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The Bergman Kernel on Tube Domains of Finite Type

By Joe KAMIMOTO

Abstract. In this paper, asymptotic expansions of the Bergman
kernel and the Szeg6 kernel are computed for pseudoconvex tube do-
mains of finite type in C"*1 (n > 1).
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1. Introduction

In the function theory of several complex variables, it is a very impor-
tant thema to understand the boundary behavior of the Bergman kernel
B(z) and there are many interesting studies about this behavior. In par-
ticular, the strongly pseudoconvex case is quite well understood. Let € be
a O*°-smoothly bounded strongly pseudoconvex domain in C** (n > 1).
Hormander [19] and Diederich [9],[10] showed the limit of B(z)d(z)"? at
a boundary point zg equals the determinant of the Levi form at zy times
(n+1)!/47"*+1. Here d(z) is the Euclidean distance from z to the boundary.
Later C. Fefferman [14] obtained the following very strong result about the
asymptotic expansion:

(L.1) B(z) = ¢(2)r(2) "7 + ¢(2) logr(2),

where —r is a defining function of  and ¢, are C*°-functions on (2.

In this paper, we are interested in the case of weakly pseudoconvex do-
mains of finite type. In this case, many detailed results have been obtained
in estimating the size of the Bergman kernel (see the reference in [2],[24],
etc.). More precisely, Boas, Straube and Yu [2] (see also [12]) obtained a
result about the boundary limit in the sense of Hormander for some large
class of finite type domains. Indeed, they showed that if € is a bounded
pseudoconvex domain in C"*! and the boundary point z is semiregular
(which is also called h-extendible) with multitype (1,2mg,... ,2m,), then
the nontangential limit of B(z)d(z)> =1 Y/mit2 ¢ 20 equals some positive
number which is determined by local model only. But, there seems very
few study about asymptotic expansions like (1.1) in the weakly pseudocon-
vex case. The author [22] has computed an asymptotic expansion of the
Bergman kernel for two-dimensional pseudoconvex tube domains of finite
type. The purpose of this paper is to give an asymptotic expansion of the
Bergman kernel in the general dimensional case.

Let us explain our analysis for the Bergman kernel. For tube domains, it
is known that the Bergman kernel can be expressed by using simple integrals
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(Section 4). Our analysis is based on this integral expression. From this
expression, the integral of the form:

F(z) = / W@ -Glgy, (2 e R

appears and its analysis is important. Here the function f locally defines
the base of the tube domain. The finite type condition implies that f can be
locally approximated by a convex quasihomogeneous polynomial P (Section
2). The tube domain defined by this polynomial P can be considered as an
appropriate model and we analyze the singularity of the Bergman kernel for
this model domain (Section 5). On the other hand, the singularity of the
Bergman kernel is completely determined by local geometry of the bound-
ary in our case (Section 6). By using this localization, general domains
can be considered as perturbations of model domains. Some computation
in Section 7 implies that this perturbation reflects the many terms of the
asymptotic expansion of the Bergman kernel. In the computation, the pre-
cise analysis of the integral F' is necessary. Roughly speaking, we give some
estimates for the derivatives of F' by using F' itself in Lemma 7.5.

Last let us explain an important geometrical idea in our computation.
Let zy be a weakly pseudoconvex point on the boundary. Generally, the
geometrical situation of the boundary around zp is complicated. Indeed,
D’Angelo’s variety type and Catlin’s multitype are not always uniform
around zg. This fact gives a serious influence to the singularity of the
Bergman kernel. It is a natural phenomenon that its behavior from the
tangential direction becomes complicated. But in the case of tube domains,
the domains can be approximated by quasihomogeneous domains whose
boundaries have relatively simple stratification structures from the view-
point of the multitype. (More generally, the class of semiregular domains
has the same properties, see [11],[36]. ) From this geometrical property,
we introduce new variables which induce a real blowing up at zo (Section
2.2). By using these variables, the singularity can be stratified in a clear
form. We express the singularity from the vertical direction in the form of
an asymptotic expansion. In the weakly pseudoconvex case, several vari-
ables are necessary to express the singularity. In this respect, the weakly
pseudoconvex case differs from the strongly pseudoconvex case.

In Section 8, an analogous result about the Szeg6 kernel is given.
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2. Results

Let © be a domain in C"*! (n > 1) and denote by A%(Q) the subspace
of L?(£2) consisting of holomorphic functions. The Bergman kernel B(z) of
Q (on the diagonal) is defined by

B(z) =) lei(2),
i

where {¢;}; is a complete orthonormal basis of A%(Q2). The above sum is
uniformly convergent on any compact set in 2. This implies that B(z) is
real analytic on (2.

In this paper, we consider the following class of domains. Given a domain
w in R™*1. The tube domain over the base w is defined by

Q=R"' 4iv={z=z+iyeCz c R"™ y cw}.

Here we set z = (2/,2p41) = (21,... , 20, Zny1) € C*M with zj = xj +
iy, © = (@, 2p41) = (T1, ., TnyTnt1) € R and y = (¥, ynt1) =
Y1y s UnsYnr1) € R?TL A projection IT from C*! to R™*! is defined
by II(z) = $(z) = y. It is well known that the pseudoconvexity of 2 =
R + 4w is equivalent to the convexity of the base w.

2.1. Assumptions

Throughout this section, we give the following assumptions on a tube
domain = R"*! +iw and its boundary point zy. The base domain w is
a convex domain in R"*! with C*-smooth boundary and zg is a point of
finite type, in the sense of D’Angelo. Moreover, Catlin’s multitype of zg is
(m1(09, 20), ... ,mnt+1(0€, 20)). Note that Lemma 3.1, below, implies that
yo = I(z0) € Ow is of finite type in the sense of Bruna-Nagel-Wainger. (In
Section 3.1, we will explain the concepts of these "types” and this type for
Yo is called R-finite type.)
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2.2. Appropriate coordinates
From the convexity of w and the finite type condition of yg, we can
choose a coordinate in R**!, where the base is contained, so that:

(1) The point yg is the origin.
(2) The yi,... ,y, directions give the tangent plane to dw at yp.

(3) The yp4+1 direction gives the normal (in the case of a bounded w) or
it gives a half line which is contained in w U {yo} (in the case of an
unbounded w).

For an unbounded w, there are a domain A in R™ (possibly, A = R")
containing the origin and a C*°-function f on A such that f(0) = |V f(0)| =
0 and

w={y e Ry > flyr,...,yn) = f(¥) (¥ € A)}.

For a bounded domain w, there are a domain A in R"™ containing the origin
and C*°-functions f and f on A such that

w={y eR"™ f() <ynt1 < f(¥) (& € A)}.

According to the following result of Schulz [32], the finite type condition
implies that the function f(y’) can be decomposed into a quasihomogeneous
convex polynomial and a remainder term as follows.

LEMMA 2.1 ([32]). There exists a rotation L in R™ so that the function
f() can be expressed near the origin as follows:

f(Ly') = P(y') + R(Y).

Here P and R satisfy the following properties. Set m; = m; (082, P)/2
J=1,...,n).

(i) P(y') is a convex polynomial having the quasihomogeneity:
P(tl/leyl, . ,tl/Qm”yn) =tP(y1,... ,yn) forallt>0

and P(y') >0 if y' # 0.
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(ii) There exist constants C > 0 and v € (0,1] such that |R(y")| <
Co(y)', where o(y') :=>"_; yj-mj near the origin.

From the above lemma, we will consider the domain wp = {y € R"*!;
Yn+1 > P(y')} as an appropriate model for the analysis on the domain w
near the origin. Hereafter we choose the coordinates y' = (y1,...,yn) SO
that f is divided as in the above lemma.

2.3. Real blowing up

Next let us introduce a mapping ”real blowing up” at yo € dw.

For 6 > 0, let ws = {y € w;ynt+1 < 6}. Let m be the least common mul-
tiplicity of my,... ,m, and let I; = m/m;. Let ™ be a mapping from R+
to R"*! such that 7(71,... ,7n, p) = 7(7,p) = (Y1, - - »Yn, Yns1), Where

l, .
=T =1,...
(2.) fwonr, UThe
Ynt1 = P70

We set U = 771 (w) and Us = 7 (ws). It is easy to see 7 H(wp) = Ap X
(0, 00), where
Ap={r e R"; P(1) < 1}.

Let m be the restriction of the mapping 7 on the set U. Note that 7 is
a diffeomorphic mapping from U to w and 7~1(0) = Ap x {0}. This fact
means that 7 is a real blowing up at 0.

