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Homogeneous Law-Invariant Coherent Multiperiod

Value Measures and their Limaits

By Shigeo Kusuoka* and Yuji MorIMOTO!

Abstract. The authors introduce a new notion, homogeneous
law invariant coherent multiperiod value measures, and give some ba-
sic properties. Also, they give certain limit theorems on these value
measures in two models, Brownian-Poisson filtration and collective
risk.

1. Introduction

The concept of coherent risk measures was introduced by Artzner et
al. [1], and a characterization theorem was given by Delbaen [6]. Recently
coherent multiperiod risk measures were introduced in [2], and many studies
have already appeared (e.g. [3], [4], [5]). On the other hand, the concept of
law invariant coherent risk measures was given in [9]. In the present paper,
we extend this idea to multiperiod ones. The basic tool is the concept of
conditional law invariant coherent risk measures. We remark that such a
kind of idea is not new (c.f. Gerber [7]). We also study continuous limits of
such risk measures.

Note that ¢ is called a value measure, if —¢ is a risk measure. We state
our results by using notions of value measures instead of risk measures, since
value measures have preferable properties. Let us state our main results in
the rest of this section.

Let (2, F, P) be a standard probability space. We denote LP(Q2, F, P)
by LP, 1 < p £ oo.

DEFINITION 1. We say that a map ¢ : L — R is a coherent value
measure, if the following are satisfied.
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(1) If X =0, then ¢(X) = 0.

(2) Superadditivity : ¢(X1 + X2) = ¢(X1) + ¢(X2).

(3) Positive homogeneity : for A > 0 we have ¢(AX) = A\p(X).
(4) For every constant ¢ we have ¢p(X + ¢) = ¢(X) + c.

Then Delbaen [6] proved the following.

THEOREM 2. For ¢ : L™ — R, the following conditions are equivalent.
(1) There is a ( closed convex ) set of probability measures Q such that any
Q € Q is absolutely continuous with respect to P and for X € L™

¢(X) = inf{E“[X]; Q € Q}.

(2) ¢ is a coherent value measure and satisfies the Fatou property, i.e., if
{X,}09, C L™ is uniformly bounded and converging to X in probability,
then

¢(X) 2 limsup ¢(X5,).

(3) ¢ is a coherent value measure and satisfies the following property. If X,
is a uniformly bounded sequence that decreases to X, then ¢(X,,) tends to

P(X).
Now we introduce the following notion.

DEFINITION 3. We say that a map ¢ : L™ — R is law invariant, if
¢(X) = ¢(Y) whenever X,Y € L™ have the same probability law.

Let £ denote the set of probability measures on R, £,,, p € [1, 00), denote
the set of probability measures v on R such that [g |z[Pv(dz) < oo, and Lu
denote the set of probability measures v on R such that v(R\[-M, M]) =0
for some M > 0. Also, Mg ) be the set of probability measures on [0, 1].

For v € L, let F, be the distribution function of v, ie., F,(z) =
v((—o0,2]), z € R. Let us define Z : [0,1) x L — R by

Z(x,v) = inf{z; F,(z) > z}, zel0,1), veL.

Then Z(-,v) : [0,1) — R is non-decreasing and right continuous, and the
probability law of Z(-,v) under Lebesgue measure on [0,1) is v (c.f.[10]).
For any random variable X, we denote by pux the probability law of X.
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For each « € (0,1], let n, : £; — R be given by
Na(v) =a™! /Oa Z(z,v)dz, veL.
Also, we define 19 : £1 — [—00,00) by
no(v) = inf{zx € R;v((—o0,x]) > 0} veLl.
Then we have the following (cf. [9]).

THEOREM 4. Assume that (2, F, P) is a standard probability space and
P is non-atomic. Let ¢ : L — R. Then the following conditions are
equivalent.

(1) There is a ( compact conver ) subset Mo of Mgy such that

1
H(X) = inf{/ Nalpx)m(da); m € Mo}, X € L.
0
(2) ¢ is a law invariant coherent value measure with the Fatou property.

DEFINITION 5. Wesay that a map n : Lo, — R is a mild value measure
(abbreviated to MVM ), if there is a subset Mg of Mg ;] such that

1
n(v) = inf{/ Na(v)m(da); m € Mo}, vE L.
0
For any MVM 7, we define a subset M(n) of Mg ;; by

1
M) ={me M; n(v) < /0 Na(V)m(da) for all v € Lo}

For any v € Ly, we see that 7,(v) < n1(v), a € [0,1]. So any MVM 7
can be extended to a map from £; to [—oo,00) by

1
n(v) = inf{/o Ne(V)m(da); m € M(n)}, veE L.

We denote this map by the same symbol 7.
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DEFINITION 6. Let n be an MVM and (€2, F, P) be a standard proba-
bility space.
(1) For any integrable random variable X and any sub-c-algebra G, we
define a G-measurable random variable n(X|G) by

n(X|9) = n(P(X € dz[G)),

where P(X € dz|G) is a regular conditional probability law of X given a
sub-o-algebra G. We call n(X|G) a conditional value measure of a random
variable X with respect to a sub-o-algebra G.

We denote n(X|{0,Q}) simply by n(X).
(2) For any integrable random variable X and any filtration {F}}_,, we
define an adapted process {Z}}_, inductively by

Zn = n(X|Fn),

Zy—1 = (2| Fr—1), k=nn—1,...,1.

We denote an Fp-measurable random variable Zy by n(X|{F}}_,), and
call it a homogeneous filtered value measure of a random variable X with
respect to a filtration {Fj}7_,.

(3) For any filtration {F}}}_, and any integrable adapted process { Xy }}_,,
we define an adapted process {Y;}}_, inductively by

Yn = Xna

Yi 1 :Xk—lAn(YMJTk—I)» k=nn-—1,...,1.

We denote an Fy-measurable random variable Yy by n({ Xk} 7_o{Fr}i o),
and call it a homogeneous filtered value measure of an adapted process
{Xk}i_, with respect to a filtration {F;}}_.

In this paper, we consider two kinds of limit theorem for homogeneous
filtered value measures. Let us introduce the following notion. For any
MVM 7 and p € [1,00), let

(1—a)l=t/p
a

Ay(n) = supf /O (=117 A ym(da); m € M(n)}.
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1.1. Brownian-Poisson filtration

Let (Q,F, P) be a complete probability space, {B(t);t € [0,00)} be a
d-dimensional Brownian motion and {N;(¢);t € [0,00)}, ¢ = 1,...,¢, be
Poisson processes with an intensity A;. We assume that they are indepen-
dent. Let A = Zle i, and let Fy = o{B(s),Ni(s);s < t,i = 1,... 4},
t 2 0.

Let n,, n=1,2,..., be MVM’s. We assume the following.

