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The I’ Boundedness of Wave Operators for
Schrodinger Operators with Threshold Singuralities I.
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Abstract. Let H = —A + V(z) be an odd m-dimensional
Schrodinger operator, m > 3, Ho = —A, and let Wi =
tligl ete=itHo 1o the wave operators for the pair (H,H,). We

say H is of generic type if 0 is not an eigenvalue nor a resonance
of H and of exceptional type if otherwise. We assume that V sat-
isfies F({(z)"*°V) € L™ for some o > —, m. = 2=1. We show
that W are bounded in LP(R™) for all 1 < p < oo if V satisfies in
addition |V (z)| < C(z)™™ "¢ for some ¢ > 0 and if H is of generic
type; and that W. are bounded in LP(R™) for all p between —5
and 3 but not for p outside the closed interval [, 2] if V' satis-
fies |V(z)] < C(z)”"™ ¢ and if H is of exceptional type. This in
particular implies that the continuous part of the propagator satisfies
the LP-L9 estimates ||e~ P.(H)ul|, < C’\tﬁ(%*%)ﬂuﬂq for the dual
exponents % + é = 1such that 1 < ¢ <2 <p < oo if H is of generic
type,andfor%<q§2§p<%,m25,or%<q§2§p<3,
m = 3, if H of exceptional type.

1. Introduction

We begin with a brief review of scattering theory([17], [19], [1] and [21]).
Let H = —A + V(x) be a Schrédinger operator on R™, m > 1, with real
potentials V' (z) which satisfy

(1.1) V(z)| < Clz)™° for some &> 2
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44 K. YAJimA

where (z) = (1 + |x|2)% Then, H with domain D(H) = H?*(R™), the
Sobolev space of order 2, is selfadjoint in the Hilbert space H = L?(R™)
and C§°(R™) is a core. The spectrum o(H) of H consists of absolutely
continuous part [0, 00) and a finite number of non-positive eigenvalues {\;}
of finite multiplicities. We denote the point and the absolutely continuous
subspaces for H by H,(H) and Hq.(H) respectively, and the orthogonal
projections onto the respective subspaces by P,(H) and P,.(H). The sin-
gular continuous spectrum and positive eigenvalues are absent from H. We
write Hy = —A for the free Schrédinger operator.

The wave operators Wi = W4 (H, Hp) associated with the pair (H, Hy)
are defined by the following strong limits in H:

(1.2) Wi = lim e/tHeitHo,

It is well known that the limits exist, W are isometries and they are asymp-
totically complete in the sense that Image Wi = H,.(H). It follows that

(1.3) Wiwy =1, WiWi = P,(H),

where [ is the identity operator on H. One of the merits of the wave
operators is the intertwining property: For Borel functions f on R

(1.4) f(H)Poc(H) = Wy f(Ho)WZL.

For o € R we write H, for the weighted L2-space L2(R™; (2)*° dx). We say
that H has threshold singularities or H is of exceptional type if

(1.5) N={ucH_ ,:(1+(-A)"V)u=0}#0,

for some % <o <b— %; if otherwise, we say that H is of generic type. When
m > 3 and H is of generic type, we have shown that W, are bounded in
LP(R™) for all 1 < p < oo:

(1.6) IWaullp < Cllullp, we LP(R™) N L*(R™)

under suitable smoothness and decay (at infinity) conditions on V' (cf. [26],
[27]). Here and hereafter we write ||ull, for |ul/z». If m = 2, the same
estimate (1.6) holds except at the end points p = 1 and p = oo under a
similar generic type condition ([28]). If m = 1, (1.6) holds without this
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condition for 1 < p < oo ([25], [3], [7]). The intertwining property (1.4) and
the estimate (1.6) then imply that for 1 < p,q < oo (or 1 < p,q < oo if
m =1 or m = 2) and Borel functions f

(1'7) ||f(H)PaC(H)HB(LP,LQ) < Cquf(HO)”B(LP,LfI)7

with constants C),, which are independent of f. This provides a method for
estimating LP-L4 bounds of functions f(H)P,.(H) of continuous part of H
by reducing them to those of the free Schrodinger operator f(Hp) which is
the Fourier multiplier by rotationally invariant function f(¢2). Note that
the point spectral part f(H)P, is a finite rank operator Zjvzl fA)o; ®
¢; given in terms of the eigenvalues A\; and the corresponding normalized
eigenfunctions ¢; of H, and its L” continuity properties are easy to establish,
thanks to the well known smoothness and decay properties of ¢; (see e.g.
2, [6]).

The purpose of this paper is to extend this result on wave operators to
the case when H does have threshold singularities and, at the same time,
to relax the conditions on V' in the previous papers for generic case. As
even dimensional cases are slightly more complex, though the main idea is
similar, we exclusively deal with odd dimensional cases m > 3 in this paper,
postponing the discussion on the former cases to the forthcoming paper [9].

THEOREM 1.1. Let m > 3 be odd and m, = m—i Assume that

(1.8) F((z)*V) € L™ (R™), for some o > 1/m,.
Then we have the following statements:

(1) If V satisfies |V (z)| < Clz)" ™49 for some e > 0 in addition and
if H is of generic type, W are bounded in LP(R™) for all1 < p < co.

(2) IfV satisfies |V (x)| < C(x)f(ererg) for some € > 0 in addition and if
H is of exceptional type, W are bounded in LP(R™) for -5 <p <
when m > 5 andfor% < p <3 when m=3.

Statement (1) improves the decay and the smoothness conditions on the
potential in the previous results ([26], [27]) for generic case. The condition
(1.8) requires some smoothness of V' and such condition is vital, in addition



46 K. YAJimA

to certain decay condition, for the LP boundedness of W4 for all 1 < p < oo.
This has been pointed out by Golberg and Visan ([13]), who give an example
of compactly supported C%, a < mT*?’, potential V' for which H is of generic
type and for which e~ P.(H) violates (1.9) below for ¢ = 1 and p = oo.
One can check that this example nearly misses the condition (1.8). We
should also remark that it is long known from the local decay results of the
propagator e~ " P,(H) ([15], [22]) that W4 cannot be bounded in LP for p
outside the interval [m/(m — 2), m/2], however, we still do not know if this
is the case at the end points except for m = 3 (see below).

Applying estimate (1.7) for the family of functions f(\) = e "%, —o0 <
t < 0o we obtain the following LP-L9 estimates for e~"H P,(H), the contin-
uous part of the propagator.

itA

THEOREM 1.2. Let V be as in Theorem 1.1 and let p > q be dual
exponents of each other: }D + % = 1. Then, the LP-L9 estimates

T ——

Q=

, ml 1
(1.9) e Prgul, < Cpale ™2

18 satisfied for all 2 < p < oo if H is of generic type; and, if H is exceptional
type, for 2 <p <3 when m >5 and for 2 < p < 3 when m = 3.

When H is of generic type, estimate (1.9) is known for more general class
of potentials in lower dimensions 1 < m < 3 ([12], [11]), however, for higher
dimensions m > 4, to the best knowledge of the author, Theorem 1.2 is so
far the best result with respect to both decay and smoothness conditions
on the potentials. When H is of exceptional type and m = 3, it is known
that (1.9) holds if and only if 3 < ¢ <2 <p <3 with L + 1 =1 and at the
end point

i _1
(1.10) le™ Peu|| oo < Cpt ™2 ul| 3.,

replaces (1.9), where LP9 are Lorentz spaces([8], [29]). It follows that W
are not bounded in LP(R?) for p = 3 and 3 if H is of exceptional type.
We use the following notation and conventions. Foru € H_, and v € H,
(u,v) = [gn u(z)v(x)dz is the standard coupling of functions; |[u)(v] = u®@v
will be interchangeably used to denote the rank 1 operator ¢ — (v, p)u. We
write Ro(z) = (Ho—2)~! and R(z) = (H — 2)~! for resolvents of Hy and H
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respectively; ¥ = S™~! for the unit sphere in R™. The upper half complex
plane is denoted by C* = {z € C: 3z > 0} and c = {z € C:3z > 0}.
We parametrize z € C \ [0,00) by z = A2, A € CT, and define Go(\) =
Ro(A\?) and G(\) = R()\?). For Banach spaces X and Y, B(X,Y) (resp.
B (X,Y)) is the Banach space of bounded (resp. compact) operators from
X toY, B(X) = B(X,X) (resp. Boo(X) = Boo(X,X)). The identity
operator is denoted by 1. The norm of LP-spaces, 1 < p < oo, is denoted
by |lullp, = ||ullrr. We write S(R™) for the space of rapidly decreasing
functions. The Fourier transform is defined by

~ 1 —1ix
w(§) = Fu() = @mymi /Rm e~y (z)dx

and F*u(§) = Fu(—=¢§) is the conjugate Fourier transform. For functions f
on the line f@ is the j-th derivative of f, j = 1,2,.... For a € R, ay or
a_ is an arbitrary number larger or smaller than a respectively; [a] is the
largest integer not larger than a.

The plan of this paper is as follows. Section 2 is a preparatory section
and we collect results on resolvents Go(A) and G()) for real A\; we show, in
particular, that (1 + Go(A)V)~! has an expansion as A — 0 in the form

(1.11) (1+GoWV) L =14+ AN+ A TA + 2 2RV

where Py is the projection to the O-eigenspace of H; A_; a finite rank
operator if m =3 orm =>5and A_; =0if m > 7; and Ap(A) is a sufficiently
smooth function of A\ including A = 0 in suitable operator topologies (see
Theorem 2.12). If H is of generic type, the last two terms A™1A_1 +\"2 P,V
are absent and Ag(\) satisfies the same property under a weaker condition
[V (z)| < C(z)~M+29) | Most results of Section 2 are well known, however,
we shall sketch rather elementary proofs for readers’ convenience.

We prove Theorem 1.1 in Section 3. We prove it only for W_. The proof
for W is similar. As in [26] we write W = W_ in terms of resolvents:

1 oo

(1.12) Wu=u—— [  GoN\)V(1+Go(N\)V) H(Go(N) — Go(—A))Ad;

™ Jo

we split W into the low and high energy parts: W = W®2(Hy) +
WU?(Hy) = W< + Ws, by using cut-off functions ® € C°(R) and ¥ €
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C*(R) such that ®(\)2 + ¥(\)? = 1 and such that, for a suitable con-
stant Ao > 0, ®(\?) = 1 for |A\| < A\o/2 and ®(A\2) = 0 for |A\| > Ao; and
we study W and W separately. We recall ®(Hy) and ®(H) are integral
operators with integral kernels bounded by Cn(z —y)™ for N = 1,2,...
(see Lemma 2.2 of [27]). By virtue of the intertwining property, we have
Wy = V(H)WVY(Hp) and W = ®(H)W®(Hp). For studying the low en-
ergy part we insert the expansion formula (1.11) for (1 + Go(A\)V)~! into
(1.12). This produces Wo = ®(H)(1 — (W, o + W, + W1 + Wy 2))®(Ho)
where

(1.13) W = %/Ooo Go(\V(Go(A) — Go(—A)Ad,
(L14) W, = %/Ooo GoNV Ap(A)(Go(A) — Go(—A))BOAIA,
(1.15) Wy, = % OOO GoNVA_1(Go(N) — Go(—\)BO)AA,
(1.16)  Wio = % OOO Go(NV PV (Go(N) — Go(—=N) (M)A,

and ®(\) € C§°(R) is such that ®(\)®(A\?) = &(A\?). We have shown in [26]
that |[Wroull, < C|F(@)7V)||pm||ullp, for any 1 < p < ccif ¢ > 2. In

subsection 3.1, we prove that ®(H)W,®(Hy) is bounded in LP(R™) for any
1 < p < oo by showing that its integral kernel K (z,y) satisfies the condition

(1.17) sup / | K (z,y)|dy + sup / | K (z,y)|dx < o0
zeR™ JRm yeR™ JR™

by adapting the method of [26] to this situation. We study Wy ; and W o

in subsection 3.2. We study the case m = 3 in paragraph 3.2.1. Thanks

to the particularly simple structure of the integral kernel of Go(\) in three

dimension,

eik‘x_y|

GoWule) = |

— d

we may write Wy 1 as a linear combination of

(1.18) Fipu(zr) = /R3 %Tk(ﬁ —yDdy, jk=1,...,d
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Here ¢ is the canonical resonance and {¢s, . .. , ¢4} is the orthonormal basis
of O-eigenspace of H; Ty(s) is defined by Ti(s) = 271 (1 + H)(rM;)(s) by
using the Hilbert transform 7 and the spherical average My, (r) of (V ¢y,) %1,
(x) = u(—x):

(1.19) Mi(r) = /E (Vén) * i) (rw)dw.