2.4. Asymptotic expansion

Let D be a set in RP, not necessarily open. We say that f is a C°°-
function on D if f is C'**°-smooth in the interior of D and all partial deriva-
tives of f can be continuously extended to the boundary. For 6 > 0, we
define T's = {(7,p) € Ap x[0,6); P(T)+Cp*™ o (1)'*7 < 1}, where C,~ are
positive numbers as in Lemma 2.1. The following is a main result of this
paper.

THEOREM 2.2. The Bergman kernel B(z) of a tube domain ) =
R + 4w has the form near zy € OQ:
@(7‘7 p) T

(2.2) B(z) = Am(+2) + ®(7, p) log p,
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where v =3""_, 1/m; and ®(1,p), ®(1,p) are C®-functions on the set Us,
with some small positive number 0, satisfying the following properties.

(i) ®(7,p) can be extended to be a C*-function on Us U (Ap x {0}).
More precisely, ®(1,p) admits the following asymptotic expansion with re-
spect to p: for any N € N,

Z (7)o" + Ry (1, p)pV 1 + (7, p)p? "2,

where each coeﬁiczents O (1) are C*-functions on Ap, Ry(T,p) is contin-
wous on I's and <i>(7, p) is a C®-function on Us. In particular, the first
coefficient ®(1,0) = (1) is ®(7) as in (5.83) in Section 5, which is positive
on Ap and is unbounded as T approaches the boundary of Ap.

(ii) ®(7,p) can be extended to be a C®-function on Us.

REMARK 2.3. From the theorem, we obtain a result about the bound-
ary limit as in the Introduction. The nontangential limit of B(z)p?™(#+2),
as z — 2o € 082, equals
1 d¢

©(0) = 20(0) = o R o €~ 2P0~ d

(see Section 5). This value is determined by the function P only. More
precisely, if the Bergman kernel is restricted to the set {y € R"*l:y, .1 >
P(y)'*¢} (e > 0), then the coefficient of p* equals the constant ®;(0) for
k > 0. We will discuss about the coefficients in more detail in Section 7.4.

REMARK 2.4. In this paper, we do not discuss about the singularities
of the coefficient functions ®(7) at OAp in detail. Roughly speaking, the
singularity with respect to 7 concerns with the singularity from the tangen-
tial direction. In the two-dimensional case, their singularities are computed
n [22] (see Remark 7.20). But, the geometrical situation of the boundary
around zg is very complicated in the general dimensional case. Therefore
the singularity of ®(7) also becomes complicated and it must be expressed
by using several variables. The singularity from the vertical direction is
essentially important and it can be seen as in the theorem.

REMARK 2.5. Our asymptotic expansion, with respect to p, has a sim-
ilar form to (1.1) in the strongly pseudoconvex case. The essential differ-
ence appears in the expansion variable. That is to say, in the strongly or
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the weakly pseudoconvex case, the asymptotic expansion takes the Tay-
lor series type or the Puiseux series type, respectively. In [24], a similar
asymptotic expansion is computed for another class of domains of semireg-
ular. From these observations, we may conjecture that the Bergman kernel
always admits an asymptotic expansion like (2.2) for the class of pseudo-
convex domains of semiregular. But it is known that this type of expansion
cannot be generalized to the general finite type domains (see [17],[24]).

3. Finite Type Conditions

3.1. Four kinds of type

The concepts of many kinds of types, which are introduced in [6],[32],
[21],[8],]27],[7], are very important for precise analysis on degenerate hyper-
surfaces in real or complex spaces. Here let us recall the definitions of four
kinds of type at boundary points of domains in R"*! or C"*!. Let Z, be
the set of nonnegative integers.

8.1.1 Real line type and real multitype

These types were introduced by Bruna-Nagel-Wainger [6], Schulz [32],
Tosevich-Sawyer-Seeger [21]. Let w be a domain in R"*! with C*°-smooth
boundary S and p € C®°(R"*!) a defining function of w, i.e., Vp(x) # 0
when p(z) = 0 and

w={z e R p(x) <0} and §={reR™p(z)=0}.

For each n = (M1,... ,Mny1) € R™ let (n, V) = Z;’ill nj0/0x; be the
directional derivative in direction 7 and let (n, V)7 denote the j* power of
this derivative. Let T, be the affine tangent plane to S at x, i.e. T, = {n €
R 1 (n, V)p(z) = 0}. We suppose that = € S is a convex point, i.e.

(n,V)?p(z) =

P (x)njm, >0 for all n € T,
k

Following [32],[21], let us define the real line type and the real multitype
of S at z. For x € § and m € Z,, we define the sets

Sm = Sm(x) =S € R™L D " |(n, V) p(x)| = 0
=0
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It is clear that Sp = R"*! and Sy = T}.. If x € S is a strongly convex point,
ie. (n,V)%p(x) > 0 for all nonzero n € Ty, then Sy = {0}. If j < k, then
S; D Sk. As was shown in [32], the convexity implies that S, are linear
subspaces in Ty. Now if there exists an integer m such that S, = {0}, then
we say that z € S is a point of R-finite type. From now on, we assume the
R-finite type condition on x. Then there are integers aq,... ,ax such that
l=a1 < - <ag, 2<k<nand

{O}:Sak GG Say & Sa =51 =T, QSOZRWH
and the sequence is maximal, i.e.,
Sa; = Saj41 =" = Say -1, 1<j<k—1

The largest number aj is called as the real line type of S at x, which is
denoted by RL(S,x). This number means the maximal order of contact of
real lines with S at x. Let dj = dim S,;. In particular, dy =n + 1, di = n,
dp,=0. For j=1,... ,n,let

ﬁ%j(s,x):al fn+l—-d1<j<n+1-d, l=1,... k.

Then (n+1)-tuple RM(S, x) = (m1(S, ), ... ,mpi1(S, 7)) € N is called
the real multitype of S at x. The definitions of RL(S, z) and RM(S, z) are
independent of the linear coordinate of R"+1,

Now, the next three types are defined on the boundary of complex do-
mains. Let Q be a domain in C"*! with C*®-smooth boundary M and let
2o lie on M. Let 7 € C°°(C™*1) be a defining function of €, i.e., |Vr(2)| # 0
when r(z) = 0 and

Q={zecC"Lr(z) <0} and M ={zeC":r(z)=0}.

3.1.2  Variety type
This type was introduced by D’Angelo [8]. The variety (1-)type of M at
zp is defined by

(3.1) Av(M, 20) = sup {ﬁ} |

where the supremum is taken over all germs of nontrivial one-dimensional
complex varieties z : D — C""! with 2z(0) = 2. Here D is the unit disk in
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C, v(f) denotes the order of vanishing of the function f at 0 and z*r = roz.
In this paper, we say that zq is a point of finite type if Ay(M, zp) < 0.
More generally, one can define the ¢g-type of M at zp, ¢ > 1:

Aq(M,Zo):iI‘;’fAl(MﬂS,Zo) 1<g<n+1.

Here S runs over all (n — g + 2)-dimensional complex hyperplanes passing
through zp and A;(M N S, 2p) denotes the 1-type of the domain Q N S
(considered as a domain in S) at zp.
3.1.83 Complex line type

This type was introduced by McNeal [27]. The complex line type
CL(M, zy) of M at zy is defined in the same way as in (3.1) by consid-
ering, instead of complex varieties, only affine complex lines through zg,
ie.,

CL(M, zp) = supv(l*r),
l

for [ is a parameterization of a complex line with 1(0) = zp.
3.1.4 Complex multitype
This type was introduced by Catlin [7]. Let I',,4; denote the set of all
(n 4 1)-tuples of numbers A = (A,..., A\pq1) with 0 < \; < oo such that

(i) A1 < < At

(ii) For each k, either \;, = 400 or there is a set of nonnegative integers
ai,...,ay, with ai > 0, such that Z?Zl aj/Aj = 1.

An element of I',,4; will be referred to as a weight. The set of weights
can be ordered lexicographically; i.e., if A" = (A},..., A, ;) and A" =
(AT, Any1), then A" < A" if for some k, N} = A7 for all j < k, but
X, < M. A weight A € T4 is said to be distinguished if there exist
holomorphic coordinates (z1,...,2z,41) about zy with zp mapped to the
origin such that D®D?r(zy) = 0 whenever Z?ill(ozj + B3j)/A; < 1, where
6
o and DY .= 0%

T 9,01 ... 90t 61 SPnt1’
0z) 9z, 11 oz -0z, 14

D> :

The complex multitype CM (M, zy) of M at zg is defined to be the smallest
weight CM(M, z9) = (mi(M, 2p), ... ,mps1(M, 20)) in I'pjq (smallest in
the lexicographic sense) such that CM (M, zy) > A for every distinguished
weight A. Note that mq(M,2p) =1
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3.2. On tube domains

Let us consider the relation among the above types in the case of tube
domains. Under the assumption of the convexity on the base, these types
have the following relations.

