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Support Theorem for Mild Solutions of SDE’s in

Hilbert Spaces

By Toshiyuki Nakayama∗

Abstract. A support theorem is proven for the mild solution of
the stochastic differential equation in a Hilbert space of the form:

dX(t) = AX(t)dt + b(X(t))dt + σ(X(t))dB(t).

It is driven by a Hilbert space-valued Wiener process B, with the
infinitesimal generator A of a (C0)-semigroup.

1. Introduction

Support theorem was first proved in Stroock and Varadhan [9] for SDE’s

in finite dimensional state spaces and with finite dimensional Wiener pro-

cesses. Another method for these equations are found in Aida, Kusuoka

and Stroock [2] and Millet and Sanz-Solé [6] which we use essentially. The

extension of support theorem for SDE’s in separable Hilbert spaces driven

by separable Hilbert space-valued Wiener processes without infinitesimal

generators was achieved in Aida [1] extending the method of Stroock and

Varadhan [9]. Because our mild solutions are not necessarily expressed as

strong solutions due to the existence of infinitesimal generators, our ap-

proach is different from Aida [1].

Let H be a separable Hilbert space endowed with an inner product

〈·, ·〉H and with its induced norm ‖ · ‖H . We often abbreviate ‖ · ‖H to

‖ · ‖ for simplicity. Let A be the infinitesimal generator of a (C0)-semigroup

(S(t))t≥0 of bounded linear operators on H.

Let us fix T > 0. Let (Ω,F , P ) be a complete probability space equipped

with a right-continuous nondecreasing family (F(t))t∈[0,T ] of sub σ-fields of

F such that each F(t) contains all P -null sets.
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Let U be a separable Hilbert space with an inner product 〈·, ·〉U . Let Q

be a nuclear strictly positive operator on U . We define a separable Hilbert

space U0 by U0 = Q1/2(U) endowed with an inner product 〈u, v〉U0 =

〈Q−1/2u,Q−1/2v〉U , u, v ∈ U0, and with its induced norm ‖ · ‖U0 . Let

(B(t))t∈[0,T ] be a Q-Wiener process in (Ω,F , P ) having values in U with re-

spect to (F(t))t∈[0,T ] in the sense of Da Prato and Zabczyk [4]. (B(t))t∈[0,T ]

can be characterized as a U -valued continuous (F(t))t∈[0,T ]-adapted stochas-

tic process such that

lim
n→∞

E
[
‖B(t) −

n∑
j=1

Bj(t)gj‖2
U

]
= 0

for all t ∈ [0, T ], where {gj ; j = 1, 2, . . . } is a complete orthonormal system

in U0, and (Bj(t))t∈[0,T ], j = 1, 2, . . . are independent real-valued standard

(F(t))t∈[0,T ]-Brownian motions.

Let σ : H → L(2)(U0;H) and b : H → H be Lipschitz continuous

bounded mappings, that is, there exists a constant C1 > 0 such that

‖σ(x)‖L(2)(U0;H) ≤ C1, ‖σ(x) − σ(y)‖L(2)(U0;H) ≤ C1‖x− y‖,
‖b(x)‖ ≤ C1 and ‖b(x) − b(y)‖ ≤ C1‖x− y‖

for all x, y ∈ H, where L(2)(U0;H) is the set of Hilbert-Schmidt operators

from U0 to H and ‖ · ‖L(2)(U0;H) denotes its norm. We define mappings

σj : H → H, j = 1, 2, . . . , by

σj(x) = σ(x)gj , x ∈ H.

We assume that σj , j = 1, 2, . . . , are twice Fréchet differentiable and those

Fréchet derivatives up to second order, denoted by Dσj and D2σj , are

bounded, i.e., sup{‖Dσj(x)h‖ ; h ∈ H, ‖h‖ ≤ 1, x ∈ H} < ∞ and

sup{‖D2σj(x)(h1, h2)‖ ; h1, h2 ∈ H, ‖h1‖ ≤ 1, ‖h2‖ ≤ 1, x ∈ H} < ∞.

For each positive integer n, we define a mapping ρn : H → H by

ρn(x) =
1

2

n∑
j=1

Dσj(x)σj(x)(1.1)

for x ∈ H. We assume that there exists a mapping ρ : H → H such that

lim
n→∞

‖ρn(x) − ρ(x)‖ = 0
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for all x ∈ H and there exists a constant C2 > 0 such that

‖ρn(x) − ρn(y)‖ ≤ C2‖x− y‖

for all x, y ∈ H and all n ≥ 1. Therefore, it also holds that

lim
n→∞

sup
x∈K

‖ρn(x) − ρ(x)‖ = 0

for each compact subset K ⊂ H.

Let x0 ∈ H be fixed and (X(t))t∈[0,T ] be the H-valued continuous

(F(t))t∈[0,T ]-adapted stochastic process which is the unique mild solution

of the stochastic differential equation

{
dX(t) = AX(t)dt + b(X(t))dt + σ(X(t))dB(t),

X(0) = x0,
(1.2)

that is, (X(t))t∈[0,T ] satisfies the following stochastic integral equation

X(t) = S(t)x0 +

∫ t

0
S(t− s)b(X(s))ds

+

∫ t

0
S(t− s)σ(X(s))dB(s), t ∈ [0, T ], P -a.s.

Let h : [0, T ] → U0 be a continuous mapping which is piecewise con-

tinuously differentiable and satisfies h(0) = 0. We denote by ξ( · ) =

ξ( · ;h) : [0, T ] → H the unique mild solution of the following differential

equation {
ξ̇(t) = Aξ(t) + (b− ρ)(ξ(t)) + σ(ξ(t))ḣ(t),

ξ(0) = x0.

That is, ξ( · ) = ξ( · ;h) satisfies the integral equation

ξ(t) = S(t)x0 +

∫ t

0
S(t− s)(b− ρ)(ξ(s))ds

+

∫ t

0
S(t− s)σ(ξ(s))ḣ(s)ds, t ∈ [0, T ].
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Let

L =
{
ξ(·;h) ; h : [0, T ] → U0 is continuous and

piecewise continuously differentiable, h(0) = 0
}
⊂ C([0, T ];H).

Our main theorem is the following.

Theorem 1.1.

suppX(·) = L̄,
where L̄ denotes the closure of L in C([0, T ];H) and suppX(·) denotes the

support of the distribution P ◦X−1. Here P ◦X−1 is the image measure of

the mapping ω → X(·, ω) from Ω to C([0, T ];H).

Bally, Millet and Sanz-Solé [3], Millet and Sanz-Solé [7] and [8] proved

support theorems for particular SPDE’s. Further research is needed to an-

swer the question of whether we can extend our support theorem to contain

their results.

Our SDE’s are motivated partly by SPDE’s in forward interest rate mod-

els called Heath-Jarrow-Morton (HJM) models in mathematical finance. If

we use our support theorem, we can prove an “invariance theorem”, which

is useful to determine “invariant manifolds” for HJM equations. This kind

of topics shall be discussed in forthcoming papers.

To prove our support theorem, we have to prove mainly two theorems.

First we prove “approximation theorem” in section 2. Secondly we prove

“convergence of parameterized SDE’s” from section 3 to 6. Using these two

theorems, we shall prove our support theorem in Section 7. As a notational

convention, constants denoted by C which will appear may be different from

one part to another.

2. Approximation Theorem

In this Section, we consider the following situation. Let H be a separable

Hilbert space endowed with a inner product 〈·, ·〉H . We denote its norm by

‖ · ‖H . We often abbreviate ‖ · ‖H to ‖ · ‖ for simplicity. Let A be the

infinitesimal generator of a (C0)-semigroup (S(t))t≥0 on H.

Let us fix T > 0. Let (Ω,F , P ) be a complete probability space equipped

with a right-continuous nondecreasing family (F(t))t∈[0,T ] of sub σ-fields of

F such that each F(t) contains all P -null sets.
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Let r be a positive integer and σj : H → H, j = 1, 2, . . . , r, be twice

Fréchet differentiable mappings such that supx∈H ‖σj(x)‖ < ∞. We as-

sume that those Fréchet derivatives up to second order Dσj and D2σj are

bounded. Let b : H → H be a Lipschitz continuous mapping.

For each m = 1, 2, . . . , let δm = T/m and

[t]−m = kδm, [t]+m = (k + 1)δm

if kδm ≤ t < (k + 1)δm, k ≥ 0. Let (Bj(t))t∈[0,T ], j = 1, 2, . . . , r, be in-

dependent real-valued standard (F(t))t∈[0,T ]-Brownian motions. We define

real-valued stochastic processes (Bj
m(t))t∈[0,T ], j = 1, 2, . . . , r, by

Bj
m(t) = Bj([t]−m) +

t− [t]−m
δm

(
Bj([t]+m) −Bj([t]−m)

)
(2.1)

for t ∈ [0, T ] and m ≥ 1.

Let (X(t))t∈[0,T ] be the unique mild solution of the stochastic differential

equation


dX(t) = AX(t)dt + b(X(t))dt +
1

2

r∑
j=1

Dσj(X(t))σj(X(t))dt

+

r∑
j=1

σj(X(t))dBj(t),

X(0) = x0.

(2.2)

Let us denote by ξm( · ) = ξm( · , ω) : [0, T ] → H the unique mild solution

of the following differential equation

ξ̇m(t) = Aξm(t) + b(ξm(t)) +

r∑
j=1

σj(ξm(t))Ḃj
m(t),

ξm(0) = x0

for each ω.

We shall prove the following theorem in this section.

Theorem 2.1. For any p > 1,

lim
m→∞

E
[

sup
0≤t≤T

‖ξm(t) −X(t)‖2p
]

= 0.
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Before proving this theorem, we prepare some lemmas. For each m ≥ 1,

let

ξ̄m(t) = S(t− [t]−m)ξm([t]−m)

and

X̄m(t) = S(t− [t]−m)X([t]−m)

for t ∈ [0, T ]

Lemma 2.2. For any p > 1, there exists a constant C > 0 such that

E
[

sup
0≤t≤T

‖ξm(t) − ξ̄m(t)‖2p
]
≤ Cδp−1

m .

Proof. Note that

ξm(t) − ξ̄m(t)

=

∫ t

[t]−m

S(t− s)b(ξm(s))ds +

r∑
j=1

∫ t

[t]−m

S(t− s)σj(ξm(s))Ḃj
m(s)ds,

(2.3)

and hence there exists a constant C > 0 such that

‖ξm(t) − ξ̄m(t)‖ ≤ C
(
δm +

r∑
j=1

|Bj([t]+m) −Bj([t]−m)|
)

(2.4)

for t ∈ [0, T ]. Since

E
[

sup
0≤t≤T

|Bj([t]+m) −Bj([t]−m)|2p
]

≤
m−1∑
k=0

E
[
|Bj((k + 1)δm) −Bj(kδm)|2p

]
= (2p− 1)!!Tδp−1

m ,

we obtain the lemma. �

Remark 2.3. We shall use the following identity when arguments sim-

ilar to Chapter 5 in Da Prato and Zabczyk [4] are needed.∫ t

s
(t− u)α−1(u− s)−αdu =

π

sinπα
, 0 ≤ s < t, 0 < α < 1.(2.5)
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Lemma 2.4. Let p > 1. Let (B(t))t≥0 be a real-valued standard Brow-

nian motion and (γ(t))t∈[0,T ] be an H-valued predictable stochastic process

that satisfies sup
{
‖γ(t, ω)‖ ; 0 ≤ t ≤ T, ω ∈ Ω

}
< ∞. Then there exists a

constant C > 0 such that

E
[

sup
0≤t≤T

‖
∫ t

[t]−m

S(t− s)γ(s)dB(s)‖2p
]
≤ Cδp−1

m .

Proof. We take α ∈
(

1
2p ,

1
2

)
and fix it. By Equation (2.5) and the

stochastic Fubini theorem, we have

∫ t

[t]−m

S(t− s)γ(s)dB(s)

=
sinπα

π

∫ t

[t]−m

(t− u)α−1S(t− u)
(∫ u

[t]−m

(u− s)−αS(u− s)γ(s)dB(s)
)
du.

So we have

‖
∫ t

[t]−m

S(t− s)γ(s)dB(s)‖ ≤ sinπα

π
sup

0≤u≤T
‖S(u)‖

∫ t

[t]−m

(t− u)α−1‖
∫ u

[t]−m

(u− s)−αS(u− s)γ(s)dB(s)‖du.

By the Hölder inequality, we have

‖
∫ t

[t]−m

S(t− s)γ(s)dB(s)‖2p

≤ Cδ2pα−1
m

∫ t

[t]−m

‖
∫ u

[t]−m

(u− s)−αS(u− s)γ(s)dB(s)‖2pdu

≤ Cδ2pα−1
m

m−1∑
k=0

∫ (k+1)δm

kδm

‖
∫ u

kδm

(u− s)−αS(u− s)γ(s)dB(s)‖2pdu.

for all t ∈ [0, T ]. Therefore we get

E
[

sup
0≤t≤T

‖
∫ t

[t]−m

S(t− s)γ(s)dB(s)‖2p
]
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≤ Cδ2pα−1
m

m−1∑
k=0

∫ (k+1)δm

kδm

E
[(∫ u

kδm

(u− s)−2α‖S(u− s)γ(s)‖2ds
)p]

du

≤ Cδ2pα−1
m

m−1∑
k=0

∫ (k+1)δm

kδm

( δ1−2α
m

1 − 2α

)p
du ≤ Cδp−1

m . �

Lemma 2.5. For any p > 1, there exists a constant C > 0 such that

E
[

sup
0≤t≤T

‖X(t) − X̄m(t)‖2p
]
≤ Cδp−1

m .