It follows that, with a constant C' > 0,

o0 p
120 Wy <O el ([ imopar)
ik 0
It is well known that |r|* is an one dimensional (A), weight if and only if
—1 < a < p—1 and the Hilbert transform H is bounded in LP(R, w(r)dr)

if w is an (A), weight ([24]). It follows that 7277 is (A), weight if and only
if 3/2 < p < 3, and for these p’s the weighted inequality for H implies that

o0 p
Woraly < ¢S Walh ([ b par )
(1.21) ik -
<CY IVelillVer*all, < C Y Vs IllV el ull,.
gk gk
For studying W 2, we replace A~! by the operator |D|~! by using that
(V. (Go(N) = Go(=A)A™ ) = (| D71V, (Go(A) — Go(=A))u).

Then, the coznputation used for Wy 1 implies that Wy ou is a linear com-
bination of Fjyu, j,k = 2,...,d, which are given by the right side of
(1.18) with |D|~'V ¢y, in place of V¢ in the right of (1.19). We apply
to Wy ou the estimates for Wy u upto the pre-final stage of (1.21), where
V ¢+ is replaced by (|D|~'V ¢y, ). Since eigenfunctions ¢, . .. , ¢4 satisfy
S V(@)én(x)da = 0,
1 1 > Cja;
DI Voe) =€ [ (2m - o) Ve = X+ oo
@) =C Joo (myF ~ o) Vdosdy = 2 705

j=1

with integrable pg. Then |||D|~1(V¢;) * ull, < C|lu|l, by the Calderén-
Zygmund theorem and [|[Wsoull, < Cllu|l,. We study W1 and W2 in
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dimension m > 5 in paragraph 3.2.2. Since the kernel of Gp(\) becomes
more complex as dimension m becomes larger, the argument becomes a
bit more complicated, however, the basic idea still works. At the end of
Section 3, we prove that Ws is bounded in LP for any 1 < p < oo if
V(z)| < C(z)~™*29) Because the high energy part W- is insensitive
to threshold singularities, basically the same argument as in [26] applies.
However, we improve some argument and substantially relax the decay and
smoothness conditions on V' of [26] and [27].

2. Preliminaries

The resolvents Go(\) = Ro(A\?) and G(\) = R(\?) are B(H) valued
analytic or meromorphic functions of A € C*. The limiting absorption
principle, LAP for short, says that they have continuous extension upto the
boundary R (or R\ {0}) when considered as, say, a B(H,, H_,) valued
function with o,7 > 1/2. We denote such extensions again by Go(\) and
G(A). For studying W, we shall express them in terms of the boundary
values of Go(A) and G(A) on the reals and use mapping properties of these
operators and their derivatives. We shall also need some information on
the singularities of G(A) at A = 0 when H has threshold singularities. We
collect here some well known results on these matters. In what follows we
assume m = 2v + 1 is odd.

2.1. Limiting absorption principle

In this subsection we assume |V (z)| < C(z)™° with 6 > 2 unless other-

wise stated. 1t is well known that the Fourier transform F is an isomorphism
between L2(R™) and H*(R™) and C§°(R™ \ {0}) is dense in H*(R™) if
s < 4. Since v = mT_l is an integer f01£ odd m, it then follows by virtue
of Hardy’s inequality that the operator I'g : u — A4 (Aw) is bounded from
L3(R™) to H*(R, L*(%)) for any s > 0, hence, by the Sobolev embedding
theorem, to C’s_%(R7 L?(%)) if s > 1/2. If follows that, if s > 1/2, the op-
erator valued function T'(\): T(\u(w) = Am=D/24(\w) is a B(L2, L*(X))-
valued, and therefore, I'(\)*T'()\) is a B(L2, L? )-valued C*~2 function of
A € R which is bounded along with the derivatives upto the order s — 1/2.
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By using the polar coordinates we have for u,v € S(R™) that

@oue) = [ I g [* L (] )i )

m €7 —
—1/A N
o0 (A ), 0(p0)) L2 ()
= d reCt.
/o p? — N e AE
It follows that the free resolvent Gp(A), S\ > 0, may be written in the form
> ()T (1) > ™ A(p)

2.1 Gony = [ W), R AW
(2.1) o = [ [
where A()) is defined by the equation A?* A(\) = T'(A\)*T'()\), viz.
(2.2) AN u(z) = — / / €Ny (1) dy .

2m)™ Js Jrm

We define A(\) for A < 0 by the right side of (2.2). It is obvious that
A(MN)u(z) is smooth in A for u € S(R™) and A(A) = A(—A). Thus, when m
is odd, I'(A\)*I"(\) is also a smooth even function of A and we may rewrite
(2.1) in either of forms

1 [ T T (p)u +

2. = _N7 SN
(2.3) Gou= ¢ [ =, ve ot

1% D(p) T (p)u
2.4 GO)\u:—/ S 2R, v e et
24 SRRl A7
It is well known that, if f € C§(R), 0 < s < 0o, then the Cauchy integral

Mdy, Sz > 0,
o T =Y

can be extended to the closed half plane C' as a function of class C-
(Privaloff’s theorem). The following is elementary.

LEMMA 2.1. We have the following statements:

(1) Leto,m > 0 be non integral and let o+1 > 1. Suppose that f € C?(R),
g€ C™(R) and f(0) = g(0) = 0. Then, h(x) defined by

7 H(x)g(z x
M@:{O7ﬂ>m>, 270

is of class CP(R) for p = min(o, 7,0 + 7 — 1).
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(2) Let s=k+o,t=4+71, k{=0,1,... and 0,7 > 0 be non integral
such that o + 7 > 1. Suppose f € C*(R) and g € C*(R) are such
that f9(0) =0 for 0 < j < k and g9 (0) =0 for 0 < j < . Then
f(x)g(x)/z*+ 1 is of class CP, p being as in (1).

PrROOF. (1) We may assume 0 < 7. Let 0 < 0,7 < 1 first. Then
0<p=o0+7—1<1and it suffices to show that |h(z) — h(y)| < Clx —y|?
when 0 <z <y < 1. If |x —y| > y/2, we have

() = h(y)] < |h(x) = h(0)] + |A(y) — h(0)]

(2.5) ) ) )
< C(xf +y°) < Cloz —yl°.

If |x —y| <y/2,theny/2 <x <y, y ' <zl <|r—y/~!and |h(z) — h(y)]|
is bounded by
[f@g@llz =yl | [f(@) = f@llg@)] | [f@)llg() — 9(y)]

Ty Yy Y
< (x””lw —yl e —yllal” | yTle - yV) < Clz—ylr.

|2 y y

Next suppose that 0 < 0 < 1 < 7. Then p = o and estimates (2.5) and
(2.6) with 7 = 1 implies |h(z) — h(y)| < C|x — y|? for this case. This show
that statement (1) holds if 0 < o < 1. Next let 1 < o0 < 7. Then, p =0
and on the right of

(2.6)

W) = (/@) — )22+ IO ) — ggo)

I = af©) 9l) = 2g'©) | oo

x
(f(x) —zf'(0))/z, f'(x) — f(0) and f(x)/x are of class C°~ !, and (g(z) —
zg'(0))/z, ¢'(x) — ¢’ (0) and g(z)/z are of class C7~!. Statement (1) follows.
(2) By Taylor’s formula f(z)/2z* = fol(l — )k 1) (9x)do/(k — 1)!, and
f(z)/x* is of class C? and vanishes at 2 = 0. Likewise g(x)/2’ is of class
C7 and vanishes at z = 0. Statement (2) follows from (1). O

(2.7)

LEMMA 2.2. (1) Let o0 > 1/2 and k = 0,1,2. Then, (x)"7Go(N\){z)"°
1 —
is a Boo(H', H™F)-valued 0(0_5)— function of A € C+\{0} foranyt € R.
For 3 =0,1,...

(2.8) 1) =" RGo (M) " g essy < CielAITHE A = 1.
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(2) Let o,7 > 1/2 and o0 + 7 > 2. Then, (x)" “Go(A\){(z) " is a Boo(H)-
valued CP function of A € ct for any p such that p < min(r + 0 — 2,7 —
1/2,0 —1/2). If p=j+k, j=[p] and 0 < k < 1, we have

sup () GY (A (@) |lp + sup )G () = GF (1) (2) " |m

< C.
veo! A A= pl*

Proor. Without losing generality we may assume o and 7 are non
integral. Since ()7 (p)~"(x)" 7, p = —id/Jz being the momentum operator,
is bounded (or has a unique bounded extension) in H for any 7 > 0 and
o € R and since —A commutes with d,, the first statement for & = 0 follows
immediately from (2.3) by using Privaloff’s theorem. We have (—A)Gp(\) =
A2Go()) + 1 and the statement for k = 1,2 follows from that for k = 0 and
interpolation. The second statement follows from (2.4) and Lemma 2.1 if
we notice ToL2(R™) ¢ HJ(R\{0}) for ¢ < m/2, and, therefore, T'(0)u = 0
for any u € LZ(R™) if 0 > 1/2.

COROLLARY 2.3. Let1/2 <~ <& —1/2. Then, () "Go(\)V{(z)™ is
a Boo (H)-valued CP function 0f€+ for any p < min(y— %, o6—vy— %, 6—2).
The operator valued function (x)T7V Go(N){(z) ™" satisfies the same property.

If V()] < C(x)™° for § > 2, H = —A + V has no positive eigenvalues
(see [17]) and the point spectral subspace H,(H) for H is finite dimen-
sional. Thus G(A\) = (H — A\?)7! is a B(H)-valued meromorphic function
of A € CT with possible poles ik1,... ,ik, on the imaginary axis such that
—K?,...,—kK2 are eigenvalues of H. Tt follows by the resolvent equation
that 1+ Go(\)V is invertible in B(H) for A € C* outside the poles and

(2.9) G\) = (1 4+ Go(M)V)1Go(N).

Here Go(\)V extends to A € C asa B (H—~)-valued continuous function
if 1/2 < v < 6§ —1/2 by virtue of Corollary 2.3 and, for A > 0, —1 €
o(Go(N\)V) if and only if A\? is an eigenvalue of H (see [1]). Hence, the
formentioned absence of positive eigenvalues implies that G(\) considered
as a B(H,, H_,) valued function is continuous in (el except possibly at
A = 0 and the resolvent equation (2.9) is satisfies for all A € R\ {0}.
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At X\ = 0, the situation is different([14]). We set
(2.10) N={peH_:(1+Go(0)V)p=0}.

The space N is finite dimensional and is independent of 1/2 < v < § — 1/2;
all ¢ € N satisfy the stationary Schrodinger equation

(2.11) —A¢(x) + V(z)p(x) =0

and, conversely, any function ¢ € H_% which satisfies (2.11) belongs to N;
the eigenspace £ of H with eigenvalue 0 is therefore a subspace of N.