(A-1) There is a constant C' > 0 such that Ag(n,) < C27"2 n=1,2,....
Let Fo(y;a,3), y € R, 0 < a < 8 <1, be given by

V4
¥
Fo(y; o, B) = inf{/ Z(z, A1 Z)\iéyi)d:r; as~vy=p}
0 i=1

¢
= inf{’mv()‘il Z)‘iéyi)§ a sy s B
i=1

and let b, : R x R! = R, n=1,2,..., be given by

ba(, ) = inf{]z|2%( /O o (ji0) m(dor))

+ )\(/01 m(da)a Fy(y: 0V (1— 272~ (1 — ), 1 A 2"A1a));
m e M(nn)}

Here pg is a standard normal distribution.
Then b, : R¢ x R! — R is concave,

bn(sxvsy) = Sbn(%y)7 T € Rd7 y € Ré7 S Z 07
and

bn(xayla' .. 7.W) é bn(x,ayia' .. 7y2)7

if ] 2 2|,y Sy, oo e Sy
Let us assume the following furthermore.

(A-2) There is a continuous function b : R x R — R such that b, — b,
n — oo, uniformly on compacts in R? x R¢.
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Let K be a compact convex set in R? x RY given by

l
K = {(va) € Rd X [ano)ﬁ; b($,y) g T-z+ Z)‘Zyzwz
=1
for all (z,y) € R x R*}.

Also, let K be a set of martingales p(¢) such that there are predictable
processes ¢ : [0,00) x Q — R, 9; : [0,00) x Q@ — [0,00), i = 1,..., £, for
which

P((p(t),1(t),... ,1e(t)) € K for any t € [0,T]) =1

pt)=TIC II  wils)

i=1 s€(0,],AN;(s)#0
X exp(/ s)dB(s) — —/ lo(s)|?ds — Z/\ / —1)ds),

t = 0.
Then we have the following.

THEOREM 7. Under the assumption (A-1) and (A-2), we have the fol-
lowing.
For any X € L*(Q, Fr,P), T >0,

Jim. N (X|{Fo-ni o) = inf{ B[p(T)X]: p € K}.

Note that

(X HFoni}ire) = (X Fani} a1

if n is sufficiently large.
We prove this theorem in Section 5 via a nonlinear partial differential
equation.
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1.2. Collective risk

Let (2, F, P) be a probability space. Let K = 1, p € (1,00), pr € R,
Ao >0,and vy € Ly k=1,... K. Let ZF 7 kfl L Ki=1,2,...,
be independent random variables such that the distribution of Zi(k) is vg,
and P(; (k) t) = exp(—Akt), t =20, for k=1,... K, i =1,2,.... Let
NPy =1 (r9 <y amd x®Pwy = ZPONB ) + p(rP A t) for t = 0,
k=1,.. Kz—1,2,....

Let 7 — oA XP(s); se 0,4, k=1,... ,Ki=12,..},t=0. Also,
let

K myg
X(t;my,...,m ZZX
=11i=1
for any t = 0, and any my,... ,mg € Z§0~ Here Z> denotes the set of

non-negative integers.

THEOREM 8. Let n be MVM. Assume that Ay(n) < oo. Let & :
[0,00)% x RE — R be given by

x (1 = &) o (v — E)* )+ i,

k=1
forxz € [0,00)K, ¢ € RE. Here x stands for the convolution and v+a denotes

a probability measure on R given by the following for any probability measure
v onR and a € R.

(v+a)(A) =v({x € R; x —a € A}) for any Borel set A in R.
Assume that there is a C* fucntion u : [0,00) x [0,00)% — R such that
u(0,2) =0, z € [0,00)%, and satisfies the following Hamilton-Jacobi equa-
tion
Ot ) = Do, (b, 2), .ot ), (6a) € [0,50) x [0,00)%.
Then we have the following.

—2
sup{|h(X (t;ma, ..., m) {F o)) —ult,mih, ... mgh)];
t,mih,...,mgh €[0,R],mi,... , mg € Z>o} — 0,
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as h | 0, for any R > 0.
2. Basic Estimates

ProposITION 9. (1) Let (2, F, P) be a probability space. Then for any
a € (0,1] and X € LY(Q, F, P),

inf{E[pX]; p€ L*,0< p < 1,E[p] = a}

=l [ af@px(dn): 0= 7 <1 [ fan(dr) = o)

(2) For any a € (0,1] and p € L4

/a Z(w: p)dz

:mf{/xf u(dx); O<f<1/f p(dr) = a}.

PrROOF. Let p € L*>® with 0 < p < 1 and E[p] = a. Then there is a
Borel measurable function 2 : R — R such that h(X) = E[p|c{X}] a.s.
Let f = (h Vv 0) A 1l. Then we have

ElpX] = E[XE[plo{X}] = E[X f(X)] = /wa(ff)ux(dw)

and

/R f(@)px(dz) = E[f(X)] = Elp] = a.

These imply the assertion (1).
Let p1 € L. Then taking ([0,1), B([0, 1)), dx) as a probability space, we
have from the assertion (1),

1nf{/$f p(dx); O<f<1/f p(dx) = a}
1

= inf x)dr; 0 S p=1 dr =

1n{/ (z; p)p(x)dz; /Op(:r)a: a}

_ /0 Z(w: p)da.
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This implies the assertion (2).
This completes the proof. [1

PROPOSITION 10. Let v be a probability measure on R? such that
Jre(lzl + lyl) v(de,dy) < oco. Let pi(dx), pa(dy) be the marginal distri-

butions of v, and let us be the probability law of x+y under v(dz,dy). Then
for any MVM n,

n(ps) = n(pa) + n(pz).

ProoOF. First we show that

(1) No(13) 2 Na (1) +1alp2) € (0,1].

There are p1(-,y), p2(-,x) € L, z,y € R, such that
v(dz,dy) = p1(dz, y)pa(dy) = p2(dy, z)p (dz).
Then we have for any measurable function f: R — [0, 1]
[t @madz) = [ @+ o) f(a+ pido,dy)
R R
= /Rw(/R f(z +y)pa(dy, z))p1(dx) + /Ry(/R f(x +y)p1(dz,y))pa(dy).
Note that
0< /R @+ ypldy,a) €1, 0 /R f( +y)or(de,y) < 1,
and
[ ([ st wpaldy )
R /R
= [ (] s+ mmtnaman = [ )

This and Proposition 9 imply Equation (1).
Our assertion is an easy consequence of Equation (1). O
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PROPOSITION 11. (1) For any a € (0,1], and v € L, p € [1,00),
na (V)| = Oé_l/p(/ j[Pv(dx)) /P
R
(2) For any o € (0,1], and v € L, p € [1,00), with [g xv(dx) =0,
1— 1-1/p
Ol 2 [ gy,
@ R

(3) For any MVM n, p € [1,00) and v € L), with [g xv(dx) =0,

A

70 (V)]

) < Ap(o)( [ JaPwlde))' .
In other words, for any X € LP,

E[X] = 8,(n)E[|IX — E[X][P]'V? < n(ux) < E[X].

PrROOF. The assertion (1) follows from

na()] = 1| / Z(;v)da| < Lt/ / |2 (s 0)Pda) 2.
0 « 0

a

The assertion (2) follows from

e 1 !
o) = o1 [ Zlwiv)del £ 20 - ) [ 2@
«a « & (&7
The assertions (1) and (2) imply that

(1—a)t-t/p

< (/P
()] < (@717 n =2

([ lapu(d)?