Proof. Since we have

X(t) − X̄m(t)

=

∫ t

[t]−m

S(t− s)b(X(s))ds +
1

2

r∑
j=1

∫ t

[t]−m

S(t− s)Dσj(X(s))σj(X(s))ds

+

r∑
j=1

∫ t

[t]−m

S(t− s)σj(X(s))dBj(s),

it holds that

‖X(t) − X̄m(t)‖ ≤ C
(
δm +

r∑
j=1

‖
∫ t

[t]−m

S(t− s)σj(X(s))dBj(s)‖
)

for t ∈ [0, T ]. Furthermore we have

E
[

sup
0≤t≤T

‖
∫ t

[t]−m

S(t− s)σj(X(s))dBj(s)‖2p
]
≤ Cδp−1

m

from Lemma 2.4, and therefore the lemma holds. �

From Equation (2.3), we have

σj(ξm(t)) = σj(ξ̄m(t))

+

∫ 1

0
Dσj

(
ξ̄m(t) + v (ξm(t) − ξ̄m(t))

)(
ξm(t) − ξ̄m(t)

)
dv
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= γjm,1(t) +
r∑

l=1

γj,lm,2(t) + γjm,3(t)(2.6)

for each j = 1, 2, . . . , r, where

γjm,1(t) = σj(ξ̄m(t)),

γj,lm,2(t) = Dσj(ξ̄m(t))

∫ t

[t]−m

S(t− u)σl(ξ̄m(u))Ḃl
m(u)du,

and

γjm,3(t) = Dσj(ξ̄m(t))

∫ t

[t]−m

S(t− u)b(ξm(u))du

+
r∑

l=1

Dσj(ξ̄m(t))

∫ t

[t]−m

S(t− u)
(∫ 1

0
Dσl(ξ̄m(u)

+ v (ξm(u) − ξ̄m(u)))(ξm(u) − ξ̄m(u))dv
)
Ḃl

m(u)du

+

∫ 1

0
dv1

∫ v1

0
D2σj

(
ξ̄m(t) + v2 (ξm(t) − ξ̄m(t))

)
(ξm(t) − ξ̄m(t), ξm(t) − ξ̄m(t))dv2.

Lemma 2.6. For any p > 1, there exists a constant C > 0 such that

E
[

sup
0≤t≤T

‖
∫ [t]−m

0
S(t− s)γjm,3(s)Ḃ

j
m(s)ds‖2p

]
≤ Cδpm.

Proof. From the inequality (2.4), we have

‖γjm,3(t)‖ ≤ C
(
δm+

r∑
l=1

∫ t

[t]−m

‖ξm(u)−ξ̄m(u)‖|Ḃl
m(u)|du+‖ξm(t)−ξ̄m(t)‖2

)

≤ C
{
δm +

r∑
l=1

(
δm +

r∑
j=1

|Bj([t]+m) −Bj([t]−m)|
)
|Bl([t]+m) −Bl([t]−m)|

+
(
δm +

r∑
j=1

|Bj([t]+m) −Bj([t]−m)|
)2}

.
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This inequality and the following one concludes the lemma.

E
[

sup
0≤t≤T

‖
∫ [t]−m

0
S(t− s)γjm,3(s)Ḃ

j
m(s)ds‖2p

]

≤ Cδ−2p
m

∫ T

0
E
[
‖γjm,3(s)‖2p

(
Bj([s]+m) −Bj([s]−m)

)2p
]
ds. �

Lemma 2.7.

(i)

lim
δ↓0

E
[

sup
u1,u2∈[0,T ]

|u1−u2|≤δ

‖X(u1) −X(u2)‖p
]

= 0

for any p > 1.

(ii)

lim
δ↓0

sup
u1,u2∈[0,T ]

|u1−u2|≤δ, x∈K

‖(S(u1) − S(u2))x‖ = 0

for any compact subset K ⊂ H.

Proof. We have E
[
sup0≤t≤T ‖X(t)‖q

]
< ∞ for any q > 2 from Sec-

tion 7 in Da Prato and Zabczyk [4]. Therefore, since X(·) is continuous a.s.,

(i) holds.

Since the function f : [0, T ] × K → H defined by f(v, x) = S(v)x is

uniformly continuous, we obtain (ii). �

Lemma 2.8. Let (Y (t))t∈[0,T ] be a (F(t))-adapted stochastic process

with continuous paths a.s. Then there exists an nondecreasing sequence

of compact subsets K1 ⊂ K2 ⊂ · · · ⊂ H such that

lim
n→∞

P
(
Y (t) ∈ Kn for all t ∈ [0, T ]

)
= 1.

Proof. Let µ be the distribution of ω �→ Y ( · , ω) on C([0, T ];H).

Since C([0, T ];H) is the Polish space, there exist compact subsets K̃1 ⊂
K̃2 ⊂ · · · ⊂ C([0, T ];H) such that limn→∞ µ(K̃n) = 1. We define a con-

tinuous map f : [0, T ] × C([0, T ];H) → H by f(t, w) = w(t) for (t, w) ∈
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[0, T ] × C([0, T ];H). Then if we set Kn = f([0, T ] × K̃n), Kn is compact

subset in H. Finally we have

P
(
Y (t) ∈ Kn for all t ∈ [0, T ]

)
≥ µ(K̃n) → 1, n → ∞. �

Lemma 2.9. Let

Ijm(t) =

∫ [t]−m

0
S(t− s)γjm,1(s)Ḃ

j
m(s)ds−

∫ [t]−m

0
S(t− s)σj(X(s))dBj(s).

For any p > 1, there exist a constant C > 0 and a double sequence {Cm,n}
which satisfies limn→∞ limm→∞ Cm,n = 0 such that

E
[

sup
0≤t≤v

‖Ijm(t)‖2p
]
≤ C

∫ v

0
E
[

sup
0≤t≤u

‖ξm(t) −X(t)‖2p
]
du + Cm,n

for all v ∈ [0, T ].

Proof. We take α ∈
(

1
2p ,

1
2

)
and fix it. By Equation (2.5) and the

stochastic Fubini theorem, we have∫ [t]−m

0
S(t− s)γjm,1(s)Ḃ

j
m(s)ds

=

[t/δm]−1∑
k=0

∫ (k+1)δm

kδm

S(t− s)σj(ξ̄m(s))Ḃj
m(s)ds

=
1

δm

[t/δm]−1∑
k=0

∫ (k+1)δm

kδm

dBj(u)

∫ (k+1)δm

kδm

S(t− ũ)σj(ξ̄m(ũ))dũ

=

∫ [t]−m

0

( 1

δm

∫ [u]+m

[u]−m

S(t− ũ)σj(ξ̄m(ũ))dũ
)
dBj(u)

=
sinπα

π

∫ [t]−m

0

(∫ [t]−m

u
([t]−m − s)α−1(s− u)−αds

)

×
( 1

δm

∫ [u]+m

[u]−m

S(t− ũ)σj(ξ̄m(ũ))dũ
)
dBj(u)

=
sinπα

π

∫ [t]−m

0
([t]−m − s)α−1S(t− [s]+m)
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{∫ s

0
(s− u)−α

( 1

δm

∫ [u]+m

[u]−m

S([s]+m − ũ)σj(ξ̄m(ũ))dũ
)
dBj(u)

}
ds.

Hence

Ijm(t) =
sinπα

π

∫ [t]−m

0
([t]−m − s)α−1S(t− [s]+m)Y j

m(s)ds,

where

Y j
m(s) =

∫ s

0
(s− u)−αS([s]+m − [u]+m)Ỹ j

m(u)dBj(u)

and

Ỹ j
m(u) =

1

δm

∫ [u]+m

[u]−m

S([u]+m − ũ)σj(ξ̄m(ũ))dũ− S([u]+m − u)σj(X(u)).

Therefore, by using the Hölder inequality, we have

‖Ijm(t)‖2p ≤
(sinπα

π
sup

0≤u≤T
‖S(u)‖

)2p
T 2pα−1

(
2p− 1

2pα− 1

)2p−1

×
∫ [t]−m

0
‖Y j

m(s)‖2pds.

Taking the expectation, we get

E
[

sup
0≤t≤v

‖Ijm(t)‖2p
]
≤ C

∫ [v]−m

0
E
[
‖Y j

m(s)‖2p
]
ds

≤ C

∫ [v]−m

0
E
[(∫ s

0
(s− u)−2α‖Ỹ j

m(u)‖2du
)p]

ds

≤ C
( T 1−2α

1 − 2α

)p
E
[∫ [v]−m

0
‖Ỹ j

m(u)‖2pdu
]
, v ∈ [0, T ].

Here we used Young’s inequality.

Now we have

Ỹ j
m(u)

=
1

δm

∫ [u]+m

[u]−m

S([u]+m − ũ)
(
σj(ξ̄m(ũ)) − σj(S(ũ− [u]−m)X([u]−m))

)
dũ
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+
1

δm

∫ [u]+m

[u]−m

S([u]+m − ũ)(
σj(S(ũ− [u]−m)X([u]−m)) − σj(S(ũ− [u]−m)X(u))

)
dũ

+
1

δm

∫ [u]+m

[u]−m

S([u]+m − ũ)
(
σj(S(ũ− [u]−m)X(u)) − σj(X(u))

)
dũ

+
1

δm

∫ [u]+m

[u]−m

(
S([u]+m − ũ) − S([u]+m − u)

)
σj(X(u))dũ,

and so

‖Ỹ j
m(u)‖ ≤ C‖ξm([u]−m) −X([u]−m)‖ + C‖X([u]−m) −X(u)‖

+ C sup
0≤ũ≤δm

‖(S(ũ) − I)X(u)‖ + C sup
u1,u2∈[0,T ]

|u1−u2|≤δm

‖(S(u1) − S(u2))σj(X(u))‖

for u ≤ T . From Lemma 2.8, we can choose an nondecreasing sequence of

compact subsets K1 ⊂ K2 ⊂ · · · ⊂ H such that limn→∞ P (Ωn) = 1, where

Ωn =
{
X(t) ∈ Kn for all t ∈ [0, T ]

}
.

Noting that by the definition of Ỹ j
m(u), there exists a constant C > 0 such

that ‖Ỹ j
m(u)‖ ≤ C, we have

E
[
‖Ỹ j

m(u)‖2p
]

= E
[
‖Ỹ j

m(u)‖2p ; Ωn

]
+ E

[
‖Ỹ j

m(u)‖2p ; Ω \ Ωn

]
≤ C

{
E
[

sup
0≤s≤u

‖ξm(s) −X(s)‖2p
]

+ E
[

sup
u1,u2∈[0,T ]

|u1−u2|≤δm

‖X(u1) −X(u2)‖2p
]

+ sup
0≤ũ≤δm
x∈Kn

‖(S(ũ) − I)x‖2p

+ sup
u1,u2∈[0,T ]

|u1−u2|≤δm,x∈Kn

‖(S(u1) − S(u2))σj(x)‖2p + P (Ω \ Ωn)
}
.

Therefore Lemma 2.7 completes the proof. �

The next lemma is an extension of Burkholder’s inequality to Hilbert

space-valued martingales.
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Lemma 2.10. Let p > 1 and (An)n=0,1,... be an nondecreasing family

of sub σ-fields of F . For any H-valued (An)n=0,1,...-martingale (Mn)n=0,1,...

with M0 = 0, there exists a constant Cp > 0 depending only on p such that

E
[

max
1≤k≤n

‖Mk‖2p
]
≤ CpE

[( n∑
k=1

‖Mk −Mk−1‖2
)p]

for all n ≥ 1.

Proof. Let

I1 =
{
E
[

max
1≤k≤n

‖Mk‖2p
]}1/2

, I2 =
{
E
[( n∑

k=1

‖Mk −Mk−1‖2
)p]}1/2

.

Letting ηj = Mj −Mj−1, j = 1, 2, . . . , we have Mk =
∑k

j=1 ηj . Since

‖Mk‖2 = 2
k∑

j=1

< Mj−1, ηj >H +
k∑

j=1

‖ηj‖2,

we have

‖Mk‖2p ≤ 2p−1
{

2p
∣∣∣ k∑
j=1

< Mj−1, ηj >H

∣∣∣p +
( k∑
j=1

‖ηj‖2
)p}

.

Hence we get

max
1≤k≤n

‖Mk‖2p ≤ 2p−1
{

2p max
1≤k≤n

∣∣∣ k∑
j=1

< Mj−1, ηj >H

∣∣∣p +
( n∑
j=1

‖ηj‖2
)p}

.

From Burkholder’s inequality for real-valued martingales, there exists a con-

stant Cp depending only on p such that

E
[

max
1≤k≤n

∣∣∣ k∑
j=1

< Mj−1, ηj >H

∣∣∣p] ≤ CpE
[( n∑

j=1

< Mj−1, ηj >2
H

)p/2]
.

Therefore we have

I2
1 ≤ 2p−1

{
2pCpE

[( n∑
j=1

‖Mj−1‖2‖ηj‖2
)p/2]

+ I2
2

}
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≤ 2p−1
{

2pCpE
[

max
1≤k≤n

‖Mk‖p
( n∑
j=1

‖ηj‖2
)p/2]

+ I2
2

}

≤ 2p−1
{

2pCpI1I2 + I2
2

}
.

This yields

I1 ≤ 22(p−1)CpI2 +
√

24(p−1)C2
pI

2
2 + 2p−1I2

2

=
(
2(p−1)Cp +

√
24(p−1)C2

p + 2p−1
)
I2. �

Lemma 2.11. Let p > 1, α ∈
(

1
2p ,

1
2) and fix them. Then, there exist a

constant C > 0 such that

E
[

sup
0≤t≤T

‖
∫ [t]−m

0
S(t− s)γj,jm,2(s)Ḃ

j
m(s)ds

− 1

δm

∫ [t]−m

0
S(t− s)Dσj(ξ̄m(s))

(∫ s

[s]−m

S(s− u)σj(ξ̄m(u))du
)
ds‖2p

]
≤ Cδp(1−2α)

m .