LEMMA 2.4. (1) Sesquilinear form —(u, V) is an inner product in N.
If ¢1,... , ¢n is an orthnormal basis of N with respect to this inner product,
then the spectral projection Q) for Go(0)V with eigenvalue —1 may be given
with sufficiently small € > 0 by

(212)  Q=-—-—— (—2+ Go(O)V) ldz = =3 6@ (V).
j=1

2mi |z+1]=¢e

(2) Let m > 3 and let ¢ € N. Then, |¢p(z)| < C@)>™™. If m = 3,
¢ € &, the eigenspace of H with zero eigenvalue if and only if (V,¢) = 0
and codimp€ < 1. In this case |p(x)| < Clz) 2.

PRrROOF. The proof of statement (1) and that of (2) for m = 3 may be
found in [29]. We show (2) for m > 4. By Hardy’s inequality we have for
s> 2,

YOl <l we cgE@™ (o).

€17 {] prs—2

Since C§°(R™ \ {0}) is dense in H*(R™) if s < m/2, the standard density,
duality and interpolation arguments imply that (2.13) extends for all u €
H*(R™) when 2 — % < s < . We have B(€) = —F(V$)(€)/I€]? and
V$ € H(s—1/2)_ by the assumption. It follows ¢ € H, for any o < min(é —
5/2,(m — 4)/2). Since 6 > 2, the application of this argument several
times yields that ¢ € H,, which with the well known elliptic estimate (cf.

Theorem 5.1 of [2]) implies |¢(z)| < C(z)”7 for any o < (m — 4)/2. Hence

(2.13)

(2.14) |¢(x)| < C M < C<x>—min(a+6—2,m—2)
= Jre Jp—ymr T

)
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and, iterating (2.14), we obtain |¢(z)| < C(z)*>~™. O
Following [14], we define as follows:

DEFINITION 2.5. We say H is of generic type if ' = {0} and is of
exceptional type otherwise. If m = 3, H is of exceptional type of the first
kind if N' # {0} and £ = 0; of the second kind if &€ = N # {0}; and of
the third kind if {0} € & C N with strict inclusions. A function ¢ € N'\ €
is called resonance of H. We denote by P, the orthogonal projection in H
onto £.

When m = 3 and H is of exceptional type, we shall consider only the
case of the third kind as other cases may be considered as special cases. The
following is Lemma 2.3 of [29].

LEMMA 2.6. For1/2 < o,7 < & — 5, () "G(A\){(z)™7, as a Bo(H)-
valued function of A € {A € R: |\ > ¢}, € > 0, satisfies the same smooth-
ness and decay properties as (x)” " Go(N){(z)" " as stated in Lemma 2.2. If
o, T satisfy o + 1 > 2 in addition and H is of generic type, this is true on

the whole line A € R.

We write Q = 1 — Q and define Log(\) = Q(1 + Go(A\)V)Q. We remark
that, for v > % and u € Hfﬂ(%)y Qu € QH_, is equivalent to u € H_
because we always have Qu € H_( 1y,

LEMMA 2.7.  There exists Ag > 0 such that the following statements
are satisfied for |\| < Ao:

(1) For 3§ <y <&—1, Loo(N) has a bounded inverse F(X\) = Log(A) ! in
QH_-. As a B(QH_,) valued function, F()) is of class C° for any
5 <min(y— 1,6 -7 —1).

(2) Let 1/2 < v, 7 < 6 —1/2 be such that v + 7 > 2. The difference
B(X) = F(A)—Q may be extended to a bounded operator from QH_s.4~
to QH_r. As a B(QH_s1~, QH_;)-valued function, B(\) is of class
CP= for p < min(y — 1/2,7 — 1/2,7 + v — 2). The same hold for
F(\) — 1.
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PROOF. (1) Since Lgo(\) — 1 € Boo(QH—_~) is continuous with respect
to A and Lgp(0) is invertible by virtue of the theorem on separation of
spectrum for compact operators ([18]), Loo(\) is also invertible for small
|A| < Ao. The proof of Lemma 2.6 implies that F'(\) has the same smooth-
ness property as Go(\)V (see also the proof of (2) below).

(2) If we write B(A) = —QGo(A)VQFEF()), it is easy to see from statement
(1) that B(\) € B(QH_ 5+V,QH_T) Let 0 < p < 1 first. Since V¢ €
H($+ (m—0)— and v,7 < 6 — 3, it follows from Lemma 2.2 and statement (1)

that
1(2) " (B(Y) = B(w){@)* By < [1(x) " F(p) ()7l
x[[(@) "TQ(Go (1) — Go(M)VQ(x)* [l {x) " F(\) ()’ || < Clu — Al

We next let 1 < be an integer. We k < p times formally differ-
entiate (z)” " B(A )< =7 with respect to A by using F'(\) =
—F(\)QGH(A)VQF(N). The result is a linear combination of

(2.15) (@) TFQGYIVQFQGYIVQF - FQGVQF (x)
where ki,... k¢ > 1 satisfy ki + --- + k¢ = k. Take £}, not necessarily
integers, sufficiently close to k; 4 %, j=1,...,£ so that
i K>k 1 d K K.<6, j=1 14
min(y, 1) > k; > j+§ and k;_; +k; <6, j=1,...,4

where we set k{, = 0. This is possible since p < § — 1. Considering as

QGYIVG = () [(2) QG V() O ()~ R,
we write (2.15) in the form
(@) TR (@)™ [(2) QG V() )
x ()" O P (2R [ (2) QG V Q) R xc -
-+ ()R B ()R () MQG SV Q) O () TR B ()

By virtue of the choice of kj’s, all factors () TF @)k, (2) Ok p gy

<m>7(67k3)F<3:>k3‘+17 j=1,...,£—1, and (x)fkg'@G(()kj)VQ(@(‘s*k;’) are
B(H)-valued continuous functions. By taking difference quotients instead
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of derivatives and proceeding by the induction argument with respect to the
order of differentiation, this formal computation can be easily justified and
the statement (2) is satisfied for integral p. When p =k +¢, 0 < e < 1,
we further apply difference operator A® to (2.15) and proceed similarly. We
omit the details. The statement for Ap(A) is obvious. [

2.2. Threshold expansion for free Schrodinger operator
Suppose o > % and k = 0,1,... satisfies k < 0 — % Then, Lemma 2.2

implies that, as a B(H,, H_,)-valued function, Go(\) is of class clo=3)-
on R and

1 N )

(2.16) TN = 55 | Go) = Y- 568 0)

is of class C“~*=1/2)~ " Outside A = 0, Ji,()) is of course Co=2)-_ Tfm > 5,
this regularity result may be improved. We define for A € CT,

H(MNu(z) = 4(2+)m1 /E / i M@=y () dydw.

At least formally H()) is an entire function of A and it has the expansion

HO) = 3" N Hy, Hyu(e) = W;m Il ( [ te- y>r”dw) u(y)dy.

n=0

LEMMA 2.8. Let m = 2v+1 > 3 be odd and o > m/2. Then, the
B(Hy, H-y)-valued function H(X) is analytic on the upper half plane C*

and it can be continued to C' as a function of class C(U_%)—. Forn =
0,1,..., H, € B(H(%+n)+,H7(%+n)+). The integral kernel of H, is given

by Cy|x — y|™. In particular, Ha, are of finite rank. We have
v—1
+

(2.17) Go(Nu= Y N (=A) 7T Tu+ 3 'HAu, reC.
j=0
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PROOF. Schwarz inequality implies the first statement. To prove
(2.17), we write p? = (% — A2)(p2@=D 4 N2p20=2) o N2y a2
n (2.1). Since A(u) is even with respect to u, we have for A € C* that

Go(\ _V_l)\Qj > 2(v—j-1) 4 d AP [ A(M)Ud
of )U—jgo ; 1% (M)UMJFT - He-

The first memeber on the right produces the corresponding one in (2.17).
The change of order of integrations yields

/_Z :21(;_1);@ B (271)m / {/Z (/_Z %Cm) dw} u(y)dy.

The inner most integral is easily computed by using

0 lap ei\a\)\
/;Oomdluzﬂ'l h\ s %)\>07CL€R

The equation (2.17) follows for A € C* and by continuity also for A € c'.o
By virtue of (2.17), we have, for j =1,...,

1

k—1
Jk(A) = 55 [ Go(N) = DN D;
j=0

where D; =0 for j =1,3,... ,m —4 and

(A% for j=0,2,...,m—3;
Hj pyy9, forj=m-—2,....

(2.18) D; = {

LEMMA 2.9. We have the following statements:

(la) Let0 < k < m—2 be odd and o > %—1—1. Then, Ji(A) is a B(Hy, H—o)-
k+2

valued function of A € R of class CP~, p =0 — *5=.
(1b) Let 0 <k <m—2 be even and o,7 > L be such that o +7 > k + 2.
Then, Ji(X) is a B(Hy, H_7)-valued function of A\ € R of class C*~,

pZIHiH(O’—%,T—%,O’-{—T—k—Q).
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(2) Letk>m—2,0>k—%+2and p=0+ % — (k+2). Then Ji(\)
is of class CP~ as a B(Hy, H_o)-valued function of A € R.

Proor. If k = 0, statement (1) is contained in Lemma 2.2 (2). Let
0 < k <m — 2. We have from (2.3) that

—  I(p) T
_Z/\Jpj—)\’f/ Mdu, SN > 0.
— oo

min

If u € H,, we have (Tu)(\)u € H(R, A2(2)nH ™) (R [0}, L2(%)).
If k = 20 —1is odd, then £ < m/2 and A\"T(A\)u € H° YR, A%(%))
by Hardy’s inequality. It follows, by the Sobolev embedding theorem, that
AT(N) is a B(H,, L2(X)) valued, hence A\=*+DT(A)*T(\) is a B(Hy, H_o)
valued function of class C°~"5°. If k = 2/ is even, then, A™‘T'(\) is a
B(H,, L*(X)) valued of class C7~¢~1/2 which vanishes at the origin. Since
c+7—20{ —1 > 1 by the assumption, it follows by Lemma 2.1 that
AR (A T(N) is a B(Hy, H_,) valued function of class p. Statements
(1a) and (1b) follow by Privaloff’s theorem. The second statement is obvi-
ous from Lemma 2.8. [J

Recall that D;, j =0,1,... are given by (2.18) and they should not be
confused with the derivatives 0/0x;.

LEMMA 2.10. Let m =3 and o > 2 and u € H, satisfy [u(z)dz = 0.
Then, for1 <k < O’— 3, Dru € H_(_1/2), and Ji.(\)u is an H_g+1 valued

function of A of order C(” k=3)-.

PrOOF. We have & € H? and 4(0) = 0. It follows that a(§) =
> &505(8) with 05 € H° 1 and ||9]|go-1 < C||4||g-. This means

8?}]'
B )
— 10x;

u((l;) = Uj € Ho‘—l-

It follows by integration by parts that

T T(\)u(z) Am l/dw/m iAz—y)w @881;]( )dy

__Z)\m/dw/ we (z— y)w dy__)\ZI‘ (ac),
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where the last w; is the bounded operator on L?*(X) defined by the multi-
plication with the coordinate variable w;. It follows from (2.4) that

Go(Nu = _12/00 wdu

j=17—% B

) _%Jz: </Z WD)y T e A/C’O p T () *w; T (1) v dﬂ> :

oo w—A

Here the first term on the right is independent of A and is an element of
H_; for any 7 > 1/2 such that 7+ ¢ — 1 > 2. In particular it is in H_,4;.
The second is of the same form as (2.4) except that it has an extra A factor
and that I'(A)*I'(\) is replaced by I'(p)*w;I'(1). The latter is no worse than
the former as far as the smoothness as a B(H,, H_,)-valued function is
concerned. Thus, we have the same result as in Lemma 2.9 (2) with o — 1
and k£ — 1 in place of o and k, The lemma follows. [

In what follows, we use the following well known expression of the con-
volution kernel of Go(\):

-3

(2.19) Go(\,z) = Y CuM el | 2Hi—m

’3
»

<.
Il
o

2.3. Low energy asymptotics

In this subsection, we study the singularities of the resolvent G(A) at
A =0 when H is of exceptional type (recall that, if m = 3, we assume H is
of exceptional type of the third kind). There is an extensive literature on
the subject and apart from the condition on the potentials and smoothness
properties of the remainder the following theorem is well known (cf. [14],
[22] and references therein). We define

PV P,VD3VBEV
LB eV, m=3;

2 A A
R Do)V, m =5

av
pel

Here ¢ is the canonical resonance to be defined below and a = 47i|[(V, ¢)| 2

when m = 3; ¢ = PyV, V being considered as a function, and ¢ = i/(24m)?
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when m = 5. The following two theorems are the main results of this
subsection.

