COMPACTIFICATION OF THE HOMEOMORPHISM GROUP
OF A GRAPH

ATSUSHI YAMASHITA

ABSTRACT. Let T’ be a countable locally finite graph and let H(T') and
H(T') denote the homeomorphism group of " with the compact-open topol-
ogy and its identity component. These groups can be embedded into the
space Cld(T' x T') of all closed sets of I' x T with the Fell topology, which
is compact. Taking closure, we have natural compactifications Hg(I') and
‘H4 r(T). In this paper, we completely determine the topological type of
the pair (H4 r(T), H4(I)) and give a necessary and sufficient condition for
this pair to be a (@, s)-manifold. The pair (Hg(T'), H(T)) is also considered
for simple examples and we find that the case where I' is a circle yields an
interesting result. In this investigation we point out a certain inaccuracy
in Sakai-Uehara’s preceding results on (Hp(T), Hp(I')) for finite graphs I'.
Moreover, we show that these pairs cannot be (Q, s)-manifolds if T" is re-
placed by a manifold of dimension = 2.

1. INTRODUCTION

Let X be a locally compact, locally connected separable metrizable space.
Then it is well known that the homeomorphism group H(X) of X is a topologi-
cal group with respect to the compact-open topology. The identity component
H,(X) of H(X) is a closed normal subgroup of H(X).! Investigating topolog-
ical properties of H(X) and H(X) is a difficult problem in general. Even for
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'In the literature, the symbol Ho(X) is often used to denote our H, (X). Our notation
is set up so that it is compatible with the one in Banakh-Mine-Sakai [3], where the symbol
Ho(X) is used to denote the identity component of H(X) with respect to a stronger topology
called the Whitney topology, and H, (X) to denote the one with respect to the compact-open
topology.
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2 A. YAMASHITA

a compact n-manifold M of dimension > 2, we do not know whether H(M)
is an ANR. This is a classical problem known as the Homeomorphism Group
Problem (cf. Problems 633 and 958 in [15]).

Every element of H(X) can be identified with its graph, which is a closed
subset of X x X. Consider the hyperspace Cldn(X x X) of all closed sets
including the empty set with the Fell topology (the definition is given in §2.1),
which is compact metrizable and coincides with the Vietoris topology if X is
compact. Then the inclusion H(X) — Cldy(X x X) is an embedding (§2.1).
Given a subgroup H of H(X), we have a compactification Hy of H by taking
the closure in Cldj (X x X). In the case H = H(X) and H = H,(X), we write
Hp(X) and H, p(X) to denote Hp, respectively.

Hereafter we mainly consider the case where X is a graph, that is, a space
triangulated as a simplicial complex of dimension < 1 with the CW topology.
A graph is called finite, locally finite or countable if it can be triangulated by
a simplicial complex which is finite, locally finite or countable, respectively.
We denote by @ = [—1,1]" the Hilbert cube and by s its pseudo-interior, that
is, s = (—1, 1)N. For a finite graph I, it is known that the homeomorphism
group H(I') is an s-manifold (Anderson [2], see also [6, p.203]). More generally,
Banakh-Mine-Sakai [3] has shown that this result is valid for countable locally
finite graphs. A similar result is also known for 2-manifolds. Yagasaki [21] has
shown that if M is a (separable) 2-manifold, the identity component H (M)
of H(M) is an s-manifold.

Sakai and Uehara [17] has shown that if T is the unit closed interval I = [0, 1],

then the pair (Hg(I),H(I)) is homeomorphic to (Q,s). Notice that in this
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case Hp(I) can also be considered as the closure with respect to the Vietoris
topology, since I is compact. In this paper, we aim to generalize the results in
[17] to locally finite countable graphs. These graphs are precisely the separable
metrizable graphs and are, in addition, locally compact.

For a graph I', we define I'® to be the set of points which have no open
neighborhood homeomorphic to R.? By T we mean the unit circle {z € C; |z| =

1}. A bouquet is defined to be a finite graph obtained as a quotient space

{(1,0)yU(T x {1,...,m})/{1} x {0,1,...,m}

for some non-negative integer m. Notice that our definition of a bouquet
includes the one-point space % and the circle T.

We define cardinals or, sr, and I as follows:

or = {I" € my(T) ; TV = T},
sr = {T" € m(T') ; T is homeomorphic to neither R nor a bouquet}|,

Ip =|{I" € mo(T); T' = RY| + [{E € mo(D\T'Y); (C1E,BAE) ~ (T, 1)}|.

where ~ means “homeomorphic to”, my denotes the set of path components,
and Cl, Bd stand for closure, boundary in I', respectively. Notice that each
of these cardinals does not exceed ¥, if I' is a countable graph. We simply
write 1 and —1 to denote the points (1,0,0,...) and (—1,0,0,...) in @ \ s,
respectively. We will consider the space @)/{£1} obtained by identifying 1 and
—1 in ). We can naturally regard s as a subspace of QQ/{£1}.

The next result completely determines the topological type of the compati-

fication of the identity component H (T').

2A point of T is called a topological vertez of T in §4.
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Theorem 1.1. Let I' be a countable locally finite graph. Then we have the

following homeomorphism:

(Hy (), M (1)) & (QF 0% x Q{1 7o) x 7o

Corollary 1.2. Let I' be a countable locally finite graph. Then we have:

(1) (Hyr(T),Hy (1)) is a (Q, s)-manifold if and only if sp+or = 1, or < Vg
and lp = 0.

(2) H,y #(T) is a Q-manifold if and only if sy +or = 1 and Ir + or < Ny.?
We will prove Theorem 1.1 and Corollary 1.2 in §4.

Remark 1.3. In Sakai-Uehara [17], the pair (Hz(I'), H(T')) is studied for a
finite graph I'. They claimed that (Hp(T), H(T')) is always a (Q, s)-manifold,
but this pair seems to be a far more complicated object in general. In fact, this
result is not correct even for I' = T; it follows from Theorem 3.18 that Hp(T)
is not a ()-manifold.

The result stated in [17] is certainly valid for I' = I (Proposition 3.6 (1)).
However, the argument in [17] contains an essential gap when deducing re-
sults for an arbitrary finite graph using their result for I' = I. As noted in
Anderson’s manuscript [2], it is easy to construct a compact polyhedron K
and a homeomorphism H(I') ~ H(I) x K for each finite graph I'. Sakai-
Uehara claimed to be able to extend this homeomorphism to (Hg(T), H(I')) ~

(Hy p(I) x K, H,(I) x K), which is not always possible.

3For a metrizable space M and its subspace X C M, the pair (M, X) (resp. the space
M) is called a (Q, s)-manifold (resp. Q-manifold) if for each p € M there exists an open
neighborhood U of p such that the pair (U,U N X) (resp. U) is homeomorphic to (V,V N s)
(resp. V') for some open set V in Q.
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It should be noticed that we can show (H, p(T), H(T)) ~ (Hir(I) x

T,H.(I) x T) (Proposition 3.13), even though a natural homeomorphism

Hi(T) =~ Hy(I) x T cannot be extended to give this homeomorphism (see
Lemma 3.11).

In Theorem 1.1, we have many situations where (H, #(T"), H, (")) is a (Q, s)-
manifold. However, if we replace I' by a manifold M of dimension = 2, this

never happens. That is,

Theorem 1.4. Let M be a topological manifold and assume that dim M = 2.

Then the pair (Hy p(M), H(M)) is not a (Q, s)-manifold.

Theorem 1.4 will be proved in §5 in a generalized form (Theorem 5.1).

In the case where I' = [0, 1], (0,1) or T, we can determine the compactifi-
cation Hp(I') of the whole homeomorphism group H(T'), not restricted to the
identity component. These results will be presented in §3 (Propositions 3.6 (2),
3.9, Theorem 3.18). Here we single out the result for I' = T. Let D? be the

unit closed disk D? = {z € C; |z| £ 1} which has T as the boundary circle.

Theorem 3.18. Let Q' = Q xD? Ty = ({0} xT)xT C Q' xT and s =
s x (D*\ T). Then there exists a homeomorphism

(Hp(T),H(T)) = (Q' x TUy Q' x T,s' x TUs xT),

where H: Ty — Ty is the homeomorphism given by H(0,u,v) = (0,u,u v™1).

The compactification of the group H(T,1) = {h € H(T); h(1) = 1} is also

determined, and will be presented in Proposition 3.10 (2).
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2. PRELIMINARIES

Hereafter all (topological) spaces are assumed to be separable and metrizable.
In particular, graphs are assumed to be countable and locally finite. By [
we understand the unit closed interval [0, 1] and by N we understand the set
of positive integers. Let X be a space and A be a subset. The symbols
ClyA = ClA, Intx A = Int A and Bdx A = Bd A denote the closure, the
interior and the boundary of A in X, respectively (As an exception, Int N will
denote the interior of N as a manifold in §5). All function spaces are assumed

to carry the compact-open topology.

