,).

Then there exist T, 3*, C > 0 such that, for all u € C*([0,T], H*(R)), the
following a—priori estimate holds:

sup {{lu(t, -)llp-o1-p= + [[ult, )llgg-0-pe }
o<t<T

(2.5) T
< C (0. se-osr + 1000 + [ 1 Zatt, o )

COROLLARY 1. The Cauchy problem for (2.4) is (locally in time) well-
posed 1n H.

3. Proof

3.1. Approximation of the coefficient a
We set

oclta) i= [ [ pelt = 9)pulo — pials.p) dsdy,
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where pe(s) = 2p(£) with p € C§°(R), p even, 0 < p < 1, suppp C [-1,1]

€

)
and [ p(s)ds = 1. We obtain that, for all ¢ € (0,1],
C 1
(3.1) sup |ac(t,x) —a(t,z)| < =% e log (—+1);
(t,x)cR2 2 €
for all o € (0,1) there exists ¢, > 0 such that, for all € € (0, 1],

(3.2) sup |Orac(t, z)| < co(Ag + Co)e® 1
(t,x)eR?

for all € € (0,1],

1
(33) sup_[0s0:(t,)] < Col/ 121105 (£ +1).
(t,x)eR2 €
C 1 1
(3.4) sup[0Ra(t2) < Lo log (£ +1).
(t,x)eR2 2 £ €
1 1
(3.5) sup_ (DD (t,2)| < Collf|I2a~ log (= +1).
(t,x)eR? € €

In particular, (3.1) is obtained from (2.2) remarking that
az—:(ta $) - a(t7 :E)
1

=5 /|S<E Ps(S)/Ps(ﬂf —y)(a(t + s,y) + a(t — s,y) — 2a(t,y))dy ds,

where we have used the fact that p is an even function. Next

1
acttr) = 5 [ 00 [ pele—platt+s)vatt—sp)—2at.)dy ds,
s|<e
and (3.4) follows. The inequalities (3.3) and (3.5) are deduced from (2.3) in
a similar way and, finally, (3.2) is a consequence of the fact that (2.1) and
(2.2) imply that for all o € (0,1) there exists ¢/, > 0 such that, for all 7 > 0,
(3.6) sup |a(t+71,2) —a(t,z)| <, (Ag + Cp) 7°.
(t,x)eR?

Let us note that a way to obtain (3.6) is to use the characterization of Hélder
spaces given by the dyadic decomposition remarking that in such a case it
is equivalent to use first or second order difference.
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3.2. Dyadic decomposition

We collect here some well-known facts on the Littlewood-Paley de-
composition, referring to [1] and [6] for the details. Let ¢g € C§°(Rg),
0 < o) <1, po(§) = Lif [§] < 1, po(§) = 0if [§] > 2, po even and
¢o decreasing on [0, +00). We set (&) = ¢o(§) — ¢o(2€) and, if v is an
integer greater than or equal to 1, ¢, () = ¢(277¢). Let w be a tempered
distribution in H~*°(R); we define

w (o) i= e DoJula) = 5 [ o€ de
_ % by w(z —y) dy.

For all v, w, is an entire analytic function belonging to £2 and for all m € R
there exists K,, > 0 such that

1 0o 00
(37) K— Z Hw,,H%zQ?mv < ”wH%{m < Km Z ||,wy||%222m1/‘
™ y=0 v=0

Moreover, we have
(3.8) 2wyl g2 < [[0swyll ez < 27wyl 2,

where the inequality on the right—hand side holds for all ¥ > 0, while the
other one holds only for all v > 1.

We end this subsection quoting a result which will be useful in the
following (for the proof see [6, Prop. 3.6.]). There exist C' > 0 and vp € N
such that if a € L>*(R) with sup,cg|a(z + y) — a(z)| < Cy ylog(% + 1),
y > 0, then, for all v > 1y,

(3.9) Il (Da), a(2)]llLiz2) < Clllalle= + Co)27"v,

where [, (D), a(x)] is the commutator between ¢, (D) and a, and ||-||(£2)
is the operator norm from £? to £2.