LEMMA 3.1. If z9 € 09 is a point of finite type, then yo = I1(2p) € Ow
is a point of R-finite type. More precisely, we have

Ag(082, 20) = Miny2-¢(082 20) = Miny2-¢(0w,y0)  1<g<n+1

and

A1(09, z9) = CL(09, z9) = RL(Ow, yo).

Moreover the above numbers are even integers, if ¢ #=n + 1.

PRrOOF. From the convexity, the equalities about the types for complex
domains are shown by McNeal [27], Boas and Straube [1] and Yu [35]. Next,
it is shown in Proposition 5 in [35] that the complex multitype equals the
weight Ao, which is defined in [35]. We can also obtain other equalities by
restricting the concept of Ay to the real space. It is easy to know that the
above numbers are even from the convexity. [J

4. Integral Formula

For C = (Cla"' 7CN)7 n= (771,--- 777]\/) in RNv we set dC = dCldCN

and (Cln) = G + -+ + (NN
It is known in [25],[34],[30],[4],[13] that the Bergman kernel of a tube

domain Q = R™! + jw is expressed as

(4.1) B(z) = (%)%H / e%ulu)ﬁdu,

where

o(u) :/6_2(”|w)dw

and A* = {u € R"";o(u) < co}. Since the Bergman kernel B(z) is a
function of y only in the tube case, we denote B(z) by K(y) hereafter.

Let us see a precise shape of the set A*. For a convex set w C R*1, its
recession cone A, is defined to be A, = {y € R""; v +ty € w for all v € w,
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t > 0}. The recession cone of a convex set is the maximal element in the
family of those cones whose shifts are contained in this set (c.f. [29]). If w
is bounded, then A, = {0} and A* = R""!. In the case of unbounded w,
the integrable condition of ¢(u) implies that v € A* if and only if (uly) > 0
for all y € w. This means that A* is the dual cone of A, i.e.,

A* = {u € R"; (uly) > 0 for y € AL}

More precisely, we consider the recession cone in the coordinates which
was introduced in Section 2.2. For R > 0, set Br = {y/ € R™ f(y/) < R}
and B = {(y1/R, ... ,yn/R) € R™y € Br}. Let B be the intersection of
Bpg for all R > 0. It is easy to see that B is a nonempty set and that the
recession cone of w is

A, ={(ty,t) e R"" ¢t > 0,9 € B}.
The definition of the dual cone leads to
A* = {(—st/,s) e R" 5 > 0,4’ € B*},

where
B* = {ia' e R™; (d/

9") <1 for ¢ € B}.

Note that B* contains the origin. For example, if there are positive numbers
C and e such that f(y') > C|y'|'*¢ when |y/| > 1, then B = {0} and
B* = R". In the bounded case, we set B* = R".

For the convenience for the computation later, we rewrite the integral
representation (4.1) by changing the integral variables (u; = —sa; (j =
1,...,m), Upt1 = ). In the unbounded case, we have

_ 2
- (27T)n+1
1 1

4. F /. = 2S(yl|ﬁl)4
(42) W) = [0 o,

A

K() | e s
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5. Analysis in the Model Case

Throughout this paper, the following terminology and notation are used.
For a weight I" := (p1,... ,pn) (p; > 0) and a positive number «, we say
that a polynomial P(x1,...,zy) is (I' : @)-homogeneous, if P satisfies

P(tml‘l,... ,tpN:L’N):taP($1,... ,IN) for all ¢t > 0.

Note that the case I' = I'y, := (1/2my,...,1/2m,,) will often appear later,
where (1,2my,...,2m,) is the multitype at a boundary point. The follow-
ing symbols are useful in our computation below. For ¢ > 0 and z € R",

define 6;(z) and 6; (z) by

Sp(w) = (/2 may, . 2y,
SH(x) = (1 2mgy o g2y,

Let us consider the model case of our analysis. Let P be a convex
polynomial of x € R” satisfying the property (i) as in Lemma 2.1, that is,
P is (I'y, : 1)-homogeneous and satisfies P(xz) > 0 if x # 0. Note that the
above conditions imply P(0) = |[VP(0)|] = 0. In this section, we consider
the tube domain Qp = R*! + jwp, where wp is defined by

wp={y = ,yn+1) ER" i ypi1 > P) = Py1,--. .yn)}-

This class of domains is considered as appropriate models for our analysis
on general tube domains of finite type.

By using the mapping 7 as in Section 2.2, the singularity of the Bergman
kernel can be expressed in the following clear form in the model case. Recall

1/2m; . 1/2
that szyj/ynérlmj (j=1,...,n) andp:yni{n.

PROPOSITION 5.1.  The Bergman kernel K(y) has the form
(5.1) K(y) = ®(r)p~>m ),

where v =73""_, 1/m; and ®(7) is a C*°-function on Ap and is unbounded
as T approaches 0Ap.

PROOF. In the model case, B* = R" and A = R" in (4.2). By changing
the integral variables ( pj = s'/2™iw;, v; = s'=V2Miq; (j=1,...,n) ), we
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obtain
—L = —28Yn+1 Y r+1
K) = Gy [ €20 G0/ ds,
1
5.2 G(X :/ 2K gy,

E(v) = / e~ 2AP() =0l g,

Moreover, by changing the integral variables (s < sy,+1) in the above
integral, the equation (5.1) can be obtained, where

2 / e G(65(1))s" T ds.
0

(27r)n+1

(5.3) O(1) =

It is easy to see the regularity of ®(7) on Ap. Suppose that p = 1. If 7
tends to 0Ap, then z tends to 9Qp. Since the Bergman kernel of Qp is
unbounded as z — 0Qp, then (5.1) implies that ®(7) is also unbounded as
T — 0Ap.

Let ¢ be the rank of the Levi form at the origin and let p = n—¢q. In this
case, the number m; such that m; > 1lisp. Set I'y, = (1/2mq,... ,1/2m,) €
NP. By using the following lemma from [21], the singularity of the Bergman
kernel can be essentially expressed by using the (p + 1)-variables.

LEMMA 5.2 ([21]). The rotation L in Lemma 2.1 can be chosen so that
P(y) =Py, ... ,yp) + cor1ypis + -+ + cntjp,
where P is (Iy, = 1)-homogeneous and c; are positive numbers.

Now set Ap = {7
(71,37, p) = (7,) as

% =Yl — Xpep kvl P (G =1,...,p)
p = [yn+1 — Zk—p—l—l Ck?/k]l/Qm

€ RP; P(#) < 1}. Let us introduce the variables

The above relations induce a mapping from w to Ap x (0,00). In the
model case, the singularity of the Bergman kernel is essentially expressed
by (7,p) € Ap x (0,00).



The Bergman Kernel for Tubes 379

PROPOSITION 5.3.  The Bergman kernel K(y) has the form
K(y) = b(3)p 2012,

where U = 25:1 1/m; and ®(#) is a C®°-function on Ap and is unbounded
as T approaches OA p.

PROOF. Set fi = (1, ,f1p), 0 = (v1,...,0p), X = (X1,...,Xp),
U= (y1,...,Yp). We define

G(X) = / X0 1 go and Be) = / 2P~ g,
Rp E(@) Rp
By Lemma 5.2,

B(v) = / ¢=2Pu)= (vl g,
R

n

20) H /Re?(cw?vjuj)duj

Jj=p+1

(T st a -1/2 %ZZ:p+1iv,%EA N
= (5) H ¢ e (D).
J=p+1
By substituting the above into the integral G(X),

[ xwm L
G(X) / )

J=p+1 Jj=p+1 R
n n
=2"nP H ¢j G(X') H 205X7
J=p+1 J=1

Moreover, by substituting the above into the integral K (y),

K(y)

o0
— 1 H ¢ / e 28lynt1—X ks Ckyi}@(gs(g))SqWJrlds
, 0
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where
3 1 - X 2 A D41
O(F) = 5y IT < / e G (84(7))s1" ds
Jj=p+1 0
and &4(7) = (s/2™ 7, ..., s"/?™7,). Tt is easy to see the regularity of ®

on Ap. Suppose that p = 1. If 7 tends to dAp, then z tends to 9Qp. In a
similar fashion as in Proposition 5.1, ®(#) is also unbounded as 7 — AA p- U

6. Localization

In this section, we show that the singularity of the Bergman kernel
is completely determined by local geometry of the boundary under some
assumption. Similar types of localization lemmas have been obtained in
[22],[23],[15], but our localization is concerned with slightly more general
case. Actually, our proof of Theorem 2.2 needs the localization lemmas,
below. For k € N and R > 0, let Bi(R) be the k-dimensional ball of
radius R. In this paper, we sometimes use c, ¢j, C etc. for various constants
without further comments.