2.1. Definition and basic properties of Fell topology. Let Y be a space
and by Cld(Y") denote the set of all nonempty closed sets of Y and let Cld*(Y) =
Cld(Y) U {0} denote the set of all closed sets of Y. For a compact space Y,
there is a well known topology on Cld*(Y'), namely the Vietoris topology. With
this topology, Cld*(Y") is also a compact space and () is an isolated point. For
this reason, it is customary to consider the space Cld(Y") of nonempty closed
sets when Y is compact. If Y is non-compact, the Vietoris topology is no

longer metrizable (for example, see Illanes-Nadler [12, Theorem 2.4]). This
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gives an enough reason to consider another topology on Cld*(Y") or Cld(Y") for
non-compact Y.

For S C Y, let ST and S~ defined by
St={AeCld*(Y); AcC S},
ST={AeCld"(Y); AnS # 0}.
The Fell topology on Cld*(Y') is the topology generated by the family
{U”;Uisopenin Y}U{(Y \ K)"; K is a compact subset of Y}.

It is clear from the definition that this topology coincides with the Vietoris
topology if Y is compact. The space Cld*(Y) equipped with the Fell topology
is denoted by Cld(Y). An important property of the Fell topology is that if
Y is locally compact, then Cldn(Y') is compact (see Beer [5, Theorem 5.1.5]).
Moreover, () is not isolated in Cld}(Y") unless Y is compact.

It is well known that if X is a locally compact locally connected space, then
the homeomorphism group H(X) equipped with the compact-open topology
is a topological group. As is explained in §1, every element h € H(X) can be
thought of as an element of Cld(X x X)) by identifying A with its graph. Let

pry, pry: X X X — X denote the projections to the first and the second factor.

Lemma 2.1. Let X be a locally compact, locally connected space. Then the

inclusion i: H(X) < Cldp(X x X) is an embedding.

Proof. Fix an admissible metric d on X. First we show that ¢ is continuous.
Take h € H(X), an open set U C X x X and a compact set K C X x X
such that i(h) € U~ N ((X x X) \ K)*. We shall find neighborhood U of h

such that g € Y implies i(g) € U~ N ((X x X)\ K)*. Fix a point p € X such
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that (p,h(p)) € U and let L = pry(K) U {p} C X. By the compactness of
K and the continuity of h, we may choose € > 0 small enough so that every
g € H(X) with d(g|r, h|1) < e satisfies i(g) N K = () and (p, g(p)) € U. Since L
is compact, the set U = {g € H(X); d(g|r, f|z) < €} is a neighborhood of A in
H(X) with respect to the compact-open topology with the required property.
This proves the continuity of i.

Next we show that i~': ¢(H (X)) — H(X) is continuous. Take h € H(X), a
compact set L C X and an open set V' C X with h(L) C V. We shall find a
neighborhood U of i(h) in Cldx(X x X) such that if i(g) € U then g(L) C V.
Since X is locally compact and locally connected, we may find a compact set
L’ containing L having only finitely many connected components such that
Rh(L') ¢ V. Thus it is enough to consider the case where L is connected.
Further, we may assume that C1V is compact and that L contains a nonempty

open set U. Consider the neighborhood
V=UxV) Nn({(XxX)\(LxBdV))*

of i(h) in Cldp(X x X). Then i(g) € V implies g(L) C V because of the

connectedness of L. O

The following lemmas are easy to prove and are stated without proofs.

Lemma 2.2. Let X be a space and let (Xy)xea be a locally finite family of
closed sets in X. Then the map X: [] ., Cldn(X)) — Cldr(X) defined by
L((Ax)aen) = Unen Ar (Ax € CldR (X)), A € A) is continuous. O
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Lemma 2.3. Let X be a space and U C X be an open set. Then the map
ry: Cldp(X) — Cldp(U) defined by riy(A) = ANU (A € Cldp(X)) is contin-

UOUS. O

A perfect map is a closed, continuous map with compact fibers. A perfect
map f: X — Y is always proper, that is, f~!(K) is compact for every compact

subset K of Y ([10, Theorem 3.7.2]).

Lemma 2.4. Let f: X — Y be a perfect map. Then the map f.: Cldp(X) —
Cld%(Y) defined by f.(A) = f(A) (A € Cldi(X)) is continuous. O

2.2. Cap-sets in (-manifolds and compact sets in pseudo-boundary.
The subset @\ s of @ is called the pseudo-boundary of (). To prove most results
in this paper, we have to move various kinds of compact sets in the pseudo-
boundary @\ s (or in (@ \ s) x T) to the “right” place by a homeomorphism of
Q@ (or @ x T) that preserves s (or s x T). This is made possible by the theory
of cap-sets in ()-manifolds, which we will quickly review. Basic references are
Chapman’s paper [7] and van Mill’s monographs [13, 14].

A closed subset A of a metric space (M, d) is called a Z-set if every continuous
map f: @ — M and ¢ > 0, there is a continuous map ¢g: Q — M \ A with
d(g, f) < e. Then every closed subset of a Z-set is a Z-set, and the union of two
Z-sets is again a Z-set. A Z,-set is a countable union of Z-sets. An important
property of Z-sets in Q-manifolds is the following (see van Mill [13, Theorem
7.4.9]):

Theorem 2.5 (Z-set unknotting theorem). Let M be a compact Q-manifold

and let A;B C M be Z-sets. Suppose that there exists a homeomorphism
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h: A — B which is homotopic to idy in M. Then, h can be extended to a

homeomorphism h: M — M. O

A subset X of a metric space (M, d) is called a cap-set (abbreviation for set
with compact absorbing property) if it is (a Z,-set and) expressed as the union
of increasing sequence (X;)°, of Z-sets of M with the following property:
“for each compact Z-set K C M, e > 0 and ¢ € N, there exist j € N and
an embedding h: K — X; such that h|xnx, = id and d(h,idg) < €”. The
importance of cap-sets consists in the following property, which states that, in

particular, a cap-set is placed in a ()-manifold in a topologically unique way:

Theorem 2.6. Let M be a Q-manifold, X, Y C M be cap-sets, and B be a
closed subset of M such that BN X = BNY. Then there exists a homeomor-

phism h: M — M such that h(X) =Y and h|g = id. O

Theorem 2.6 can easily be derived from Chapman [7, Theorem 6.2, Lemma
5.4].

The pseudo-boundary @\ s is a cap-set in ) (van Mill [14, Corollary 5.4.8]).
It is known that for every locally compact ANR K, the product @) x K is a
@-manifold (Chapman [8, Theorem 44.1]).* The subset (Q\ s) x K is a cap-set
in the @-manifold @ x K (Chapman [7, proof of Lemma 5.6]).

Using the above two theorems, we deduce the following:

Proposition 2.7. Let A and B be compact subsets of Q \ s and let h: A — B
be a homeomorphism. Then there exists a homeomorphism h: (Q,s) — (Q, s)

such that h|a = h.

4We need only the case where K is compact. In van Mill’s monograph [13, Theorem 7.8.1],
a proof of this special case is presented.
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Proof. First notice that both of A and B are Z-sets in (). Therefore by Theorem
2.5, there exists a homeomorphism 7': Q — @ such that l~1’|A = h. Then,
% (Q\ s) and @\ s are two cap-sets in ), which contain a Z-set B in common.
Thus, by Theorem 2.6, there exists a homeomorphism 2”: Q — Q such that
B o ﬁ’(Q\s) =@\ s and l~z”|B = id. Then, h = h" ok : Q — Q is the required

homeomorphism. O

3. COMPACTIFICATIONS OF THE HOMEOMORPHISM GROUP OF INTERVALS

AND CIRCLES

Let " be a graph. To prove Theorem 1.1 announced in §1, we first aim
to determine the topological type of the compactification of H (') when the
graph I' is an interval or a circle. We devide this step into three cases. The
first (§3.1) is the case where I' = I or I' = [0, 1). The second (§3.2) is the case
where I is the open interval (0, 1) or “I' is the pair (T, 1)” (that is, we consider
H(T,1) ={h € H(T); h(1) = 1} and its identity component). The third (§3.3)
is the case where I' = T, which seems to be harder than the others. When
studying these cases, we treat not only the compactification of the identity
component H, (I") but also of the whole group H(I"), since it does not require
too much additional work.