THEOREM 2.11. Let |V(z)] < C(z)™° for some 6 > 2 and H be of
generic type. Then, the following statements are satisfied:

(1) Leti <o <é6—3. Then, (1+Go(A\)V) ™! is a B(H_,)-valued function
of class C* for any s < min(o — %,6 —0— %)

(2) Let 3 < 0,7 < §— % be such that o + 7 > 2. Then, L(\) = (I +
Go(M)V)~! — I eatends to a bounded operator from H_gs. e to H_,
and and (z)""LA)(x)°™ is a B(H)-valued function of class C* for
any s < min(o — %,7‘— %,04—7'—2).

THEOREM 2.12. Let |V(z)| < C(x)™° for some § > 3 and H be of
exceptional type. Let 0 < o < 6 — 3. Then, there exists Ay > 0 such that
(I + Go(MN)V)™ may be written as follows:

(2.21) (I +GoMV) P =T+ S\ + Ao(\), A€ (=Xo, \o)
Here S(X) be given by (2.20); Ao(A) is a B(H_H(H_%,H_O__ )-valued func-

3
2

tion of A € (—Xo, Xo) of class C° for any s < o and Ag(\) — Loo(\) ™! is of
finite rank.

Theorem 2.11 is contained in Lemma 2.7 and we prove Theorem 2.12
by a series of lemmas. The argument is more complex in lower dimensions
and we focus mainly on the case m = 3, being sketchy for other cases.
The discussion is vitually a repetition of that of section 4 of [29], however,
we slightly improve some results therein. We use the following elementary
lemma.

LEMMA 2.13. Let X = Xo+X; be a direct sum decomposition of a vec-
tor space X. Suppose that a linear operator L in X is written in the form

Lo L01)
I —
<L10 L1y
in this decomposition and that LO_O1 exists. Set C' = L1 —L10L501L01. Then,
L1 exists if and only if C™' exists. In this case
-1 — <L501 + Loy LorC ™" LioLgg —L501L0101> .

(222) _C_lLIOLa()l C—l
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We write M(X) = 1+ Go(N\)V. With respect to the direct sum decom-
position H_,, = QH_H-/\/' , we decompose

C([QMNG QMW _ (Lo Lor(M)
(223) MW‘(QM(A)@ QM<A>@)=(LT3<A> Li(A))’

where the right side is the definition. We already studied Loo(A\)~! in Lemma
2.7. In what follows in this subsection we irrespectively denote by E(\) var-
ious operator valued functions of \ in the space N or between its subspaces
which are of class CO=3)~ in a neighborhood of X = 0. We also irrespec-
tively denote by Ag > 0 various constants which are chosen small enough to
meet requirements at various stages.

LEMMA 2.14. The operator Li1()\) is an isomorphism of N for any
0 < |A < Ao and L11(\)~t is given by the following formulae, where ¢, a
and cq are as in Theorem 2.12:

AT2RV = ARV D3VERYV —aX o)V + E(N), m=3;

(2.24) $ AT2PV — oA M@ V) + E(N), m = 5;
AT2P)V + E()), m>1T.
PROOF. Let m = 3 first. We take an orthonormal basis {¢1,... , ¢4}

of N with respect to the inner product —(u,Vu) in such a way that
{p2,..., ¢4} is the basis of &€ = PyH and that (¢1,V) > 0. The func-
tion ¢; is uniquely determined by these conditions. Let m = —|¢1)(V 1|
and my = — Z?:2 |¢j)(V¢;| and define

QO = Q =1 _Qa Ql = Qﬂle QQ = QTFZQ'

We have Q = Q1+ Q2, Qo+ Q1 +Q2 =1 and Q;Qr = 6;,Q; (4,k=0,1,2)
and as identities in H_:

(2.25) (1+ DoV)Q1 = (14 DgV)Q2 = 0.
(2.26) Q2D1VQo =0, QD1VQ1=0, Q2D1VQ2=0,
(2.27) QoD1VQ2=0, Q1D1VQ2=0.

In the decomposition N' = Q1N +Q2N, we write

QIM(N\)Q1 Q1M(N)Q2\ _ (Mii(N) Mia(N)
(2.28) Luly = <Q2M()\)Ql Q2M(>\)Q2> - <M21()\) M22(>\)> '
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Let ¢(A) = —(Vg1, M(N)¢1) so that Mii(A) = ¢(A\)Q1. Since Vo €
H(zﬁf%) , (14 DoV)p1 = 0 and D; = —(47mi)~ (1 ® 1), ¢()) is of class

C=Y- and with a C®=3)- function ¢;(\)
c(N) = ~(V1|(Go(A) — Do)|[Vg1) = (4mi) AV, ¢1)[* + Aex ().

Since (V, ¢1) # 0, it follows that M;;(\) is invertible for 0 < |A| < A¢ and,
with a = 47i|(V, ¢1)| 2,

(2-29) M' () = (A ra+d(V\)Qr, de )

By virtue of Lemma 2.4 we have V¢;(z) € H(6+1) and [V¢;dz = 0 for
2)—
j=2,...,d. Hence Q2D1V = D1V Q2 = 0 and by virtue of Lemma 2.10,

Mia(A) = AN2Q1(DoV + AE(N\)Q2, Mo (N\) = A2Q2(D2V + AE(N)Q.
Combining this with (2.29), we have
(2.30)  Man (MM (A Mia(A) = A’Qa(aD2VQ1 D2V + AE(A)) Q2.
Likewise we have
Mao(N) = A2Q2(D2V + AD3V + N2 E(X)) Q2.

Simple algebraic manipulations show that Q2 D2V Q2 is invertible in £ and
(Q2D2VQ2)™! = PV and PyV Q2 = RV (see page 499 of [29], however,
we remark the discrepancy of the definitions of D;, D; here is i/ D; in [29]).
It follows that Mag(A) is invertible when 0 < |A] < A\g and

(2.31) Moy (A\) "L = A72P)V — A 'RV D3V PV 4+ Py3VE(M)Qs.
Hence, My,' Moy M " M1a = aAPyV DoV Q1 DoV PyV + A2E()) and

Caa(A) = Mag(\) — Moy () My (N) My2(N)
= Map(A\)(1 = Maa(A) ™ Moy (\) M3 (A) Mia(N))

is invertible for 0 < |A| < A¢ and

(2.52) Cyt(N) = A 2PV — APV D3V RV
. +CL)\_1P0VD2VQ1D2VP0V + PQVE()\)P()V
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If we set ¢1 = PV DoV ey € PoH, then PyV DoV Q1 DoV PV = —|é1) {1 |V
and the right side of (2.32) may be written in the form

(2.33) A2PV = ARV D3V PV — A talé1 ) (1 |V + PBBVE(N)RV.

Using (2.29), (2.30), (2.32) and the definition of ¢1, we may write

—My (N Mi2(N)Cay' (A) = —ad " o1)(61 [V + E(N).

(2:34) ~Coy WMot ()M (A) = —ad ! on) |V + E(V).
1

M (A Mia (M) Cog! (N Mar (A M3 (A) = E(N).

Combining (2.29), (2.33) and (2.34) and applying Lemma 2.13, we see that
Ly1()) is invertible in A when 0 < |A\] < A\p and L1;(\)~! is the sum of

(2 35) <_a)\1|(2~51><v¢)1| _a>\71|¢1><v&1| ~ ~ >
' —aX 1) (Voi| A 2PV — ARV D3V RV — A talgr) (V|

and an E()\). Thus, defining the canonical resonance by ¢ = ¢ + ¢; we
have proven the lemma for m = 3.
Let m = 5 next. Since (14+DyV)Q =0 and N C H(%)_, Lemma 2.9 (2)

with m =5, 0 = (6 + %)7 and k& = 4 implies
(2.36) Lit(\) = QO (=A) 2 + o)1 @ 1) + M E(\)VQ,

where ¢y = i/(247%) and E()) is of class CP~, p = (6 — 3)_. In the basis
{¢;} of N, we have

Q(-A)"2VQ =Y (DoVy, DoVor)l o) (Vorl =D (b, b)) (drlV,
and, exactly as in the case m = 3, we have
(2.37) (Q(=A)*VQ) ' =RV, VQPRy =V Py, RVQ=RV.
It follows for small |A| < Ag that

Lit(N) ™ = A 2RV (14 coAQ(1 @ )V PV + AX2E\VERV) ™!
= APV — ARV @ D))VERV + E(N).

Defining ¢ = PyV, we obtain (2.24) for m = 5.
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Finally let m > 7. We have Li1(\) = Q(A?(—=A)72)Q + MQJs(\)VQ.
Since N' C H(u) , Lemma 2.9 (1) with 0 = § + (%2)_ and k = 4
2 —
implies QJ4(A\)VQ is of class CP—, p = (6 + ng)_ > 6 — 3. As previously,
(Q(—=A)72VQ)~! satisfies (2.37). Tt follows

(2.38) Liy(N) " = A2RV + PWVE(\)RV.
This completes the proof of the lemma. []

LEMMA 2.15. (1) If m = 3, then in the decomposition N = Q1N +
Q2N

(2.39) Lio(N) Lo (N Loy (V) = </\2E11(A) A3E12(/\)>

NEy(N) A Eg())

where fori,j = 1,2, E;;(\) are of class C6=3)—,
(2) If m > 5, then Lig(N) Loy (M Loi(A) = XE(X) with E(A) of class
Ccl=3)-,

PROOF. We let {41, P2, ... ,dq} be the basis of N used in the proof of
Lemma 2.14. We first prove that Eaz()\) is of class C*® for any s < 6 — 3.
We assume s is an integer since extension to the non-integral case is imme-
diate. We write F(\) = QLgg (\)@ (this is consistent with the definition
as F(\) = Lyg (\) acts in QH_,). We have (1 + DoV + AD1V)Q2 = 0
and (1 + Go(M)V)Q2 = MNJ(A)VQ2. It follows that FEo()) =
AQ2J2( NV EF(N)J2(A\)V Q2 and in terms of the basis

d
En(A) = Y ((=NVe;, VEN) LNV 6i)[6;)(V il
i,j=2
Formally differentiating k < s times by using Leibniz’ formula, we have

(d/dN)* (Jo(= NV i, VE(N) Jo(A\)V ;)
- ¥ w (IS =NV, VEO (NI NV )

131~1
a+pB+y=Fk Byt

Choosing o/ > « and ' > 'y close enough to a and ~ respectively so that
’y’+%<6—(o/+%),6 2>ﬁ+2and’y+ < 6— [ — 5, we write
the inner product on the rlght side in the form

<<z>_(a'+%)J2(a)(—)\)V¢j, <x>a’+%VF(ﬁ)()\)<x>’Y’+% . <$>_(7/+%)J2(’Y)()\)V¢i>.
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By virtue of Lemma 2.10, (x)_(o‘ur%)JQ(a)()\)ngﬁj and (x>_(7/+%)J2(7)()\)V¢j
are H-valued continuous; the B(H)-valued function <x>a’+g VF(®) (A)(:E}WU“%
is continuous by virtue of Lemma 2.7 (2). Thus, Ea2(A) is of class C*. To
prove the same property for other FE;; we proceed similarly. However, we
have (1 4+ Go(\)V)Q1 = AJ1(A\)V Q1 and we apply Lemma 2.9 (1a) instead
of Lemma 2.10 for J;(£\)V ¢y.