If j �= l, there exists a constant C > 0 such that

E
[

sup
0≤t≤T

‖
∫ [t]−m

0
S(t− s)γj,lm,2(s)Ḃ

j
m(s)ds‖2p

]
≤ Cδp(1−2α)

m .

Proof. Let

Ij,lm (t) = δ−2
m

∫ [t]−m

0
S(t− s)Lj,l

m (s)Kj,l
m (s)ds,

where

Lj,l
m (s) = Dσj(ξ̄m(s))

∫ s

[s]−m

S(s− u)σl(ξ̄m(u))du

and

Kj,l
m (s) =

{(
(Bj([s]+m) −Bj([s]−m)

)2 − δm, j = l(
Bj([s]+m) −Bj([s]−m)

)(
Bl([s]+m) −Bl([s]−m)

)
, j �= l.
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Then it has to be shown that

E
[

sup
0≤t≤T

‖Ij,lm (t)‖2p
]
≤ δp(1−2α)

m .

We immediately have

E
[
‖Kj,l

m (s)‖2p
]
≤ Cδ2p

m .

By Equation (2.5) and the Fubini theorem,

‖Ij,lm (t)‖2p ≤ Cδ−4p
m ‖

∫ [t]−m

0
S([t]−m − s)Lj,l

m (s)Kj,l
m (s)ds‖2p

≤ Cδ−4p
m ‖

∫ [t]−m

0
([t]−m − u)α−1S([t]−m − u)Y j,l

m (u)du‖2p

≤ Cδ−4p
m

∫ [t]−m

0
‖Y j,l

m (u)‖2pdu,

where

Y j,l
m (u) =

∫ u

0
(u− s)−αS(u− s)Lj,l

m (s)Kj,l
m (s)ds.

Hence

E
[

sup
0≤t≤T

‖Ij,lm (t)‖2p
]
≤ Cδ−4p

m

∫ T

0
E
[
‖Y j,l

m (u)‖2p
]
du.

Now we have

Y j,l
m (u) = Y j,l

m,1(u) + Y j,l
m,2(u),

where

Y j,l
m,1(u) =

∫ [u]−m

0
(u− s)−αS(u− s)Lj,l

m (s)Kj,l
m (s)ds

and

Y j,l
m,2(u) =

∫ u

[u]−m

(u− s)−αS(u− s)Lj,l
m (s)Kj,l

m (s)ds.

From Lemma 2.10, we have

E
[
‖Y j,l

m,1(u)‖2p
]

= E
[
‖
δ−1
m [u]−m−1∑

k=0

Kj,l
m (kδm)

∫ (k+1)δm

kδm

(u− s)−αS(u− s)Lj,l
m (s)ds‖2p

]
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≤ CE
[(δ−1

m [u]−m−1∑
k=0

(
Kj,l

m (kδm)
)2‖

∫ (k+1)δm

kδm

(u− s)−αS(u− s)Lj,l
m (s)ds‖2

)p]
.

Since we have

‖
∫ (k+1)δm

kδm

(u− s)−αS(u− s)Lj,l
m (s)ds‖

≤ Cδm

∫ (k+1)δm

kδm

(u− s)−αds ≤ C
1

1 − α
δ2−α
m ,

it follows that

E
[
‖Y j,l

m,1(u)‖2p
]
≤ Cδ2p(2−α)

m E
[(δ−1

m [u]−m−1∑
k=0

(
Kj,l

m (kδm)
)2
)p]

≤ Cδ2p(2−α)
m (δ−1

m [u]−m)p−1

δ−1
m [u]−m−1∑

k=0

E
[(
Kj,l

m (kδm)
)2p

]
≤ Cδp(5−2α)

m .

Next we have

E
[
‖Y j,l

m,2(u)‖2p
]
≤ Cδ2p

mE
[(∫ u

[u]−m

(u− s)−α|Kj,l
m (s)|ds

)2p]

≤ Cδ2p
m

(∫ u

[u]−m

(u− s)
−α 2p

2p−1ds
)2p−1

∫ u

[u]−m

E
[
|Kj,l

m (s)|2p
]
ds

≤ Cδ2p
m δ2p(1−α)−1

m δ2p+1
m = Cδ2p(3−α)

m .

Therefore we get

E
[

sup
0≤t≤T

‖Ij,lm (t)‖2p
]
≤ Cδ−4p

m (δp(5−2α)
m + δ2p(3−α)

m ) ≤ Cδp(1−2α)
m . �

Lemma 2.12. Let

Ijm(t) =

∫ [t]−m

0
S(t− s)

( 1

δm
Dσj(ξ̄m(s))

∫ s

[s]−m

S(s− u)σj(ξ̄m(u))du− 1

2
Dσj(X(s))σj(X(s))

)
ds.
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For any p > 1, there exist a constant C > 0 and a double sequence {Cm,n}
which satisfies limn→∞ limm→∞ Cm,n = 0 such that

E
[

sup
0≤t≤v

‖Ijm(t)‖2p
]
≤ C

∫ v

0
E
[

sup
0≤t≤u

‖ξm(t) −X(t)‖2p
]
du + Cm,n

for all v ∈ [0, T ].

Proof. Note that

Ijm(t) = Ijm,1(t) + Ijm,2(t) + Ijm,3(t) + Ijm,4(t),(2.7)

where

Ijm,1(t) =
1

δm

∫ [t]−m

0
dsS(t− s)Dσj(ξ̄m(s))

∫ s

[s]−m

S(s− u)σj(ξ̄m(u))du

− 1

δm

∫ [t]−m

0
dsS(t− s)Dσj(X̄m(s))

∫ s

[s]−m

S(s− u)σj(X̄m(u))du,

Ijm,2(t) =
1

δm

∫ [t]−m

0
dsS(t− s)Dσj(X̄m(s))

∫ s

[s]−m

S(s− u)σj(X̄m(u))du

− 1

δm

∫ [t]−m

0
dsS(t− s)Dσj(X([s]−m))

∫ s

[s]−m

S(s− u)σj(X([u]−m))du,

Ijm,3(t) =
1

δm

∫ [t]−m

0
dsS(t− s)Dσj(X([s]−m))

∫ s

[s]−m

S(s− u)σj(X([u]−m))du

− 1

δm

∫ [t]−m

0
(s− [s]−m)S(t− [s]−m))Dσj(X([s]−m))σj(X([s]−m)ds

and

Ijm,4(t) =
1

δm

∫ [t]−m

0
(s− [s]−m)S(t− [s]−m)Dσj(X([s]−m))σj(X([s]−m))ds

− 1

2

∫ [t]−m

0
S(t− s)Dσj(X(s))σj(X(s))ds.
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As for Ijm,1(t) we have

‖Ijm,1(t)‖ ≤ 1

δm
‖
∫ [t]−m

0
dsS(t− s)Dσj(ξ̄m(s))∫ s

[s]−m

S(s− u)(σj(ξ̄m(u)) − σj(X̄m(u)))du‖

+
1

δm
‖
∫ [t]−m

0
dsS(t− s)

(Dσj(ξ̄m(s)) −Dσj(X̄m(s)))

∫ s

[s]−m

S(s− u)σj(X̄m(u))du‖

≤ C
{ 1

δm

∫ [t]−m

0
ds

∫ s

[s]−m

‖ξ̄m(u) − X̄m(u)‖du +

∫ [t]−m

0
‖ξ̄m(s) − X̄m(s)‖ds

}

≤ C

∫ [v]−m

0
‖ξm([s]−m) −X([s]−m)‖ds ≤ C

∫ [v]−m

0
sup

0≤t≤u
‖ξm(t) −X(t)‖du

for 0 ≤ t ≤ v ≤ T . Therefore we get

E
[

sup
0≤t≤v

‖Ijm,1(t)‖2p
]
≤ C

∫ v

0
E
[

sup
0≤t≤u

‖ξm(t) −X(t)‖2p
]
du.

From Lemma 2.8, we can choose an nondecreasing sequence of compact

subsets K1 ⊂ K2 ⊂ · · · ⊂ H such that limn→∞ P (Ωn) = 1, where

Ωn =
{
X(t) ∈ Kn for all t ∈ [0, T ]

}
.

Since we have

‖Ijm,2(t)‖ ≤ 1

δm
‖
∫ [t]−m

0
dsS(t− s)Dσj(X̄m(s))∫ s

[s]−m

S(s− u)
(
σj(X̄m(u)) − σj(X([s]−m)

)
du‖

+ C
1

δm
‖
∫ [t]−m

0
dsS(t− s)

(
Dσj(X̄m(s)) −Dσj(X([s]−m))

)
∫ s

[s]−m

S(s− u)σj(X([s]−m)du‖

≤ C
( 1

δm

∫ [t]−m

0
ds

∫ s

[s]−m

‖
(
S(u− [s]−m) − I

)
X([s]−m)‖du
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+

∫ [t]−m

0
‖
(
S(s− [s]−m) − I

)
X([s]−m)‖ds

)
,

it holds that

‖Ijm,2(t)‖ ≤ C sup
0≤u≤δm
x∈Kn

‖(S(u) − I)x‖, t ∈ [0, T ], ω ∈ Ωn.

Since there exists a constant C > 0 such that

sup
0≤t≤T

‖Ijm,2(t)‖ ≤ C a.s.,

we get

E
[

sup
0≤t≤T

‖Ijm,2(t)‖2p
]

= E
[

sup
0≤t≤T

‖Ijm,2(t)‖2p ; Ωn

]
+ E

[
sup

0≤t≤T
‖Ijm,2(t)‖2p ; Ω \ Ωn

]
≤ C

(
sup

0≤u≤δm
x∈Kn

‖(S(u) − I)x‖2p + P (Ω \ Ωn)
)
.

Since we have

‖Ijm,3(t)‖

≤ 1

δm
‖
∫ [t]−m

0
dsS(t− s)Dσj(X([s]−m))

∫ s

[s]−m

(S(s− u) − I)σj(X([s]−m))du‖

+
1

δm
‖
∫ [t]−m

0
(s− [s]−m)(S(t− s) − S(t− [s]−m))

×Dσj(X([s]−m))σj(X([s]−m))ds‖

≤ C
( 1

δm

∫ [v]−m

0
ds

∫ s

[s]−m

‖(S(s− u) − I)σj(X([s]−m))‖du

+ C

∫ [v]−m

0
‖(S(t− s) − S(t− [s]−m))Dσj(X([s]−m))σj(X([s]−m))‖ds

)
,

it holds that

‖Ijm,3(t)‖ ≤ C
(

sup
0≤u≤δm
x∈Kn

‖(S(u)− I)σj(x)‖+ sup
0≤u≤δm
x∈Kn

‖(S(u)− I)Dσj(x)σj(x)‖
)
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for all t ∈ [0, T ] and ω ∈ Ωn. Since there exists a constant C > 0 such that

sup
0≤t≤T

‖Ijm,3(t)‖ ≤ C a.s.,

we get

E
[

sup
0≤t≤T

‖Ijm,3(t)‖2p
]

= E
[

sup
0≤t≤T

‖Ijm,3(t)‖2p ; Ωn

]
+ E

[
sup

0≤t≤T
‖Ijm,3(t)‖2p ; Ω \ Ωn

]
≤ C

(
sup

0≤u≤δm
x∈Kn

‖(S(u) − I)σj(x)‖2p + sup
0≤u≤δm
x∈Kn

‖(S(u) − I)Dσj(x)σj(x)‖2p

+ P (Ω \ Ωn)
)
.

Finally we estimate Ijm,4(t). Since

1

δm

∫ [t]−m

0
(s− [s]−m)S(t− [s]−m)Dσj(X([s]−m))σj(X([s]−m))ds

=
1

δm

δ−1
m [t]−m−1∑

k=0

∫ (k+1)δm

kδm

(s− kδm)dsS(t− kδm)Dσj(X(kδm))σj(X(kδm))

=
δm
2

δ−1
m [t]−m−1∑

k=0

S(t− kδm)Dσj(X(kδm))σj(X(kδm))

=
1

2

∫ [t]−m

0
S(t− [s]−m)Dσj(X([s]−m))σj(X([s]−m))ds,

we have the following.

‖Ijm,4(t)‖ ≤ 1

2
‖
∫ [t]−m

0
S(t− [s]−m)(

Dσj(X([s]−m))σj(X([s]−m)) −Dσj(X(s))σj(X(s))
)
ds‖

+
1

2
‖
∫ [t]−m

0

(
S(t− [s]−m) − S(t− s)

)
Dσj(X(s))σj(X(s))ds‖

≤ C
(∫ [v]−m

0
‖X([s]−m) −X(s)‖ds
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+

∫ [v]−m

0
‖(S(t− [s]−m) − S(t− s))Dσj(X(s))σj(X(s))‖ds

)
.

Therefore

‖Ijm,4(t)‖ ≤ C
(

sup
u1,u2∈[0,T ]

|u1−u2|≤δm

‖X(u1) −X(u2)‖

+ sup
0≤u≤δm
x∈Kn

‖(S(u) − I)Dσj(x)σj(x)‖
)

for all t ∈ [0, T ] and ω ∈ Ωn. Since there exists a constant C > 0 such that

sup
0≤t≤T

‖Ijm,4(t)‖ ≤ C a.s.,

we get

E
[

sup
0≤t≤T

‖Ijm,4(t)‖2p
]

= E
[

sup
0≤t≤T

‖Ijm,4(t)‖2p ; Ωn

]
+ E

[
sup

0≤t≤T
‖Ijm,4(t)‖2p ; Ω \ Ωn

]
≤ C

(
E
[

sup
u1,u2∈[0,T ]

|u1−u2|≤δm

‖X(u1) −X(u2)‖2p
]

+ sup
0≤u≤δm
x∈Kn

‖(S(u) − I)Dσj(x)σj(x)‖2p + P (Ω \ Ωn)
)
.