For a graph I', a subset of I' x I' is frequently regarded as a set-valued
function; that is, if A C I' x I' and « € I, by A(x) we mean the subset
{y eT; (x,y) € A} of T.
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3.1. Compactifications of the homeomorphism groups of a closed in-
terval and a half-open interval. We first consider the compactifications
Hp(T) and H (T) in the case where I' = I or [0, 1).

To begin with, we recall the following characterization of the elements of
H . (I) among the closed sets of I?, which is obtained in the remark after the

proof of Lemma 3 in Sakai-Uehara [17].

Lemma 3.1. A closed set A C I? belongs to H, (1) if and only if the following
conditions are satisfied:
(1) (0,0) € A,(1,1) € A,
(2) For all x € I, the set A(x) is either a singleton or a closed interval,
(3) max A(z1) < min A(xq) if 21 < 2.

O

Remark 3.2. Notice that, if A € Hy p(I) then A™t = {(z,y) € I?; (y,2) €
A} belongs to H, r(I), although the conditions in Lemma 3.1 are apparently

not symmetric with respect to exchange of the coordinates.

The next lemma, which can easily be derived from Lemma 3.1, is an analogue

of the “intermediate value theorem” for elements of H, ().

Lemma 3.3. Assume A € Hy p(I), (x,y), (2, y) € A, x S 2’ andy S yo S v/

Then there ezists xy € [z, x] such that (xg,yy) € A. O

The next lemma, which means the “continuity” of the elements of H, (1),

is also easily proved and useful.
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Lemma 3.4. Let A € H, p(I), v € I and ¢ > 0. Then there exists § > 0
such that if v — 0 < 2’ < x then A(x') C (min A(z) — &, min A(z)] and if

r <z <x+0 then A(z') C [max A(x), max A(z) + €). O

Recall that the Fell topology on Cld*(I'xI") agrees with the Vietoris topology
if T' is compact, in which case () is an isolated point in Cld,(I" x T'). For any
subset A of I? =1 x I, define R(A) C I? by R(A) = {(z,1 —y); (z,y) € A}.
Then H(I), whose elements are identified with their graph, consists of two
components. These components are H, (1) and R(H (1)), the latter being the
set of all orientation-reversing homeomorphisms of . Similarly, H((0,1)) is
decomposed into two components H, ((0,1)) and R(H,((0,1))). Clearly, R is
an involution (that is, R(R(A)) = A for each A C I?).

Then we observe:

Lemma 3.5. The space Hp (1) is the disjoint union of two components H p(I)

and R(H, #(I)).

Proof. Notice that R is a homeomorphism of Cld}(I?) onto itself. Taking the
closure of both sides of H(I) = H, (I)UR(H (1)), we have Hp(I) = H, p(I)U
R(H r(I)). Suppose there exists an element A € H, p(I)NR(Hy p(I)). Then
by Lemma 3.1 (1), we have (0, 1), (1,0) € A, since A € R(H, r(I)). This means
max A(0) = 1 > 0 = min A(1), which contradicts the fact that A € H, p(I),

by Lemma 3.1 (3). O

Let @ = [—1,1]Y be the Hilbert cube and let s = (—1,1)Y € Q. The next

result is essentially shown in Sakai-Uehara [17]:

Proposition 3.6. We have the following homeomorphisms:



14 A. YAMASHITA
(1) (Hy,p(I), Ho (D)) = (Q. 5),
(2) (He(I),H(I)) = (Q,s) x {0,1}.

Proof. The statement (1) is [17, Theorem 4]. The next statement (2) follows

from (1) and Lemma 3.5. O

For the homeomorphism group of [0, 1), we have the following:
Proposition 3.7. (H4 #([0,1)), H+([0,1))) = (Hp([0,1)), H([0,1))) =~ (Q, s).

Proof. Since H,([0,1)) = H([0,1)), the first equality holds. To show the re-

maining part, by Proposition 3.6 (1), it suffices to show that
(He([0,1)), H([0,1))) = (H,r (1), Hi (1))

We can define a homeomorphism : H, (1) — H([0,1)) by ¥(h) = hlj1).
Then, 1 can be extended to a homeomorphism ¢ : H, (1) — Hp([0,1)). This

can be achieved by simply defining
P(A)=AN[0,1)% AeH, () CCldp(I?).

Indeed, by Lemma 2.3, v: H, (1) — Cld}(]0,1)?) is continuous, and it follows
from this continuity and the compactness of H, »(I) that the image of 1 is
equal to Hp([0,1)). It now remains to show that v is injective. Take any
A,B € H, p(I) such that ¥(A) = ¢(B). Then both A and B have the
properties (1)—(3) in Lemma 3.1. To show A C B, take any (x,y) € A. If
(z,y) € [0,1)%, then (z,y) € B by definition. If (z,y) ¢ [0,1)?, then we have
xr =1ory = 1. It is enough to consider the case x = 1 only, since we can

exchange coordinates if necessary. Put yo = sup pry(1)(A)) = sup pry(¢(B))

(these suprema certainly exist, since (0,0) € ¥(A) N1 (B) by the property (1)
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of A and B). We have (1,yy) € B since B is closed in I?, and we have yy < y
by Lemma 3.1 (3) applied to A. Again by Lemma 3.1 (1) and (2) applied to
B, the set B(1) is connected and (1,1) € B. Thus, we have [yo, 1] C B(1) and
hence (z,y) = (1,y) € B. Consequently, we have A C B. Since B C A can be

proved similarly, we have A = B and thus ® is injective. (l

3.2. Compactifications of the homeomorphism groups of an open in-
terval and a pointed circle. We denote the points (1,0,0,...),(—1,0,0,...)
in @ simply by 1, —1, respectively. The compact space Q/{£1} obtained by
identifying 1 and —1 in @ naturally contains s = (—1,1)Y as a subspace. It

will be convenient to make the following definitions (see Figure 1):

Lo = (I x{0}) U ({1} x 1), Loo = ({0} x ) U(I x {1}),
Loy = ({0} x [0,¢) U (I x {t}) U ({1} x [t,1]) (¢t € I),
Loos = ([0,8] x {0 U {t} x DU ([t,1] x {1}) (t e ).
By Lemma 3.1, all of these sets we have defined are elements of H, r(I).
Note that Log = Lot = Lo and Loy = Loy = Lse.

We have the following result for the compactification of the group H.((0,1))

of orientation-preserving homeomphism of the open interval (0, 1).
Proposition 3.8. (H; ((0,1)), H.+((0,1))) ~ (Q/{£1},s).

Proof. As in the proof of Proposition 3.7, a homeomorphism t: H, () —
H,((0,1)) can be defined by ¥(h) = h|@1). Again, this homeomorphism can

be extended to a continuous surjective map v: Hy p(I) — H. ((0,1)) by
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Lo= Loo= Lo Lo,

0 1 0 ¢ 1
Lo = Loo,O = LO,I Loo,t(O § t é 1

)

FIGURE 1. Definition of Ly, Lo, Loo and Lo ¢

defining 1)(A) = AN (0,1)? for each A € H, #(I). We assert that ¢ is “almost

injective”, that is,

Assertion 1. For A, B € H, (1), the equality ¥(A) = ¥(B) holds if and only
if A= B or {A, B} ={Lo, Lo }.

Proof of Assertion 1. Take any A, B € H p(I) such that ¥(A) = (B)(= C).
Then, by definition, C = AN (0,1)> = BN (0,1)% If C = @, we observe from
Lemma 3.1 that {A, B} C {Lo, Lo}

Next we consider the case C # (). To prove A C B, we take arbitrary
(z,y) € A\ (0,1)% Then, at least one of (i) z = 0, (ii) = 1, (iii) y = 0 and
(iv) y = 1 holds. The cases (i) and (ii) can be treated similarly. The case (iii)
and (iv) can be reduced to (i) and (ii) by exchanging coordinates, respectively.
Thus we have only to consider the case (ii). This case is, however, essentially

considered in the proof of Proposition 3.7. Indeed, since C' # (), we can define
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Yo = suppry(C) and we have (1,y) € B, yo = ¥, [y0,1] C B(1) and hence

(x,y) = (1,y) € B, exactly as in the proof of Proposition 3.7. O

By this assertion and Proposition 3.6 (1) and Proposition 2.7, we have a

required homeomorphism. The proof of Proposition 3.8 is completed. U

To state next proposition, we need a space obtained by gluing two copies of

Q/{£1} in a way described below. We define a disk D, contained in @) by
Dy = [_17 1]2 X {(Oa 0,.. )}

and let Sy be the boundary circle of Dy. Then AL = {(z;)ien € So; £x2 = 0}
are arcs contained in Sy with A, N A_ = {£1} and A, UA_ = Sy. Let
7: Q — Q/{£1} denote the quotient map and let S = 7(Sy). We define
h: Sy — So by

7(x,y,0,0,...) if (x,4,0,0,...) € A,

h(z,y,0,0,...) = '
(5177?4 ) {7]'(—I,y,070,...) lf (I7y70707---)€14,.