3.3. Approximate energy of the vr-component
Let To > 0. Let u(t,z) be a function in C2([0,Tp], H>(R™)). We set
uy(t, x) = @, (D)u(t, z). We obtain

(3.10) 02w, = Op(a(t, )0puy) + 0p([@y, alOpu) + (Lu),.
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We introduce the approximate energy of u, (see [12]), setting

o 1 dy/ae o 2 9
eve(®) ._/ el + S 4 A nl? + ff?da

We have

O¢\/ae
eV\€ / NG 8t uy - (Opuy, + NG u,,)) dx

at\/a_az
+ [ G -G)

x Re (u,,-(atu,, 8;\/\/; )) dx

+ /8t\/@|8xu,,|2 dx + /Q@Re (Opuy - Op0puy) dx
+ /2Re (uy - Opuy) dx

We replace 0?u,, by the quantity given by (3.10) and we obtain

/\/261—5 <8t2ul, - (Opuy + 52t\\//_; )) dz

:/ \/Qa— (3z<a<t,x>axw>'<3t“”+ 82:/@“)) w

+ / \/20_5 ((@([%,a]@w) + (Lu),) - (Byuy + 82t\\//_ful,)) de.

Moreover,

/ \/267 (9 (a(t.2)01) - Dy + th ) d

— /2 M aRe <5xuy (Byun, + at\/_ )) dx
s 2\/@

/a’fj— 0, uV\de—/ = Re By, - D0 de

[

a Orv/a. Re (O,uy, - uy) dx.
\/@x(\/a—g) (ZEV V)
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Consequently, we obtain

Onfaz
()= [ =B ((0nllpw, o) + (L) - (B, + 5V w)

Qe I\/ac o
/\/_ G - GE")
XRe(uy-(ﬁtuV 2\/16 )) dx

+/at\/@(1 _ —)yaru,,| di

/ (Va \/_)Re(a oy - OpOsuy, ) da
+ /2 O/ aRe <8a,uy - (Opuy + at\/_ )) dx

Qe 2\/@
a z(at\/a_E)Re (Opuy - Uy) dx

Vae Vae
+ /2Re (uy - Opuy) dex.

From (2.1), (3.2) with e. g. o = 1/2, (3.4) we deduce that there exists
C1 > 0 depending only on Ag, Ag and Cy such that, for all v € N,

‘/ \/7 2\/;;) - (8;\/\/%?)}{6 (uy - (Opuy + %\/\/gu:)) daz)

1 1
S Clg log(g —+ 1) 2_V €y’5(t>,

where, for v > 1, we have used the left-hand side part of (3.8). Similarly
from (2.1), (3.1) and (3.2) we deduce that

/at a- (1 - \8 u, |2 d:v‘ < Calog (1 )ey,s(t),

where again Cy depends only on A\g, Ag and Cy. From (2.1) and (3.1) we
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have that

[ 2va:

\/_)Re (Optty - Op0puy,) da

1
< Cselog (= +1) 100wl 2| 0: 05w || 2
1
< Cyelog (< +1) 20 | 2| 9rs | 2,

where we have used the right-hand side part of (3.8). Remarking that

0 le < ||, +

v P Ev o

and

< Che 3 |ug| 2,

v

while, for all v > 1,

< 05571/2271/”61“1/”&7

v

we deduce that

[

Similarly, from (3.3),

(Opuy - OxOpuy) d:z:’ <C ((e2”+1)log (é—l—l) e,,,g(t)).

‘/Qaca—ia?aRe<8xuy-(8tu,, 3;\/\/; >dx’<0410g<1+1>e,,5()

and, from (3.2), from (3.3) and from (3.5),

’/\/_ ) e (O - Ty d:ﬂ’ <C5—log(1+1)2_”ey,s(t).
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Finally
)/QRe (uy - Opuy) dz| < 06571/227'}6,/75(25).
We remark that the constants C3, C%, CY, C4, Cs, Cg depend only on Ao,

Ag and Cy. We choose now ¢ = 27%. We obtain that there exists C' > 0
such that, for all v € N,

& evar(t) < O+ ey (1)
(3.11) + \/ai__yRe ((%([sou,a]«?w) + (LU)V)

where C depends only on Ay, Ag and Cj.