R
for any o € (0,1], and v € L, p € [1,00), with [ 2v(dz) = 0. This implies
the assertion (3).

This completes the proof. [J

ProrosiTION 12. Let X, X1, Xo be integrable random variables.
(1) If X 2 0, then n(X|G) = 0.
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(2) n(X1 + X2|G) = n(Xa]G) +n(X2|G).

(3) For any G-measurable bounded nonnegative random variable Z, we have
n(Z2X|G) = Zn(X[G).

(4) For any G-measurable integrable random wvariable Y, n(X + Y|G) =
n(Xg) +Y.

(5) For any p € (1,00),

E[X|G] - Ap(n)E[|X — E[X|G]PIG]'? < n(X|G) < E[X|G]

PROOF. Since the proofs are similar, we only prove the assertion (2).
Let v, be a regular conditional probability measure of (X;, X2) under G.
Let p1., poo and pg,, be regular conditional probability measures of X7,
X5 and X1 + Xo under G, respectively. Then we have

piw(A) =v,(A,R), 2w(A) =v,(R,A) as.
and
p3w(A) = vo({(z, y);z +y € A}) as.
for any Borel set A. So by Proposition 10, we see that
n(k3w) Z n(tw) +n(p2w)-
This completes the proof. [
PROPOSITION 13. For any X1, X, € LP(Q, F,P), p € [1,00),
n(X1]G) = n(X2|G)| < In(X1 — Xa[G)| V [n(X2 — X1|G)].

In particular,

In(X11G) — n(X2|9)]
< Ap(NEX1 = Xo|G]Y7 + (1 + Ap(n)|E[X1 — Xa|d]|
< 28, (N E[| X1 — X2P|G]/P + |E[X1 — X2|d]].

PROOF. Since

n(XilG) —n(X;]G) £ —n(X; — Xi|G),
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we have the first assertion. By Proposition 12, we have
n(XIG)| £ Ap() E[| X PGP + (14 Ap(n))| E[X|G].
By this and the first assertion, we have the second assertion. [

PROPOSITION 14. Suppose that Az(n) < 1/2. Then we have the fol-
lowing.
(1) For any integrable random variable X,

n(XIG)]* = (1+ 282(n)*) E[| X *|G].
(2) For any X1, Xy € L*(Q,F, P),

[1(X1]G) = n(Xa|G)* < (1+282(n)*) Bl X1 — Xof*|G].

Proor. LetY = X — E[X|G]. By Proposition 12 we have

n(X[6)? = (E[X|G] + n(Y]3))

= E[X?|g] — E[Y?|G] + 2E[X|G]n(Y]G) + n(Y|G)?
< E[X?|G] — E[Y?|G] + 28:(n) E[X?|G]'*E[Y?|G]"/?
+ As(n)? [Y?!gJ

< B[X?|G) - E[YQIQ] +282(n) E[X?|G) 2 E[Y?(G]'/2.

= E[X?|g] - ( E[Y?|G]'/? — 205(n) E[X?|G]'/?)?
+245(n)? [Xz\g]-
So we see that
n(X|G)? £ E[X?|G) + 249(n)*E[X?|G).

This implies the assertion (1).
The assertion (1) and Proposition 13 imply the assertion (2).
This completes the proof. [J

Also we have the following.
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ProrosiTiON 15. Let X, X1, X3 be integrable random variables.
(1) If X 20, then n(X|{Fr}i_y) 2 0.

(2) n(X1 + Xal{ Frtioo}) 2 n(Xail{Fk}i—) + n(Xol{Fr}i—o)-
(3) For any Fo-measurable bounded nonnegative random variable Z, we have

N(ZX{Frtizo) = Zn(X{Fk}tizo)-
(4) For any Fo-measurable integrable random variable Y,
(X +Y{Frtizo) = n(X[{Fk}tio) +Y-
(5) Suppose that Ao(n) < 1/2. For any X1, X2 € L*(Q, F, P),

(X1 {Fitizo) — n(Xal{Fibizo)* S (14 289(n)*)" T B[ X1 — Xa|*| Fo].

ProOF. All assertions are proved by induction. Since the proofs are
similar, we only prove the assertion (5).

The case when n = 0 follows from Proposition 14. If the assertion is
valid for n, we see that

(X1 [{Fi}ito) — n(CHFN L)

= [n(n(Xa{Fi} i EDIFo) — n(n(X|{Fi i) Fo)

(1 + 282 () Elln(X1[{Fe}i21) — n(X{Fi} i) PIFo)
(

<
< (14 285(n)?)* " E[E]| X1 — Xof* 71| Fo].

So we have the assertion (5) by induction.
This completes the proof. [1

3. Some Estimates

PROPOSITION 16. Let p,v € L. Then for any A\, « € [0, 1], we have
/ Z(x; v+ (1 — Np)dz
0

B
= inf{)\/o Z(z;v)dx + (1 —N) /7 Z(x; p)dz;

0
)\,84‘(1—)\)’}/:06, ﬁa/}/e [071]}
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PROOF. Let us think of a random variable X defined on [0, 1) given by
X =Z\ a0 (@) + Z(1 =)z = A )iy (), 2 e[0,1),

Then the distribution law of X under Lebesgue measure is Av + (1 — A)p.
Note that

/Oa 2@ A+ (1= \yp)da = inf{/AX(m)dm; A e B, 1)),/Adx —a)
a A+b
= inf{/o Z\ "z v)de + /)\ Z((1 =Nz = N); p)da;
e 0,N),be0,1—N\),atb=al.

This implies our assertion. [

ProOPOSITION 17. Let ¢ =21, € (0,1],c=20and \; >0,i=1,... L.
Let A = Zle i, and assume that \e? < 1/2. Let X, Zy, ... , Zy, &1, ... & be
independent random variables such that the distribution of X is the standard
normal distribution and

Let v;, i = 1,...,¢, be the probability law of Z;. and v = A~} Zle Ailj.
Also let

A
—

F(v:a.f) :mf{/”z(x;y)dx; «<vZB),  0Za<p
0

Then for any MVM n with Aa(n) < oo,
¢ 1
leeX + - €2) —int{lcle( | na(opm(da)
i=1

+ )\82(/1 m(da)a T F(r;0V (1 — (Ae?)7H1 —a)), 1 A (Ae?)La));
0
m € M(n)}|
< 200 (n) (2022 4 32(2Xe%)%/5 + Xe3) + 2Xe2( / |z [2dv)/?))
R

26(Ae® 4 35(222)°110) 1 2\24( / wldv),
R
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where o is the standard normal distribution.

Proor. Let (Q,Fk, P:), k = 0,1, be copies of (2, F,P). Let 7 :
Qo x Q1 — O, k=0,1, be maps given by 7 (wo,w1) = wk. Let us think of
a probability space (g x Q1,Fy ® Fi, Py ® Py).