If m > 5, we have Lig(A\)Loo(A) " 1Lor = MQL(AN)VF(N\)JLNVQ =
M E*(N). As previously we write in terms of the basis

d

E\) = (Ja(=NVe;, VE(\)J2(\V i) 6;)(V il

ij=1

and proceed as in (1). However, for the derivatives we apply Lemma 2.9
(1b) instead of Lemma 2.10, remarking that Vi¢; € Hgy(m=ay . We omit

=
repetitious details. [J

LEMMA 2.16.  The operator C(\) = L11(\) — Lio(A\)Log (\) Lo1()\) is
invertible in N for 0 < |\ < Ao and C(\)~! may be written in the form
(2.24).

Proor. If m =3, (2.35) and (2.39) imply

2
N = LI ) LoV L (W Ioy (M) = (AE(/\) A E(A)) |

AE(N) NE(N)
Hence C(\) = L11(N\)(1 — N())) is invertible for small 0 < |A| < Ag

CTHN) = L) + (1= NO)) " NOVLTA) = LT + BV,
The proof for m > 5 is simpler and we may safely omit it. [J

LEMMA 2.17. Let 0 <o <6 —3. Then, for |\ < Ao,
(1) FN)Loan(NCN) ™ is BW, H_ (5,19,
(2) CY(N)Lig(N)F(N) is B(Hf(ﬁfafé)_,N)—valued function of class C°.
(3) FA)Lot(MN)CN)1Lig(NF(N) s B(H_(é_o._%)_,H_(U+%)+)—valued

function of class C°.

)—valued function of class C°.
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PROOF. We prove the lemma for m = 3 when o is an integer. Exten-
sion to non-integral ¢ is immediate and the proof for m > 5 is similar. We
have

Lot(N) = QM (N Q1 + QM (N)Q2 = AQJ1( AV Q1 + N2 QJ2(\)V Q2

By virtue of Lemma 2.16, C(A)~! is of the form <
follows that

ATTE(N) ATLE(N)
A LB )\2E()\))'It

Loo(\) "' Lot (W)CTHN) = FNQANVQIEN) + F(\QT2(ANVQ2E(N).

We write F'(\) = Q+B(\). As was seen previously, Ji(ANVQjp, pe N, j=
1,2, are Hi(g+%)+fvalued C° functions for any 0 < ¢ < § — 2, hence, so are
QJi(MNVQj¢o. And B(N)QJ;(N)VQ;¢ are Hf(UJr%)Jrfvalued C? functions
for any 0 < 0 < § — 2. Indeed, if 0 = a + 3, then for o/ > o and ' > 3
such that o/ + 3 <6 —3' — 3,

()" @D BONQ@) 2 (@) DI v Qe

is an H-valued continuous functions by virtue of Lemma 2.7. Since E()) is
of class C'®=3)- | this proves (1).
By a simple computation, we have

d
LinF(\u = M1 (=N Ve, VE(Nu)dr + Y N (Jo(=N)V ¢, VE(N)u) ;.
j=2
The argument in (1) shows that, for u € H—(é—o‘—%)_7 MI (=N V1,
VF(A)u) and (Jo(=A\)V¢;, VF(N)u) are C? function of X. This proves (2).
The proof for (3) is similar and we omit the details. [J

COMPLETION OF THE PROOF OF THEOREM 2.12. The first part of the
theorem follows by combing the lemmas. By virtue of (2.22) and (2.23) and
thanks to Lemma 2.16, Ag(\) — Lyg (\) may be written as

Log LotC ' LigLyg — Loy LonC ™ — C™'Lyg Ly + E,

and, therefore, it is of finite rank. This completes the proof of Theorem
2.12.
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3. Proof of Main Theorem

We prove the theorem only for W_. The proof for W, is similar. We
write W = W_ for simplicity. We express W_ in terms of the boundary
values of resolvents in the following form where the right hand sides converge
strongly in H ([20]):

W= 1-lim—— / Rk + )V (Ro(k + i) — Ro(k — ¢))dk
(3.1) R

= 1-lim— | GV(Go(\) — Go(=\)AdA.

We let A\g > 0 be as in Theorem 2.12 and take ® € C§°(R) and ¥ € C*°(R)
as in the introduction: ®(A?) = 0 for |A| > Ao, ®(A?) = 1 for |\| < A3/2
and ®(\)? + ¥(\)? = 1. We define W. = W®(H)? and W~ = WV(Hy)?
so that W = W, + W~. We remark that for u,v € S(R™), we have

(32)  ((Go(Nu— Go(=N) fF(A\*)u,v) = ((Go(N)u — Go(=A)).f(Ho)u, v).
We use the following lemma which is proved in Section 2 of [26]. Recall that
My = % We define, forn =1,2,...,

1 o0

Qnu = pr (Go( M V)™ (Go(A) — Go(—=X))uAdA.

T Jo

Notice that Q1 = W,.p.
LEMMA 3.1. Let o0 > 1/m.. Then there exists a constant C' > 0 such

that
(3.3) 1Q1ullp < CIIF @)V [l lullp,
(3.4) 12uully < CHIF@ VIl 7 =2,

for any 1 <p < oo, u € LP(R™) N L R™).

3.1. Low energy estimate I, Regular Part

By virtue of the intertwining property we have W. = ®(H)W ®(H)).
We write G(A)V = Go(A\)V (1 +Go(A\)V) ! in the right of (3.1) and replace
(14 Go(N\)V)~! by the right side of (2.21) of Theorem 2.12. Then, defining
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W0, Wy, Ws1 and W 2 as in the introduction by (1.13), (1.14), (1.15) and
(1.16) respectively, we have

(3.5) We=0H)(1 - (Wyo+ W, +Ws1+ Wso))P(Hp),

e}
where the integrals are understood as strong limits lig)l / coodA. Tt is well
€ €

known (cf. Lemma 2.4 of [27]) that the integral kernels ®y(x,y) and ®(x,y)
of ®(Hy) and ®(H) are bounded by Cy{x —y)~ for any N and ®(Hy) and
®(H) are bounded in LP for all 1 < p < oo. Lemma 3.1 then implies that
O(H)W, 0®(Hp) is bounded in LP for all 1 < p < oo.

In this subsection we prove that W, is bounded in L? for all 1 < p < oc.

DEFINITION 3.2. We say that the integral kernel K(z,y) is admissible
if it satisfies the condition (1.17):

sup [ K(eg)ldy+sup [ K ep)lds < o

z Y

It is well known that the integral operator with an admissible integral
kernel is bounded in LP for any 1 < p < .

LEMMA 3.3. The integral kernel Wy.(z,y) of W, is admissible.

If 6, denotes the Dirac mass placed at z, then W,(x,y) is given by

(Wpby, 65), which we may write in the form
1 [ ~
(3:6) = [ (VANGN) = Gol-N)Bo (- 9), Go(~ AL, D) MDA
0

Recall that ® € C§°(R) is such that ®(A\)®(A\?) = ®(\?), A € R. Since
®o(z,y) and ®(z,z) are bounded and rapidly decreasing in z, the integral
(3.6) is absolutely convergent and defines a bounded function of (x,y).

For j =0,...,(m —3)/2, let Go () be the convolution operator with
the kernel el |z|=(m=27) 50 that Go(\) = 25-20_3)/2 C; NGy j()) by virtue
of (2.19). We insert this into the right of (3.6). Then, we have

(m—3)/2

(7 Wil = 3 GO Ly rley) — L jxlny)),
4,k=0
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where, with T j £ (\, 2,y) = (V Ag(N)Go j (£N) @ (-, y),Go 1 (—N)®(-, 2)) D(N),

(£1)!

L:I:,j,k(xvy) = /() T:t,j,k(Aaxvy))‘jJrkJrld)"

Define, as in [26] and [27],

Alz=w|=[z])
(A z, ) / P & (w, z)dw = e~ NG FNO(, x),

w|m2]

Alz—w[—ly])
Y;(A z,9) :/m‘bo(w y)dw = e~ MGy () Do (-, ),

and denote by X J(-Z)()\, z,y) and etc. for the /-th derivatives of X; and etc.
with respect to the variable A. We have

1 [, ) ‘
Lejuley) = E/ AN T, L (N, y) N TR,
0

Ti,j,k()‘7 T, y) = <VA0()‘)Y}(i/\7 K y)? Xk(_)‘v K x)>(i()‘)

(3.8)

LEmMMA 3.4. (1) For{=0,1,2,... and j=0,...,(m—3)/2,

Coz)*
(z —yym=2-3°

Cy(z)*

(0 —

(0
’Y;' (A,z,y)‘ <

(2) Let vp, = m —2—k if k = 0,...,(m —5)/2 and v, = (m/2)4 if
k= (m —3)/2. Then, for 0 <j <k, we have
—(l4vr) 5 (6) (m—2—k)
z X\ z,x my < C ,
(3.9) [1{2) i 2@y < Clz)™

102) = YO 2, )| 2y < Cly)~m2H.

Moreover, if k = mT_?’ and j < k, then (3.9) remains to hold with the
exponent m — 2 — k on the right being replaced by min(vg, m — 2 — j).

PrROOF. We have ||z —w| — |z|| < |z|+ |z —w| and |®(w,z)| < Cy{x —
w)~N for arbitrarily large N. It follows that

¢ ¢
‘X]@(A,z,x)’ S/\z—w[ Clz) dw < Celz)

mf2fj<w _ x)NfZ — <Z _ x>m727j'
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Then, the standard estimate implies that X J@)(}\, z,x) satisfies (3.9). Esti-

mates for Yj(g) (A, z,y) may be proved similarly. (]

LEMMA 3.5. Suppose either |V(z)| < C{z)™ ™) = >0, and H is
of generic type or |V (x)| < C<x>_(m+3+8), e >0, and H is of exceptional
type. Let Ag(A) be as in Theorem 2.12. Then:

(VA YD (£, - y), X (-2, - 2))]

(3.10) < C<CL‘>_(m_2_H) <y>—(m—2—l€)

for j,k=0,... ,mT%, k = max(j, k) and (o, 3,7) with a + B +~v < k + 3.
Ifa =03 =~=0, we have

(3.11) VA N)Y(EN, - y), Xip(=A, - 2))| < C<x>*(m*27k)<y>f(m—27j)
for j,k=0,..., 23,

PROOF. We first prove (3.10). We may assume without loss of gener-
ality that j < k so that kK = k. Let v be as in the previous Lemma 3.4. By
virtue of (3.9), the left side of (3.10) is bounded by

Cll (VAT (N ()P g ()20 ()= Om 20

By virtue of Theorem 2.12, <z>”’c+7VAga)()\) (2)"* " is a B(H)-valued con-
tinuous function of A if

(3.12) a<min(6— (v +6)—3, 6—(w+7)— 32, 6§—3)
when H is of exceptional case, and when H is of the generic case if

a<min(6—(yk+ﬁ)—%7 (S—(yk_|_fy)_%7

(3.13)
26— (B+7+2v) —2, §—1).

The conditions (3.12) and (3.13) are satisfied if m +3 < and m+2 < §
respectively and the estimate (3.10) follows. To prove (3.11), it suffices to
check that [[{z)"*V Ag(A)(2)" |lg(#) is bounded, which is, however, obvious.
This completes the proof. [
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LEMMA 3.6. Letj=0,1,...,(m—3)/2. Then:

(3.14)  supfy)" "2 / (2)~ "2 (2] £ [y) "Dz < .
y m

The similar estimate holds when roles of variables x and y are interchanged.