Thus the result follows from Lemma 2.7. �

Combining Lemmas 2.6, 2.9, 2.11, 2.12 and Equation (2.6), we obtain

the following lemma.

Lemma 2.13. For any p > 1, there exist a constant C > 0 and a double

sequence {Cm,n} which satisfies limn→∞ limm→∞ Cm,n = 0 such that

E
[

sup
0≤t≤v

‖
∫ [t]−m

0
S(t− s)σj(ξm(s))Ḃj

m(s)ds

−
∫ [t]−m

0
S(t− s)σj(X(s))dBj(s)
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− 1

2

∫ [t]−m

0
S(t− s)Dσj(X(s))σj(X(s))ds‖2p

]

≤ C

∫ v

0
E
[

sup
0≤t≤u

‖ξm(t) −X(t)‖2p
]
du + Cm,n.

From the Lipschitz continuity of b, we have the following lemma.

Lemma 2.14. For any p > 1, there exists a constant C > 0 such that

E
[

sup
0≤t≤v

‖
∫ [t]−m

0
S(t− s)

(
b(ξm(s)) − b(X(s))

)
ds‖2p

]

≤ C

∫ v

0
E
[

sup
0≤t≤u

‖ξm(t) −X(t)‖2p
]
du.

Note that

ξ̄m(t) − X̄m(t) =

∫ [t]−m

0
S(t− s)

(
b(ξm(s)) − b(X(s))

)
ds

+
r∑

j=1

{∫ [t]−m

0
S(t− s)σj(ξm(s))Ḃj

m(s)ds

−
∫ [t]−m

0
S(t− s)σj(X(s))dBj(s)

− 1

2

∫ [t]−m

0
S(t− s)Dσj(X(s))σj(X(s))ds

}

(2.8)

for t ∈ [0, T ]. Therefore combining Lemmas 2.2, 2.5, 2.13 and 2.14 we obtain

the following lemma.

Lemma 2.15. For any p > 1, there exist a constant C > 0 and a double

sequence {Cm,n} which satisfies limn→∞ limm→∞ Cm,n = 0 such that

(2.9) E
[

sup
0≤t≤v

‖ξm(t) −X(t)‖2p
]

≤ C

∫ v

0
E
[

sup
0≤t≤u

‖ξm(t) −X(t)‖2p
]
du + Cm,n.
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Applying the Gronwall inequality to Equation (2.9), we obtain

E
[

sup
0≤t≤T

‖ξm(t) −X(t)‖2p
]
≤ Cm,ne

CT .

This proves Theorem 2.1.

3. A Parameterized SDE

In sections 3, 4, 5 and 6, we consider another situation. Let H and U

be separable Hilbert spaces endowed with inner products 〈·, ·〉H and 〈·, ·〉U ,

respectively. We denote their norms by ‖ · ‖H and ‖ · ‖U respectively. We

often abbreviate ‖ · ‖H to ‖ · ‖ for simplicity. Let A be the infinitesimal

generator of a (C0)-semigroup (S(t))t≥0 on H.

Let Q be a nuclear strictly positive operator on U . We define a separable

Hilbert space U0 by U0 = Q1/2(U) endowed with a inner product 〈u, v〉U0 =

〈Q−1/2u,Q−1/2v〉U , u, v ∈ U0, and with its induced norm ‖ · ‖U0 . Let us

fix T > 0. Let (Ω,F , P ) be a complete probability space equipped with a

right-continuous nondecreasing family (F(t))t∈[0,T ] of sub σ-fields of F such

that each F(t) contains all P -null sets.

Let σj : H → H, j = 1, 2, . . . , r, be twice Fréchet differentiable mappings

such that supx∈H ‖σj(x)‖ < ∞. We assume that its Fréchet derivatives up

to second order Dσj and D2σj are bounded. Let V : H → L(2)(U0;H) and

b : H → H be Lipschitz continuous bounded mappings.

Let (Bj(t))t∈[0,T ], j = 1, 2, . . . , r, be independent real-valued standard

(F(t))t∈[0,T ]-Brownian motions and set δm = T/m for positive integers m.

We define R-valued stochastic processes (Zj
m(t))t∈[0,T ], j = 1, 2, . . . , r, by

Zj
m(t) = Bj(t) −Bj(kδm) − t− kδm

δm
(Bj((k + 1)δm) −Bj(kδm))

if t ∈ [kδm, (k + 1)δm], k = 0, 1, . . . ,m− 1. Then the processes

(Zj
m(t))t∈[kδm,(k+1)δm]

are pinned Brownian motions from 0 to 0 on each intervals [kδm, (k+1)δm],

k = 0, 1, 2, . . . ,m− 1.
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We note that (Zj
m(t))t∈[0,T ], j = 1, 2, . . . , r, are not (F(t))t∈[0,T ]-

adapted. Let (Gm(t))t∈[0,T ] be a filtration defined by Gm(t) = F(t) ∨
σ{Bj(kδm) ; k = 1, 2, . . .m, j = 1, 2, . . . , r}. Then (Zj

m(t))t∈[0,T ] are

(Gm(t))t∈[0,T ]-adapted processes.

For each y = (y1, y2, . . . , ym) ∈ Rm, we define a mapping

ϕm( · ; y) : [0, T ] → R

by

ϕm(t; y) = yk +
t− kδm

δm
(yk+1 − yk)

for t ∈ [kδm, (k + 1)δm], k = 0, 1, . . . ,m− 1, where we have set y0 = 0.

Let (W (t))t∈[0,T ] be a Q-Wiener process in (Ω,F , P ) having values

in U with respect to (F(t))t∈[0,T ]. We assume that (W (t))t∈[0,T ] and

(Bj(t))t∈[0,T ], j = 1, 2, . . . , r, are independent, and so (W (t))t∈[0,T ] is also

(Gm(t))t∈[0,T ]- Wiener process.

Let θ = (θ1, . . . , θr) be (Rm)r-valued Gm(0)-measurable random variable

and x0 ∈ H be fixed. An H-valued (Gm(t))t∈[0,T ]-adapted stochastic process

(Xm(t; θ))t∈[0,T ] is said to be a mild solution of the stochastic differential

equation


dXm(t; θ) = AXm(t; θ)dt + b(Xm(t; θ))dt + V (Xm(t; θ))dW (t)

+
∑r

j=1 σj(Xm(t; θ))dZj
m(t)

+
∑r

j=1 σj(Xm(t; θ))ϕ̇m(t; θj)dt,

Xm(0; θ) = x0

(3.1)

if the following stochastic integral equation holds.

Xm(t; θ) = S(t)x0 +

∫ t

0
S(t− s)b(Xm(s; θ))ds

+

∫ t

0
S(t− s)V (Xm(s; θ))dW (s)

+
r∑

j=1

∫ t

0
S(t− s)σj(Xm(s; θ))dZj

m(s)

+
r∑

j=1

∫ t

0
S(t− s)σj(Xm(s; θ))ϕ̇m(s; θj)ds,

t ∈ [0, T ], P -a.s.
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Here ϕ̇m(· ; θj) denotes its derivative for the mapping t �→ ϕm(t; θj).

We shall prove following theorems.

Theorem 3.1. The stochastic differential equation (3.1) has the

unique H-valued (Gm(t))t∈[0,T ]-adapted mild solution, which has continuous

paths a.s.

Theorem 3.2. Let θn = (θ1
n, . . . , θ

r
n), θ = (θ1, . . . , θr) ∈ (Rm)r such

that limn→∞ |θn−θ|(Rm)r = 0, where | · |(Rm)r means Euclidean norm. Then

the sequence

sup
0≤t≤T

‖Xm(t; θn) −Xm(t; θ)‖

converges to 0 in probability as n → ∞.

Let h : [0, T ] → Rr be infinitely continuously differentiable functions

such that h(0) = 0. We denote X( · ; θ) by X( · ;h) for

θ =
(
(h1(δ), h1(2δ), . . . , h1(T )), . . . , (hr(δ), hr(2δ), . . . , hr(T ))

)
,

where hj denote j-th components of h. Let (η(t;h))t∈[0,T ] be the H-valued

continuous (F(t))t≥0-adapted stochastic process which is the unique mild

solution of the stochastic differential equation




dη(t;h) = Aη(t;h)dt + b(η(t;h))dt + V (η(t;h))dW (t)

−1

2

r∑
j=1

Dσj(η(t;h))σj(η(t;h))dt +

r∑
j=1

σj(η(t;h))ḣj(t)dt,

η(0;h) = x0.

We shall prove the following theorem.

Theorem 3.3. For any p > 1,

lim
m→∞

E
[

sup
0≤t≤T

‖Xm(t;h) − η(t;h)‖2p
]

= 0.
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4. Some Lemmas under the Situation in Section 3

In this section, we prepare some lemmas. The following lemma is due

to Chapter 7 in Da Prato and Zabczyk [4].

Lemma 4.1. Let p > 1 and (γ(t))t∈[0,T ] be a L(2)(U0;H)-valued

(F(t))t∈[0,T ]-predictable process that satisfies

E
[∫ T

0
‖γ(u)‖2p

L(2)(U0;H)du
]
< ∞.

Then

E
[

sup
0≤t≤T

‖
∫ t

0
S(t− u)γ(u)dW (u)‖2p

]
≤ Cp,αE

[∫ T

0
‖γ(u)‖2p

L(2)(U0;H)du
]
,

where

Cp,α =
(sinπα

π

)2p
sup

0≤t≤T
‖S(t)‖4p T p−1(

2pα−1
2p−1

)2p−1

×
(p(2p− 1)

1 − 2α

)p( 2p

2p− 1

)2p(p−1)

for any constant α ∈
(

1
2p ,

1
2).

From the argument in Chapter IV in Ikeda and Watanabe [5], we have

the following lemma.

Lemma 4.2. For each j = 1, 2, . . . , r, we define a real-valued stochastic

process (βj
m(t))t∈[0,T ] by

βj
m(t) = βj

m(kδm) + Zj
m(t) +

∫ t

kδm

Zj
m(s)

(k + 1)δm − s
ds

for t ∈ (kδm, (k + 1)δm], k = 0, 1, . . . ,m− 1, with βj
m(0) = 0. This process

is a standard (Gm(t))t∈[0,T ]-Brownian motion.

Lemma 4.3. Let p > 3. Let (γ(t))t∈[0,T ] be an H-valued (Gm(t))t∈[0,T ]-

predictable process such that

E
[∫ T

0
‖γ(t)‖4pdt

]
< ∞.
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(i) Letting α ∈
(

1
2p ,

1
6

)
be fixed, there exists a constant C > 0 such that

E
[
‖
∫ t

kδm

(t− s)−αS(t− s)γ(s)dZj
m(s)‖2p

]

≤ Cδ−p
m

(∫ t

kδm

E
[
‖γ(s)‖4p

]
ds
)1/2

for k = 0, 1, . . . ,m− 1 and t ∈ [kδm, T ], and

E
[
‖
∫ t

kδm

(t− s)−αS(t− s)γ(s)dZj
m(s)‖2p

]

≤ Cδ
p(1−2α)− 1

2
m

(∫ t

kδm

E
[
‖γ(s)‖4p

]
ds
)1/2

for k = 0, 1, . . . ,m− 1 and t ∈ [kδm, (k + 1)δm].

(ii) There exists a constant C > 0 such that

E
[

sup
kδm≤t≤v

‖
∫ t

kδm

S(t−s)γ(s)dZj
m(s)‖2p

]
≤ Cδ

p− 1
2

m

(∫ v

kδm

E
[
‖γ(s)‖4p

]
ds
)1/2

for k = 0, 1, . . . ,m− 1 and v ∈ [kδm, (k + 1)δm].

Proof. Under the notation of Lemmas 4.2, we have∫ t

kδm

(t− s)−αS(t− s)γ(s)dZj
m(s) = Ijm,1(t) − Ijm,2(t),

where

Ijm,1(t) =

∫ t

kδm

(t− s)−αS(t− s)γ(s)dβj
m(s)

and

Ijm,2(t) =

∫ t

kδm

(t− s)−αS(t− s)γ(s)
Zj
m(s)

[s]+m − s
ds,

where [s]+m = (k + 1)δm if kδm ≤ s < (k + 1)δm, k ≥ 0.

From the Hölder inequality, we have

E
[
‖Ijm,1(t)‖2p

]
≤ CE

[(∫ t

kδm

(t− s)−2α‖γ(s)‖2ds
)p]
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≤ C
(∫ t

kδm

(t− s)−6αds
) p

3
E
[(∫ t

kδm

‖γ(s)‖3ds
) 2p

3
]

≤ C(t− kδm)
p
3
−2pα(t− kδm)

2p
3
−1E

[∫ t

kδm

‖γ(s)‖2pds
]

≤ C(t− kδm)p(1−2α)− 1
2

(∫ t

kδm

E
[
‖γ(s)‖4p

]
ds
)1/2

.

Let us fix ε ∈ (0, 1
6). From the Hölder inequality, we have

E
[
‖Ijm,2(t)‖2p

]
≤ C

(∫ t

kδm

([s]+m − s)−
3
2
( 1
2
+ε)ds

) 4p
3

× E
[{∫ t

kδm

(t− s)−3α‖γ(s)‖3
( |Zj

m(s)|
([s]+m − s)

1
2
−ε

)3
ds
} 2p

3
]
.