Then h is certainly well-defined and induces a homeomorphism h: Sy — Sj.
Consider the adjunction space Q/{£1}U; @Q/{%£1}. This is formally defined
as the quotient space of (Q/{£1}) x {—1,1} by the equivalence relation ~
generated by (z,1) ~ (h(x),—1), v € Sy. Notice that s x {1, —1}, denoted by
s U s, is naturally embedded into @Q/{%1} U;, Q/{£1} as a subspace. Finally,

notice that Q/{£1} Up Q/{£1} can be considered also as the quotient space

of @ x {1,—1}.
Proposition 3.9. We have the following homeomorphism:

(Hr((0,1)),1((0,1))) = (Q/{=£1} Up Q/{£1},s U3s).
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Proof. We can define a homeomorphism +: H(I) — H((0,1)) by ¥»(h) = h|,1).-
This can be extended to a continuous surjective map ¢: Hg(I) — Hz((0,1))

by (A) = AN (0,1)2

Assertion 2. For A, B € Hy(I), the equality 1 (A) = ¥(B) holds if and only

if one of the following holds:

a

(a) A

(b) {A, B} C {Lo, Leo, R(Lo), R(Loo)},

(¢) {A, B} ={Los, R(Lo1-+)} for somet € (0,1),
(d) {A,B} = {Loot, R(Leot)} for somet € (0,1).

Proof of Assertion 2. Clearly any of (a)—(d) implies ¥(A) = ¥(B). To prove
the converse, assume that ¢(A) = (B)(= C) and A # B. We shall show that
at least one of (b)—(d) holds. We distinguish two cases: (i) A and B are in
the same component of Hp(I), and (ii) A and B are in different components
of Hp(I). (i) If A, B € H, r(I), by the argument in the proof of Proposition
3.8, we have {A, B} = {Lo, L }. In particular, (b) holds. Similarly if A, B €
R(H, p(I)), we have {A, B} = {R(Ly), R(Ls)} and thus (b) holds.

(ii) We may assume that A € H, ¢(I) and B € R(H, p(I)). We further
distinguish the case (ii-1) C' = () and the case (ii-2) C' # 0.

(ii-1) If C' = (), then we observe from Lemma 3.1 that A € {Lg, Lo} and
B € {R(Ly), R(Lx)}. Therefore, we obtain (b).

(ii-2) If C' # 0, then AN (0,1)% # (). Therefore, by an application of Lemma
3.1 to A, we see that C' has at least two points. Fix such distinct points

(0,%0), (x1,y1) € C. We further distinguish three subcases.
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(ii-2-1) First we suppose o # x; and yo # y;. Since A € H, p(I) and
B € R(H, p(I)), we can apply Lemma 3.1 (3) to A and R(B) to obtain a
contradiction.

(ii-2-2) Next we suppose o = 7 and yy # y1. If there exists a point
(r,y) € C with x # xy, similarly to the last subcase, Lemma 3.1 (3) for A or
R(B) leads to a contradiction. Thus C' C {xp} x (0,1). Then it is easy to see
that A = R(B) = L 4, using Lemma 3.1, which means (d) by letting ¢ = .

(ii-2-3) We are left with the case xy # x; and yy = y;. This case can be
treated similarly as the last subcase and we have A = Ly, and B = R(Lg 1y, ),

which means (c) by letting t = yq. O

Recall that Lyp1 = Looo = Loo, Loog = Loo = Lo and hence {Lp;;t €
I}U{Luy; t €I} is a simple closed curve in H, (I). By Propositions 3.6 (1)
and 2.7, we have a homeomorphism ¢: (H, »(I),H(I)) — (Q, s) such that

® O({Locy;t € 1}) = Ay,
o o({Los;t€1}) =A,
e ©(Los) = (2,9,0,0,...) if and only if (L) = (—2,v,0,0,...).

Using this homeomorphism, we can define a homeomorphism

¢: (Hr(1), H(I)) — (@, s) x {~1,1}
by B(4) = ((A), 1) for A € H. p(I) and G(A) = (p(R(A)),~1) for A
RO (1))
Let 7': Q@ x {1,—1} — Q/{£1}U; Q/{+1} denote the quotient map. Using
the relation R(Lo¢) = Loi—+ and Assertion 2, it is easy to check that the
above ¢ induces a homeomorphism %: (Hr((0,1)),H((0,1))) — (Q/{%1} U

Q/{+£1},sUs) with o1 = 7’ o ¢, which is the desired. O
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Next we consider the topological group
H(T, 1) = {h € H(T); h(1) = 1}

and its identity component H (T, 1). Their compactifications turn out to be

the same as ones of H.((0,1)) and H((0,1)).

Proposition 3.10. We have the following homeomorphisms:

(1) (ﬁ—hF(r]R 1)7 H—F(T’ 1)) ~ (Q/{i1}7 S)'

(2) (Hp(T, 1), H(T, 1)) ~ (Q/{£1} Uy Q/{£1},ss).
Proof. Consider the homeomorphism

v (H(I), Hy (1)) — (H(T, 1), H4 (T, 1))
defined by
e(h)(q(t)) = q(h(t)), tel0,1],

where ¢(t) = e*. This definition can be written also as ¥(h) = (q x q)(h),
regarding each homeomorphism as its graph. This map 1 can be extended to a
continuous surjective map ¢: Hp(I) — Hp(T, 1) defined by 1 (A) = (gxq)(A).

Indeed, the continuity of 1) comes from Lemma 2.4.

Assertion 3. We have the following:

(i) For A,B € H, p(I), ¥(A) = ¥(B) if and only if A= B or {A, B} =
{Lo, Loo} (cf. the proof of Proposition 3.8).

(ii) For A, B € Hp(I), ¥(A) = (B) if and only if one of the cases (a)-(d)

in the proof of Proposition 3.9 holds.

Proof of Assertion 3. Indeed, the “if” part of (i) and (ii) are directly verified.

To prove the “only if” part of (i), assume that A, B € Hp(I) and 1)(A) = (B).
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Then, by definition, we have A N (0,1)> = BN (0,1)% Therefore, if A, B €
H, (I), by the observation made in the proof of Proposition 3.8, we have
A= Bor{A, B} ={Ly, L}. By the reasoning as in the proof of Proposition

3.9, we can prove the “only if” part of (ii) in a similar way. 0

Using (i) and (ii) in Assertion 3, we can obtain the required homeomorphisms

exactly as in the proof of Propositions 3.8 and 3.9. U

3.3. Compactification of the homeomorphism groups of the circle.
Here we consider the homeomorphism group of the circle T. Let ¢: R — T be
the covering projection ¢(z) = €™ and let w = ¢ x ¢: R? — T?%. For u,v € T,
we define a homeomorphism i, ,,: T? — T? by p,..(2,w) = (uz,vw). There is

a natural homeomorphism ¢: H, (/) x T — H(T) defined by

w(h,u)(q(s)) = uq(h(s)).

An alternative definition of ¢ is

o(h,u) = pu(w@(h)),

where h is identified with its graph. However, a natural extension @: H, »(I) x

T — H, #(T) of ¢ defined by

(A, u) = u(w(A))

is not injective. For example, we have ©(Lg, 1) = P(Ls, 1). More precisely, we

can prove the following fact about the map @:

Lemma 3.11. The map %: Hy p(I) x T — H, ¢(T) defined by p(A,u) =
p1u(w(A)) is continuous and surjective. Moreover, each fiber of @ is either a

singleton or an arc.
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To prove this lemma, we introduce some notation. For A € ﬁ+,F(I ), let
k(A) = max A(0) and I(A) = 1 — min A(1). For A € H, r(I) and ¢ such that
—k(A) £t < 1(A), define Aft] € Hy #(I) by

Alt] = ({0} x [0, k(A) +1]) U ((A\ (0,1} x 1)) +tez) U ({1} x [1 = 1(A) +¢,1]),

where e, denotes the unit vector (0,1) € R

Lemma 3.12. Let (A,u),(B,v) € Hyp(I) x T. Then, p(B,v) = p(A,u) if
and only if there exists t € [—k(A),I(A)] such that B = A[t] and q(t) = v~ 'u.

First we prove Lemma 3.11 assuming Lemma 3.12.

Proof of Lemma 3.11 asuuming Lemma 3.12. Since w|2: I? — T? is a perfect
map, @ is continuous by Lemma 2.4. The surjectivity of  follows from the
compactness of Hy p(I) x T.