Suppose that a domain w C R"'! satisfies the following hypotheses.
There exist a neighborhood Vj of the origin in R”, a C'-function f on Vj
and positive numbers 8y, Cy such that

(1) f(z)>0ifz # 0 and f(0) =0,
(2) wN[Vox(0,60)] ={y € Vo x (0,60); yn+1 > f(¥')},
(3) w\ [Vo x (0,60)] C {y € R* ;9041 > Coly'[}-

If w is a convex domain with C*°-smooth boundary dw containing the origin
and the origin is of R-finite type, then w essentially satisfies the above
hypotheses.

Let us consider the Bergman kernel K (y) for a tube domain R" ™! + jw.
For a set W in R™, let N/(W) be the set of open sets in W containing the
origin. For U € N (B*), V € N(R") and ¢ > 0, define the integral:

1 1
K(u: - —2Ylw) =
0. V:9) (2m)nt! /A*(U) ‘ o(u; V,0) .

o(u; V,6) = / 6_2(“‘w)dw,
W[V X (0,6)]
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where A*(U) := {(t@/,t) e R"";¢t > 0,4’ € U}.

PROPOSITION 6.1. For any U € N(B*), K — K(;U,R", 00) is real
analytic near the origin.

PrROOF. The hypothesis (1) on f implies that f(zx) = o(|z|) as z —
0. Therefore, for a small positive number €, [A* \ A*(U)] N 9B,+1(1) can
be divided into finitely many sets {U;} such that, for each j, there exists
nonempty set

w; = {w € w;w € Bp41(1) and (wla) < —e for @ € Uj},

whose volume (denoted by Vol(w;)) is positive. If @ € U; and |y| < €/2,
then —2(a|w —y) > 2(e —¢/2) = €. For u € Aj := {ta;t > 0,1 € U;},
(6.1) 2WWp(y) = / e~ 2lv=y) gy > / e~ 2 =Y) gy > Vol (w; el

Here we divide the integral as follows.
K(y) - K(y;U,R", 00) = —— / 2L

—2(y|u 1
Ty S o s

AjAAN\A* (U p(u

The inequality (6.1) implies that each integral in the above sum is real
analytic in By, 4+1(€/2), so the lemma can be obtained. [

PROPOSITION 6.2.  For any V € N(Vy), there exists Uy € N'(B*) such
that if U € N(Uy), then K(-;U,R"™ 00) — K(-;U,V, &) is real analytic near
the origin.

PrROOF. By simple computation,

]K(y,UR” — K(y; U, V,6)|
1 1
e 2lw) - du
) / p(u)  p(u; V,0)
1

<

[ e LLOCTICI I

(2m)" [o(u)llp(u; V; 0)
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From the above inequalities, the proposition can be shown by using the two
lemmas below. [

LEMMA 6.3. For anyV € N(Vp), there exist Uy € N (B*) and positive
numbers Ay, As such that if U € N'(Us), then

lo(u) — o(u; V, 80)| < Ayuy, e 420t for u e A*(U) \ Bp11(1).

ProOF. We divide the integral and define 11 (u), 12(u) as follows.

(u) — @(u; V, éo)
(6.2) / —2<ulw>dw + / e du
wn V><(60, w\[V'x(0,00)]
+¢2( )-

First, for V. € N(Vp), there is a positive number 77 such that V C
Bpi+1(n1). Then

P1(u) < / e~ 2hv) gy
V><(50,00)

P 6‘2‘50“"“/ 2l gy < G —2ounsa-ml),
2Un+1 lw!|<n Un+1

(6.3)

Second, for V' € N(V}), there are positive numbers C7, 12 such that
the set T'y := {w € R"™ 5w, > Ci|w'| and |w'| > n2} contains the set
w\ [V x (0,00)]. Then

%(u)g/ —20ul) gy <L / o210 [Crun1—['[] gy,
I 2Unt1 S| >ng

C
" Unt1(Crupyr — [W/])?

(6.4)

e~ 22 [Crunt1—|v[]

Putting (6.2),(6.3),(6.4) together, we can find a positive number M such
that if |u/| < Muy41, then the inequality in the lemma holds. It is enough
to set Us = B, (M). O
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LEMMA 6.4. For anyV € N(Vy), there are Us € N'(B*) and a positive
number As such that if U € N(Us), then

A
p(u) > p(u; V, 60) > un—il for u € A*(U)\ Bpia(1).

n+1

PROOF. There exist positive numbers 73, Cy such that the set I'y :=
{w € R |w'| < n3 and Colw'| < wpi1 < o} is contained in w N [V x
(0,60)]. Therefore, if u € A*(U) \ Bp+1(1), then

1 — e—2m[Counii+|u']]
p(u; V, 80) > / e2ut)gy = - M 2 (il-
T, 2uni1 (2[Coupyr + |U/]])™ Up i

Let w1, ws be domains satisfying the hypotheses in the beginning of this
section and satisfying wq N [Vh x (0,80)] = wa N [Vp x (0,8¢)]. For j = 1,2, let
KU)(y) be the Bergman kernel of the domain Q; = R"" +iwj, respectively.
As a corollary of Propositions 6.1 and 6.2, we can get the following.

PROPOSITION 6.5. KW — K@) s real analytic near the origin.
7. Proof of Theorem 2.2

7.1. Preparation

We introduce a coordinate into R"*! containing the base w as in Section
2.2. By using Lemma 2.1 in Section 2 and Proposition 6.5 in Section 6, in
order to analyze the singularities of the Bergman kernel, it is sufficient to
consider a domain whose base is w = {y € R**L: 9,1 > f(¢/)}, where f is a
convex C*°-function on R™ such that f takes the form f(y') = P(y")+ R(vy')
near the origin, where P, R are as in Lemma 2.1, and f satisfies f(y') >
Cly'|1*¢ for |y| > 1 where C, € are some positive numbers.

Here recall some notation and symbol. Let m be the least common mul-
tiplicity of mq,... ,m, and let l; = m/m;. Let 7 be a mapping from R 1
to R"*! such that 7(71,... ,7n,p) = 7(7,p) = (Y1, -+ s Yn, Ynst1), Where

1. .
Y = T;p" ]:1,...,n

(71) { ’ _j 2m ( )
Yn+1 =P -
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We set U = 7~} (w) and 7 = 7|7.
By changing the integral variables ( s'/?™iw; < w; (j = 1,...,n),
SYn+1 < S ), (4.2) in Section 4 can be rewritten as

_ 2 1 o —2s —1/2m\ v+1
K) = Grperr sty [, © SC(e(r): a2 s,

o) — 2(XJv) 1
6(x:6)= [ o B o™

B(v:€) = / ¢~2P(w)a(wi€)~(vlw)] gy,

a(w;§) = ff2mR(6§2m (w)).
We divide the integral in (7.2) and define the integrals K7, Ks, K3 as follows:

2 1
K(y> = (27T)n+1 p2m(y+2) X

{ / /m / }_QSG (82(r): ps=1/2m) 5+ s

= (27r)n+1 pzm(u+2 {Kl( p) + Ka(T,p) + K3(,p)}.

(72) (X e R", £ €(0,1]),

It is easy to see that p~2"(“*2) K3(r, p) is real analytic on a neighborhood
of U. We will analyze the behaviors of the functions K (7, p) and Ka(r, p)
at 0Ap x {0}. Owing to the mapping 7, we can decompose their singular-
ities clearly and investigate them with respect to each variables. Roughly
speaking, it will be shown that K;(7,p) can be smoothly extended when
p tends to 0 but is unbounded as 7 tends to OAp, while Ks(7, p) has the
logarithmic singularities at p = 0 but is smooth for 7 € Ap.

7.2. Analysis of Ki(T,p)
From (7.2), by changing the integral variables (w; < s'/?™iw; (j =
1,...,n)), we have

[e.e]
Kalrop) = [ e Gl pis)s™ s,
1

- 1
7.3 G(T,p;s :/ 625(7‘”)~7dv,
(7.3) (.05 5) . Bloprs)

Bv: pss) = / o~ 251P(w)+a(wip)— (w]w)] gy,
Rn
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This expression is useful to analyze Ki(T,p).
7.2.1 Localization

Forn > 0, set S, := {v € R"; |v| = n}. In particular we write S = S;. In
order to localize the singularities, let us introduce the following two functions
Xe and Rg.