Let AO :{51 ::fﬁzo}a A; :{fzzlvgj 207]7&1}77’: L... 7£
Then
[ ¢ ¢
P(Ag) =JJa =N =1-> xe* J] @ —Ne?) 21—,
J=1 i=1 j=i+1
and

P(Al) = )\2'62 H(l - /\jEQ) § )\iEQ, 1= 1, e ,é.
J#i
So there are mutually disjoint sets A%, ¢ =0,1,...,¢, in F such that Ay D
Ay, Ay CALi=1,... 0, P(A) =1—Xe?, P(A) = Ne? i=1,... 4, and
UE_gAL = Q. Let & = 1y, i1=0,1,... £ Then we have

E[l€} - &IF] = P(A; — A;) = ne2(1 - [](1 = Aje?)
j#i
< ne”(JJ+xe) - 1)
J#i

l
< Mie®(exp(D | Aje?) — 1) £ 240,
7j=1

for i =1,...,£. Note that the probability law of ce X + Z€:1 & Z; under P
and that of ce(X omy) + Zle(Zi omp)(& om) under Py ® P; are the same.
Also, we see that

14

El|(ce(X om0) + Y (Zi o mo) (& 0 m1))
i=1
y4
— (cs(X omo)(&h o m) + Y (Zi o mo) (& o m))[PIMP
i=1
4
Sce || X ool 1= & e +ED_ 1ZilPIE] — &IF1VP
=1



132 Shigeo KusuokA and Yuji MORIMOTO

l
< ce(20)VP || X || +(@0H)VPEDY D N ZifP) P
=1

= ce(2A) / [alPdpo) /P + (2024 / 2 fPdi) /P
R R

The probability law of ce(X o m0) (€} o m1) + Sot_,(Zi 0 mo) (€] 0 m1) is

(1—Xe?)pu+ Ae®v, where p is the normal distribution of mean 0 and variance

c2e2,

So we have

(2) ch—i-Zfz i (1= AP+ Ae?v)|

< 205(n)(2eAY2e% + 2X%( /

|z2dv)?) 4 (2eAe® + 2)\254(/ |z|dv)).
R R

By Proposition 16, we have

/ Z(z; (1 = AeH)p + Ne’v)da
0

8 ¥
= inf{(1 —)\52)/ Z(x;u)daz+)\€2/ Z(z;v)dz;
0 0
1=AH)B+ Ay =a, B,y€[0,1]}.
If (1 —Xe2)B+ Ae?y =a, 8,7 € [0,1], then
B (1-XdHtaLa+2x 2, and B2 (a — Ae?) VO,

and so

8 8
| / Z(ws p)da] < o — B2 [ 12 (s 1) O] /10

< 3eela — B0 < Bee((2Xe?) A )10,

So we have

]/ c(1 = AeH) 4+ Aev)da

(022 [ Ztaipds
+A2F(;0V (1 — (AeD) 7M1 — ), 1A (M) ta) )
< 3ce((20e) A )10,
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which implies

M ((1 — Ae*)p + Ae?v)
—{eenalpo) + A2a™ ' F(r;0v (1 — (M) 711 — ), 1A (Ae?)La)}
< 3eea” ((202) A )10 4 eXe®|na (o))

Therefore, if m € M(n), then

| /0 m(d)na (1 — A2) i + Ae2v)

1
~{ee( [ malpo)m(de)
+ )\52(/1 m(da)a ' F(r;0v (1 — (A1 — ), 1A (Ae?) L)}
0
< 308(2)\82)2/5/ o 2m(da) + 6ee(2X1e2)?/10 m(da)
[0,1/2] (1/2,1]

P / o (p0)m(da)|
[0,1]

< 3ee Ao (n)(20e2)?° 4 6ce(202)Y10 + eXe Ay (n).

Here we use that

1
0< - /0 na(o)m(de) < —n(j0) < As(n).

So we have

(1= )+ Aev) — inf{ee( /0 o(p10)m(der))

+ )\62(/1 m(da)a 'F(v;0V (1 — (M) 711 —a), 1 A (Ae?)ta));
0

m e M(n)}]
= A2(77)(30€(2)\€2)2/5 + C)\g?’) + 608(2)\82)9/10,

This and Equation (2) imply our assertion. [J
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4. Nonlinear PDE

DEFINITION 18. (C° is defined to be the set of functions u : [0,00) x
RY x Zgo — R such that
(1) u(t,-,y) : R* — R is continuous for any (t,y) € [0, 00) x Z£§07
2) | u flor = sup{lu(t, z.y)l; (t,2,y) € [0,T] x R? x ZE (} < oo for any
T >0, -
and
(3) sup{|u(t,z,y)|; t € [0,T]} — 0, as |z| + |y| — oo for any T' > 0.

DEFINITION 19. C! is defined to be the set of functions u : [0,00) x
R? x Z£ , — R such that
(1) uec’,
(2) u(t,-,y) : R* — R is C" for any (t,y) € [0,00) x Zgo,
and
3) Luec’i=1,....d
We define || u |17, uw € C', T > 0, by

d
L fr= o+ 1 |
1,7 0,T - 5z 0T -

For u € C!, let

ou
vxu(t7may) = (W(thay))i:L d € Rda

X

and

Dyu(tvxay) = (U(ta%y + 61‘) - u(t7x7y))i:1,...,€ € Rgv
i—1
—N—
where ¢; = (0,...,0,1,0,...,0) € R".

For f € Cy(R? x Z£ ), let P f : RY x Z§ | — R, t > 0, be given by

12
[z — 2] Vf (2 y)d, xeRd,yGZézo.

(Pa) = [ (o) exp(—

Rd
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PROPOSITION 20. For f € C°, let

t
u(t,x,y) = / (Pi—sf(s,-, %)) (z,y)ds, (t,2,y) € [0,00) x R* x Z&
0 =
Then u € C' and

|l rs (d+\/_)/ (T —5)"Y2 || f llo.s ds.

PROOF. Suppose that f € N C>([0,00) x R x RY).
Then we have

8u prACEN)

— _ .2
/ ds /]{d 27T t— S d/2 <xf; —j ) p(_‘Qx(t _Zl))f<s7zay)dz

So we have

ou |
<
|a 1(t$y)| / \/tf”fHO,st

= [ T o ds, 1€ 0.7}
Since C% N C*°(]0,00) x R% x RY) is dense in C°, we have our assertion. [J
PROPOSITION 21. For f € CY and g € C', let
u(t, z,y) = (Pig(0, -, %))(z,y)
+ /Ot(Ptsf(s, %)) (z,y)ds, (t,z,y) € [0,00) X RY x Zego
Then u € C and

uw(lT —t,x+ B(t),y+ N(t)) —u(T, x,y)

/ F(T = 5,2+ B(s),y + N(s))ds

/ Vou(T — s,z + B(s),y + N(s—))dB(s)

+ Z Dyu(T — s,z + B(s),y+ N(s—) - (N(s) — N(s—))

0<s<t
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for (t,x,y) € [0,T] x R% x Zéo.

PROOF. Suppose that f € C°N C>(]0,00) x R% x RY).
Then we see that u € C' N C*°((0,T] x R? x RY), and

_%U(T - taxvy) = %Aa}u(T - t,CIZ’,y) + f(T - t,a:,y).