Furthermore

E
[{∫ t

kδm

(t− s)−3α‖γ(s)‖3
( |Zj

m(s)|
([s]+m − s)

1
2
−ε

)3
ds
} 2p

3
]

≤
(∫ t

kδm

(t− s)−6αds
) p

3
E
[{∫ t

kδm

‖γ(s)‖6
( |Zj

m(s)|
([s]+m − s)

1
2
−ε

)6
ds
} p

3
]

≤ (1 − 6α)−
p
3 (t− kδm)

2p
3
−1−2pαE

[∫ t

kδm

‖γ(s)‖2p
( |Zj

m(s)|
([s]+m − s)

1
2
−ε

)2p
ds
]

≤ (1 − 6α)−
p
3 (t− kδm)

2p
3
−1−2pα∫ t

kδm

(
E
[
‖γ(s)‖4p

])1/2(
E
[( |Zj

m(s)|
([s]+m − s)

1
2
−ε

)4p])1/2
ds.

Since

E
[( |Zj

m(s)|
([s]+m − s)

1
2
−ε

)4p]
≤ (4p− 1)!! δ4pε

m ,

it holds that

E
[
‖Ijm,2(t)‖2p

]
≤ C

(∫ t

kδm

([s]+m − s)−
3
2
( 1
2
+ε)ds

) 4p
3

× (t− kδm)
2p
3
− 1

2
−2pαδ2pε

m

(∫ t

kδm

E
[
‖γ(s)‖4p

]
ds
)1/2

.
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Therefore we obtain (i). From Equation (2.5) and the stochastic Fubini

theorem, using the result (i), we also obtain (ii). �

Lemma 4.4. Let p > 3. Let (γ(t))t∈[0,T ] be an H-valued (Gm(t))t∈[0,T ]-

predictable process such that

E
[∫ T

0
‖γ(t)‖4pdt

]
< ∞,

and set

Ijm(t) =

∫ t

0
S(t− s)γ(s)dZj

m(s).

Then there exists a constant C > 0 such that

E
[

sup
0≤t≤v

‖Ijm(t)‖2p
]
≤ Cδ−p

m

(
E
[∫ v

0
‖γ(s)‖4pds

])1/2
, v ∈ [0, T ].

Proof. We take α ∈
(

1
2p ,

1
6

)
and fix it. By Equation (2.5) and the

stochastic Fubini theorem, we have

Ijm(t) =
sinπα

π

∫ t

0
du(t− u)α−1S(t− u)

∫ u

0
(u− s)−αS(u− s)γ(s)dZj

m(s),

and therefore

‖Ijm(t)‖2p ≤ CT 2pα−1

∫ t

0
‖
∫ u

0
(u− s)−αS(u− s)γ(s)dZj

m(s)‖2pdu.

Therefore, from Lemma 4.3 (i), we have

E
[

sup
0≤t≤v

‖Ijm(t)‖2p
]

≤ CT 2pα−1

∫ v

0
E
[
‖
∫ u

0
(u− s)−αS(u− s)γ(s)dZj

m(s)‖2p
]
du

≤ CT 2pα−1δ−p
m

∫ v

0

(
E
[∫ u

0
‖γ(s)‖4pds

])1/2
du

≤ CT 2pαδ−p
m

(
E
[∫ v

0
‖γ(s)‖4pds

])1/2
.

This completes the proof. �
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Proposition 4.5. Let p > 3 and α ∈
(

1
2p ,

1
6

)
be fixed. Let (γ(t))t∈[0,T ]

be an H-valued (Gm(t))t∈[0,T ]-predictable process.

(i) Assume that there exists a constant C0 > 0 such that

E
[
‖γ(t)‖4p

]
≤ C0δ

2p
m , t ∈ [0, T ].

Let

χj
m,k(t) =

∫ (k+1)δm∧t

kδm∧t
S(t− s)γ(s)dZj

m(s)(4.1)

for t ∈ [0, T ] and k = 0, 1, . . . ,m − 1. Then there exists a constant C > 0

such that

E
[

sup
0≤t≤T

‖
m−1∑
k=0

(
χj
m,k(t) − E

[
χj
m,k(t) | Gm(kδm)

])
‖2p

]
≤ Cδp(1−2α)

m .

(ii) Assume that γ(t) is Gm(kδm)-measurable for t ∈ [kδm, (k + 1)δm), k =

0, 1, . . . ,m− 1, and assume

E
[

sup
0≤t≤T

‖γ(t)‖2p
]
< ∞.

Then there exists a constant C > 0 such that

E
[

sup
0≤t≤v

‖
∫ t

0
S(t− s)γ(s)dZj

m(s)‖2p
]
≤ C

∫ v

0
E
[

sup
0≤t≤s

‖γ(t)‖2p
]
ds.

for all v ∈ [0, T ].

Proof. Assume that (γ(t))t∈[0,T ] satisfies the condition of (i). Let

χ̃j
m,k(t) =

∫ (k+1)δm∧t

kδm∧t
(t− s)−αS(t− s)γ(s)dZj

m(s)

for t ∈ [0, T ] and k = 0, 1, . . . ,m− 1. By Equation (2.5) and the stochastic

Fubini theorem, we have

χj
m,k(t) =

∫ t

0
S(t− s)1[kδm∧t,(k+1)δm∧t](s)γ(s)dZj

m(s)
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=
sinπα

π

∫ t

0
(t− u)α−1S(t− u)

{∫ u

0
(u− s)−αS(u− s)1[kδm∧t,(k+1)δm∧t](s)γ(s)dZj

m(s)
}
du

=
sinπα

π

∫ t

0
(t− u)α−1S(t− u)χ̃j

m,k(u)du.

Therefore

m−1∑
k=0

(
χj
m,k(t) − E

[
χj
m,k(t)|Gm(kδm)

])

=
sinπα

π

∫ t

0
(t− u)α−1S(t− u)

m−1∑
k=0

(
χ̃j
m,k(u) − E

[
χ̃j
m,k(u)|Gm(kδm)

])
du.

From the Hölder inequality, we have

E
[

sup
0≤t≤T

‖
m−1∑
k=0

(
χj
m,k(t) − E

[
χj
m,k(t)|Gm(kδm)

])
‖2p

]

≤ C

∫ T

0
E
[
‖
m−1∑
k=0

(
χ̃j
m,k(u) − E

[
χ̃j
m,k(u)|Gm(kδm)

])
‖2p

]
du.

By Lemma 2.10 and the Hölder inequality, we obtain

E
[
‖
m−1∑
k=0

(
χ̃j
m,k(u) − E

[
χ̃j
m,k(u)|Gm(kδm)

])
‖2p

]

≤ CE
[(m−1∑

k=0

‖χ̃j
m,k(u) − E

[
χ̃j
m,k(u)|Gm(kδm)

]
‖2
)p]

≤ Cmp−1E
[m−1∑
k=0

‖χ̃j
m,k(u) − E

[
χ̃j
m,k(u)|Gm(kδm)

]
‖2p

]

≤ Cmp−1
m−1∑
k=0

E
[
‖χ̃j

m,k(u)‖2p
]
.

Furthermore, from Lemma 4.3 (i), we have

E
[
‖χ̃j

m,k(t)‖2p
]
≤ Cδ

p(1−2α)− 1
2

m

(∫ (k+1)δm∧t

kδm∧t
E
[
‖γ(s)‖4p

]
ds
)1/2

.
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This completes the proof of (i).

Now let (γ(t))t∈[0,T ] satisfy the condition of (ii). From the above argu-

ment, we have

E
[

sup
0≤t≤v

‖
∫ t

0
S(t− s)γ(s)dZj

m(s)‖2p
]
≤ C

∫ v

0
E
[(m−1∑

k=0

‖χ̃j
m,k(u)‖2

)p]
du

Letting

qm,k(t) =

∫ (k+1)δm∧t

kδm∧t
(t− s)−2αds,

q(t) =
m−1∑
k=0

qm,k(t) =
t1−2α

1 − 2α
, t ∈ [0, T ],

we have

E
[(m−1∑

k=0

‖χ̃j
m,k(u)‖2

)p]
≤ q(u)p−1

m−1∑
k=0

qm,k(u)1−pE
[
‖χ̃j

m,k(u)‖2p
]

≤ q(u)p−1
m−1∑
k=0

qm,k(u)1−pE
[(∫ (k+1)δm∧u

kδm∧u
(u− s)−2α‖S(u− s)γ(s)‖2ds

)p]

≤ q(T )pE
[

sup
0≤t≤u

‖γ(t)‖2p
]
.

This proves (ii). �

5. Proofs for Theorem 3.1 and 3.2

In this section we fix a positive integer m under the Situation in Sec-

tion 3. Let us fix a (Rm)r-valued Gm(0)-measurable random variable θ =

(θ1, . . . , θr). Let us fix ε ∈ (0, 1
3). For each R > 0, we define a (Gm(t))t∈[0,T ]-

stopping time by

τR = inf

{
t ∈ [0, T ] ; sup

{ |Zj
m(s)|

([s]+m − s)
1
2
−ε

;

0 ≤ s ≤ t, j = 1, 2, . . . , r
}
∨ |θ|(Rm)r > R

}
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where we have set τR = T if this set is empty and [s]+m = (k + 1)δm if

kδm ≤ s < (k + 1)δm, k ≥ 0.

Lemma 5.1. For a.e. ω ∈ Ω, there exists a positive number R0(ω) such

that τR(ω) = T for all R ≥ R0(ω).

Proof. By definition, we have

Zj
m(s) =

(k + 1)δm − s

δm

(
Bj((k+1)δm)−Bj(kδm)

)
−
(
Bj((k+1)δm)−Bj(s)

)
for s ∈ [kδm, (k + 1)δm], k = 0, 1, 2, . . . ,m− 1. Therefore we have

|Zj
m(s)|

((k + 1)δm − s)
1
2
−ε

=
((k + 1)δm − s)

1
2
+ε

δm

(
Bj((k + 1)δm) −Bj(kδm)

)

− Bj((k + 1)δm) −Bj(s)

((k + 1)δm − s)
1
2
−ε

.

Since the Brownian motion (Bj(t))t∈[0,T ] has locally Hölder-continuous path

a.s. with any exponent γ ∈ (0, 1
2), we have the desired result. �

Let p > 3 and fix it in this section. Let E be the set of H-valued

(Gm(t))t∈[0,T ]-adapted stochastic processes (X(t))t∈[0,T ] such that

E
[

sup
0≤t≤T

‖X(t)‖2p
]
< ∞.

We define a mapping φR : E → E by

φR(X)(t) = S(t ∧ τR)x0 + φ1(X)(t ∧ τR) + φ2(X)(t ∧ τR)

+
r∑

j=1

φj
3(X)(t ∧ τR) +

r∑
j=1

φj
4(X)(t ∧ τR)

for X ∈ E , where φ1, φ2, φ
j
3, φ

j
4 : E → E are defined by

φ1(X)(t) =

∫ t

0
S(t− s)b(X(s))ds,
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φ2(X)(t) =

∫ t

0
S(t− s)V (X(s))dW (s),

φj
3(X)(t) =

∫ t

0
S(t− s)σj(X(s))dZj

m(s)

and

φj
4(X)(t) =

∫ t

0
S(t− s)σj(X(s))ϕ̇m(s; θj)ds.

This is well defined by virtue of the next lemma which comes from

Lemmas 4.1 and 4.4.

Lemma 5.2. For X ∈ E, it holds that

E
[

sup
0≤t≤T

‖φR(X)(t)‖2p
]
< ∞.

Lemma 5.3. Let (γ(t))t∈[0,T ] be an H-valued (Gm(t))t∈[0,T ]-predictable

process such that

E
[∫ T

0
‖γ(t)‖2pdt

]
< ∞,

and set

Ij(t) =

∫ t

0
S(t− s)γ(s)dZj

m(s).

Then there exists a constant C > 0 such that

E
[

sup
0≤t≤v

‖Ij(t ∧ τR)‖2p
]
≤ C(1 + R2pδ−p(1+2ε)

m )E
[∫ v∧τR

0
‖γ(s)‖2pds

]

for v ∈ [0, T ].

Proof. We use the real-valued (Gm(t))t≥0-Brownian motion

(βj
m(t))t≥0 in lemma 4.2. Then

Ij(t) = Ij1(t) − Ij2(t),

where

Ij1(t) =

∫ t

0
S(t− s)γ(s)dβj

m(s)
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and

Ij2(t) =

∫ t

0
S(t− s)γ(s)

Zj
m(s)

[s]+m − s
ds.

From Lemma 4.1, we have

E
[

sup
0≤t≤v

‖Ij1(t ∧ τR)‖2p
]
≤ CE

[∫ v∧τR

0
‖γ(s)‖2pds

]
.

From, the Hölder inequality, we have

E
[

sup
0≤t≤v

‖Ij2(t ∧ τR)‖2p
]

≤ CR2pE
[(∫ v∧τR

0
‖γ(s)‖([s]+m − s)−

1
2
−εds

)2p]

≤ CR2p
(∫ T

0
([s]+m − s)

−( 1
2
+ε) 2p

2p−1ds
)2p−1

E
[∫ v∧τR

0
‖γ(s)‖2pds

]
By observing∫ T

0
([s]+m − s)

−( 1
2
+ε) 2p

2p−1ds =
2p− 1

(1 − 2ε)p− 1
Tδ

−( 1
2
+ε) 2p

2p−1
m ,

the proof is completed. �

Lemma 5.4. There exists a constant C > 0 such that

E
[

sup
0≤t≤v

‖φR(X)(t) − φR(X ′)(t)‖2p
]
≤ CE

[∫ v∧τR

0
‖X(t) −X ′(t)‖2pdt

]

for v ∈ [0, T ] and X,X ′ ∈ E.