PRrROOF. It suffices to prove the case with (|z| — |y|)~U+3). Using polar
coordinates, we estimate the integral by

/Iyl/2 /2Iy| / Crm=1dy
w2 Jap ) A+ r)m27 (14 |r — [y|[)7+3

lyl/2 m—1 m—1 00 m—1 )
S/ Cr dil Cly| - / Cr d?:rl < C<y>1+j.
o (@+[rphm (L+[y)m=277  Jopy (L4 r))™

|yl

Estimate (3.14) follows because 1 +j <m —2 — j for j < m—3. O
By virtue of (3.10), we have for all j,k=0,...,(m —3)/2
(315)  |Laga(e.y)| < Cla) "7y "Mk = max(j k).

Since 2k < m — 3, this implies that x(x,y)L+ ji(z,y) are admissible if
x(x,y) is the characteristic function of {(z,y) : [|z| — |y|| < 1}. In what
follows we thus consider Ly ;i (z,y) for ||z| — |y|| > 1 only.

We apply integration by parts xk + 3 times, £ = max(j, k), in the right

side of
(1) (ill] = [y ) Lyl y)
1 K+3
(310) _ / h (%) DN Ty (2, ) AN,
0

If j+k+ 1> k+ 3, then no boundary terms appear and
(3.16) = (—1)"*°

3.17 0o w3 ;
(3.17) y / illelEly)A (%) (T O y) V1),
0

It follows from (3.10) that

(3.18)  [Lujn(z,y)| < Cly) 27 () =MW 4| £ Jy|)y )
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and, by virtue of Lemma 3.6, L jx(x,y) are admissible. If j+k+1 = rk+2,
then a boundary term appears:
(3.19) (3.16) = (3.17) 4+ (=1)*"3(k + 2)!'T4 ; (0, =, y).

Then, (3.10) again implies (3.18) and L ;1 (z,y) are admissible. We finally
consider the case that j + k+1=r+ 1, viz. 7 =0 and/or k = 0.

LEMMA 3.7. Let 0 < 7,k < mTf?’ and let 5 = 0 and/or k = 0. Then,
Ly jk(z,y) — L_jk(x,y) is admissible.

Proor. We have j+k+1=kxk+1 and
AN elen (O
3.16) = (—1 “+1/ <—> etz Ely (—) Ty (N2, y) N dA
()()08)\ ax ) (Tein(Az,y)A™)
= i(~ 1) (k + DI(Ja] = [y T (0, 2, ) + (~1)H(k + 21T, (0,2, )

o0 H+3
aps [ (2) g,
0

where Tilik()\, x,y) is the derivative of T:t,j,k()\v x,y) with respect to A. The
argument above shows that modulo admissible terms

T:I:,j,k(07 Z, y)
(i(]=] & [y])=+?
We recall Ty ;1(0,2,y) = (VAg(0)Y;(0,-,9), VXi(0,-,2)) = T_;x(0,2,9).
Then, by virtue of (3.11), modulo admissible terms, |Li ;i(z,y) —
L jr(x,y)| is bounded by a constant times

C 1 (—1)7

(@)™ 2Ry (2l + D)2 (el = [yl)<+
Elementary computation shows that for ||z| — |y|| > 1, this is bounded by a
constant times

(3.20) (£1) Ly jp(z,y) = (=1)" 2 (k + 1)!

(3.21)

a+b=j+1 (z| + ly|yi+2—a(|z| — |y|)i+2-0b <j<
(y)3 = () 2™ - y
3.23 e
. a+§+1 (] + [y)F+2=a(z] — [yhF+e—e 7 -
2
(3.24) ||yl fiono

(@)™ )™ el + [y (2] — ly)?
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The integrals with respect to y of summands of (3.22) may be computed by
using polar coordinates and we estimate them by constants times

/oo (1+T)j+27mrmfldr
o T+ T+ (i + I — 272

(1
2|z| 00 ritldy
(/ % /Qgc) (147 +|z|)i+2—2(1 + |r — |z||)7t2-0

__C /2 gy L /2lxl Cdr +/°° Cdr
(@) o (@)= Szt (L =220 Sy v

The first and the last terms on the right are bounded by C(z)™'. The
second is bounded by C(z) 'log(1+ |z|) < C'if a = 0 and b = j + 1; if
otherwise by C(z)*™! < C(z)™ ® since a — 1 < j < (m — 3)/2. Thus,

sup / 1(3.22)|dy < C.
zeR™ m

We likewise estimate the integrals with respect to dx by constants times

/°° (1 +r)3_mrm_1dr
o (I+7r+Jyl)it2me(d +|r — [y|[)i+2?

/“’ 2ly| Cdr . /OO Cdr
- ”3 (L= [y[)7F270 0 oy (L)t

The first and the third terms are bounded by C(y) ™/ < C(y) ™. The second
is bounded by a constant unless a = j + 1. If a = j + 1, then it is bounded
by C(y) < C(y)™ 27 since j < (m — 3)/2. Thus, we have seen that (3.22)
is admissible. Since (3.23) is obtained from (3.22) by replacing the variable
x and y, (3.23) is also admissible. Similar estimate shows that (3.24) is also
admissible. This completes the proof. [

3.2. Low energy estimate II, Singular part

In this subsection, we show that ®(H)W, ;®(Hy), j = 1,2, are bounded
in LP(R™) for -5 < p < 2 if m > 5 and for 3 < p < 3 if m = 3. Recall
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that W ;, j = 1,2 are defined by (1.15) and (1.16) respectively:

W;yzgzOMC%()VAﬂGdAy—GM—ADéQyM,
WSQ_% OOOGO( WPV (Go()) = Go(=A)B(A)Ad,

and A_1 is given by virtue of Theorem 2.12 by

—PyVD3sVP)V —alp® p)V, m = 3;
A1 =9 —alp®y), m = 5;
0, m > T.

We use the following two lemmas. The first is well known (cf. [24], p.218).
LEMMA 3.8. Let 1 < p < oo. Then, the function |r|* on R is one
dimensional (A), weight if and only if —1 < a < p—1. The Hilbert trans-

form H and the Hardy-Littlewood mazimal operator M are bounded in the
weighted LP-space LP (R, w(r)dr) with (A), weights w(r).

LEMMA 3.9. Let m >3 be odd. Let ¢ € LY(R™) and u € S(R™). Let
¢; = |X|C; where C; are the constants in (2.19). Then

(m—3)/2

(1, (Go(A) — Gl Z ¢ Aﬂ/ A M (1, g+ ) dr
where u(x) = u(—x) and M(r, f is the spherical average of f:
3.25 M(r, f / flrw)dw, reR.

ProOOF. Applying Fubini’s theorem and using polar coordinates, we
obtain

(m=3)/2 il gy (2 —
A efAly
.o =X G [ vl ( | s y)dy) da
N eI () a) (y)
= d
Z C/ ’y‘m 2—3 Y
(m— 3/2

= Z cj/ N AT 1Jr]M( W * w)dr
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Note that M (r) = M(r,v ) is smooth and ™~ 1M (r) is integrable. Since
M(r) is an even function of r, by changing the variable r to —r, we also
have

(m—3)/2

<"L/},G0 Z C]/ )\] AT 1+]M( w*u>

Adding last two equations sides by sides, we obtain the lemma. []

3.2.1 The case m =3
We study the case m = 3 separately as the argument for this case is
slightly different from that for other cases.

PROPOSITION 3.10. The operator Wy is bounded in LP(R?) for 3/2 <
p<3.

PROOF. We write ¢ = ¢ and we let {¢9,...,¢4q} be an orthonor-
mal basis of £. Define a;; = —a, a;; = 0 for 2 < j < d and aj; =
—(¢;|VD3V|¢y) for 2 < j, k < d. Then, we have W, 1 = 39, _, Fj, where
Fjj, are defined by

(326) Fyru(x) = = /Ooo Go(A)V ;) (V k| (Go(A) = Go(=A))@(|D)u)dA

T

It suffices to show that all Fj satisfy the property of the lemma. Since
®(|D|) is bounded in LP for all 1 < p < oo, we may and do ignore it.
We have |V (z)¢;(x)| < Cz)™°! for all j. Lemma 3.9 yields that for
u € C°(R?)

(327)  Le(\) = (Vér, (Go(N) — Go(—\)u) = / M (r, Vg + ) dr
R
Here My (r) = M(r, V¢pxa) is smooth, even and satisfies the decay estimates

|0 My (p)| < Cy(1 +7)7% for £ = 0,2,.... Hence, Ly(\) is a rapidly
decaying C®--function. We insert (3.27) in the right of (3.26):

o0 e—Ne=ul (1 .
Firu(z) = aji /0 < /R i 4ﬂ2:|i‘i¢;’)(y)dy) Li(\)d\

V ¢J(y) / —iAz—y|
A _PINd) L )
= ajj, / s 1% — o Uy e k(A)dA ¢ dy
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We denote the function inside the brace by Ti(p), p = |z — y| so that

Since Lk(A) is the Fourier transform of rM(r), Tx(p) =
(1 + H)[rMy(r)](J]z — y|) where H is the Hilbert transform. Applying
Hausdorff-Young’s inequality and using polar coordinates, we have

1/p )
| Frully < epllVilia (/RITk(T)IplrlzpdT) . cp = (4m)7|ayk|/ (477).

By virtue of Lemma 3.8, |r|>"? is an one dimensional (A), weight if and
only if 3/2 < p < 3 and for these p’s we have

w29 ([ moriear) " oe, ([1ancrrar) ”

Since My, (r)P < |57 [ [V ¢y * ti(rw)[Pdw by Hélder’s inequality, the right
side of (3.28) is bounded by

(3:29) CollV g+ tillp < CpllVjlallullp-
This proves the proposition. ]

PROPOSITION 3.11.  The operator W5 is bounded in LP(R3) for 3/2 <
p < 3.

PROOF. As in the proof of previous Proposition 3.10 we ignore the
cut-off function ®(\). It suffices to show the lemma for the summands in

d oo
Wosu= =3 [ GaA(V6))© (V6 (Goln) = Go(-A)A'dA -
j=2

We let |D|~! be the Fourier multiplier by |¢|~!, which is the convolution
with Clx|~2. Then, via Fourier transform, we have

Vi, A HGo(A) = Go(=A)u) = (|D| 7'V ey, (Go(N) — Go(—A))u).
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Write ¢j(z) = |D|7'(V¢;). Recall that ¢; are eigenfunctions of H and
they satisfy |V (x)¢;(x)| < C(z)™%% and [ V¢jdz = 0. It follows that, as

|z — oo,

vie)=c [ (é - ﬁ) (Véy)()dy

|z —yl?
3
2z -y — |y|? Cirr _
ZC/W(V%)(Z/)CZ?J:Z ’Z:’f +O(lz|™%),
k=1

and the convolution with v;(x) is bounded in L for any 1 < p < oo:
(3.30) [ % ullp < Cllullp, 1<p<oo

([24], pp. 30-36). We then repeat the proof of Proposition 3.10 and, at
the final step we substitute this estimate (3.30) for Hausdorff-Young’s in-
equality (3.29) and conclude that ||[Wasull, < Cpllul|, for 3/2 < p < 3. This
completes the proof of Proposition 3.11. [J

3.2.2 The case m > 5
By virtue of (2.20), we have Wy = 0 if m > 7 and, if m = 5,

War = —2 [T GoN) (Vi) @ (Vi) (GolA) — Go(—A)B(\)dA

! 0
with ¢ = PV, V being considered as a vector; for any m > 5

Wos = /0 GOV RV (Go(A) — Go(—A)B(A)A LA,

PROPOSITION 3.12. Let m > 5, |V(z)| < C(x)™° with § > m + 3 and
s < p < . Then, there exists a constant C, such that ||Wjull, <
Cyllullp for allu € CF(R™), j =1,2.