So we have our assertion by Ito’s formula. Since C°NC>([0,00) x R? x RY)
is dense in CY, we have our assertion. OJ

THEOREM 22. Letb: R% x Zéo — R and C > 0, and assume that
b(z,y) —b(a', )| S Clle — 2| + [y —¢/]), =2 €eRY, y,y € Z5,,

Then for any f € C, there is a unique u € C* such that
t
lt..y) = F(te,)+ [ Pec(b(Vou(s.,4), Dyl ) )i,
0
for (t,z,y) € 0,T] x R? x Z& ..

Proor. For any v € Ct, let

t
O(v)(t,z,y) = f(t,z,y) +/0 P, _s(b(Vgv(s, -, %), Dyv(s, -, *)))(z,y)ds,

(t,z,y) € [0,T] x R? x Z£ ;. Then by Proposition 21 we see that ®(v) € C*
for any v € C!, and

| ®(01) — ®(v2) [|l1e

t
<429 (d+ \/T)/ (=) | o1 —vs |l1e ds, £ € [0,T].
0

So we have our assertion by usual argument based on Picard’s iteration
method and Gronwall’s inequality. [
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5. Proof of Theorem 7

We prove Theorem 7 in this section. Let us think of the situation in
Theorem 7. We may assume that Ag(n,) < 1/2, n = 1.

PROPOSITION 23. There is a constant C > 0 such that

¢
(2 B2+ iNi(27)| Fo) =2 "bn (@, )| £ C27 /5 (14 0)2 (|| +]y))
=1

for any z € R, y € R and n 2 1 with 27"\ < 1.

Proor. Let t;, = —)\i_llog(l — A2, i = 1,... L Since —z? <
log(l—2)+2 <0, 7 € [0,1/2], we see that 27" < ¢;, < 277 + )\,272"
<277+l for n > 1 with A27" < 1/2. So we see that

E[[Ni(tin) N1 = N;(27")]]
S E[Ni(tin), Ni(tin) 2 2] + E[(Ni(tin) — Ni(27"))]

oo +. \k
— eXp(—)\iti,n)(Z %

k=2
(Nitin)® + Ni(tin —277) S 2022720,

)+ Ai(tin —277)

A

and

E[[Ni(tin) A1 — N;(27™)?]1/2

< B2Ni(tin) (Ni(tin) — 1), Ni(tin) = 2% + E[(Ny(ti) — Ni(27™))?]/?
= (2(Nitin) DY + Niltin — 27" + Ni(tin — 277)H)Y?
< 2iti g+ 2(Ni (i — 27)Y2 < 6027

Therefore we see that

4 14

[El(z-BR ™)+ Y yiNi(2™™) = (z- B2 + > _ 1i(Ni(tin) A1))]|

i=1 =1
< 2202272y
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and

J4
El[(z-B2™") + Y uiNi(2”
=1

l
27"+ ) yi(Ni(tin) A1)
=1
S 6A27"yl.

So we have by Proposition 13

I ((z - B(2 +ZyzN’ )| Fo)

_nnm B +Zyz zn /\1)|f0)‘

< 6A A2 (1) A2 "y] + 2(1 + Ag(na)) A2 yl.
Note that
P(Ni(tin) N1 =1) =1—=P(Ni(tin) N1 =0) = A27".

So by Proposition 17 and the definition of b,,, we have our assertion.
This completes the proof. [J

THEOREM 24. For any f € C', there is a unique u € C' such that

t
u(t,,9) = (PO 0)@9) + [ Pesb(Vauls,,2), Dyl 4) . )i,
0
(t,z,y) € [0,T] x R% x Z& | by virtue of Theorem 22. Then we have

2n
[0 (£(0, 2+ B(T),y + N(T){ Fra-n i) —u(T,2,9)] — 0,  n— o0,
for any T >0, z € R and y € R’
PrOOF. Step 1. We first think of the case that there are integers
K,L = 1 such that T = K27 L. Let us recall the assumption (A-1). So

Ag(ny) < C27/2,
By Proposition 21, we see that

3) w(T —t,x+ B(t),y + N(t)) —u(T, z,y)
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_ —/tb(T—s,qu(T—s,m—i—B(s),y—i—N(s)),
0
Dyu(T — s,z + B(s),y + N(s))ds
+/ Vaou(T —s,x + B(s),y + N(s—))dB(s)

0
+ Dyu(T — s,z + B(s),y + N(s—) - (N(s) — N(s—)).

0<s<t
Let
Up g = Vou(T — k27", 2+ B(k27"),y + N(k27"))
and
Wy = Dyu(T — k27", 2+ B(k27"),y + N(k27")),
forn=1,k=0,1,2,.... Then we see that
w(T — k27", x+ B(k27"),y + N(k2™"))
—uw(T —(k=1)27" 2+ B((k—1)27"),y + N((k - 1)27"))
= — 27 "bp(Un k-1, Wnk—1) + Unk—1(B(k27") — B((k — 1)27"))
+ wp -1 (N(k27") = N((k —1)27") + R,
where

k2—"
R, . = _/ (D(Vou(T — s,z + B(s),y + N(s)),
(k—1)2—n

Dyu(T — s,z + B(s),y + N(5)) — bn(vp k-1, Wn x—1))ds
k2—™
+ / (Vou(T — 5,24 B(s),y + N(s—)) — vpk—1)dB(s)
(k—1)2-n
+ Z (Dyu(T—s,x—i—B(s),y—f—N(s—) _wn,k—l)
(k—1)2-n<s < k2-n
(N(s) = N(s—))

So we see that there are C,,, n = L,L + 1,,..., such that C;, — 0, as
n — 00, and that

E(|E[Rp k| Fp-1y2-]"]"? £ C27",
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and
E[[Rop|? £ Cp2™2, n>2L, k=1,... K" L

So we have by Proposition 13

Ellnn(u(T = k27", 2 + B(k27"),y + N(k27"))| F(r—1)2-n)

—u(T = (k=127 2+ B((k— 1)27"),y + N((k — 1)27"))]"]"/?

< Ellnn(vng—1 - (B(k27") = B((k —1)27"))

+ wn -1 (N(R27") = N((k — 1)27"))[ F(r—1)2—n)

- 2_nbn(vn,k—1a wn,k—1)|2]1/2

+ 280 (nn) E[| R k1" + E[| B[R | Fe—1)2-] ")/,
Therefore by Proposition 23, we see that there are C),, n = L, L+ 1,...,
such that C], — 0, as n — oo, and that

Ellnn(u(T — k27", 2+ B(k27"),y + N(k27") | Fr—1)2-n)
—u(T = (k=1)27" 2+ B((k— 1)27"),y + N((k — 1)27"))]"]"/?
<cl2™ n2L k=1,...,K2" L
So by Proposition 15(5), we have
(T = k27", 2+ B(k2™"),y + N(k2 ") {Fran 12 )
— u(u(T — (k—1)27", 2 + B((k — 1)27"),
n—L
y+N((k=127"){Fran}iZo
< (142852 ¥ "cl2 . =L

This implies that

(p—
7 (£(0, 2 + B(T),y + N(T) { Fran o™ ™) = u(T, 2, y)|
< (142022 K20/ T < O exp(2C?*T)T,  n2>1