We express the variable v in the integral by using a polar coordinate:
v = 6;(0) for u >0, v € S,. Here n is a small positive number, which
will be determined later in the proof of Lemma 7.5. For ¢ > 0, x.(v,p) €
C>®(R™ x (0,00)) is a cut-off function such that

e xc(v,p) is independent of v € S,,.
o x(v,p) =1if 0 <u < ecp™2m/2 and x.(v,p) = 0 if u > cp=2™.
e 0 < xc(v,p) <1forveR"p>0.

For R > 0, define D(R) = {w = 6,2m(w) € R0 < u < R,w € S}. For
d > 0, let Ry be a C*°-function in R" such that

e Ry(w) = R(w) for w € D(d/2) and |Ry(w)| < |R(w)| for w € R™.
e The support of Ry is contained in the set D(d).

e There exists a positive number Cy such that P(w) + Rg(w) > Cplw|
if w ¢ D(d/2).

Here let us introduce the functions y., Rq into the integrals (7.3) and
define the integrals with the parameters ¢, d as follows.

Kilrped) = [ G psic,d)s s,
1

G(,p; s;¢,d) :/ €2S(T|”)7~X‘:(v’p) dv,
n E(v; p; s;d)

Bv: p; ;d) = / e~ 2s[P(w)taa(wip)=(vlw)] gy,

ag(w; p) = p~ " Ra(82m (w)).

(7.4)

Note that the above integrals formally tend to K, G, E in (7.3), as ¢,d —
o0, respectively.
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The following lemma implies that it suffices to analyze the function
K (7, p; c,d), with some small ¢, d, to see the singularities K (7, p).

LEMMA 7.1. For any d > 0, there exists co > 0 such that if c € (0, cp),
then K1(-,-;c,d) — K1(-,-) is real analytic near an open neighborhood of Us.

PrOOF. First we regard Ki(7,p;c,d) — Ki(7,p) as a function of y.
By changing the integral variables from (4.2) into (7.3), the integral re-
gions B*, A are changed into &7, »., (B*),61/p2m(A), respectively. The re-
gions B*, A can be localized as in Propositions 6.1 and 6.2. Corresponding
the supports of x., Rg to the sets 6I/p2m(U), 61/p2m (V') respectively, where
U,V are as in Section 6, we can see the real analyticity of the above function
with respect to y near the origin. Moreover, the property (7.1) of = implies
the real analyticity with respect to (7, p). O

7.2.2  Properties for aq(w; X)

The difference between integrals (7.2) and (5.2) in Section 5 shows that
the general case of finite type domains can be considered as some kind of
perturbation of the model case as in Section 5 and the information of the
perturbation is concentrated in the term a(w;p). The localization lemma
(Lemma 7.1) is necessary to investigate the function ag4(w; X) for (w; X) €
R™ x [0, 00).

Since |R(w)| < Co(w)'*7 for small |w]|, it is easy to see that aq(w; X)
is a C°°-function on R™ x [0,00). The following two lemmas are used to
estimate the integral F (v; p; s;d) in the next subsection.

LEMMA 7.2. For any € > 0, there exists a positive number dg such that
if d € (0,dg], then

lag(w; X)| < eo(w) for (w; X) € R™ x [0, 00).

PrROOF. From Lemma 2.1 in Section 2, if |w| is small, then |R(w)| <
Co(w)'*7. Therefore, if d > 0 is a sufficiently small and if 6 y2m (w) € D(d),
then we have

Jag(w; X)| = [X 72" Ra(6x2m (w))] < |X 2" R(8x2m (w))|
< CXP™o(w)'™ < C(X* o (w)) - o(w)
= Co(bx2m(w))7 - o(w).
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Note that C is independent of d. Of course, a4(w,X) = 0, if dxom(w) &
D(d). The lemma can be shown by using the above estimates. O

Next the following lemma shows that the partial derivatives of aq with
respect to X can be uniformly estimated by using o(w).

LEMMA 7.3. For any k € Z4, there exists a positive number Cj, such

that
ok k
‘Wad(w;X)' < Cro(w)2m  for (w; X) € R™ x [0,00).

PrROOF. Let Si,5 be C*-functions on R™ such that Ri(w) =
S1(w)S2(w) and Sz (w) equals to 1 on D(d/2) and its support is contained in
D(R). For any | > 1, Taylor’s formula implies that there exist C°°-functions
oj (j=1,...,1—1) and R; such that

Sl(w) = al(w) + - +Ul,1(w) —l—Rl(w)

and each o; is a polynomial with (I',, : 1+ ﬁ)—homogeneity and R; sat-
isfies the estimate: |R;(w)| < Cla(w)l"'# on D(R) where C] is a positive
constant.

Since each o; has the above homogeneity, we have

S1(6xom (w)) = X2 oy (w) + -+ X2 gy (w) + Ry(6x2m (w)).

By using the above equation, a simple computation implies that there exists
the C>-function R;(a) = Ry(a1,... ,a,) on R", with a; = X%w;, such that

o 1 1 -
Bd WSl(cSsz(w)) ZWRZ(G)-

Here R;(a) satisfies |R;(a)| < C’m(a)”ﬁ where C} is a positive constant.
Since the equation o(a) = X?™o(w) holds, we can get

e (it )
[Ri(a)]

~ o(a)tam

(7.5)
U(w)H# < Clcr(w)l"'ﬁ.
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It is easy to see that the above inequalities hold when [ = 0.

On the other hand, a simple computation implies that there exists R; €
C3°(R™) such that

al
WSQ((Sme(’w)) = 7
When [ > 1, since 7:31(@) is identically zero on D(d/2), we have

l

! l
(7.6) |—S2(6X2m(U)))’ < —o(w)zm < Cio(w)zm.

Of course, when [ = 0, the above inequalities hold. Putting (7.5),(7.6)
together, we can obtain the inequality in the lemma as follows: for k € Z,

'%aw;m‘ - ’88—); (s 1 0xm () - Sa(Bxan) )

k
> G
=0

Crpor(w) 2

IN

o 1 ok—i
7 (s 1 0xm0) )| | s Sa(Bxan)|

IN

This completes the proof of the lemma. [

By using the above argument, the limit of the partial derivatives of aq4
can be computed. For k € N, let o1 (w) be the (I'y, : 1 + %)—homogeneous
polynomial as in the proof of Lemma 7.3.

LEMMA 7.4. For any k € N,
k

lim

s 8_Xkad(w;X) = klog(w) for each w € R".

PrROOF. We use the same symbols as in the proof of the previous
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lemma. As in the proof of Lemma 7.3, we have

o (St e )

8l
~ X!

1

g Realbxn ()}

{Xm<>+--+x%x>

l
Y ey S

=lloy(w) + 50

Since the estimate | X 2" 'Ry (a)| < C’l+1a(w)1+l2%X holds, we have
o 1 .
)l(glo X WSl(éme(U})) = lloy(w) for each w € R".

On the other hand, for [ € N,
al
)1(1210 X (S2(6x2m(w))) =0 for each w € R™.

Therefore, for each w € R"™,

ak:
g ta(wi X)
k : ,
o 1 k=i
- JZ_;C]' OXJ <W81(6X2m(w))) 'WS 2 (O x2m (w))
— klog(w) as X — 0.

This completes the proof of the lemma. []

7.2.3  FEstimates for E(v;p; s;d)
Let us show the following lemma. Its proof is technically complicated,
so essential ideas will be explained in Remark 7.6 after the proof.

LEMMA 7.5. We can set d = dy > 0 as follows. For any k € N, there
exists a positive constant Cy, such that

8k

ok E(vip;s;dy)| < Cksku(Hﬁ)kEN(v;p;s;dl)
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foru>1,s>1.

ProoOF. For the computation below, the integral variables in the inte-
gral E(v; p; s;d) in (7.4) are changed as follows:

Bv: ps 5:d) = uu/2/ e~ 2ulP()+aa(wiX)~(010)) gy, with X = yl/2m

n

(u >0, |0| = n). Note that the above integral variable w is not the same as
that in (7.4).