We take an orthonormal basis {¢1,... , ¢4} of £ and write W 4 in the
form Wy, = Z?Zl(l/m')Zj, where

z- | TGy (Vy) ® (V) (GolA) — Go(~A) (A LdA.
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We shall prove that Z;, j = 1,... ,d, all satisfy the estimate of the propo-
sition by a series of lemma. The proof will then imply the same for Wj
because W 1 is obtained from Z; by replacing ® and ¢j by A®(N) and ¢
respectively and because the only properties of the former functions which
are used in the proof for Z; are that ® € C§°(R) and that ¢; € £ which
are as well satisfied by the latters . In the sequel we omit suffices j from ¢;
and Z; for brevity.
Denoting M (r, (V¢) * @) = M(r), we define for 0 < j, k < (m — 3)/2:

o0
(331 Ku(p) = — / ¢ M \kti—1 < / eMTrHjM(r)dr) ().
21 Jo R
Since |¢(x)] < C(z)>™™, M(r) is smooth and |9*M(r)| < Cylr)2—m-8
for £ = 0,1,.... It follows that the functions inside the parenthesis are
at least of oder C° and decay rapidly at infinity. Moreover, it satisfies
[Z5 . rM(r)dr = 0 because M(r) is even. It follows that (3.31) is well de-
fined for all j, k. Lemma 3.9 and the change of the order of integrations

imply

m3/2

(3.32) __= Z / |x_ fn’i(f;y’)dy

7,k=0

where ¢; and Cj, are the constants in Lemma 3.9 and (2.19) respectively. In
what follows we show that all integral operators on the right of (3.32),

o) W= [ Sy

are bounded in LP(R™) when m > 5 and m/(m —2) < p < m/2. By
interpolation, we have only to show this for p = m/(m — 2 — ¢) and for
p = m/(2 + ¢) with arbitrarily small £ > 0. We use the following lemma
which is obvious because |V (z)¢(z)| < C(x)~ ™72t 5> m + 3.

LEMMA 3.13. Letp=m/(m—2—¢) orp=m/(2+¢),0<e <1 and
q be its dual exponent. Suppose b < m. Then

[ (] resor e
m le—y|<1 |$ - y’b N



80 K. YAJimA

In what follows we write H = (14 H)/2, H being the Hilbert transform.
By virtue of Lemma 3.8, |r|™ 17 is a one dimensional (A), weight if and
only if 0 < %—9< 1, or,

(3.34) m—3—e<f<m-—-2—¢c ifp=m/(m—2—c¢);
(3.35) lte<O<2+e  ifp=m/(2+e).

In what follows we take § = m —3 if p = m/(m —2 —¢) and 0 = 2 if
p=m/(2+¢),0 < e <1 being a small number. It is well known that for
f € S there exists a constant C' > 0 such that

(3.36) |(f xu)(t)| < C(Mu)(t), teR,

where M is the Hardy-Littlewood maximal operator ([24], p. 57).

(i) The case j+k=1and p=m/(m—2—¢). If j+k =1, we have
(3.37) Kji(p) = H((F®) * (r'™7 M))(p).

We split the integral (3.33) into |z — y| < 1 and |z — y| > 1 and estimate

o (Vo)) Kl — y))|
(3.38) W= </|fry|<1 Jr/Iocy|>1> |z —y|m—2k @

= L(z) + Ix(z)

For k = 0 and k = 1 and for |z —y| > 1, we have |z —y|~(m=27F) < |z —y| ¢,
6 = m — 3, and Hausdorff-Young’s inequality implies

1
o0 P
122l < IVlalllz ™ KD, = IVl (IEI/O \Kjk(p)\ppm_l_”gdp> :

Since p™~177Y is a one dimensional (A), weight, (3.36), (3.37) and Lemma
3.8 imply that the integral on the right is bounded by a constant times

1 1
OO 1+j p,.m—1—pb P - P dx P
(/0 [P M (r)|Pr dr) <C </ ~ |V u(x)] 4‘:6‘17(91”)

where we used Holder’s inequality |M(r, f)[P < |71 [ |f(rw)[Pdw in the
final step. Since 0 < p(6 — 1 — j) < m for j = 0,1, the right is bounded by

1 1

) dx P
C’/ Voxa(x)|Pde | + Cl|V* s / _
<M| b+ () ) Vol (Wl ,x,pwu))

< C(IVel + Vol llullp,
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where ¢ = m/(2 + ¢) is the dual exponent of p. Thus,
(3.39) 2> Kk (|2l < CUV ol + 1V ellg) ullp

and, therefore, || 12|, < Cp v ||lull,. By Holder’s inequality and (3.39)

()] < ( /m_y|<1 <%>dy)

, ( / (Vo)(y) | dy) :
lz—y[<1
(Vo)(y)

|z —y|t=F
CIVell + [IVllg)llullp - </| oyl F

z—y|<1

1
q q
dy>

Since (1 — k)g < m, Lemma 3.13 implies ||11]|, < Cyp||ul|p. Thus, we have
proven ||Wjiul|, < ||ullp in this case.

(ii) The case j+k =1 and p = m/(2+¢). We estimate |Wj,u(z)| <
I(z) 4 I2(x) as in (3.38). Since m —2 — k > 6 = 2, we have

ORI o Ela =il

and || L], < |[Voll1ll|lz| P Kjr(|z])|lp- Again |r|™ 179 is a one dimensional
(A)p weight and 0 < p(§ —1 —j) < m for j =0,1. Using (3.36) and (3.37),
applying the weighted inequality, and estimating the integral in the final
step by spliting it into the part on |z| < 1 and on |z| > 1 as previously, we

obtain
. 1
= ([T mrar)’
0

1
<C m=1=(0=1=7)P pr (r\Pd P
s < (/R'T‘ oy

IV * a(z)[Pdx\ »
S ¢ </ m ’;E’p(e_l_j)

< C(IVoll + 1V ollg)llullp,

K

j|?
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where ¢ = m/(m — 2 — ¢). Hence, [/I2]|, < Cy,pllullp. For estimating I (z)
we use Holder’s inequality and then (3.40). We obtain

Q=

14 q
(f Ko=), \
lz—y|<1 |£L' - y’2

1
q q
0o [\
oyl
Since ¢(m — 4 — k) < m, Lemma 3.13 implies ||11]|, < Cvpllull,. Estimate
Wjrull, < Cllull, holds if j +k =1 and p =m/(2+¢).

< OVl + Vel lull, ( /

|lz—y|<1

(iii) The case j,k > 1 and p =m/(m — 2 — ). We now write

! / e~ PANIFTEZLD(N)d .

Koi(p) = Ly = (M) o), Lyanlo) = 5 |

Integration by parts implies |Ljx(p)] < C{p)~U+k). Hence,
ARG < Ol [ = o) 0
(341) <C [ = M )
< OM((r)*=HrT M) (p).
Define Qjx(p) = M(r7T1{r)k=1M)(p). Then, (3.41) yields
v ; —y|)d

m |z —y|°
and || Wjgull, < |[Vollill|lz]~°Qjk(|z])],- Since r™~1=P? is a one dimensional

(A), weight, we obtain, using also Holder’s inequality, that

‘ Qik(lzl)

j|?

(V) % @) () [P (x)P*D) %
(e

, 0=m -3,

o [Temeeeyyar)”

(3.42)
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Since 0 < p(k — 1) < p(m — 4 — j) < m, we may estimate the last integral
by C(|[(V) * oo + [[(VP) * ulp) < C|lull, as previously, by splitting the
domain of integration into {x : |z| < 1} and {z : |z| > 1}. We have shown
that ||[Wjrull, < C|lul|, for this case.

(iv) The case j,k > 1 and p = m/(2 + ¢). Trading the weight in K, =
Lity * (r**7M) in the direction opposite to the one used in (3.41), we
estimate

(K (p)] < / (r— ) D () (r — o))V I M () dr

(3.43) R

< C/ (r — p>_(k+1)(r>1_jrj+1M(7“)dr < C'./\/l(r2M)(p),
R

or |Kjr(p)| < CM(r2*M)(p){p)’~t. We estimate |W,,u(z)| < I(z) + I2(z)
as in (3.38). Using (3.43) for p > 1 and remembering j + k < m — 3, we
have

(Vo) (y)|IM(r2M)(|x — y|){z — y)'~!
[I2(2)] < C/|xy|>1 PESTEE dy
< cof WAGMEM) (e~ Wy gos
R™ |z — yl0

and |||, < C||V|1||M(r2M)/|x|?||,. Since r™~172P is an (A), weight,

HM(T2M)(I1:I)

|2

o ( I pm—l—Qp{MwM)(p)}pdp)%

(3.44)

1
<c ( /0 rWl\M(r)\ﬁdr) < CIVéaly < OVl lull.

Thus, || I2]|, < Cllu|lp. Estimate (3.43), Hélder’s inequality and (3.44) imply
Vo) M(r2M)(|z — yl)dx

|lz—y|<1 "73 - y|m72ik

([ (e )

<cwona, ([, (FLOULY )
r—yY|<

[Lh(z)] <C

M(r?M)(|z|)

jz[?

p
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where ¢ = m/(m — 2+ ¢). Since g(m — 4 — k) < m, Lemma 3.13 implies
| I1|| < C|lull,- We have obtained the desired ||[Wjiull, < C|lull, for this
case.

(v) The case 1 < j < (m —3)/2, k =0. We want to show
(3.45) Wjo € B(LP) for all m/(m —2) <p <m/2.

We have shown in (i) and (ii) that (3.45) is satisfied if j = 1. We prove
(3.45) for 7 > 2 by induction on j. We assume that j > 2 and that (3.45)
has already been proven for smaller values of j. By integration by parts

— [ a1 d iAr, g
Kio(p) = %/0 e\ 1q>(A)a (/ReA rJM(r)dr) d\

_ i rd <e‘“")\j_1<i()\)> / N rI M (r)dr ) dA
2 0 d)\ R

= pKj-11(p) +i(j — 1) Kj-1,0(p)

bl [ e () ( / e“’”rjM(r)dr> d\

2T 0 R

Note that the last integral is the same as K;_10(p) if A®'()\) is replaced
by ®(\) and that the former function plays no worse role than the latter.
Thus, we may ignore it by considering it being absorbed in K;_1 (p). If we
replace Kjo(p) by pK;—1,1(p) or K;_10(p) in the definition (3.33) of W gu,
they respectively produce W;_1 ju or W;_1 gu. We have already shown that
Wj_11u € B(LP) for all -5 < p < % in steps (iii) and (iv) above, and
W;_10u does so by the induction hypothesis. Estimate (3.45) holds for all
j < (m —3)/2 by induction.

(vi) The case j =0 and 1 <k < (m — 3)/2. We want to show
(3.46) Wor € B(LP) for all m/(m —2) < p <m/2.

We have already shown (3.46) for k = 1 in steps (i) and (ii) above and we
prove (3.46) for 2 < k < (m — 3)/2 by induction on k. We assume k > 2
and that we have already proven (3.46) for smaller values of k. Integration
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by parts yields
Kor(p) = — / RS PUSE Y / e rM(r)dr ) dX
Ok 2mip Jo dA R

= %12./) /OOO e~ <%> {)\k‘li)()\) (/R eWrM(r)dr> } d\

= (ip) " (k — V) Kog-1(p) + p K1 1-1(p)

1 0 - )
. / e A2\ (M) ( / e")‘rM(r)dr> d.
2mip Jo R
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Again A\®'()\) plays no worse role than ®(\) and we may ignore the last
term on the right, considering it being absorbed in p~'Kgx—1(p). If we
replace Koi(p) by p ' Kor-1(p) and p~1Kj x_1(p) in the definition (3.33)
of Wy, they respectively produce Wy —1 and Wi ;1. We have shown
Wik—1 € B(LP) for all -5 < p < % in (iii) and (iv) and Wy x_1 does so by
the induction hypothesis. Thus, (3.46) is satisfied for all 1 < k < (m —3)/2

by induction.