3.4. Total energy
Let 6 € (0,1/2). We define the total energy for the function u setting

(3.12) B(t) =Y e 20tig=20e , (1),
v=0

where § > 0 will be fixed later on. Using (3.7), (3.8) and the fact that there
exists a constant ¢ > 0 not depending on v such that

1
¢ enyu(t) < /R|8tuy|2 10+l dr < 7 ey (1),

it is possible to prove that there exist ¢g, ¢, > 0 such that
(3.13) E(0) < ca([0(0, )20 + [0, ) 2-0s1)
and

(3.14) E(t) = ch(l0vut, )3-o-pme + llult, M3-ov1-50).
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where 8* = 3(log2)~!. From (3.11) we deduce

[e.o]

d 5 —28(v+1)to—200
—E1) < (C-2p) ;(vH)e 27, 9-u(1)
+Z o —208(r+1)ty—200
v=0
2 8t\/a2—1/
(3.15) X / \/az_yRe(ﬁx([goy,a]axu)-(atu,j + muy))dﬂ:
n Z o —208(r+1)ty—200
v=0
2 8 \/CLQ v
x/\/@__yRe((Lu),,(@tuy W o ))daz

It is not difficult to show that there exists Cy > 0 such that

— - _ N
(r1)tg—2v .
1) ;)e 26(v+1)tg—2 9/ aWRe((Lu)u (B + N ) )da

< GoE(t) /2| Lu(t, )l yg-o-s+-

3.5. Estimate of the commutator term
The estimate of the second term in the right-hand side part of (3.15)
is essentially the same as that one in [6, Lemma 4.4.]. For the reader’s
convenience we give here most part of the details. First of all we remark
O Op\/ag=v
o+ 5 o))

that
oo (= e
v Ao— 2 ag—v
where C’ depends only on \g, Ag and Cy. We set ¢_1 := 0 and we define,
for p >0, Y, == pu—1+ ¢u + @ut1. Then

wu(DJ:)(SDM(DI)awU) = ‘Pu(Dx)aﬂcu = Oyuy,

and, consequently,

[pu, aldu = [y, a (Za ) = S (6w, alt) Oauy

< C"2%(e, 00 (D)2,
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Hence
‘ / \/;_VRe <8x([g0,,, alOzu)- (@ul, + %\/%uy)) dx‘

_‘/Z2Re ([pv, altpu)Ouuy- O (\/?(& v 8;%“”)»6&‘

< Clz 1(lev, altou)Ozupl| 2227 (€, -0 ( ))1/2

m

<" (v altb) | ez (epa—rn () 72" (e, 0-0 (1) 2,
o
where C” depends only on \g, Ag and Cy. This implies that

’26—2ﬂ(u+1)t2_2l/9/ﬁ}{e (am([‘pwa]awu)'(atu” 82\/\/5%7: >) dx‘

< ol Z ky’“(l/ + 1)1/26—6(%&—1)1&2—1/9(6”’27” (t))1/2
v,
(u 1)Ut e, o (1))12,

where
vy = e~ WmmBto==mlov (4 1) TV2 (0 4+ 1) 72 ([, altbn) | nic2)-

We remark that if [v —pu| > 3, then ¢,1), = 0 and, consequently, ¢, aly, =
©u([a,,]), so that from (3.9) we deduce that

C"2 V(v +1) if v —ul <2,

I([ow, alpu)lle2) <
P oMoy madvit max{y + 1, u+ 1} if [y —pl > 3,

where C"" depends only on Ag and Cj.
We need the following elementary lemma.

LEMMA 1. There exist two continuous decreasing functions 01, 62 :
(0,1] — (0,400), with lim, g+ 0j(c) = +oo for j =1, 2, such that, for all
c € (0,1] and for allm > 1,

m
(3.17) e < pr(e)emm 2, Z e~I§1/2 < fy(c)e=Tm/2.
j=1
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Our aim is to use Schur’s Lemma, so we have to estimate
sup g |ky,u| + sup E LB
o v
v 7

We choose now § > 0 and T' € (0,7p] in such a way that T = glogQ
(remark that for the moment only the product ST is fixed). Then for
€ (0, 7] we have that

(3.18) Ot +6log2 > Olog2 > 0,
and
(3.19) (=0 +1)log2 — Bt > (1 — 39) log2 > 0,

Let p < 2. Then, using the second estimate in (3.17) and (3.18), we have

“+00
5 gl < CPAR AN 4 1)71/2 5 0, 1)
v=0 v=0

+oo
< C’Ile(“+1)ﬂt2(“+l)0(u + 1)—1/2 Z e—(,@’t+910g2)(u+1)(y + 1)1/2
v=0
< 0/1/6261522692(515 10 log 2)

< C"2%%05(0log 2).