Hereafter, in this proof, we always assume that © > 1 and s > 1. Let X
denote the set {w € R™!; P(w) < 1} and define three integrals E1, Eo, F3
by

k
By (v; i 5: d) = u)? / 82( 2P o)~ (0] gy,
>
o 0" sulP(w) g X) (b))
Es(v;pys;d) = u / 5k C dw,
R\

E3(v; p; 5;.d) = u”/2/ e~ 2sulP(w)taa(w; X)=(@lw)] gy,
)

The convergence of the second integral will be shown soon later.
[An estimate of the integrand] We give some estimate for the integrand
of the above integrals. By a direct computation, we have

ok ;
G e~ 2su[P(w)+aq(w; X)—(8|w)]

(7.7) k
— (Z(—qu)lBkl(w;X)> o~ 2su[P(w)+aq(w; X)—(ow)]

=1

Here each By (w; X) can be written as some linear combination of the prod-

ucts of Aj(w; X) := aXJ aqg(w; X) (1 <j <k). In fact,
Bi(w; X) = ZC HA (w; X)® (Cy €R),
where the above summation is taken over all & = (ay,...,q;) € Z!, with

ap < -+ < apand a1 + -+ = k. From Lemma 7.3, we obtain



The Bergman Kernel for Tubes 391

| By (w; X)| < Ckga(w)”% for a positive constant Cy;. Therefore, there
is a positive constant C} such that

ok i
07 —2sulP(w) +ag(w;X)~(ilw))
oXF

k
< Cy <Z(Su)la(w)l+2lfn> e~ 2su[P(w)+aq(w;X)—(d|w)]

=1

[An estimate for Ey(v; p;s;d)]  The above inequality gives the following

estimate.
~ v 9k . .
(Br(v; pi 55d)| < /E e P )@l | gy
(7.8) Sc(su)ku%/U(w)l-l—%e—2su[P(w)+ad(w;X)—(ﬁ|w)}dw
b

< Cs*uF E(v; p; s; d).

[An estimate for Eg(v;p; s;d)] Before considering Eg(v; p;s;d), we es-
timate the phase function in the integral. Let x be the maximum of o(w)
on 0¥ = {w; P(w) = 1} and set ¢; = 1/(2k). From Lemma 7.2, we can set
d = d; > 0 such that |ag, (w; X)| < e;o(w). Moreover the homogeneity of
P(w) — e;0(w) implies

(7.9) P(w) + a4, (w, X) > P(w) — e;o(w) > =P(w) on R™

N |

We use the polar coordinate: w = 6;(w) (t > 0,w € JX). The value n = |7|
can be chosen so small that, if t > 1,

1 A b~ o
5 Pw) = (0fw) = 5 - ;vjwﬁ ’
(7.10)

t g T
25 1—22!%‘\%’#2 i >
j:

t
T

Here we set the above value depending only on 3%. By using inequalities
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(7.9),(7.10), Ey(v; p; s;d;) can be estimated as follows:

k
’EQ(U; 05 S; d1)| < u% / 9 e—2su[P(w)—‘,-adl (w; X)—(D|w)] d

—_— w
]Rn\z an
< Ckskzuk-i-% / O,(w)k-l—%e—qu[P(w)-i-adl (w;X)—(f}|w)]dw
N Ro\%
(7.11) < Ckskuk+;/ o (w)F+ 25 ¢~ 2sul3 Pw) ()] gy
R\

o0
v k v 1
— Ckskuk+5 / t%-i-g-i-k‘—le—isutdt
1

< C’ksfgfﬁu*%e*%w.
[An estimate for Es(v; p;s;d)] By a similar computation to the case of
FE5, the phase can be estimated as follows. If 0 < ¢ < 1, then

3
2

7

3 1
P(w) + ag, (w, X) = (8]w) < JP(w) — (8|w) < Jt + Jt37 < 143,

where M is the maximum of mq,...,m,. The above estimate implies

Es(v; p; s3dy) = u2 / e~ ZsulP(w)tag, (w,X)=(0hw)] gy,
)

(7.12) > /1 e T,
> Cu %O—M)VS—MV‘
[The estimate in the lemma] From (7.11),(7.12),
(7.13) | Ea(v; p; 53.d1)| < CE3(v; p; 55.d1) < CE(v; p; ;.da).

By putting (7.8),(7.13) together,

k

k

0 ok -
a—pkE(’U;/?;S;dl) WE(U;P;S;dl)

k ~ ~
< wrn {|Ey(v; p; s5.d1)| 4 | Ea(v; p; s3.d1) |}
< CsF 2k B(v; ps 5 da),

:uﬁ

This completes the proof of the lemma. [
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REMARK 7.6. Here we explain essential ideas of the above proof. By
applying ”the chain rule”, the derivatives of E with respect to p reflect
some powers of s, u times some kind of derivatives of the function ag4(w; X).
By using Lemma 7.3, these derivatives can be estimated by using s, u, o(w)
only. Note that this estimate is independent of p. Moreover, we intrinsically
apply an idea of ”stationary phase method” (c.f. Chapter VIII in [33]). By
dividing the integral, we can see an essentially strong part in Ey. Indeed
the critical point of the phase is contained in the set X, and so F5 can be
considered as a small term when s, u are large. The restriction of o(w) on
Y is bounded and, as a result, the derivatives of F with respect to p can be
estimated by F times some powers of s, u.

LEMMA 7.7. For any k € Zy, there exists a positive number Cj, such
that

k
1

a—k~7 RO T ) L R — foru>1s>1.

9% E(v; p; s;dy) E(v; p; s;dy)

1

PROOF. A simple computation implies

o1
Op* E(v; p; 5;dy)
(7.14) (ot E(?j)(v;p;s;dl) o |
5 e Elopisidi) | E(vipisidi)
where || := (1 + -+ + Ok, the above summation is taken over all § :=

(Bry.--Br) € ZE with 0 < By < -+ < B < k, E® denotes the k-th
partial derivatives of E with respect to p and Cs € R are constants. By
applying Lemma 7.6 to the above equation, we can obtain the estimate in
the lemma. [

Next we consider the limit of the derivatives of E.

LEMMA 7.8. For any k € N, there exist (I'y, : | + %)—homogeneous
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polynomials By (w) (I =1,... k) such that

k ~
lim ——F(v; p; s;dy)

= 2(25)1/ Byy(w)e #PW=Clgy = E,(v;5)
for each v € R™, s > 0. When k =0, we have

hII(l) E(v;p;s;dy) = / e~ Pl gy = Ey(v; ).
p— n

PrOOF. First we consider the case k£ > 1. In the same argument as in
the proof of Lemma 7.6, we have

k
O —2s[P(w)+ag, (wip)—(v]w)]

B < C(2s)Fo(w)ktam e 2la P =l
P

Since the right hand side of the above is integrable with respect to w on R,
Lebesgue’s convergence theorem implies

o 0" P (w)+aa, (wip)— (v]uw)]
;%%E(v ip;s;dy) = /Rnili%a_pke ay (Wip dw.

From (7.7),

k k
8_6_25[P(w)+ad1 (wip)=(v|w)] — Z(_2S)lBkl(w§ p)e~ 2P (w)taa, (wip)=(vhw)]

k
ap =1

By using Lemma 7.4,

hmBklwp —hmZC HA w; p) J—ZC H gloj(w))®.

j=1

Let By;(w) denote the above limit, then it is easy to check that the function
Byi(w) has the (T'y, : I + %)—homogeneity. By summarizing the above
equations,

k

oF —2s[P(w)+aq; (w;p)—(v|w)] ! —25[P(w)—(v|w)]
;1_1’% o e 1 = ;(—23) By (w)e .
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The lemma has been shown when k € N.
When k =1, it is easy to get the equation in the lemma from the same
argument. []

7.2.4  Estimates for G(t, p; s; ¢, d)
We choose ¢ = ¢; in the integral G such that the real analyticity of
Ki(-,+;c1,d1) — Ki(+,-) holds as in Lemma 7.1. Let us introduce the set I's
and auxiliary integrals: W, G., E,. For § > 0, define

I's = {(7-7 p) € Ap x [O,(S);P(T) + Cp2m70-<7—)1+7 < 1}’

where C' and v are as in Lemma 2.1. For u € Z,, define the integrals:
S ~
Wilrp) = [ HGr o) s
1

~ 1
G*(T7 ps 5) = / 628(7‘0)~7dv7
n E,(v; p; s)

Bulvipis) = [ e HIP@Oow 00l gy,

The convergence of the integral ¥, for each (7,p) in the interior of I's is
shown by considering the Bergman kernel of the tube domain whose base is
{y € C ¥ gy > PY) +Co(y) 7+ 30700 w3} (V= (1, 5 ym))
and by similar calculation as in the proof of Proposition 5.3.

Let 79 be an arbitrary point in Ap and ¢y the positive number defined
by % times the distance from 79 to the boundary of Ap. Then the set
Ae (10) = {7 € Ap;|T — 10| < €} is contained in Ap.

LEMMA 7.9. Ifp € C(R"™) has at most polynomial growth, then there
exist a point (Tx, px) in I's (which depends on 19) and a positive number C
such that

/ e2s(T|”)~p&dv < Cé*(T*, Px; S)
n E.(v; p; 5)
Jor (7-7 P) € Aeo (7—0) X [O,p*].