Proof. From the Hölder inequality, we have

E
[

sup
0≤t≤v

‖φ1(X)(t ∧ τR) − φ1(X
′)(t ∧ τR)‖2p

]

≤ CE
[(∫ v∧τR

0
‖X(s) −X ′(s)‖ds

)2p]

≤ CT 2p−1E
[∫ v∧τR

0
‖X(s) −X ′(s)‖2pds

]
.
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From Lemma 4.1, we have

E
[

sup
0≤t≤v

‖φ2(X)(t ∧ τR) − φ2(X
′)(t ∧ τR)‖2p

]

≤ CE
[∫ v∧τR

0
‖V (X(s)) − V (X ′(s))‖2pds

]

≤ CE
[∫ v∧τR

0
‖X(s) −X ′(s)‖2pds

]
.

By Lemma 5.3, we have

E
[

sup
0≤t≤v

‖φj
3(X)(t ∧ τR) − φj

3(X
′)(t ∧ τR)‖2p

]

≤ C(1 + R2pδ−p(1+2ε)
m )E

[∫ v∧τR

0
‖X(s) −X ′(s)‖2pds

]
.

Finally we have

E
[

sup
0≤t≤v

‖φj
4(X)(t ∧ τR) − φj

4(X
′)(t ∧ τR)‖2p

]

≤ C

(
R

δm

)2p

E
[(∫ v∧τR

0
‖X(s) −X ′(s)‖ds

)2p]

≤ CT 2p−1

(
R

δm

)2p

E
[∫ v∧τR

0
‖X(s) −X ′(s)‖2pds

]
. �

Proof of Theorem 3.1. We consider the sequence defined by{
XR

0 (t) ≡ x0,

XR
n = φR(XR

n−1), n = 1, 2, . . . .
(5.1)

From Lemma 5.4 and Lemma 5.2, there exist constants C0 > 0 and C1 > 0

which are independent of n such that

E
[

sup
0≤t≤T

‖XR
n+1(t) −XR

n (t)‖2p
]

≤ Cn
0

∫ T

0
dsn

∫ sn

0
dsn−1 · · ·

∫ s2

0
ds1E

[
‖XR

1 (s1) −XR
0 (s1)‖2p

]

≤ C1
(C0T )n

n!
.

(5.2)
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From this we have

P
(

sup
0≤t≤T

‖XR
n+1(t) −XR

n (t)‖ >
1

2n

)

≤ 22pnE
[

sup
0≤t≤T

‖XR
n+1(t) −XR

n (t)‖2p
]
≤ C1

(2pC0T )n

n!
,

and hence
∞∑
n=0

P
(

sup
0≤t≤T

‖XR
n+1(t) −XR

n (t)‖ >
1

2n

)
< ∞.

By applying the Borel-Cantelli Lemma, we get

P
(

lim
n→∞

{
sup

0≤t≤T
‖XR

n+1(t) −XR
n (t)‖ ≤ 1

2n

})
= 1.

This implies that (XR
n (·))n is the Cauchy sequence in C([0, T ];H) a.s., there-

fore there exists a C([0, T ];H)-valued random variable XR(·) such that

lim
n→∞

sup
0≤t≤T

‖XR
n (t) −XR(t)‖ = 0 a.s.

By applying the Hölder inequality and from the inequality (5.2), we have

n−1∑
l=0

(
E
[

sup
0≤t≤T

‖XR
l+1(t) −XR

l (t)‖2p
]) 1

2p

≤
(n−1∑
l=0

2
− l

(2p−1)

) 2p−1
2p

(n−1∑
l=0

2lE
[

sup
0≤t≤T

‖XR
l+1(t) −XR

l (t)‖2p
]) 1

2p

≤
( ∞∑
l=0

2
− l

(2p−1)

) 2p−1
2p

( ∞∑
l=0

C1
(2C0T )l

l!

) 1
2p

=
(
1 − 2

−1
2p−1

)− 2p−1
2p

(
C1e

2C0T
) 1

2p

for all n ≥ 1, and so we get

(
E
[

sup
0≤t≤T

‖XR
n (t)‖2p

]) 1
2p

≤
(
E
[

sup
0≤t≤T

‖XR
0 (t)‖2p

]) 1
2p

+

n−1∑
l=0

(
E
[

sup
0≤t≤T

‖XR
l+1(t) −XR

l (t)‖2p
]) 1

2p
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≤ ‖x0‖ +
(
1 − 2

−1
2p−1

)− 2p−1
2p

(
C1e

2C0T
) 1

2p .

Moreover, by the Fatou’s lemma, we have

E
[

sup
0≤t≤T

‖XR(t)‖2p
]
≤ lim

n→∞
E
[

sup
0≤t≤T

‖XR
n (t)‖2p

]

≤
(
‖x0‖ +

(
1 − 2

−1
2p−1

)− 2p−1
2p

(
C1e

2C0T
) 1

2p

)2p
.

Therefore we obtain

lim
n→∞

E
[

sup
0≤t≤T

‖XR
n (t) −XR(t)‖2p

]
= 0.(5.3)

From Lemma 5.4, Equation (5.3) and the inequality (5.2), it follows that

E
[

sup
0≤t≤T

‖φR(XR)(t) −XR(t)‖2p
]

≤ lim
n→∞

E
[

sup
0≤t≤T

‖φR(XR
n )(t) −XR

n (t)‖2p
]

= lim
n→∞

E
[

sup
0≤t≤T

‖XR
n+1(t) −XR

n (t)‖2p
]
≤ C1 lim

n→∞
(C0T )n

n!
= 0,

and therefore

φR(XR)(t) = XR(t)

for all t ∈ [0, T ] a.s.

Let positive numbers R and R′ satisfy R < R′. Then from Lemma 5.4,

E
[

sup
0≤t≤v

‖XR(t ∧ τR) −XR′
(t ∧ τR)‖2p

]
= E

[
sup

0≤t≤v
‖φR(XR)(t ∧ τR) − φR(XR′

)(t ∧ τR)‖2p
]

≤ C

∫ v

0
E
[
‖XR(t ∧ τR) −XR′

(t ∧ τR)‖2p
]
dt

for v ∈ [0, T ]. Therefore, from the Gronwall inequality, we get

E
[

sup
0≤t≤T

‖XR(t ∧ τR) −XR′
(t ∧ τR)‖2p

]
= 0
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and hence

P
(

sup
0≤t≤τR

‖XR(t) −XR′
(t)‖ > 0

)
= 0.(5.4)

Now we define the stochastic process (Xm(t; θ))t∈[0,T ] by Xm(t; θ) =

XR(t) for t ∈ [0, τR]. From Equation (5.4) and Lemma 5.1, this process is

well defined and is the unique H-valued (Gm(t))t∈[0,T ]-adapted mild solution

of the stochastic differential equation (3.1), which has continuous paths

a.s. �

Proof of Theorem 3.2. We abbreviate Xm( · ; θ) to X( · ; θ) in this

proof. Let R > 0. We have

X(t ∧ τR; θn) −X(t ∧ τR; θ)

= I1,n(t ∧ τR) + I2,n(t ∧ τR) +
r∑

j=1

Ij3,n(t ∧ τR) +
r∑

j=1

Ij4,n(t ∧ τR),

where

I1,n(t) =

∫ t

0
S(t− s)

(
b(X(s; θn)) − b(X(s; θ))

)
ds,

I2,n(t) =

∫ t

0
S(t− s)

(
V (X(s; θn)) − V (X(s; θ))

)
dW (s),

Ij3,n(t) =

∫ t

0
S(t− s)

(
σj(X(s; θn)) − σj(X(s; θ))

)
dZj

m(s)

and

Ij4,n(t) =

∫ t

0
S(t− s)

(
σj(X(s; θn))ϕ̇m(s; θjn) − σj(X(s; θ))ϕ̇m(s; θj)

)
ds

for t ∈ [0, T ].

We have from the Hölder inequality

E
[

sup
0≤t≤v

‖I1,n(t ∧ τR)‖2p
]
≤ CE

[∫ v∧τR

0
‖X(s; θn) −X(s; θ)‖2pds

]
and by using Lemma 4.1

E
[

sup
0≤t≤v

‖I2,n(t ∧ τR)‖2p
]
≤ CE

[∫ v∧τR

0
‖X(s; θn) −X(s; θ)

)
‖2pds

]
.
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From Lemma 5.3, we get

E
[

sup
0≤t≤v

‖I3,n(t ∧ τR)‖2p
]

≤ C(1 + R2pδ−p(1+2ε)
m )E

[∫ v∧τR

0
‖X(s; θn) −X(s; θ)‖2pds

]
.

As for Ij4,n(t ∧ τR), we have

E
[

sup
0≤t≤v

‖Ij4,n(t ∧ τR)‖2p
]

≤ CE
[(∫ v∧τR

0
‖σj(X(s; θn))ϕ̇m(s; θjn) − σj(X(s; θ))ϕ̇m(s; θj)‖ds

)2p]
.

Since we have

‖σj(X(s; θn))ϕ̇m(s; θjn) − σj(X(s; θ))ϕ̇m(s; θj)‖
≤ ‖σj(X(s; θn))ϕ̇m(s; θjn − θj)‖ + ‖

(
σj(X(s; θn)) − σj(X(s; θ))

)
ϕ̇m(s; θj)‖

≤ Cδ−1
m

(
|θn − θ| + |θ|‖X(s; θn) −X(s; θ)‖

)
,

it follows that

E
[

sup
0≤t≤v

‖Ij4,n(t ∧ τR)‖2p
]

≤ Cδ−2p
m

{
T 2p|θn − θ|2p + |θ|2pE

[(∫ v∧τR

0
‖X(s; θn) −X(s; θ)‖ds

)2p]}

≤ Cδ−2p
m

{
T 2p|θn − θ|2p + T 2p−1|θ|2pE

[∫ v∧τR

0
‖X(s; θn) −X(s; θ)‖2pds

]}
.

Therefore we have

E
[

sup
0≤t≤v

‖X(s ∧ τR; θn) −X(s ∧ τR; θ)‖2p
]

≤ C
(
1 + R2pδ−p(1+2ε)

m + δ−2p
m |θ|2p

)
×

∫ v

0
E
[
‖X(s ∧ τR; θn) −X(s ∧ τR; θ)‖2p

]
ds + Cδ−2p

m |θn − θ|2p.
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By using the Gronwall inequality, we get

lim
n→∞

E
[

sup
0≤t≤T

‖X(t ∧ τR; θn) −X(t ∧ τR; θ)‖2p
]

= 0.

Now we see

P
(

sup
0≤t≤T

‖X(t; θn) −X(t; θ)‖ > ε
)

≤ P
(

sup
0≤t≤T

‖X(t ∧ τR; θn) −X(t ∧ τR; θ)‖ > ε
)

+ P (τR < T ).

If we recall Lemma 5.1, the proof is completed. �

6. Proof for Theorem 3.3

In this section, we also use notation in Section 3.

We denote ϕm( · ; (hj(δ), hj(2δ), . . . , hj(T ))) by ϕm( · ;hj) for j =

1, 2, . . . , r. Let [t]−m = kδm if kδm ≤ t < (k + 1)δm, and

X̄m(t;h) = S(t− [t]−m)Xm([t]−m;h), t ∈ [0, T ].

We shall first prove the following proposition.

Proposition 6.1. For any p > 3, there exist a constant C > 0 and a

sequence {Cm} which satisfies limm→∞ Cm = 0 such that

E
[

sup
0≤t≤v

‖
∫ t

0
S(t− s)

(
Dσj(X̄m(s;h))

∫ s

[s]−m

S(s− v)σj(X̄m(v;h))dZj
m(v)

)
dZj

m(s)

+
1

2

∫ t

0
S(t− s)Dσj(η(s;h))σj(η(s;h))ds‖2p

]

≤ C

∫ v

0
E
[

sup
0≤t≤s

‖Xm(t;h) − η(t;h)‖2p
]
ds + Cm

for all v ∈ [0, T ].

To prove this proposition, we have to prove some lemmas.
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Lemma 6.2. Let p > 3. There exists a constant C > 0 such that

E
[
‖Xm(t;h) − X̄m(t;h)‖2p

]
≤ Cδp−1

m

for all t ∈ [0, T ].

Proof. Note that

Xm(t;h) − X̄m(t;h) =

∫ t

[t]−m

S(t− s)V (Xm(s;h))dW (s)

+
r∑

j=1

∫ t

[t]−m

S(t− s)σj(Xm(s;h))dZj
m(s)

+

∫ t

[t]−m

S(t− s)b(Xm(s;h))ds

+

r∑
j=1

∫ t

[t]−m

S(t− s)σj(Xm(s;h))ϕ̇m(s;hj)ds.

(6.1)

By the same argument as the proof of Lemma 2.4, we get

E
[

sup
0≤t≤T

‖
∫ t

[t]−m

S(t− s)V (Xm(s;h))dW (s)‖2p
]
≤ Cδp−1

m .

By using Lemma 4.3 (ii), we get

E
[

sup
0≤t≤T

‖
∫ t

[t]−m

S(t− s)σj(Xm(s;h))dZj
m(s)‖2p

]

≤
m−1∑
k=0

E
[

sup
kδm≤t≤(k+1)δm

‖
∫ t

kδm

S(t− s)σj(Xm(s;h))dZj
m(s)‖2p

]

≤ C

m−1∑
k=0

δ
p− 1

2
m

(∫ (k+1)δm

kδm

E
[
‖σj(Xm(s;h))‖4p

]
ds
)1/2

≤ Cδp−1
m .