Let p > 3. We have S/ |k, .| = 12 |kl,u| +> 07 u o |kv,ul. Then, from
the first one in (3.17) and (3.19), we deduce

n—3

>kl

v=0

<" (1+1)Bto(u+1)(0— 1) 1/2 Z (v+1)Bto(v+1)(~ 9+1)(1/+ 1)71/2

-3
< Cllle(,u+1)ﬁt2(,u+1)(971) (M + 1)1/2 Z 6(fﬁt+(79+1)log 2)(v+1) (I/ + 1)71/2

v=0
< "B () 4 1)1/20, (— Bt + (—0 + 1) log 2)
. e(—BtH(=0+1) log 2)(u—2) (1 — 2)_1/2

< C"/21+%691((1 — g@) log 2),
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and, from the second one in (3.17) and (3.18),

+o0
Z |kl,,u‘ < C///e(u+1)ﬁt2(u+1)9(u n 1)_1/2
V:M—Q

% Z 67(V+1)ﬁt27(l/+1)9(y + 1)1/2
v=p—2

< OBt AD0 () 4 1)=1/20, (Bt 4 9log 2)
e~ (Bt+6log2)(u=1) () 1)1/2

< C"23%9,(010g2).

Considering now »  [ky,,| we have

v+2 v+2
Z k| < C’//e—(V+1)ﬁt2—(V+1)9(y + 1>1/2 Z e(u+1)ﬁt2(u+1)0w + 1)—1/2
pn=0 n=0

< e~ WwtNBtg=(+1)0 (4 1)1/29, (Bt + 0log 2)
 e(Bt+01082)(v+3) (;, | 3)=1/2
< C”’2%901(910g 2),

and

+o0
Z |kl/,u|

pu=v+3
< C///e—(u+1)5t2(y+1)(—9-1—1)(1/ + 1)—1/2

x i e(u+1)6t2—(u+1)(—0+1)(u+1)1/2
p=v+3
< e DB N0 () 1 1) 7120, (— Bt 4 (=0 4 1) log 2)
(B (0D og2)(v44) (), 4 4)1/2

< C"23%,((1 — %9) log2).

Hence there exists a positive function O, with limg_,g+ ©(0) = +oo, such
that

+o0 +00
sup Y [kl +sup Y [kl < C"O(6).
®ov=0 v n=0
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We finally obtain

(0.]
‘ Z o—2B(w+1)to—2v0
v=0

(3.20) x / \/CZ_VRe (Gx([go,,, a)0u)- (@u,j + at‘/%—:uy)) daz‘

<C"C"O(0)) (v + 1)e P Hig2e (1),
v=0

3.6. End of the proof
From (3.15), (3.16) and (3.20) we have that

%E(t} < (é + C”CI”@(Q) B 25) Z(V + 1)672ﬁ(u+1)t272u9€y72_u(t)
v=0

+ CoE(t)"?| Lu(t, ) ly-o-5+r-

We fix now 3 in such a way that C' + C”"C"©(#) — 26 < 0. Remark that
since the product 81 was already fixed, this force us to choose T sufficiently
small. We obtain

d

B = CoE(t)2|| Lult, ) lpg-o-pn1,

and the conclusion of the theorem easily follows from (3.13) and (3.14).
Appendix
We give here in some details an example due to S. Tarama concerning a

bounded function which is log—Zygmund—continuous but not log—Lipschitz—
continuous. The function is the following

[o.¢]
w(t) = Z 27" nsin(2"t).
n=1
Considering the sequence t;, = 27%~17, k > 1, it is easy to see that

k
w(ty) = 2 "nsin(@"Fr) = 27 F (k- 1),
n=1
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so that

|w(tr) = w(0)]

> Cok
|ty logty] ‘

and, consequently, w is not log—Lipschitz—continuous. To prove that w is log-
Zygmund-—continuous we argue as in [12]. Setting ¢ € (0,1/2) and w(t) =
w1 e(t) + wae(t), where

wie(t) = Z 27 "nsin(2"t) and wo.(t) = Z 27" nsin(2"t),

|log | |log €|
1§n§710g2 n>-S—>--

we easily deduce that |} _(t)] < Ce '[loge| while wy.(t)| < Cellogel.
Then |w(t +¢) + w(t — €) — 2w(t)] < C’e|loge| and the conclusion follows.
To end let us remark that the function w is nowhere differentiable (see [10]).
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