By Lemma 3.12, the fiber of @ through (A,u) € Hy p(I) x T is
Fau = {(Alt],ug(=t)); —k(A) =t = 1(A)}.

Notice the following facts, each of which can easily be verified:
o Als] # A[t] whenever s # t,
e The map [~k(A),I(A)] > t — A[t] € Hy p(I) is continuous for each
AeH, p(I).
By these facts, the map [—k(A),l{(A)] >t — (A[t],uq(—t)) € Fa, is a homeo-
morphism. It follows that the fiber F, is a singleton if k(A) = [(A) = 0 and

otherwise an arc. O

We prove the remaining Lemma 3.12.
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Proof of Lemma 3.12. Take any (A, u) and (B, v) satisfying

(#) (A, u) = (B, v).

By Lemma 3.1, there are at most countably many x € I for which A(x) or
B(z) is not a singleton. Therefore, there exists 0 < xy < 1 such that we can
write A(zg) = {ao} and B(zg) = {bo}. We define ty = by — ap. By () and the

definition of P, for each 0 < < 1, we have

(6) v lug(A(z)) = q(B(x)) C T.

Take any 0 < z < 1. Since each of A(z) and B(z) is a singleton or an interval
of length < 1, the equality (f) shows that A(z) and B(x) are intervals of the
same length (where a singleton is regarded as an interval of length zero). Thus,
there exists a unique ¢(z) € R such that B(z) = A(z) + t(x). Letting x = x,
we have t(xg) = to. It remains to show that ¢, € [-k(A),l(A)], B = Alto] and

q(to) = v lu.

Assertion 4. For each 0 < x < 1, we have q(t(z)) = v~ 'u. In particular,

q(to) = v 'u.

Proof of Assertion 4. Let us note that for each arc A C T we can define a pre-
ferred endpoint of A, by choosing the endpoint which coincides with g(sup fl)
for some closed interval A C R such that q| 1 gives a homeomorphism from A
onto A.

Take any 0 < # < 1. If A(z) has the length < 1 (and so is B(z)), both
sides of () are an arc in T, whose preferred endpoint is v~ lug(max A(z)) =
q(max B(x)) = g(max A(z) + t(z)), which in turn means v~'u = ¢(t(x)). If
A(x) has the length = 1, then = # xy, A(z) = B(z) = I, t(z) = 0 and
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A = B = Ly,. Then, we have {v"'u} = v tug(A(zg)) = q(B(xo)) = {1} and

hence v~ tu = 1 = q(t(z)). O

Assertion 4 means that the open interval (0,1) can be expressed as the
disjoint union of I,, = {x € (0,1); t(xz) =ty +n} (n € Z). (We easily see that

I, = 0 at least for |n| > 2, but we do not need this fact).

Assertion 5. For each n € Z, the set I, is open.

Proof of Assertion 5. Take any = € I,, and express A(z) and B(z) as A(x) =
la,a’] and B(x) = [b,b']. Then, b =a+ty+n and ' = da’ 4ty +n. By Lemma

3.4, we can take & > 0 such that, for any 2’ with x — § < 2’ < x we have
(1) A(x') Cla—1/2,a], B(z') C [b—1/2,0],

and for any x’ with x < 2’ < 4+ § we have

(1) A(x') Cld,d +1/2], B(z') C [b',b' +1/2].

Take any z’ with |2/ —x| < d. If 2’ < x, then by (1) and A(z’) = B(z')+t(2'),
we have [t(z') — t(z)] = [t(z') = (b—a)] = 1/2 < 1. As T = U,z Im:
we see that |t(2') — t(x)| must be an integer and hence is 0, which means

t(z') = t(x). If x < 2’, we similarly obtain ¢(2’) = () using (1). Consequently

~

—
S

~

~
I

t(z) =ty + n, in other words 2’ € I,,, for all 2/ with |2’ —z| <§. O

By Assertion 5, the open interval is expressed as the disjoint union of open
sets I, (n € Z). Since (0, 1) is connected and x¢ € Iy, we have I = [y. This

means that

(*) B\({O’l}XI):(A+t0e2)\({071}XI)7
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where e, denotes the unit vector (0,1) € R?. Then, we have (using Lemma
3.4),
k(A) +to = inf pry(AN ((0,1) x 1)) + to
= inf pry(B N ((0,1) x 1))
Z 0,
and hence —k(A) < to. Similarly, we obtain ¢y < I(A) and thus ty € [—k(A),(A)].
Thus we can define Aftg] € Hy (I). By the equality (%) and Lemma 3.1, we

have B = Alto]. This concludes the proof of Lemma 3.12. O
Proposition 3.13. (H, #(T), H,(T)) ~ (Q x T,s x T).

Our method to prove Proposition 3.13 is a modification of the proof of Propo-
sition 3.6 in Sakai-Uehara [17, Theorem 4]0

We shall use the following characterization of cap-sets in a compact Q-
manifold M, which is essentially proved in Chapman [7, Lemma 8.1], where

the statement is restricted to the case M = Q.

Theorem 3.14. Let M be a compact Q-manifold. Fix a compatible metric d
on M. Then a subset X of M is a cap-set in M if and only if X is a Z,-set

in M and satisfies the following condition:

(b) Given compact sets B C A C M with B C X and € > 0,
there exists an embedding h: A — X such that h|g = id and
d(h,id) < e.

Proof. The proof is almost the same as [7, Lemma 8.1]. We have only to make
the following modification: In the last line of the proof of [7, Lemma 8.1], use

“Theorem 6.6” instead of “Lemma 4.2”. O
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A subset Y of a space X is called homotopy dense if there is a homotopy
h: X xI — X such that h(X x(0,1]) C Y. Animportant property of homotopy
dense sets is the following, which can be derived from a characterization of
ANR'’s (Hu [11, Chapter IV, Theorem 6.3, see also Banakh-Radul-Zarichnyi [4,
§1.2, Exercise 16]):

Lemma 3.15. If Y is a homotopy dense subset of X, then Y is an ANR if
and only if X is an ANR. O

Lemma 3.16. H, (T) is homotopy dense in H, p(T).

Proof. We shall define the desired homotopy h: Hy ¢(T)) x I — H, p(T) by

the following diagram:

Hyp(I) xTx 1

/
@xidi \

Hyp(T) x 1 h—>ﬁ+,F<T)

Notice that the vertical arrow in this diagram is a quotient map. We define
m: Hy p(I) — [0,1] by m(A) = max{y — z; (z,y) € A}. It is easy to see that
m 1s continuous.

We define an isotopy (74 )ier of R? by v4(z,y) = (1 —t/3)(z,y) + (t/3)(y, x).
Define h": Hy p(I) x I — Cld%(R?) by h'(A,t) = 7(A — m(A)es) + m(A)es,
where e, denotes the unit vector (0,1) € R Notice that for each ¢ € (0, 1],
the set h”(A,t) is (the graph of) a homeomophism from [—(t/3)m(A),1 —
(t/3)m(A)] onto [(t/3)m(A), 1+(t/3)m(A)] (see Figure 2 and Sakai-Uehara [17,

Lemma 3]).
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RO
: A
m(A) T A
/
0 1

FIGURE 2. Definition of A"
Then we define h': Hy p(I) x T x I — H, (T) by
h' (A u,t) = pyu(ww(h”(A,t))) € Cldip(T x T).

It is easy to see that h/(A,u,0) = B(A,u) € H,(T) and that (A, u,t) €
H(T) for each t € (0, 1]. By using Lemma 3.12, we can check that h’ factors
through H, #(T) x I as in the last diagram. To this end, notice the following
fact: Under the notation in Lemma 3.12, we have m(A[t]) = m(A) +t for each

A€ H,p(I) and t € [—k(A),1(A)].
Then the induced map h: H, p(T) x I — H, p(T) is the desired homotopy.
O

Lemma 3.17. There exists a homotopy f: Hy(T) x I — H, (T) such that

b fO = ldz
e f is injective,

e fi(H(T)) C Hyp(T)\ Ho(T) for eacht > 0.

Proof. Given any h € H,(T) and t € I, choose a lift h: R — R with respect to

the covering projection ¢: R — T. Then we define a closed set H C R?, which
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is regarded as a set-valued function, by

{h(n) 4 (1—t/2) (h(n Y (1—t/2) x —n)) — h(n))}

fn<zx<n+(1—-1t/2) and n € Z,
{h(n+1) —t/2} ifn+(1—-t/2)Sx<n+1andne€Z,
(h(x) —t/2, h(x)] if v € Z.