Obviously we have

E
[

sup
0≤t≤T

‖
∫ t

[t]−m

S(t− s)b(Xm(s;h))ds‖2p
]
≤ Cδ2p

m
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and

E
[

sup
0≤t≤T

‖
∫ t

[t]−m

S(t− s)σj(Xm(s;h))ϕ̇m(s;hj)ds‖2p
]

≤ C sup
0≤t≤T

‖ḣ(t)‖2p
U0

δ2p
m . �

Let

χj
m,k(t) =

∫ (k+1)δm∧t

kδm∧t
S(t− s)

{
Dσj(X̄m(s;h))

∫ s

[s]−m

S(s− v)σj(X̄m(v;h))dZj
m(v)

}
dZj

m(s)

for t ∈ [0, T ] and k = 0, 1, . . . ,m− 1.

Lemma 6.3.

m−1∑
k=0

E
[
χj
m,k(t)|Gm(kδm)

]

= − 1

δm

∫ t

0
S(t− s)Dσj(X̄m(s;h))

(∫ s

[s]−m

S(s− v)σj(X̄m(v;h))dv
)
ds

for t ∈ [0, T ].

Proof. By using the real-valued (Gm(t))t≥0-Brownian motion

(βj
m(t))t≥0 in lemma 4.2, we can write

χj
m,k(t) = Ijm,k,1(t) + Ijm,k,2(t) + Ijm,k,3(t),

where

Ijm,k,1(t) =

∫ (k+1)δm∧t

kδm∧t
S(t− s)Dσj(X̄m(s;h))

(∫ s

kδm

S(s− v)σj(X̄m(v;h))dZj
m(v)

)
dβj

m(s),
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Ijm,k,2(t) = −
∫ (k+1)δm∧t

kδm∧t
S(t− s)Dσj(X̄m(s;h))

(∫ s

kδm

S(s− v)σj(X̄m(v;h))dβj
m(v)

) Zj
m(s)

(k + 1)δm − s
ds

and

Ijm,k,3(t) =

∫ (k+1)δm∧t

kδm∧t
S(t− s)Dσj(X̄m(s;h))

(∫ s

kδm

S(s− v)σj(X̄m(v;h))
Zj
m(v)

(k + 1)δm − v
dv

) Zj
m(s)

(k + 1)δm − s
ds.

We immediately have

E
[
Ijm,k,1(t)|Gm(kδm)

]
= 0.

As for Ijm,k,2(t), it holds that

E
[
Ijm,k,2(t)|Gm(kδm)

]
= −

∫ (k+1)δm∧t

kδm∧t
S(t− s)Dσj(X̄m(s;h))E

[(∫ s

kδm

S(s− v)σj(X̄m(v;h))dβj
m(v)

)
(∫ s

kδm

dβj
m(v)

(k + 1)δm − v

)
|Gm(kδm)

]
ds

= −
∫ (k+1)δm∧t

kδm∧t
S(t− s)Dσj(X̄m(s;h))

(∫ s

kδm

S(s− v)σj(X̄m(v;h))
dv

(k + 1)δm − v

)
ds.

Finally for Ijm,k,3(t) we have

E
[
Ijm,k,3(t)|Gm(kδm)

]
=

∫ (k+1)δm∧t

kδm∧t
S(t− s)Dσj(X̄m(s;h))

(∫ s

kδm

S(s− v)σj(X̄m(v;h))
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× E
[
Zj
m(v)Zj

m(s)|Gm(kδm)
] dv

(k + 1)δm − v

) ds

(k + 1)δm − s

=

∫ (k+1)δm∧t

kδm∧t
S(t− s)Dσj(X̄m(s;h))

(∫ s

kδm

S(s− v)σj(X̄m(v;h))
v − kδm

δm

dv

(k + 1)δm − v

)
ds.

Hence the proof is completed. �

From Lemma 6.3, we have

m−1∑
k=0

E
[
χj
m,k(t)|Gm(kδm)

]
+

1

2

∫ t

0
S(t− s)Dσj(η(s;h))σj(η(s;h))ds

= −
(
J j
m,1(t) + J j

m,2(t) + J j
m,3(t)

)
,

where

J j
m,1(t) =

1

δm

∫ t

0
S(t− s)

(
Dσj(X̄m(s;h))

∫ s

[s]−m

S(s− v)σj(X̄m(v;h))dv

−Dσj(Xm(s;h))

∫ s

[s]−m

S(s− v)σj(Xm(v;h))dv
)
ds,

J j
m,2(t) =

1

δm

∫ t

0
S(t− s)

(
Dσj(Xm(s;h))

∫ s

[s]−m

S(s− v)σj(Xm(v;h))dv

−Dσj(η(s;h))

∫ s

[s]−m

S(s− v)σj(η(v;h))dv
)
ds

and

J j
m,3(t) =

1

δm

∫ t

0
S(t− s)

(
Dσj(η(s;h))

∫ s

[s]−m

S(s− v)σj(η(v;h))dv
)
ds

− 1

2

∫ t

0
S(t− s)Dσj(η(s;h))σj(η(s;h))ds.

Lemma 6.4. For any p > 3, there exists a constant C > 0 such that

E
[

sup
0≤t≤T

‖J j
m,1(t)‖2p

]
≤ Cδp−1

m .
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Proof. We see that

‖J j
m,1(t)‖

≤ C
1

δm

∫ t

0
‖Dσj(X̄m(s;h))

∫ s

[s]−m

S(s− v)σj(X̄m(v;h))dv

−Dσj(Xm(s;h))

∫ s

[s]−m

S(s− v)σj(Xm(v;h))dv‖ds

≤ C
1

δm

∫ t

0
‖
(
Dσj(X̄m(s;h)) −Dσj(Xm(s;h))

)
∫ s

[s]−m

S(s− v)σj(X̄m(v;h))dv‖ds

+ C
1

δm

∫ t

0
‖Dσj(Xm(s;h))∫ s

[s]−m

S(s− v)
(
σj(X̄m(v;h)) − σj(Xm(v;h))

)
dv‖ds

≤ C
(∫ t

0
‖X̄m(s;h) −Xm(s;h)‖ds

+
1

δm

∫ t

0
ds

∫ s

[s]−m

‖X̄m(v;h) −Xm(v;h)‖dv
)
.

Hence, by the Hölder inequality, we get

E
[

sup
0≤t≤T

‖J j
m,1(t)‖2p

]
≤ C

(∫ T

0
E
[
‖X̄m(s;h) −Xm(s;h)‖2p

]
ds

+
1

δm

∫ T

0
ds

∫ s

[s]−m

E
[
‖X̄m(v;h) −Xm(v;h)‖2p

]
dv

)
.

Lemma 6.2 completes the proof. �

Lemma 6.5. For any p > 3, there exists a constant C > 0 such that

E
[

sup
0≤t≤v

‖J j
m,2(t)‖2p

]
≤ C

∫ v

0
E
[

sup
0≤t≤s

‖Xm(t;h) − η(t;h)‖2p
]
ds

for all v ∈ [0, T ].
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Proof. We see that

‖J j
m,2(t)‖

≤ C
1

δm

∫ t

0
‖Dσj(Xm(s;h))

∫ s

[s]−m

S(s− v)σj(Xm(v;h))dv

−Dσj(η(s;h))

∫ s

[s]−m

S(s− v)σj(η(v;h))dv‖ds

≤ C
1

δm

∫ t

0
‖
(
Dσj(Xm(s;h)) −Dσj(η(s;h))

)
∫ s

[s]−m

S(s− v)σj(Xm(v;h))dv‖ds

+ C
1

δm

∫ t

0
‖Dσj(η(s;h))∫ s

[s]−m

S(s− v)
(
σj(Xm(v;h)) − σj(η(v;h))

)
dv‖ds

≤ C
(∫ t

0
‖Xm(s;h) − η(s;h)‖ds +

1

δm

∫ t

0
ds

∫ s

[s]−m

‖Xm(v;h) − η(v;h)‖dv
)

≤ C

∫ t

0
sup

0≤u≤s
‖Xm(u;h) − η(u;h)‖ds.

Hence, by the Hölder inequality, we obtain the lemma. �

Lemma 6.6. For any p > 3,

lim
m→∞

E
[

sup
0≤t≤T

‖J j
m,3(t)‖2p

]
= 0.

Proof. If we set

f j(s, v) = Dσj(η(s;h))S(s− v)σj(η(v;h)), 0 ≤ v ≤ s ≤ T,

then

J j
m,3(t) =

1

δm

∫ t

0
S(t− s)

(∫ s

[s]−m

f j(s, v)dv
)
ds− 1

2

∫ t

0
S(t− s)f j(s, s)ds.

Furthermore we can write as

J j
m,3(t) = Ijm,1(t) + Ijm,2(t) + Ijm,3(t),
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where

Ijm,1(t) =
1

δm

∫ t

0
S(t− s)

(∫ s

[s]−m

f j(s, v)dv
)
ds

− 1

δm

∫ t

0

(
s− [s]−m

)
S(t− [s]−m)f j([s]−m, [s]−m)ds,

Ijm,2(t) =

∫ t

0

(s− [s]−m
δm

− 1

2

)
S(t− [s]−m)f j([s]−m, [s]−m)ds

=

∫ t

[t]−m

(s− [t]−m
δm

− 1

2

)
dsS(t− [t]−m)f j([t]−m, [t]−m)

and

Ijm,3(t) =
1

2

∫ t

0
S(t− [s]−m)f j([s]−m, [s]−m)ds− 1

2

∫ t

0
S(t− s)f j(s, s)ds.

As for Ijm,1(t), we have

‖Ijm,1(t)‖

≤ 1

δm

∫ t

0

(∫ s

[s]−m

‖S(t− s)f j(s, v) − S(t− [s]−m)f j([s]−m, [s]−m)‖dv
)
ds

≤ T gjm(t),

where

gjm(t) = sup
{
‖S(t− s1)f

j(s1, v1) − S(t− s2)f
j(s2, v2)‖ ;

0 ≤ v1 ≤ s1 ≤ t, 0 ≤ v2 ≤ s2 ≤ t, 0 ≤ s1 − s2 ≤ δm, 0 ≤ v1 − v2 ≤ δm
}
.

We immediately get ‖Ijm,2(t)‖ ≤ Cδm for some constant C > 0 and

‖Ijm,3(t)‖ ≤ T
2 g

j
m(t). Therefore we have

‖J j
m,3(t)‖ ≤ 3T

2
gjm(t) + Cδm, t ∈ [0, T ].

Hence it suffices to show

lim
m→∞

E
[

sup
0≤t≤T

gjm(t)2p
]

= 0.
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From Lemma 2.8, there exists an nondecreasing sequence of compact

subsets K1 ⊂ K2 ⊂ · · · ⊂ H such that limn→∞ P (Ωn) = 1, where

Ωn =
{
η(t;h) ∈ Kn for all t ∈ [0, T ]

}
.

We note that the set K̃n defined by

K̃n =
{
Dσj(y1)S(s− v)σj(y2) ; 0 ≤ v ≤ s ≤ T, y1, y2 ∈ Kn

}
⊂ H

is compact. We have the following estimate.

‖S(t− s1)f
j(s1, v1) − S(t− s2)f

j(s2, v2)‖
≤ C

(
‖
(
S(t− s1) − S(t− s2)

)
Dσj(η(s1;h))S(s1 − v1)σj(η(v1;h))‖

+ ‖Dσj(η(s1;h)) −Dσj(η(s2;h))‖
+ ‖

(
S(s1 − v1) − S(s2 − v2)

)
σj(η(v1;h))‖

+ ‖σj(η(v1;h)) − σj(η(v2;h))‖
)

≤ C
(

sup
ỹ∈K̃n

‖
(
S(t− s1) − S(t− s2)

)
ỹ‖ + ‖η(s1;h)) − η(s2;h))‖

+ sup
y∈Kn

‖
(
S(s1 − v1) − S(s2 − v2)

)
σj(y)‖ + ‖η(v1;h)) − η(v2;h)‖

)
for 0 ≤ v1 ≤ s1 ≤ t, 0 ≤ v2 ≤ s2 ≤ t, 0 ≤ s1 − s2 ≤ δm, 0 ≤ v1 − v2 ≤
δm and ω ∈ Ωn. Furthermore there exists a constant C > 0 such that

sup0≤t≤T gjm(t) ≤ C. Therefore we have

E
[

sup
0≤t≤T

gjm(t)2p
]

= E
[

sup
0≤t≤T

gjm(t)2p ; Ωn

]
+ E

[
sup

0≤t≤T
gjm(t)2p ; Ω \ Ωn

]
≤ C

(
sup

{
‖
(
S(u1) − S(u2)

)
ỹ‖2p ; u1, u2 ∈ [0, T ], |u1 − u2| ≤ δm, ỹ ∈ K̃n

}
+ E

[
sup

{
‖η(u1;h)) − η(u2;h))‖2p ; u1, u2 ∈ [0, T ], |u1 − u2| ≤ δm

}]
+ sup

{
‖
(
S(u1) − S(u2)

)
σj(y)‖2p ; u1, u2 ∈ [0, T ], |u1 − u2| ≤ 2δm, y ∈ Kn

}
+ P (Ω \ Ωn)

)
.

Since the stochastic process (η(t;h))t∈[0,T ] has continuous path a.s. and the

following holds

E
[

sup
0≤t≤t

‖η(t;h)‖2p
]
< ∞,
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from dominated convergence theorem, we have

sup
m→∞

E
[
sup

{
‖η(u1;h)) − η(u2;h))‖2p ;

u1, u2 ∈ [0, T ], |u1 − u2| ≤ δm
}]

= 0.

Furthermore if we recall Lemma 2.7 (ii), the proof is completed. �

Therefore, from Propositions 4.3 (ii), 4.5 (i), Lemma 6.4, 6.5 and 6.6,

we obtain Proposition 6.1.