This implies our assertion for T'= K2~ K, L > 1.
Step 2. For any T > 0, let T;,, = 27™[2™T], m = 1,2,... . Then we see
by Proposition 15(5) that

10 (£(0,2 + B(T),y + N(T){Frgn i)
— (0,2 + B(Tyn), y + N(T)) { Fra-n Yomo)|
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< (14289 (n,))>" " THVE(| £(0,2 + B(T),y + N(T))
— £(0,2 + B(Tw),y + N(T)) ]2

So we see that

lim sup [0, (£(0, 2 + B(T),y + N(D)|{Fra-n}io) — w(T, z,9)|

n—oo

< exp(2C*(T + 27™)E||f(0,z + B(T),y + N(T))
- f(O,.%‘ + B(Tm)ay + N(Tm)>’2]1/2
+ |U(T,Z’,y) - U(TM7x7y)|

Taking m — oo, we have our Theorem.
This completes the proof. [J

PROPOSITION 25. For any T > 0 and f € C',

Tim 7,(f(0.2 + B(T).y + N(T)|{Fia-} 7o)
= inf(E[p(T) /(0.2 + B(T),y + N(T))]; p € K}.

PROOF. Suppose that p(t) is a martingale satisfying

t ¢ t
plt) = 1+ [ pls=)es)aB() + 30 [ pla)(wis) = D(aN(s) = hs).

Now let u € C! be as in Theorem 24 for f. Then by Equation (3) and Ito’s
formula, we have

Elp(T)f(0,z 4+ B(T),y + N(T))] — u(T’ z,y)

T
_ E[/O p(t=)(=b(Vau(T — t, 2+ B(t),y + N(t—)),

Dyu(T —t,xz+ B(t),y+ N(t—)))
+o(t) - Vou(T —t,z+ B(t),y + N(t—))

y4
+) Nt Dyu(T — t,x + B(t),y + N(t—)):)dt].
=1
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So we see that
Elp(T)f(0,z + B(T),y + N(T))] — (T, z,y) 2 0,

if ((t),91(t),... ,e(t)) € K, t € [0,T], almost surely.

Since b : R4x R is convex and positive homogeneous, we see that for any
(z,y) € R? x R! there is a (z,w) € K such that b(z,y) = z-x+w-y. Then
by measurable selection theorem, we see that there is a measurable map
k:R%x Rf — K such that b(x,y) = (z,y) - k(z,y) for all (z,3) € R? x R,
Let

(p(2), ¥1(t), - he(2))
=k(Vou(T —t,x + B(t),y + N(t—)), Dyu(T — t,x + B(t),y + N(t—))).

Then (p(t),11(t), ... ,1e(t)) is a predictable process taking values in K such
that

gp(t) NVou(T —t,x+ B(t),y + N(t—))
+ZAZ¢@ T —tx+B(t),y+ N(t-)))

= b(vxu(T —tx+ B( )7 Y+ N(t_))a DyU(T —t,x+ B(t)vy + N(t_)))a
€ [0,T], almost surely. These imply our assetion. [J

COROLLARY 26. For any T > 0, and any bounded measurable function
g:RdXZZZOHRwe have

Jim 9 (g(B(T), N (D)) {Fpon }io)
= int{E[p(T)g(B(T), N(T))}; p € K}.

PROOF. We can find a sequence f, € C', n=1,2,..., such that
E[lg(B(T),N(T)) = fu(0, B(T),N(T))]*] = 0,  n — o0,
Then by virtue of Proposition 15(5) and Assumption (A-1), we have
1 (g(B(T), N(T){Fian}iZ0) =m0, B(T), N(T)){ Fian }io)|
< (14 C27) T2 E(|g(B(T), N(T)) — £(0, B(T), N(T))|*"/?

— 0, n — 00.
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Note that
sup{E[p(T + 1)?]; p € K} < .
So we see that
|inf{E[p(T)g(B(T),N(T)); p € K}.
— inf{E[p(T) fn(0, B(T), N(T))}; p € K}|
< sup{E[p(T)|g(B(T),N(T)) — fn(0, B(T), N(T))|}; p € K}
— 0, n — 00.

Thus we have our assertion from the previous Proposition. [J

PROPOSITION 27. For any m = 1, M = 1, and bounded measurable
functions f: (R x ZgO)M — R we have

nhlglo m(f(B(27™),N(27™),B(2-27™),N(2-27™),...,

B(M2™™), N(M2™™))[{ Fya-n Yieo)
= inf{E[p(M2-™)f(B(2™™), N(2™™), ...,
B(M27™),N(M27™))]; p € K}

PrROOF. We prove our assertion by induction in M. Our assertion is
valid for M = 1 by Corollary 26. Let us assume that our assertion is valid
for M. Then again by Corollary 26 we have

Jim 9, (F(B(27™), N(@27T),. ..
22n

B((M +1)27"), N((M 4+ 1)27")) { Fara-m k2 te=o)
= f(B(27™),N(2™™),...B(M2™™),N(M2™))  a.s.,

where

f(xlayla’ .. 7$M79M) = lnf{E[p(Q_m)f(xhyh S TMYM,TM
+B(27™),yn + N(@27™)]; p € K}

Since K is multiplicative, we see that

f(B(27™),N(27™),... ,B(M2™™), N(M2™™))
— inf{p(M2™) Elp((M + 1)27™) f(B2™™), N2 ™). ..
B((M + 1)27™), N((M + 1)27™)| Fap-ml; p € K}.
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By Proposition 15(5) and Assumption (A-1), we see that

Elln.(f(B2™™),N2™™),...
B((M +1)27™), N((M + 1)27™))[{ Fya-n }im0)

22n

= (f(B(27™), N(27™),... B(M2™™), N(M2™™)){Fra-n}izo)I*]
< 1+ 027 Eln (F(BRTM), -
N((M + 127" ) Faram yxa-n Fico)
- f(B(Q_m), N(©2™™),...B(M2™™), N(M2™™))|?]
So from the assumption in induction, we have
Tim g (F(B@), N,
B((M +1)27™), N((M +1)27™))[{ Fra-n }20)
= inf{E[p(M2_m)f(B(2_m), N(@2™™),...B(M2™™),N(M2™™))]; p € K}.
= inf{E[p(M +1)27"™)f(B(27™),N(2™™),...
B(M+1)27™),N((M +1)27™))]; p € K}.

Thus we have our assertion for M + 1.
This completes the proof. [

Now let us prove Theorem 7.
Let K = [T] + 1. Then there exists fn, : (R? x Z% )%?" — R, m =
1,2..., such that -

E[IX = fn(B27™),N(27™),..., B((K2™)27™), N((K2™)27™))]’]

— 0, m — 0.

Then we have our assertion in a similar proof of Corollary 26 by using
Proposition 27. This completes the proof of Theorem 7.