We define f(h,t) = w(H), where @ = q¢ x ¢: R* — T?. Then f(h,t) belongs to

H(z) =

H, (T) and does not depend on the choice of the lift of h. Then, f: H.(T) x

I — H, p(T) satisfies the requirements. O

Now we can prove Proposition 3.13. A continuous surjective map f: X — Y
between compact spaces is a cell-like map if for every y € Y the fiber f~1(y)

is contractible in every neighborhood in X.

Proof of Proposition 3.13. We know that H,(T) ~ H.(I) x T =~ s x T by
Proposition 3.6 (1). Notice that s x T is an ANR. Thus, by Lemmas 3.16 and
3.15, H, p(T) is an ANR. Since H, p(I) ~ Q by Proposition 3.6, H, »(I) x
T is a @-manifold. On the other hand, Lemmas 3.11 shows that the map
?: Hip(I) x T — Hy p(T) is a cell-like map. Therefore, by Toruficzyk’s
approximation theorem ([18], see also [13, Theorem 7.5.7]), % can be approxi-
mated by homeomorphisms. In particular, H, p(T) ~ Hy p(I) x T~ Q x T
by Proposition 3.6 (1).

Now, by Theorem 3.14, it suffices to prove that X = H, z(T) \ H(T)
satisfies the condition (b) in H, p(T). Fix an admissible metric d on H, #(T).
Let B C A C Hy p(T) be compact sets satisfying B C X and let ¢ > 0. By
Lemma 3.16, we can construct a continuous map hg: A — H, (T) such that
d(ho,id) < /3 and ho(A\ B) C H4(T) and ho|p = id. Since H,(T) ~ s x T

is a s-manifold and B\ A is completely metrizable, there exists an embedding
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hi: A — H, p(T) such that hi|p = id and hi|a\s is a closed embedding into
H.(T) satisfying d(hy,ho) < €/3 ([19, Proposition 2.1]). Applying Lemma
3.17, we can construct an embedding hy: A — X such that hs|p = h; and
ho(A) C X and d(hg, hy) < £/3. Then d(hs,id) < € and hs|p = id. This means

that X satisfies the condition (b). O

To describe the topological type of the compatification Hg(T) of the whole
homeomorphism group H(T) of the circle, we introduce the following notation.
Let D* = {z € C; |z| £ 1} be the unit closed disk with the boundary T.
For notational convenience, we shall often replace (Q,s) by (Q',s’), where
Q =QxD?and s = s x (D*\T). Let Ty denote the torus {0} x T x T

contained in Q" x T.

Theorem 3.18. (Hp(T),H(T)) ~ (Q' x TUy Q' x T,s' x TU s x T), where

H: Ty — Ty is the homeomorphism given by H(0,u,v) = (0,u,u"?v™1).

In the above, Q' x T Uy Q" x T is formally defined as the quotient space
of @ x T x {1,—1} with respect to an equivalence relation ~ generated by
(x,1) ~ (H(x),—1), z € Ty. The image of s’ x T x {1,—1} in this quotient
space is denoted by s’ x T U s’ x T. The proof of this theorem is split into
several lemmas.

For any subset S C T? we define R'(S) c T? by R'(S) = {(z,w) €
T?; (z,w™') € S}. Then H(T) is the disjoint union of H(T) and R'(H,(T)).
We have Hp(T) = Hy p(T) U R(Hy ¢(T)), but H, »(T) and R(H p(T) in-
tersect in a topological torus as shown in next lemma. For z,w € T2, we
define

Cow = {2z} xT)U (T x {w}).
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Lemma 3.19. Suppose A, B € H, p(T). Then A = R'(B) holds if and only if

there exist z,w € T such that A = C,,, and B = C, 1.

Proof. The “if” part is trivial. We shall prove the “only if” part. Suppose
A,B € Hy p(T) and A = R'(B). Clearly, it suffices to show that A can
be written as A = C,,, for some z,w € T. By Lemma 3.11, there exist
(A,u),(B,v) € Hy p(I) x T such that B(A,u) = A and B(B,v) = B. Then it
is enough to show that A = Ly, for some ¢ € I (see §3.2 for definition). The
proof of this fact is easily reduced to show that there do not exist 0 < xy <
Ty < xy < land 0 < yo <y <yo < 1such that (z;,5) € A(i = 0,1,2), in
view of Lemma 3.3.

Suppose such x;,1; (i = 0,1,2) exist. Since B(A,u) = A, we see that
(q(x:),uq(y;)) € A. Since B = R'(A), it follows that (q(z;),u"'q(1 — y;)) €
B (i =0,1,2). We see from B = %(B,v) that there exist g, € [0,1] such that
(zi,9)) € Band vq(y)) = u'q(1—y;) (i = 0,1,2). It follows that ¢(1—y; —y}) =
uv (i = 0,1,2). Thus doy = (yo +yo) = (y1 +91), doz = (yo +v6) — (Y2 +5) and
dis = (y1 +y1) — (y2 + v4) are integers. Clearly, we have do; + diz = dge. Since
0 <yo+yy ity <2anddo = (yo—y1)+(y)—vy;) <0+1 =1, either dy; =0
or dpg = —1 holds. If dy; = 0, we have y; < y,. This contradicts Lemma 3.1,
since g < z1, (z;,y.) € B (1=0,1) and Be H r(I). Thus we have do; = —1.
Similarly we obtain dyps = di3 = —1, and hence —2 = dy; + d13 = dogo = —1,

which is a contradiction. O

Define C = H, »(T) N R'(H, »(T)). By Lemma 3.19, we have

C={C,u; z,w e T}~ T?),
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which is a topological torus. Clearly, R'(C) =C and R'(C.,) = C, -1 (2,w €
T).

Lemma 3.20. There exists a homeomorphism h: (Hy #(T),C) — (Q' x T, Tp)

such that h o R' o h™Y 7, is given by

(&) hoR oh™'(0,q(t),v) = {(07 q(t),

vlg(—at) 0SS/,
(0,q(t),v™ )

if1/2<t<1,

wheret € I andv € T.

Proof. We have seen that H, p(T) ~ Q x T ~ Q' x T in Proposition 3.13. For

z,w € T, we define D, ,, € H, r by the following: (see Figure 3.)

@mm:{w[W“w>ﬁm4€N”Mme

w otherwise.

z
Osz Dzm}

FIGURE 3. (., and D,,,

Let D ={D,,; z,w € T}. Then f;: C — D defined by fi(C,) = D, is
a homeomorphism, which is homotopic to ide in H, #(T). Indeed, there is a
homotopy f;: C — H, p(T) (t € I) defined by fy = ide and

(uz™ ) (—w) ifuz=t € q([—t/4,t/4]),

w otherwise,

ft(Cz,w)(u) = {
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for t+ > 0, which connects ide to fi. By Proposition 3.13, H, (T) is a Q-
manifold. By Proposition 3.6, both C and D are Z-sets in H, p(T) since
C,D C H,r(T)\ Hy(T). Therefore by Theorem 2.5, there is a homeo-
morphism h;: Hy #(T) — Hy p(T) extending f;. We define an embedding
v: T — Hy r(I) \ Hy (1) by the following: (see Figure 4.)

1 | EERRREPRRERS 5
2t". .
0 0 1 1/24E1
Y(q(t) (0=t =1/2)
T
0 1}2 1
v(q(1/2))

FIGURE 4. Definition of v: T — H, r \ H4 (I)

(

2s ifost<1/2and 0 s =t

2t if0st<1/2andt < s S 1/2++4,

25 — 1 if0<t<1/2and 1/2+t<s<1,
M@ =1 if 1/2§t§/1 and 0/§s§t—1/2,

2 +2t—1 if1/2<t<landt—1/2<s<t,

1 if1/2<t<landt<s< 1.

By the definition of@, we have 37'(D) = v(T) x T and @|y(ryxt : ¥(T)x T —
D is a homeomorphism.

By Propositions 2.7 and 3.6 (1), there is a homeomorphism hb: H (1) —
Q' such that hy(y(u)) = (0,u) € Q@ x D? = Q' for each u € T. Then hy =
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h%, x idy gives a homeomorphism (H, (1) x T,¥(T) x T) =~ (Q" x T, Tp). As
noted in the proof of Proposition 3.13, 3: Hy p(I) x T — H, p(T) can be
approximated by homeomorphisms. Choose a homeomorphism @’ : ﬁ+7 r(I) x
T — H, r(T) sufficiently closely approximating @ so that @ o |p: D —
@ (7(T) x T) is homotopic to idp in H p(T). Since v(T) C Hy # (1) \ Ho (1),
by Proposition 3.6, %' (y(T) x T) is a Z-set in H, »(T). By Theorem 2.5,
we have a homeomorphism hz: H, ¢(T) — Hy p(T) with hs|p = @ oo lp.