(vii) The case j = k = 0. Since [ rM(r)dr =0, we have

L
ix Jr

e M (r)dr = /

We change the order of integration on the right. The result is

/R e ( /A " rM(r)dr) dp = /R e M (p)dp

A (62 - 1) rM(r)dr = /R ( /O ' eip)‘dp> M (r)dr

where A(p) = {r : +r > +p} for +p > 0 and M(p) = fA(p) rM(r)dr. It

follows that

Koo(p) = % /Ooo e~ MP(N) <% /Re"’\rM(r)dr> d\
= ((F®) = (HM))(p),

and we have |Koo(p)| < C(MHM)(p). We then proceed as in the case (i).
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First let p = m/(m—2—¢) and write § = m—3. We estimate |Wyou(z)| as
in (3.38). Since |z—y|~"2) < |z—y|~? for [t —y| > 1, we have by applying
Hausdorff-Young’s inequality that ||I2||, < C||[V¢|1|l|z|~% Koo(|z|)||,- Since
m=1-p i5 an (A), weight and m — pf > 0, Lemma 3.8 and then Hardy’s

inequality ([23], p. 274) imply

r

e[ Koo(l])p < ( I pm1p9|<MHM><p>pdp) p

1 o)
m—1—pB| 17 p P m—1—pf 2p p ?
§C</Rp |M(p)| dp) SC(/O p pM(p) dp)

Since 0 < p(0@ — 2) = p(m — 5) < m, the right hand side is as previously

bounded by C(||[Vo|l1 + [|[Vollg)llullp, ¢ and

— _m
T 2+e

(3.47) 12l < Clllz|~ "= Koo(|a])llp < C|lull,-

By virtue of Holder’s inequality and (3.47) we have

[I1(z)] < (/m—y|<1 qdy>% . (/x—y|<1

< Olull ( [ qdy)q ,

|z =yl
where ¢ = m/(2+¢) < m. Lemma 3.13 implies || I; ||, < C/||u]|p. This proves
[Wooullp < C|lull, when p=m/(m —-2—¢),0<e < 1.
Next we let p = m/(2 + ). We first estimate |Wyo(z)| by the right of
(3.38). Since m —2 > 2,

(Vo)(y)
lz —yl

Koo(lz —yl)
|z —y|m3

p 1/p
dy)

()| < /| " |(V¢)(y),f(f2ﬁ — y))ldy

and || Iz, < [V@ll1ll|lz| 2 Koollp- Since r™~ 172 is an (A), weight and m —
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2p > 0, we may apply Lemma 3.8 and then Hardy’s inequality to obtain

7> Koo (|2, < € (/Ooo pm_l_Qp\(MHM)(p)l”df)) '

1 o 1
<c ( / pm-1-2p1M<p>rpdp)p <c ( / pm—lM@)pdp)" < Clul,
0 0

Thus, || L2|l, < C||Vo|i|lullp. If ¢ =m/(m —2 —¢) is the dual exponent of

D,
vow |\
|Lu(z)| < </x—y|<1 gt dy)
1/p
_ / Koo(lz —yl) pdy .
o—yl<1 | 17— yl?

The first factor is an LP function of z € R™ by virtue of Lemma 3.13 and
the second is bounded by |||z|2Koo(|z|)|l, < C|lullp. Thus || L1]l, < C|lull,.
This proves ||[Wooul||, < C|lul|, for the case p=m/(2+¢), 0 < e < 1. This
completes the proof of Proposition 3.12.

3.3. High energy estimate

We prove in this subsection that Ws is bounded in LP(R™) for all 1 <
p < oo if V satisfies |V (z)] < C(z)™°, 6§ > m + 2, in addition to (1.8),
viz. F((z)*V) € L™ (R™) for ¢ > mi* Since threshold singularities are
irrelevant to the high energy part W~ = WV (Hy)2, we can (and do) follow
basically the same idea as in [26], however, we shall substantially relax the
regularity and the decay conditions on the potentials by improving some of
the arguments there.

We want to show that the integral kernel of W5 is admissible by the
method used for the low energy case. However, in this way we shall en-
counter two difficulties: (1) The X integral extends to non-compact interval
and the integral corresponding to (3.6) does not converge absolutely; (2) the
local singularities of the convolution kernel C;je x| =(m=273) of G ;(\) are
strong and they are not locally in L? except the case j = (m — 3)/2. To
overcome the first difficulty we shall exploit Lemma 2.2 that the resolvent



88 K. YAJimA

decays as |\ — oco: [[(z) "Go(A\)(x) [lgy < CA™! for 0,7 > 1/2. In
order to do this, we expand (14 Go(A)V)~! and write W~ in the following
form:

W(H) = 2 [T GaV 1+ GoY) T (GoN) ~ Gol-X)¥(Ho)*AdA

1T

= U(Ho)* + ) _ (_-1)j /OOO(GO()\)V)j(Go()\) — Go(—\))AdA¥ (Hy)?
o | GV GV G (Go) — Go =T

2n
= \I/(H0)2 + Z(—l)jﬂj\l’(ﬂo)z - QQTL-H‘
j=1

The operator W(Hy) is bounded in L? for any 1 < p < oo and, by virtue of
Lemma 3.1, [|Qpull, < C"H]—"(<x>2UV)||%*||u||p for o > 1/m,.
In what follows we show that, if n is large enough, the integral kernel

Qony1(z,y) = /OOO<Kn()\)(G0()\) — Go(—N)8y, Go(—N)6)AT2(A?)d,

of Qony1, where K,(\) = (VGo(A\)" 'WGA)V(Go(A)V)", is admissible
by applying the argument similar to the one used for studying W, (z,y).
However, we need modify it because of the difficulty (2) mentioned above.
We write the integral kernel of Go(\) in the form

iA(|z—z|—]=])
‘mZ]

Go(A, z,z) = el Z CiA = MlGo (A, 2, 2).

Note that we have now included the factor M into Go(X, z, ). For [\ > 1,

we have
- j j
cone (Y@
|z — 2| |z — 2|72

Define T (X, z,y) = (K,(\)Go(£A, -, 1), Go(=A, -, z)) so that

(3.48) ‘ ((%)j Go(M, z, )

Q2n+1 (l’, y)

_ 1 (AT, (3, 9) — AT (3,2, 1) ) B

™ Jo
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where ¥()\) = ¥(A2?)2. Note that the smoothing factors ®(z,y) and ®(x, y)
for the low energy case are absent here. For proceeding further we take a
partition of unity x(z) + x(z) = 1 such that x € C§°(R™), x(z) = 1 for
|z| <1 and x(z) = 0 for |z| > 2 and split Go(\, z,%) and Go(\, z,y) into
sums of compactly supported part and smooth part:

GO()\,IE,Z/) = X(l‘ - y)GO(Aax7y) + )Z(IE - y)GO()‘>$ay)>
Go(A z,y) = x(7 — y)Go(A, z,y) + X (2 — y)Go(A, 7,Y).
We set G0,<(>‘7 'T,y) = X(-T_y)GO()\,ZC,y), GO,>()‘5 x, y) = )N((LU—Z/)GO(A, IE,y)

and let Go <(\) and Gy~ () be the operators with the respectivel integral
kernels. We use similar notation for Go(A, z,y).

LEMMA 3.14. Let 0 <s < mTJr?’ For sufficiently large n, we have

0

Ba9)  |(55) TeOvan)| = Cud T )

PROOF. By using Leibniz’ formula we write ((%) "Ti(\ z,y) as a linear
combination of

(VGG V- G OV EE (£0, ),
G (VG (V- G (=N VET (=, - 7))

where sg +---+ s, +tg+ - +1t, = s. If%<vissufﬁcientlycloseto%SO

that 6 — (so + s1 +v) > &, then we have for the smooth part G((f(;)()\, S Y)
that

m—1

(3.50) IO VEEY O y)lle < X ()~ ().

We then obtain that for such v > % and sp11 = tp:

m—1

() VGEIV - GEIVEEY (A, -yl < OACHET ) ()~

by considering the quantity inside the norm in the form

(H V<Z>si+si+1+2’7 <Z>*Si*’YGési) ()\) <Z>*Si7’y) <Z>51+’Yvééfo>) ()\’ . y)
i=1
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and by applying Lemma 2.2. For the function produced by the singular part

C?((fi)()\, -, y), we further split

G AVEEY (N y) = GEYWVEEL (N, - y) + GEY NV EEY (A, ).

We may estimate S(\, z,y) = <x>_51_7{G((f1>)()\)Vé’((fog()\, - y)Hx) by

m—1

T y)

Since v > % and § — sg > (m — 1)/2, Holder’s inequality implies

m—1 __

o) e = 2) Tz =y T @) @)

[ ON IV () Ix(z — w)l{2) "z _ OAtm=)
R |

_m-—1

[SO )2 < OX™ 2 y)~07 ) < CAm By T
Thus, by the same argument as above we obtain
m—1

()= VGEEIY - GEPVEEIVESY (- y)| < O ) T

Since |Gé‘?1<)()\, z,x)| < C)\(mT_s)]x — 2|=(m=2)y(z — 2), we have

m—3 —645s0
(s1) = (s0) CA™(y) T—y
'/ Go 2 (M x = 2)V(2)Gy 2 (£, 2,y)dz| < P X\ = .
Notice that the singularit;/ at x = y is tamed by the factor 2 at the cost of
increasing the factor AT with respect to A. If m < 7, we then have

m—1

IGEL VG (N, y)lle < CN™3(y) ="

hence, [[()rVGEIY - GEIVGEIVELD (N, )| < OAmnE
m—1
(y)~ 2 . Then, by summing up the estimates obtained so far, we conclude

that

_m—1

(Yt VGEIY L GEIVEESI (A )l < O T A > L

If m —4 >m/2, viz. m > 8, however, |z — y|* " x((z — y)/4) is still not in
L?. We then further split

GYY VG (WVESY (A, - y)
= GE VS NVESD (A, ) + GE2 VG OV EEY (A, - y)
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and repeat the argument above. Then, after doing this £ = (m — 3)/2
times, the function produced by using singular kernels only also becomes
L? function and

m—1

IGE2 AV - VGEINVEED (N, - )2 < CALFD=3)/2 4y =252

We also have for any v > % that
|GV - VEE VETY (- )|
0,> 0,< 0,< A YY)z
m—1

< OANEDm=3)/20,)\ =75

Summing up the estimates thus obtained, we conclude by taking n suffi-
ciently large that

et TGS ODVEE )l < € )7
i=1
Entirely similar argument implies
[ () mtr Y ﬁ(VG((fi)()\))VGgSO)(—)\, L)l < OA Ly T
i=1
and also that
||<9€>_t"_7G(t")(—)\)VTi:[l(Géti)(—)\)V)@(()tt))(_/\7 L) < C}\—1<m>—m7—1.

i=1

Last two estimates imply the lemma. [

We now apply integration by parts (m + 3)/2 times to obtain

/ ei)\(lft\i|y|)Ti()\,ﬂf,y)\ij()‘)d)\
0
m+3

L = L0\ 2 R
= W/o RAY(EAES ) (za) (Ti(/\,x,y)\I'(A)) dX
X Y 2

and estimate the right hand side by using (3.49). We obtain

~ __ m+43 m—1 _m-—1
2

1Qnt1(z,y)| < C(|z| = [yl) )T (y) 2
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and Qn+1(az, y) is admissible. This completes the proof of Theorem 1.1.
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