6. Proof of Theorem 8

Let us think of the situation in Subsection 1.2. Let py, : [0,00) — [0, 00),
h > 0, be given by

pn(t) = hk for t > 0 with h(k — 1) <t < hk, k=1,2,... .
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Let
K k k k
Yilnma,...omg) =Y S (ZENF (nh) + pie(on(rP) A hn))
k=1 i=1
for any n,m1,... ,mg = 0. Then we have
K
|X(nh’m17 7mK) _Yh(n;mla"' 7mK)| é hzmkpk
k=1
Let
m _ _ ¢ — _ <y <
rolm A h) = (") (1 — exp(—=Ah))  exp(=Ah(m — 1)), 0<L<m
0, £>m
and .
Az
(%) = exp(-x) X0

PROPOSITION 28. Letn is MVM. Let h > 0, and Fy, : Zxo x ZE be a
function inductively defined by -

Fh(O;ml, e ,mK) = 0,

Fh(j_’_]-,ml? 7mK)

0o K
=n( Z H ey, (Mggy Ak h)(ui“gl * ek y’;fK
l1,..Lr=0k=1
K
+Fh(]7m1 _éla 7mK_£K))+thkpk
k=1
for 720, my,... ,mg = 0. Then we have

n(Yh(N;ml,... ,mK)]{fjh}jy:O) = Fh(N;ml,... ,mK)
for N 20, my,...,mg = 0.
PrROOF. Let us fix mq,... ,mg = 0. Let

VN :Yh(N;mla"' )mK)
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and
Vj_lzn(Vﬂf(j,l)h), j:N,N—l,... ,1.

Let
IGik) = {ie{1,...,mp}; NP (in) = 0}

and a(j;k) = #(45;k)), k = 1,... ,K, j 2 0. Here #(I) denotes the
cardinal of a set I. Then it is sufficient to prove the following.

CrAamM. For j=N,N-—-1,...,0,
‘/j :Fh(N_jva(jvl)v 7a(]aK))+Yh(jamla amK)‘

We show this Claim by induction. The assertion is obvious when j = N.

Suppose that the assertion is valid for j < N. For any I}, C I C
{1,...,my}, and Borel sets Bi(k), 1=1,... ,mg, k=1,... , K, and A €
F(j—1)h, We have

P{IGik) =1, 2® e BY, ie [\ I, I( — 1;k) = I,
k=1,...,K]}nA)

K
=TT TT we(BI))(1 — exp(—Ah))#END exp(—Aph(1})
x PUI(G—1;k) =1, k=1,... , K} A)

So we have for any Borel set B and 0 S b, S b, Smy, k=1,... K,

K
P({Yu(jima, ... ,mi) = Ya(j — Lima,... ,mg) —h Y bppy € B}
k=1

N{a(j; k) =bj,a(j —1;k) =bg, k=1,... , K} N A)
= yf(bl_bll) * ook y:((bK_b/K)(B)

K

b/
k=1 VK
x P{a(j — 1;k)=bg, k=1,... , K} NA).
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Since
‘/j_l :Yh(j —1;my,... 7mK)777(Fh(N_j;a(j;1)7"' 7a(jaK))
+ (Yh(]7m17 7mK) _Yh(] —1Limg, ... 7mK))’f(j—1)h)a

we see that the assertion is valid for j — 1.
This completes the proof. [1

PropoSITION 29. For any R> 1, and A,... , g >0,

0o K K
sup{ > RO ] o, mies A 1) = ] ge, (mich, M)
l1,... Lg=0 k=1 k=1

0<my,..., mg <h 'R} =0
as h | 0.

Proor. Let G(;m,A\;h) : C — C, F(;;2,)\) : C — C be an entire
function given by

[e e}
G(z;m,\;h) = Zw(m, A h)2" = exp(—=Ahm){1 + z(exp(\h) — 1)},
=0
o0
F(zyz,\) = Z qo(x, \) 2" = exp(=Az + Azz).
£=0
Let erp be given by
K K
€R,h = sup{| H G (2 mp, Ak h) — H F(zg;mph, A)l;
k=1 k=1

2 €C,lz SRE0Smp Sh 'R k=1,... K}

Then it is easy to see that egpj — 0, as h | 0, for any R > 1. We see by
Cauchy’s theorem that

K K
LT 7o (s Aw ) = T aes (machs Ae)
k=1 k=1

1
= (T)K/ /
™ Jlal=R2 Jlag|=R?

[T, Gz mg, Aes h) — TThey Fzr; mih, Ar)
X {1+1 lr+1
Zl ) ZK

le-'-dZK
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So we have

0o K K

> RO we (s A B) = T e (michs )|

O, L =0 k=1 k=1
o0
< éeonn Z R—(€1+~~-+KK).
£1,... L =0
This implies our assertion. [
ProPOSITION 30. For any MVM n, p € [1,00), and vy,v9,... , vk €

Ly, we have

K
74
mC 3" T e (mw s v s - 03E)
01, £g=0k=1

(e’ K
?
(S T ae tmh, )i 55 03]
O1,... Lr=0k=1

o0 K K
<25 +28,m) Yo T e 0mws Aks b) = T e (mach, An)]
ly,... Lg=0 k=1 k=1

S UNVICERSEI)
{20+ ) (] |afPug(de))/P)}ptat+he),
>,

PROOF. Let Y, Zi(k), k=1,...,K,i=1,2,..., be independent ran-
dom variables such that Y is uniformly distributed and the probability law
of Zi(k) is v. We can take disjoint Borel subsets Ay, . ¢, ¢1,... g 20,
in [0, 1] such that the Lebesgue measure of Ay, 4, is Hszl g, (Miggy Aks R) A
Hle qe, (mih, Ap). Then we can take disjoint Borel subsets By, . g,
li,...,lg 2 0, in [0,1] such that Ay, . ¢ C By, . m, and the Lebesgue
measure of By, 4, is Hle 7y, (Mg, Ak h). Also we can take disjoint Borel
subsets Cp, . ¢ps l1,... Ak = 0, in [0,1] such that Agl,,”g}( C Co,..omx
and the Lebesgue measure of Cy, . o, is Hle qe, (mih, A). Let

00 K 4

Xi= Y g, MOYz"),

01, L5 =0 k=1 i=1
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and
00 K f "
Xo= > oy, MO> 2,
O1,... Lre=0 k=1 i=1

Note that the probability laws of X; and X, are ZZ’ = OHkK =
Wk(mk,Ak;h)yi“gl * - *V*EK and 231’ . OHk 1 e, (myh, )\k)ylgl -
y’;fK , respectively. Then we have

In(px,) = n(ix,)| < 28, E[| X1 — XofP]VP + E[| X1 — Xo

[e.9]

S@+280m) D, Ells, o, (V) = ley L, (VPP

= (1424A,(n)) Z 9~ (li++lK) gl ++lk
O1,0 L =0

K
| TT e (mes Aui 1) H% (mwh, Ae)[VP

k=1 =
K
« (1+Z HZ |p]1/p)€1+ +lx

k=1
oo

é 2K(1 + QAP(,’,])) Z 2(p—1)(m1+---+mK)
01, fre=1

K K
x| TT meCmm, s 1) — T ae(muh, M)
k=1 k=1
K

X (1+Z HZ |p]1/p) p(lit--+Lx)
k=1

This implies our assertion. [
ProrosiTioN 31. For any R > 0, there is a C' > 0 such that 5
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for any x,€,& € RN with |z| £ R and |¢ — &'| £ 1.
PROOF. Since we have

(2, 8) — O(x, )|

00 K

<@, Y H<exp<—xkxk>M stk—m)p}”p

e L =1 k=1
we have our assertion. [
Suppose that u : [0,00) x [0,00)% — R is a C'' function and satisfies
u(0,x) = 0, x € |0, oo)K
and

au(t, z) = ®(z, Vyu(t, z)), t20, z€0,00)K

PRrROPOSITION 32. Let

en(R) = sup{|h~"u(t + h,mih, ... ;mxh) — hzmkpk

*£ x4
Z Hﬂ-[k mkv)‘ka )( ! *VKK

E L lg=0 k=1
+ 7 u(t, mih — £1h, ... ,;mih — Lgh))];
te[0,R],m1, - ,mg € Z>
with mph € [0,R],k=1,... ,K}.