Consequently, we have obtained homeomorphisms as in the following diagram:

C C  Hyr(T)
fi|~ | h
D C  Hyr(T)
Plop! |~ ~ | ha
F((T) xT) € Hyp(T)
A ~lp !
WT)xT C Hyp(I)xT
v~ Ixid | = ~ | ha
T C Q' xT

We define h: H, p(T) — Q' x T as the composition of the right column in the
diagram, that is, h = hy 0o @' o hz o hy.

Then we compute

hH0,q(t),v) = fi H(@(v(q(t)), v))

_ Cott-1/0)vq2ry 0=t S1/2,
Cat—1/2),0 if 1/2=t< 1.
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Since R'(C. ) = C, 1 for z,w € C, we obtain

R o h=Y(0, g(t),v) = 4 Covmata HOSE=1/2,
o Catt—1/4),0-1 if1/2<t<1,

s
v

_ {h—1<o,q<t>,

lg(~4t)) Ot 1/2,
B0, (), v)

if1/2<t <1,

which means the required formula (). O
Now we can complete the proof of Theorem 3.18.

Proof of Theorem 8.18. Let h: (Hy ¢(T),C) — (Q' x T,Ty) be the homeo-
morphism obtained in Lemma 3.20. Then this h may or may not satisfy
h(H+(T)) = s’ x T. We shall first show that A can be modified to A’ so
that h'|c = h|c and W' (H4(T)) = ¢’ x T.

Since X = (Q'\s') x T is a cap-set in Q' x T (see §2.1), X' = h=1((Q'\ ") x T)
is a cap-set in H, #(T). On the other hand, X" = H p(T)\ H, (T) is a cap-set
in H, #(T) by Proposition 3.13. Since C C X’ N X", we can use Theorem 2.6
to obtain a homeomorphism h": Hy ¢(T) — H, ¢(T) with 2”(X”) = X’ and
h"|c = id. Then &' = hoh": H, p(T) — Q' x T satisfies '(X") = (Q'\ ') x T,
and hence h'(H4(T)) = s’ x T. This A" is the desired modification of h, since
Ple = hle.

The formula ({) shows that h' o R o ' |z, = h o Ro h™!|y, is isotopic
to H: Ty — Tp given in the statement of Theorem 3.18. Thus, H o (ho R' o
h~7,) "1 is a self-homeomorphism of T isotopic to the identity, and hence can
be extended to the solid torus {0} x D? x T. This extension is further extended
to a self-homeomorphism H' of QxD?x T = Q' x T satisfying H'(s'xT) = s'xT

in a trivial way.
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Then, h': Hy p(T) - @ x Tand H' o o R™": R(H, p(T)) — @ x T fit
together to give a homeomorphism h: Hp(T) — Q' x T Uy Q' x T. Finally, h
satisfies h(H(T)) = s’ x T s" x T, since h' satisfies b'(H(T)) =s' x T. O

4. COMPACTIFICATION OF THE IDENTITY COMPONENT OF THE

HOMEOMORPHISM GROUP OF A GRAPH

Let I' be a (countable locally finite) graph. Following Banakh-Mine-Sakai [3]
we say that v € I is a topological vertex of T' if it has no neighborhood home-
omorphic to an open subset of R. The set of all topological vertices of I" is
denoted by I'®. We write the complement I'\T'®) as the disjoint union (J,_, Ex
of connected components Fy (A € A) and let X, = Clp E) and F) = Bdr E)
for each A € A. Observe that for each A\ € A, the pair (X, F)) is homeomor-
phic to one of T, R, (T, 1), (I,{0,1}) and ([0,1),0).> Consequently the index
set A is decomposed into Ar, Ag, A(r 1), A1 {0,1}), and Ajo,1),0) according as the
topological type of (X, F)).

For a space X and S C X, the group of homeomorphisms of X which are
identity on S is denoted by H(X,S) and its identity component is denoted by
H, (X, S). The closure of H, (X, S) in Cld}(X x X) is denoted by H, »(X, S).

Lemma 4.1. Let T be a countable, locally finite graph and let (X))xea and
(F\)xea be defined as above.

Then we have a homeomorphism
©: (Hyp (D), Hi (D)) — (H Hor (X, B2, HH+(XA,FA)>
AEA AEA

SFor each space X and z € X, the pair (X,0) is identified with X and the pair (X, {z})
is denoted by (X, x).
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of pairs defined by ®(B) = (BN (X x X1))4)rea, where Y4 means the derived
set of .6

Proof. Observe that

o h(X,) = X, forall h € H (') and that
o h|p, =id for all h € H (I).

From these facts, it follows that ®(H,(I')) C [ cn H4+(Xn, F) and ®(h) =
(h]x,)aen for each h € H(I"). Consequently, the restriction |3, (ry is contin-
uous by the definition of compact-open topology.

Let T'” denote the set of all isolated points of I'. The map

U: [[Her(Xo, Fy) — Cldj(X x X)
AEA

defined by W((Ax)aea) = Uyer AAU{(v,v); v € '} is continuous, by Lemma
2.2. Then it is easy to see that (V[ry, _, #,(x,,r)) © (Pl @) = idw, 1), and
hence W(TT,cp H+ (X, F))) = Hi(T). Since [[ycp Har(X), F)) is compact,
the map ¥ is a closed map onto H r(I'). Now it suffices to prove ® o ¥ = id.
Take any element (Ax)xea € [ en Hy p(Xy, Fy) and any p € A. Clearly, we

have

A, C (U AA> N(X, x X,) CA,U(F,xF,).

AEA
Now A, has no isolated points, since it is the limit of a sequence of sets with

no isolated points in Cld (X, x X,,). Since F}, x F}, is finite, we have

((U A>\> N (XM X XM)) = A)\,
AEA

which proves ® o ¥ = id. U

6The derived set of a space Y is the set of all non-isolated points in Y.
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Example 4.2. In the definition of ® in Lemma 4.1, the operation ¢ cannot be
removed. Let I" be the quotient space of I x {0,1,2}, where {0, 1,2} has the

discrete topology, by the equivalence relation ~ defined by
(t,i) ~ (s,j) <= (t,i) =(s,j) ort =s€{0,1,2}.

Let m: I x {0,1,2} — I be the quotient map and let vy = 7(0,0) and
v; = m(1,0). Then the space I' is a finite graph with T'® = {v,v;}. The
complement '\ I'® has three components E; = 7((0,1) x {i}) (i = 0,1,2) and
we have X; = ClE; = n(I x {i}) and F; = Bd E; = {vg,v1} (1 =0, 1,2).

Define @ : H, p(I) — [[r, Cldp(X; x X;) by @(A) = (AN (X; x X;))2,.
(The definition of @’ is almost the same as that of ®, except for the absence of
the operation 9.) We show that there exists A € H, »(T') such that ®'(A) ¢
[ e r(Xi, ).

We define A; € H, (') by

A=m7((Lox {0}) U (A x {1,2}),

where Ly = (Ix{0})U({1} xI) and A is the diagonal {(¢,s) € I*; t = s} C I%
Then, &'(A) = (4;)%, € [1-_, Cld}-(X; x X;), where

AQZT(LOX {0}), Ai:ﬂ'(AX {i})U{(Ul,U[))} (221,2)
Then, for i = 1,2, A; has an isolated point (v1,v9) and hence does not belong
to Hyp(Xi, F;). O
Now we can prove Theorem 1.1:
Proof of Theorem 1.1. For each A € A, the topological type of the pair

(Her(Xa, F)), He (X, Fy))
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is determined by Propositions 3.6, 3.7, 3.8, and 3.10 as follows:

()
(@, s) if A€ Aoy U A0
(Hir (X, Fr), Hi(Xy, F)) =~ (Q,s) x T if A € Ar,
(Q/{ﬂ:l},S) if e ARUA(TJ).

Recall from §1 that or (resp. sr) is the number of components of I' that are
homeomorphic to T (resp. not homeomorphic to R or a bouquet), and that
Ir is the number of components of I' homeomorphic to R plus the number of

indices A € A for which (X, F)) =~ (T, 1). We observe:

|AT| = Or,
(@) |Ar U A 1y| = Ir,
[Ar,10,11) U Aqo,),0)] - Ro = st - Ro.
Finally, by Lemma 4.1, (&), (¥), Q™ = @Q and s™ = s, we have a homeo-

morphism
(He p(T), Hi (D)) = (QF x (Q/{=£1})'r, s ForHir) s Ter,
The proof of Theorem 1.1 is completed. U

To derive Corollary 1.2, we introduce the notion of relative LC%ness. We
say that a subset Y of a space X is relatively LCY if for each # € X and each
neighborhood U of z in X there exists a smaller neighborhood V' such that
every two points in V NY can be joined by a path in U NY.