PROOF. The set S = {v;|v| =1} can be divided into finitely many sets
{U;} as follows. For each j, there exist a point 79 in A p and a positive
small number € such that (7|0) +€ < (7:,5])|17) for all 7 € A, (70) and © € Uj.
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j)
Then there exists a positive constant C; such that e2*("")p(v) < CjeQS(T*(J [v)
for s > 1,v € Aj := {t0;t > 0,0 € U;}. Let p, be a positive number such
that (T&),p*) € I's for all j. From these facts, if 7 € A (79), then

/ gﬂﬂ@ﬂdv < Cj/ gdﬂ”l@;dv
(7.15) A E*(v{; p; 8) A, Ey(v; p; s)
< Cj/ 2Py C;G (7 pys).
Re E.(v; ps; 5)
Here we set 7, = Tﬁ 7) such that G (Tij ), p«; ) takes the largest value for all
j. Then the inequality in the lemma can be obtained by summing (7.15)

over j. [

LEMMA 7.10. For any a € Zﬁ and k € Z4, there exists a positive
number Cq 1 such that if (1,p) € Aey(10) X [0, ps] and s > 1, then

o ok -

%WG@? p;s;c1,dy)| < Coz,ksla‘-i_ké*(T*v P> 8)-

ProOOF. By Leibniz rule, we have

ok Xey (U, p) ) o7 < 1 >
dpk ( E(v;p;s;dy) Z JXCl %) op E(v; ps s;dy)
where Xg>(v,p) = %Xq(v,p) and a; are natural numbers. Since

|X§{>(U,p)| (0 < j < k) are bounded, Lemma 7.7 implies

7 (et |5 (e pma |
‘30 < (v p; 5; d1) ZMJHXQ 02 1007 \E(v; p; ;1)

< osku<1+rm>k~;.
E(v;p;s;dy)

From the above inequality and the definition of E,, if (7, p) is in I's, then
8_aa_k <625(7-v) X (v, p) ) < Osloltk2s(rv) _ Pak(v)
ore dp* E(vipysidi)/ E(v; p;s;d)

< Oslal+k2s(rlv)_ Pa,k(V)
Eu(vip;s)
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From Lemma 7.9, if (7,p) € A (70) % [0, p«], then the inequality in the
lemma can be obtained. [J

REMARK 7.11.  From the above argument, p, (v) (v = 6;(?)) can be
estimated as follows:

I aj(l-5i
Par(v) < Cu 2 777 73 for u > 1.

Last let us see the specific value of the limit of the derivatives of G. For
a €7, k € Zy, define the integrals:

(7.16) Gor(T;s) :/ (V) B, (v; s) Hv% dv,

Egj v; S) 1

Eo(vis) | Eo(v;s)’

=2 a1l

B |Bl=k

where Ej(v;s) are as in Lemma 7.8 and the above summation and the
constants are the same as in (7.14).

LEMMA 7.12. Foranya €Z}, k€ Zy,s>1, 1€ Ap,

o~ ok

li —G d DF(28)*HEG, (70 9).
(r, )H?TO 0) aToc 8/) (T p; 556G, ) ( ) ( S) ,k‘(TOaS)

Proor. From Lemmas 7.9 and 7.10, Lebesgue’s convergence theorem
implies the equation in the lemma. [

7.2.5 Smoothness of Ki(T,p)
Last we show that all partial derivatives of K;(7, p) admit a continuous
extension to the set Ap x {0}.
For o € Z, k € Z, define

(7.17) f(ak(f):/ 25 Gio (s )5 AR g
1

)
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ProposSITION 7.13. Ki(7,p;c1,d1) can be extended to be C*°-smooth
in (1, p) on the set UsU(Ap x{0}). More precisely, for any o € 27}, k € Z,
0 € Ap,
o~ oF -~

lim I(Ta P Cl7d1) = KaJC(TO)'

Z K
(rp)—(70,0) OT Opk

PROOF. Let €, 7, p« be as in Lemma 7.8. Suppose (7, p) € A, (70) X
[0, p«]. Then, Lemma 7.10 implies

00 le’ ko
/ 6—25 a a
1

e +1
%a—ka(T,P,S,Cl,dl) s"ds
w ~
< Ca,k/ 6_28G*(7—*7p*;3)5n+|a|+k+1ds
1

= a,k‘ll|oz|+k(7—*7p*) < 0.

Therefore we have

o9 ok o0 _og o* ok - n+1
%a—pkKl(T’P;Cl,dl)z/l € (ﬁa—ka(T’P;S;Cl,dl))S ds.

Moreover, Lebesgue’s convergence theorem implies the continuity of the

above function on A, (79) X [0, p«]. The limit in the lemma can be given by
using Lemma 7.12. [

7.3. Analysis of Ky(T,p)
The following proposition shows precise situation of the singularities of
K2 (7—7 p) .

PROPOSITION 7.14. There exist C*®-functions ®o(7, p) and ®o(7, p) on
the set Ug such that

Ky(7, p) = @(7, p) + Po(7, p)p> "2 log p.

PROOF. A simple computation implies that

1
KQ(T,p):/ e~ BG(65(1); ps~ /M) s ds
p

2m

1
:2m/ 6_2“2mG(6u2m(7);pu_l)u2m(”+2)_1du.
p
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Since G(X;¢) is C*-smooth in X on R™ and the above integral interval is
finite, it is easy to see the differentiability with respect to 7. Thus, to obtain
the proposition, it suffices to show the following lemma. [

LEMMA 7.15. Let f(u,§) be a C*®-function on [0,1) x [0,1) and k €
Zy. Then there exist C*°-functions ¢ and v on [0,1) so that

N /1 flu,ru™Yu " du = o(r) + ¢ (r)r*logr.

ProoF. Taylor’s formula implies that for any N € Z,,

Kk+N

Zﬁ ()€ + Ry (u, €)EFHNHL,

where f; € C*([0,1)) and Ryy1(u,§) € C°([0,1) x [0,1)). Substituting
the above equation into the integral in the lemma,

k+N 1
r)= Z F;(r)r’ + T”+N+1/ Ry1(u, ru™Hu N2 du,

r

where F};( f fi(w)u""I7 du. Here it is easy to see that if 0 < j < k—1,
then F; € COO([ 1)) and if K <j <K+ N, then Fj(r)ri = cj_rilogr +
@i (r) Where ¢ are C*°-functions on [0, 1) and

1 o1 Prti
J(k + )1 Oul Ogri

1
(T18) o= £A0) =

fu, §)

(u,€)=(0,0)
On the other hand, it is easy to check that the integral

1 1
Ryya(r) = NH/ Ry 11(u, Tu_l)U_N_QdUZ/ Ryi1(ro~ ! v)oNdo
T T

is a C'N-function on [0,1). From these facts, we have

k—1 N Kk+N

(7.19) F(r)= ZFj(T)rj +rf Zc]rj logr + Ryy1(r) p + Z o;(r

7=0 7=0
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Now let us take a C'*°-function ¢ on (0, 1) whose asymptotic expansion as
r—0is o(r) ~ 372, ¢;r7. Then there is a C®-function Ry on [0, 1) such
that ¢(r) — Z?{:O ¢jr? = Ryy1(r)rVFL. From (7.19), we have

F(r) = p(r)r*logr + éNJrl(?“)?“NJrl log” + Ry y1(r) + C®-functions.

Here since Ry 41 (r)rN T logr+ Ryy1(r) is CN-function on [0,1) and N was
any nonnegative integer, the lemma can be shown. [

REMARK 7.16. From the above argument, the asymptotic expansion
of ®5(7, p) can be obtained as follows:

2m(v+2)—-1 _
Bo(rip) = Y Kox(r)p" +R(r,p)p™" ),

where

i 2
Kl (2m)nH

- 1
(7.20) Kop(r) = / €25l (7 8) 5L
0

and é(r, p) is C*°-smooth on the set Us.

7.4. Asymptotic expansion
From the analysis of K1 and K in Sections 7.2 and 7.3, we can obtain

®(r,p)

Am(v12) +&(7, p)log p + (7, p),

K(y) =
near zg, where ®(7, p) € C®(UsU(Apx{0})) and &(r, p), &)(T, p) € C°(Us),
with some 6 > 0. More precisely, let us see the asymptotic expansion of the
functions ®(7, p), ®(7, p) with respect to p. We define

ak
Gr(X) = =7G(X;8)| = [ e?EME(v)dv,
oF 1

Eg] 1
=2 1 By | o

Fr(v) = s =——
Ok E(v:€) £=0 3 |Bl=k
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where Ej(v) = Eg(v;1) (see Lemma 7.8) and the summation and the con-
stants are the same as in (7.14).