Then ep,(R) — 0 as h | 0, for any R > 0.

PROOF. For any a > 1 and ¢ € (0, 1), let

6(g;a) = sup{|gu(t x) — %u(s,y)\ + | Vau(t,x) — Vau(s,y)l;

t,s € [O,a],x,ye [Oaa]K>‘t_8‘ +‘£L’—y‘ §5}



Law-Invariant Multiperiod Value Measures 151
Then we see that 6(g;a) — 0, e — 0, for any a > 1. Since
L ou
u(t+h,x1,...,2x) —u(t,x1,... ,25) =h E(t—i_ sh,xy,...,xK)ds
0

1
= h/ O(x1,..., 25, Vu(t + sh,z1,... ,xx))ds,
0
we have
fult + by 2) — ult, ) — bz, Vult, 2)| < ho(h; )

for any ¢,z € [0, R].
Note that

O (x, Vu(t, x) Zxkpk

ou *{
Z quk xka)\k Vlia—xl(tv'x)) HEERE

Z L Arg=0 k=1

So we see that by Proposition 29

Ch = sup{|®(m1h,... ,mgh,Vu(t,mh,... ,;mgh)) — thkpk

o0 K
> (I 7. (mes A 1))

O, L =0 k=1

0

x (1 — 8—;(t,m1h, o ymh)
0

* (Vi — %(t,mlh, . mch)*E));

t e [O,R],ml,...mK € Zgo
with mgh € [0,R],k=1,... , K} — 0

Note also that

U(t,:l?l,... ,IK)—U(t,l'l — Y1, .. 7$K—yK)
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1 K ou
= — Oy yp=—C(t,z1— sy1,... ,xx — SYK)ds.
|, v,

So we have

K
<o+ us RO k)
k=1

for t,xy,... ;o € [0,R],0 Sy S ap,k=1,... , K.
Therefore we have

K
ou .
InC > (LT e (mes A ) (01 = B (t,mah, ... ,mgh) %
01, Le=0 k=1

ou

*0 g
axK(tamlha"' 7mKh) ))

* (v —

o0

K
(S (T 7 me A )Y (o - 5w

01, L =0 k=1
— h Y (u(t,mih, ... ,mgh) —u(t,mih — l1h,... ,mgh —Lgh)))|
é Ap(n)cp,h

for any t € [0, R],m1,--- ,mg € Z>q with mph € [0,R],k=1,... , K. Here

Cpn
0o K K
= sup{{ Y ([T 7o (mm s ) (S((01 + -+ + Lx )R RYY ) )P}
£y,... £x=0 k=1 k=1
mi,- MK GZEO with mkh§R, k=1,... ,K}
Note that

0o K

K
S (LT o e s IO + -+ + L5 RY(Y )7

0, L =0 k=1 k=1
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K K
< 8(n'/?% Ry > (LT e Omes A IO )P
044l Sh=1/2 k=1 k=1
K K
+0(KR; R) > (LT e (s M )Y O 4))?
U4l >h—1/2 k=1 k=1

oo

K K
<s(LRrp S0 (T me mes A (T 2%)7
k=1

01, Lx=0 k=1

oo

K K
+27h 2 S(K Ry R) Z (TT 7w (e, M ) (T 27
l1,... Lg=0 k=1 =

K
§(h'? R H exp(=Arh) + 2P(1 — exp(—Agh))™

1/2

K
+ 27" S(KR; R) H exp(—Arh) + 2PFH(1 — exp(—Aph))™*

[IA

K
§(hV/2: Ry H (1+ 2°M,h))™ + 27" *6(K R; R) H (14 2°H N R)™
k=1 k=1
K 1/2
5% R T exp(2PAcR) + 27" *6(K R; R) H exp(27T A R)
k=1 k=1

A

So we have Cp, 5, — 0, as h | 0.
Thus we have

\h " u(t + h,mah, ... mgh) — hzmkpk

00 K
(> ([T meetmw A ) (0 5 5
0,... Lr=0 k=1

+ h7u(t,mih — byh, ... ;mgh —{gh))|
g Ch+ Ap(n)cp,h + 6(h’a R)

for any t € [0, R],m1,--- ,mi € Z>o with mph € [0, R,k =1,... K.
This implies our assertion. [
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Now let us prove Theorem 8. Let us take R > 0 and fix it. Let

an = sup{|Fj(n;ma, ... ,mg) — htu(nh,mih,... ,mgh)|;
mi,... ,mg € Z>qo with mih, ... ;mgh < R}, n=0,1,....

Then we see that ag = 0. Also, we have by Proposition 32
ant1 < an +ep(R), n=0,...,[h 'R].
Therefore we see that
ha, < Rep(R), n=0,...,[h 'R,
and so we have

(4)  sup{|hFL([h Y] [h a), ... [h k) —u(t, 2z, .. 2K)];
t,r1,... ,TK € [O,R]} —0

as h | 0 for any R > 0.
Note that

X(Toma,... ymi) = X(A[A T mu, .. mic)

K my K
=32 2WWI@) — NP (T T S B i
k=1 1i=1 k=1

So we have

‘n(X(Tvmla amK> _X(h[h‘_lT]amla"' 7mK>‘]:[h71T})
K my K

—n(3 > 2O (1) = NO (R TI) | Fp) | S 0> mp
k=1 i=1 k=1

Also we have
K myg

(303" 2O (1) — N (01 TIR)) | Fpaa)]
k=1 1=1
K myg
< (1 +28,)) Y ST EIZOWND(T) — NP (I TIR) PIF -1y P
k=1 1=1

K

= (T+24,(n)h ka(/R [Py (da)) 7.

k=1
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So we see that

H U(X(T,ml,... ,mK)|.7:[h71T]) - Yh([h_lT],ml,.. . ,mK) HLOO .
K

K
< (128,00 Y- me( [ [olPm(do)'? + 20y .

k=1 R k=1

Therefore we have

-1
(XL, m ) {Fanbasg ) = Fu(h71 ), my, . m))|

n=0

K K
< (128, Y. mk(/ [wlP v ()7 + 20 S mup.
k=1 R k=1

This and Equation (4) imply our Theorem.
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