If (M,Y) is a (Q, s)-manifold, then ¥ must be relatively LC® in M. Indeed,

in such a case M is locally path-connected and Y is homotopy dense in M.”

"The homotopy denseness can be derived as follows. (i) The complement M \ Y is a
cap-set in M ([7, Lemma 5.4, Theorem 6.5]). (ii) M x (Q\ s) is a cap-set in M x @ ([7, proof
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Proof of Corollary 1.2 (1). The “if” part is clear from Theorem 1.1. To show
the “only if” part, we prove that (H, ('), H. (') is not a (Q, s)-manifold
provided one of the following three cases occur: (i) sp +or = 0 and I = 0, (ii)
or = Ny, (iii) Ir > 0. If (i) holds, then by Theorem 1.1, H, (') is merely a
point and thus not a Q-manifold. If (ii) holds, then by Theorem 1.1, H (T
is not locally simply connected and thus not a @-manifold. Finally if (iii)
holds, then by Theorem 1.1 H, (T) is not relatively LC® in H, »(T'). This
shows that the pair (H, (T),H, (I')) is not a (Q, s)-manifold by the previous

paragraph. 0

Proof of Corollary 1.2 (2). The proof of the "only if” part is essentially con-
tained in that of (1). To prove the “if” part, assume that sp +or = 1 and
Ir + or < Rg. It is easy to see that the space Q/{£1} is an ANR (this is the
union of two AR closed sets with the intersection an ANR). Thus, (Q/{+1})r
is an ANR as a finite product of ANR’s. By the same reason, T°" is an ANR
and hence (Q/{#1})r x T°r is also an ANR. Since sp + or = 1, we have

Q°rtor &~ ). Therefore, by [13, Theorem 7.8.1], the product

QT x ((Q/{F1H" x Tr),

is a Q-manifold. By Theorem 1.1, this product is homeomorphic to H p(T').
O

of Lemma 5.6]). (iii) M is homeomorphic to M x @ ([13, Theorem 7.5.6]). By (i)—(iii) and
Theorem 2.6, we have (M, M\Y) ~ (M xQ, M x (Q\s)), that is, (M,Y) ~ (M xQ, M x s).
Then it is clear that Y is homotopy dense in M.
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5. A REMARK ON HIGHER DIMENSIONAL CASES

In this section, for a manifold N, the symbols Int N and ON mean the
interior and boundary as a manifold, respectively. Here we prove Theorem 1.4

in a generalized form.

Theorem 5.1. Let M be a locally compact, locally connected (separable metriz-
able) space and let D C M be a closed subset homeomorphic to the closed n-ball
with n = 2 such that Int D is an open set in M. Let H be a closed subgroup of
H(M) containing all homeomorphisms of M supported on D. Then, H is not
relatively LCO (see §4) in the closure Hp of H in Cld%(M x M). In particular,
(Hrp,H) is not a (Q, s)-manifold.

Proof of Theorem 5.1. Let D € M and H C H(M) be as in the hypothesis.
Let D = 100D? and T = D x T" 2. Fix an embedding T — Int D and we
think of T as a subset of M. Let Hs(T) denote the group of homeomorphisms
of T which is identity on the boundary dT. Every element h of Hs(T) can be
identified with the homeomorphism of M by extending A via identity. Thus, by
our assumption on H, the group Hy(T) can be embedded into H as a subgroup.

For m € N, let 7,,: [0,00) — R be a continuous map defined by

2mm if0<r<1+2mnr)!
Yu(r)=¢ (r—=1)"1 f1+CCmr)t<r<14+ 207t
o ifr =14 (2m) .

Then we define h,, € Hy(T) C H (m € N) by

B (1€ ) = (re’®*m) 2) 1€ [0,100], € R, and = € T" 2.
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Let us make the following definitions:

e=(1,...,1)€Tx---xT=T"2

T={0}xT"?CcDxT"?=T.

In the next assertion, the closed interval [1/2,2] is regarded as a subset of the
real axis in C (and hence as a subset of the disk D = 100D?); for example,
(1/2,¢) denotes a point in T = D x T" 2 Let prp: T — D denote the

projection.

Assertion 6. Let [,m € N. Suppose that there exists a path ®:[0,1] — H
with ®(0) = hy, (1) = h,,, such that for each t € [0,1] we have

(i) ®()([1/2,2] x {e}) C T,

(i) @(#)([1/2,2] x {e}) NT =0,
(iif) |prp(®(t)(2,¢)) =2 <2,

(iv) [prp(®(t)(1/2,¢)) = 1/2[ < 1/2.

Then, | = m holds.

This assertion will be proved later.

We define H € Cld,(M x M), regarded as a set-valued function, by

{(re, z)} ifr<lorrz=1+(2m)!
H(re® z) = T x {z} ifr=1

{(re’®*=D"D 2 if 1 <r <14 (27)7,
H(p)={p} ifpe M\T,

where 7 € [0,100], # € R and x € T" 2. Then H belongs to Hr \ H, since it is

the limit of the sequence (h,,)men. We define a disk A C T and a submanifold
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S of T by
A = (1/4D?) x {e},
S = (1/4D%) x T"2.

The proof of the next assertion is left to the reader.

Assertion 7. There exists an open neighborhood U of H in Hp such that for
all h e U N'H the following (1)-(6) hold:

(1) h(dS)NT =0,

(2) h(0A) C (Int D)\ T,

(3) hloa: OA — (Int D) \ T' is homotopic in (Int D) \ T to the inclusion

map,
(4) h([1/2,2] x {e}) C T,
() [prp(h(2,e)) —2[ <2,

(6) [prp(h(1/2,e)) — 1/2] < 1/2.

The next assertion will also be proved later.

Assertion 8. Let U be an open neighborhood of H in Hp satisfying the con-

ditions in Assertion 7. Then, for each h € U N'H we have

h([1/2,2] x {e})N'T = 0.

Then, we can complete the proof of Theorem 5.1 as follows. Choose a neigh-
borhood U of H as in Assertion 7 and take any neighborhood V of H in Hp
with ¥V C U. Then there exists [,m € N with [ # m such that h;, h,, € V.

Suppose that h; and h,, can be joined by a path ® in & N"H. Since U satisty
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the conditions in Assertion 7, the path ® satisfies the hypotheses (i),(iii) and
(iv) in Assertion 6. Furthermore, by Assertion 8, the path ® satisfies the hy-
pothesis (ii) in Assertion 6. Thus, by Assertion 6, we have | = m, which is a
contradiction. This means that H is not relatively LC® in Hp. The proof of

Theorem 5.1 is complete. 0
Finally, we prove the remaining two assertions.

Proof of Assertion 6. Let[;m € Nand let ®: [0,1] — H as in the hypothesis of
the assertion. By the condition (i) and (ii), we may define f: [1/2,2] x [0, 1] —
T by

f(rt) = prp(@(t)(r, €)) /| pro(@(t) (r, €)) .
Since ®(0) = h; and ®(1) = h,y,, we have f(2,0) = f(2,1) = 1 € T. Let
f:11/2,2] x [0,1] — R denote the unique lift of f satisfying f(2,0) = 0 with
respect to the covering projection ¢: R — T defined by ¢(z) = e*™.

By the condition (iii), we have
f({2} x [0,1]) C {z € T; Re(z) > 0}.

It follows that f({2} x [0, 1]) contains at most one integer, and hence f(2,1) =
0. Since ®(0) = h; and ®(1) = hy,, we have f(1/2,0) = [ and f(1/2,1) = m
by the definitions of f, h; and h,,.

By the condition (iv), we also have
f({1/2} x [0,1]) C {z € T; Re(z) > 0}.

It follows that f({1/2} x [0,1]) contains at most exactly one integer, which
means | = f(1/2,0) = f(1/2,1) = m. O
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Proof of Assertion 8. Take any h € U N'H. By the choice of U, h|spa: OA —

(Int D) \ T is homotopic to the inclusion into (Int D) \ 7. We observe from

a Mayer-Vietoris sequence that 0A represents a nontrivial homology class in

Hi((Int D)\ T). Thus, the inclusion 0A — (Int D) \ T" is not null-homotopic,

and hence by Assertion 7 (3), hlsa is also not null-homotopic in (Int D) \ T

This implies that h(A) NT # ().

Since A C S, we have h(S)NT # (). Assertion 7 (1) means that

R(S)NT = h(IntS)N T,

and hence h(S) N T is closed and open in 7. Since T is connected, we have

T C h(S), which in turn implies h([1/2,2] x {e}) NT = 0, since [1/2,2] x {e}

does not intersect S = 1/4D? x T"2. O

Proof of Theorem 1.4. This is a special case of Theorem 5.1. U
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