PropoOSITION 7.17. (i) ®(7,p) admits the asymptotic expansion: for
any N € Z,

Z% 7)p" + Ry (7, p)p" T,

where Ry (T, p) is continuous on the set T's. More precisely, each coefficient
O (1) is a C®-function on Ap having the form:

1 2 o0 ~
(7.21) Pp(1) = 5(277)4”“/ e P Go(ris)s" T ds
: 0
1 2 o 1o
(7.22) = EW ; e “Gr(bs(7))s 2md3

for 1 < k < 2m(v + 2) — 1 where éo,k is as in (7.16). In particular,
Oo(7) = @(7) as in (5.3) in Section 5.
(il)  ®(,p) admits the asymptotic expansion: for any N € Z,

Z‘Pk 7)p" + Ry (7, p)p™

where Ry (T, p) is continuous on the set Us and each coefficient ®y(7) is a
C*®-function on Ap having the form

(7'23) ék(T) - Ckw (e_QuszZm(V+2)+k(6u2m (T))>

u=0

where Cy, is a nonzero constant (see (7.24) below).

ProOF. (i) From the computation of K and K», the coefficient of p*
is Ko (1) + Ko(7) for 1 <k < 2m(v +2) — 1. From (7.17), (7.20), we get
the form (7.21) of ®4(7). By changing the integral variables (w; «» s/2™siw;
(j=1,...,n)), we can get another expression (7.22).

(ii) In order to obtain Proposition 7.14 from Lemma 7.15, it is sufficient
to compare Ks(7, p) with F(r). In fact, if we put

2 . 2m _2u2m
(27T)n+1 €

fu,§) = G (by2m (7); €)
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and k = 2m(v + 2), then the equation (7.23) is obtained from (7.18), where

-1 1 2-2m
.24 = — .
(7.24) Ok = T @m =2 + k)l @2r)]

The other parts of the proposition can be directly shown from the analysis
in the previous subsections. [

In the above asymptotic expansion, it is very difficult to compute the
coefficients in clear form. In order to see the essential quantities, we restrict
the Bergman kernel to the vertical line. Then the coefficients of the singular
part can be expressed by using G;(0) (j € Z1). Let r = yp41.

COROLLARY 7.18. If K(y) = K(Y,ynt+1) is restricted to the set
{y;9' = 0}, then

K(0,r) = w(r) + \i/('r’) log r,

TV+2
where

2m(v+2)—1

V()= Y GO o),

7=0

R N

¥(r) = Z & Gam(urak) (0)r* + O(rN ),
k=0

where N is any natural number and cj, ¢ are nonzero constants depending
only on 3,k and (my,... ,my).

In the strongly pseudoconvex case, there are many studies about the
computation of coefficients by using boundary invariants. The following
question is analogous to the studies [3],[16],[18],[28],[26] about so-called ”
Ramadanov Conjecture” : Let €2 be a bounded strongly pseudoconvex do-
main of C™. Assume that the logarithmic term does not appear in the
asymptotic expansion of the Bergman kernel, then 2 is biholomorphic equiv-
alent to the unit ball of C".

QUESTION 7.19. Let Q be a tube domain and zp a boundary point
as in Section 2. Assume that the logarithmic term does not appear in
the asymptotic expansion of the Bergman kernel of £ at zy, then does the
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boundary of 2 contact with the boundary of its model domain (as in Section
5) at zp infinitely 7

In order to give an affirmative answer to the above question, it is enough
to show the following: If G,k (0) = 0 for k > v + 2, then R(y’) ~ 0 in the
sense of the Taylor expansion at 0, where R is as in Lemma 2.1. But it is
not easy to compute the value of Gj(0) clearly and at present we cannot
answer the above question.

REMARK 7.20. In this paper, we do not discuss about the singularities
of the coefficients ®; at 9A p. Generally, it is difficult to compute asymptotic
expansions of ®; at A p. But, in the two-dimensional case, the coefficients
;. can be expressed in the following interesting form (see [22]). In this case,

Ap=(-1,1),m=m (>2), 7 =7 =y/yy *" and

ok (7)
Py(r) = = 7257k + k(1) log(1 — 72),
where @, ¢y, are C*°-functions on [—1, 1]. Note that ¢o(7) > 0 and (1) =
0 if k£ is odd. This singularity can be considered to be of strongly pseudo-
convex type (1.1). In the general dimensional case, the singularities of the
coefficients are more complicated.

8. The Szego Kernel

Let © be a domain with C*°-smooth boundary in C"*! and do a surface
element on 0. Let H2(0Q,do) be the closed subspace of L?(0Q,do) =
{f: o0 |f|*do < oo} consisting of those functions that extend holomorphi-
cally to Q. Let {¢;(2)} is a complete orthonormal basis of H?(d,do).
Here each ¢; can be considered as a holomorphic function on §2. The Szego
kernel of €2 (on the diagonal) is defined by

S() = 3 i

The sum is uniformly convergent on any compact set in §2.

In the case of the Szego kernel, the strongly pseudoconvex case is also
well understood. Boutet de Monvel and Sjéstrand [5] obtained the asymp-
totic expansion of the Szegd kernel:

S(z) = @(2)r(2) " 4+ 4(2) log (=),
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where —r(2) is a defining function of 2 and ¢, 1 are C°°-functions on Q and
&(z) > 0 on the boundary.

Let us consider the Szegd kernel for a tube domain Q = R™*! + w in
C"*!. In the case of tube domains, the surface element do on 9 can be
expressed by do = dx A dp, where do = dxy A -+ Ndxpt (25 = x5 + 1y;)
and dp is a surface element on dw. For a tube domain €2, the Szegd kernel
also has an integral representation (see [31] and compare with (4.1)).

_ 1 —2(ylu) L
SC) = Gt [ g

where

f = [ )

and A* = {u € R""; @(u) < oo}

Now we give the assumptions on Q@ = R™" + 4w and z5 € 09 as in
Section 2.1, i.e., w is a convex domain with C"*°-smooth boundary and zg
is a point of finite type. We introduce a coordinate into the space R"+!
containing the base as in Section 2.2. From the definition, the Szegd kernel
depends on the surface element on the boundary. In this paper, we introduce
the following surface element dp on Ow. For unbounded base w, we take
dy = dwy A - -+ A\ dwy,. For bounded base w, a surface element du satisfies
that faw gdu > 0 for g > 0 and takes the form:

n+1
dp = Zaj(w)dwl Ao ANdwj A - N dwpgr,
j=1

(d/w\j indicates that dw; is removed) where o; € C*°(@) satisfy a;(w) =0
(1 <j <n)and ape1(w) = 1 on some neighborhood of the origin. The
symbols 7, p, v,m,Us, Ap,I's are the same as in Theorem 2.2.

THEOREM 8.1. The Szegd kernel S(z) of a tube domain Q = R +iw
has the form near zy € 08

~ 9%(r,p)

S(z) = p2m(v+1)

+®5(r, p) log p,

where ®(1, p), <i>5(7', p) are C®-functions on the set Us, with some small
positive number 6, satisfying the following properties.
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(i) ®5(7,p) can be extended to be a C™-function on Us U (Ap x {0}).
More precisely, ®°(t, p) admits the following asymptotic expansion with re-
spect to p: for any N € N,

N
~S
5(7,p) =Y BF(T)p" + R (. p)pN T + @ (1, p)p? 2,
k=0

where each coefficients ®3 (1) are C®-functions on Ap, R3(T,p) is contin-

=S _
uous on I's and ® (7,p) is a C*>-function on Us. In particular, the first
coefficient ®5 (1) can be written as

o5 (r) = # /0 26 (6,(r))s ds,

where G(85(7)) is as in Section 5. Moreover, ®F () is positive on Ap and
is unbounded as T approaches the boundary of Ap.
(ii) ®5(r,p) can be extended to be a C*-function on Us.

Proor. By a similar argument in Section 6, an analogous localization
lemma can be obtained in the case of the Szeg6 kernel. Therefore it suffices
to consider a tube domain as in the Section 7.1. For this tube domain, the
Szego kernel can be written as

1

o0
—2 s /. n
—"H/o e YIS (y's 5)s"ds,

S(z) = o)

where F' is as in (4.2) by changing the integral variables as in the case
of the Bergman kernel. Since there is no essential difference between the
above integral and (4.2) in the case of the Bergman kernel, we can show the
theorem by the same computation. []

REMARK 8.2. From the above proof, we see that the coefficients of
the asymptotic expansion of the Szegd kernel (with respect to the above
surface element) are very similar to those in the case of the Bergman kernel.
Actually, the Question 7.19 is equivalent to an analogous question in the
case of Szego kernel.
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