From Equation (6.1), we have

σj(Xm(s;h)) = σj(X̄m(s;h))

+

∫ 1

0
Dσj

(
X̄m(s;h) + v(Xm(s;h) − X̄m(s;h)

)
(
Xm(s;h) − X̄m(s;h)

)
dv

= Dσj(X̄m(s;h))

∫ s

[s]−m

S(s− v)σj(X̄m(v;h))dZj
m(v)

+ γjm,1(s) + γjm,2(s) + γjm(s)

(6.2)

where

γjm,1(s) =
∑

1≤l≤r, l �=j

Dσj(X̄m(s;h))

∫ s

[s]−m

S(s− v)σl(X̄m(v;h))dZ l
m(v)

+ Dσj(X̄m(s;h))

∫ s

[s]−m

S(s− v)V (X̄m(v;h))dW (v),

γjm,2(s) = σj(X̄m(s;h)),

γj,lm,3(s) = Dσj(X̄m(s;h))

∫ s

[s]−m

S(s− v)

(
σl(Xm(v;h)) − σl(X̄m(v;h))

)
dZ l

m(v),

γjm,4(s) = Dσj(X̄m(s;h))

∫ s

[s]−m

S(s− v)

(
V (Xm(v;h)) − V (X̄m(v;h))

)
dW (v),
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γjm,5(s) = Dσj(X̄m(s;h))

∫ s

[s]−m

S(s− v)b(Xm(v;h))dv,

γj,lm,6(s) = Dσj(X̄m(s;h))

∫ s

[s]−m

S(s− v)σl(Xm(v;h))ϕ̇m(v;hl)dv,

γjm,7(s) =

∫ 1

0
dv1

∫ v1

0
D2σj

(
X̄m(s;h) + v2 (Xm(s;h) − X̄m(s;h))

)
(
Xm(s;h) − X̄m(s;h), Xm(s;h) − X̄m(s;h)

)
dv2,

and

γjm(s) =
r∑

l=1

γj,lm,3(s) + γjm,4(s) + γjm,5(s) +
r∑

l=1

γj,lm,6(s) + γjm,7(s)

for s ∈ [0, T ].

Lemma 6.7. For any p > 3, there exists a constant C > 0 such that

E
[

sup
0≤t≤v

‖
∫ t

0
S(t− s)γjm,1(s)dZ

j
m(s)‖2p

]
≤ Cδp(1−2α)

m .

for v ∈ [0, T ].

Proof. Since Z l
m and Zj

m, l �= j, are independent, and W and Zj
m are

also independent, we have

E
[∫ (k+1)δm∧t

kδm∧t
S(t− s)γjm,1(s)dZ

j
m(s) | Gm(kδm)

]
= 0.

Therefore, by using Proposition 4.5 (i), the proof is completed. �

Lemma 6.8. For any p > 3, there exists a constant C > 0 and a double

sequence {Cm,n} which satisfies limn→∞ limm→∞ Cm,n = 0 such that

E
[

sup
0≤t≤v

‖
∫ t

0
S(t− s)γjm,2(s)dZ

j
m(s)‖2p

]

≤ C

∫ v

0
E
[

sup
0≤t≤s

‖Xm(t;h) − η(t;h)‖2p
]
ds + Cm,n
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for v ∈ [0, T ].

Proof. Note that∫ t

0
S(t− s)γjm,2(s)dZ

j
m(s)

=

∫ t

0
S(t− s)

(
σj(X̄m(s;h)) − σj(S(s− [s]−m)η([s]−m;h))

)
dZj

m(s)

+

∫ t

0
S(t− s)

(
σj(S(s− [s]−m)η([s]−m;h)) − σj(η([s]

−
m;h))

)
dZj

m(s)

+

∫ t

0
S(t− s)

(
I − S(s− [s]−m)

)
σj(η([s]

−
m;h))dZj

m(s)

+ S(t− [t]−m)σj(η([t]
−
m;h))Zj

m(t).

Since X̄m(s;h) and η([s]−m;h) are Gm([s]−m)-measurable for all s ∈ [0, T ], we

can apply Proposition 4.5 (ii) to get

E
[

sup
0≤t≤v

‖
∫ t

0
S(t− s)γjm,2(s)dZ

j
m(s)‖2p

]

≤ CE
[∫ v

0
sup

0≤t≤s
‖Xm([t]−m;h) − η([t]−m;h)‖2pds

+

∫ v

0
sup

0≤t≤s
‖
(
S(t− [t]−m) − I

)
σj(η([t]

−
m;h))‖2pds

+

∫ v

0
sup

0≤t≤s
‖
(
I − S(t− [t]−m)

)
σj(η([t]

−
m;h))‖2pds

]
+ Cδp−1

m .

From Lemma 2.8, we can choose an nondecreasing sequence of compact

subsets K1 ⊂ K2 ⊂ · · · ⊂ H such that limn→∞ P (Ωn) = 1, where

Ωn =
{
η(t;h) ∈ Kn for all t ∈ [0, T ]

}
.

Since σj are bounded,

E
[∫ v

0
sup

0≤t≤s
‖
(
S(t− [t]−m) − I

)
σj(η([t]

−
m;h))‖2pds

+

∫ v

0
sup

0≤t≤s
‖
(
I − S(t− [t]−m)

)
σj(η([t]

−
m;h))‖2pds

]
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≤ C
(

sup
0≤u≤δm
x∈Kn

‖(S(u) − I)σj(x)‖2p + P (Ω \ Ωn)
)
.

Thus the result follows from Lemma 2.7 (ii). �

Lemma 6.9. For any p > 3, there exists a constant C > 0 such that

E
[

sup
0≤t≤T

‖
∫ t

0
S(t− s)γjm(s)dZj

m(s)‖2p
]
≤ Cδ

p− 1
2

m .

Proof. From Lemma 4.4, there exists a constant C > 0 such that

E
[

sup
0≤t≤T

‖
∫ t

0
S(t− s)γjm(s)dZj

m(s)‖2p
]
≤ Cδ−p

m

(∫ T

0
E
[
‖γjm(s)‖4p

]
ds
)1/2

.

From Lemma 4.3 (ii), we have

E
[
‖γj,lm,3(s)‖4p

]
≤ CE

[
‖
∫ s

[s]−m

S(s− v)
(
σj(Xm(v;h)) − σj(X̄m(v;h))

)
dZ l

m(v)‖4p
]

≤ Cδ
2p− 1

2
m

(∫ s

[s]−m

E
[
‖Xm(v;h) − X̄m(v;h)‖8p

]
dv

)1/2
≤ Cδ

4p− 1
2

m .

From Lemma 6.2, we have

E
[
‖γjm,4(s)‖4p

]
≤ CE

[
‖
∫ s

[s]−m

S(s− v)
(
V (Xm(v;h)) − V (X̄m(v;h))

)
dW (v)‖4p

]

≤ CE
[(∫ s

[s]−m

‖Xm(v;h) − X̄m(v;h)‖2dv
)2p]

≤ Cδ2p−1
m

∫ s

[s]−m

E
[
‖Xm(v;h) − X̄m(v;h)‖4p

]
dv ≤ Cδ4p−1

m .

E
[
‖γjm,5(s)‖4p

]
≤ CE

[
‖
∫ s

[s]−m

S(s− v)b(Xm(v;h))dv‖4p
]
≤ Cδ4p

m .
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E
[
‖γj,lm,6(s)‖4p

]
≤ CE

[
‖
∫ s

[s]−m

S(s− v)σl(Xm(v;h))ϕ̇m(v;hl)dv‖4p
]

≤ C sup
0≤t≤T

|ḣl(t)|4p δ4p
m .

From Lemma 6.2, we have

E
[
‖γjm,7(s)‖4p

]
≤ CE

[
‖Xm(s;h) − X̄m(s;h)‖8p

]
≤ Cδ4p−1

m . �

Combining Equation (6.2), Proposition 6.1, Lemmas 6.7, 6.8 and 6.9,

we obtain the following Lemma.

Lemma 6.10. For any p > 3, there exist a constant C > 0 and a double

sequence {Cm,n} which satisfies limn→∞ limm→∞ Cm,n = 0 such that

E
[

sup
0≤t≤v

‖
∫ t

0
S(t− s)σj(Xm(s;h))dZj

m(s)

+
1

2

∫ t

0
S(t− s)Dσj(η(s;h))σj(η(s;h))ds‖2p

]

≤ C

∫ v

0
E
[

sup
0≤t≤s

‖Xm(t;h) − η(t;h)‖2p
]
ds + Cm,n

for v ∈ [0, T ].

From Lemma 4.1, we get the following Lemma.

Lemma 6.11. For any p > 3, there exists a constant C > 0 such that

E
[

sup
0≤t≤v

‖
∫ t

0
S(t− s)

(
V (Xm(s;h)) − V (η(s;h))

)
dW (s)‖2p

]

≤ C

∫ v

0
E
[
‖Xm(s;h) − η(s;h)‖2p

]
ds

for v ∈ [0, T ].

By the Lipschitz continuity of b, we have the following Lemma.
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Lemma 6.12. For any p > 3, there exists a constant C > 0 such that

E
[

sup
0≤t≤v

‖
∫ t

0
S(t− s)

(
b(Xm(s;h)) − b(η(s;h))

)
ds‖2p

]

≤ C

∫ v

0
E
[
‖Xm(s;h) − η(s;h)‖2p

]
ds

for v ∈ [0, T ].

Lemma 6.13. Let

Ijm(t) =

∫ t

0
S(t− s)

{
σj(Xm(s;h))ϕ̇m(s;hj) − σj(η(s;h))ḣj(s)

}
ds

for t ∈ [0, T ]. For any p > 3, there exist a constant C > 0 and a sequence

{Cm} which satisfies limm→∞ Cm = 0 such that

E
[

sup
0≤t≤v

‖Ijm(t)‖2p
]
≤ C

∫ v

0
E
[
‖Xm(s;h) − η(s;h)‖2p

]
ds + Cm

for v ∈ [0, T ].

Proof. We see that

sup
0≤t≤v

‖Ijm(t)‖ ≤
∫ v

0
‖σj(Xm(s;h))ϕ̇m(s;hj) − σj(η(s;h))ḣj(s)‖ds

≤
∫ v

0
‖
(
σj(Xm(s;h)) − σj(η(s;h))

)
ϕ̇m(s;hj)‖ds

+

∫ v

0
‖σj(η(s;h))

(
ϕ̇m(s;hj) − ḣj(s)

)
‖ds

≤ C
{

sup
0≤t≤T

|ḣj(t)|
∫ v

0
‖Xm(s;h) − η(s;h)‖ds

+

∫ T

0
‖ϕ̇m(s;hj) − ḣj(s)‖ds

}
. �
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Note that

Xm(t;h) − η(t;h) =

∫ t

0
S(t− s)

(
b(Xm(s;h)) − b(η(s;h))

)
ds

+

∫ t

0
S(t− s)

(
V (Xm(s;h)) − V (η(s;h))

)
dW (s)

+
r∑

j=1

{∫ t

0
S(t− s)σj(Xm(s;h))dZj

m(s)

+
1

2

∫ t

0
S(t− s)Dσj(η(s;h))σj(η(s;h))ds

}

+

r∑
j=1

∫ t

0
S(t− s)

{
σj(Xm(s;h))ϕ̇m(s;hj) − σj(η(s;h))ḣj(s)

}
ds.

(6.3)

From Lemmas 6.10, 6.11, 6.12 and 6.13, we get Theorem 3.3 by using the

Gronwall inequality.

7. Proof of Support Theorem

In this section we use the same notation as in Section 1. Let

L∞ =
{
ξ(·;h) ; h : [0, T ] → U0 is

infinitely continuously differentiable, h(0) = 0
}
⊂ C([0, T ];H)

Lemma 7.1.

L̄∞ = L̄,
where L̄∞ and L̄ mean the closure of L∞ and L in C([0, T ];H), respectively.

Proof. Let h : [0, T ] → U0 be a continuous mapping which is piecewise

continuously differentiable and satisfies h(0) = 0. Then h has an extension

to R, say h1 ∈ C(R;U0), such that it is piecewise continuously differentiable

and its support is contained in the closed interval [0, T + 1]. For ε ∈ (0, 1),

we define a infinitely continuously differentiable mapping h(ε) : [0, T ] → U0

by

h(ε)(t) =

∫
R
f(ε)(t− s)h1(s)ds =

∫ 1

−1
f(u)h1(t− εu)du,
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where f : R → R is a infinitely continuously differentiable non-negative

function with its support supp f ⊂ [−1, 1] such that
∫ 1
−1 f(t)dt = 1, and

f(ε) : R → R is defined by f(ε)(t) = ε−1f(ε−1t). Then we have

ḣ(ε)(t) =
1

ε2

∫
R
ḟ
( t− s

ε

)
h1(s)ds =

1

ε

∫ 1

−1
ḟ(u)h1(t− εu)du

=

∫ 1

−1
f(u)ḣ1(t− εu)du,

therefore

ḣ(ε)(t) − ḣ(t) =

∫ 1

−1
f(u)

(
ḣ1(t− εu) − ḣ(t)

)
du

for t ∈ [0, T ]. Hence we get

∫ T

0
‖ḣ(ε)(s) − ḣ(s)‖ds ≤

∫ 1

−1
f(u)

(∫ T

0
‖ḣ1(s− εu) − ḣ(s)‖ds

)
du.

Therefore, from dominated convergence theorem,

lim
ε↓0

∫ T

0
‖ḣ(ε)(s) − ḣ(s)‖ds = 0.(7.1)

Now we estimate

ξ(t;h(ε)) − ξ(t;h) =

∫ t

0
S(t− s)

(
(b− ρ)(ξ(s;h(ε))) − (b− ρ)(ξ(s;h))

)
ds

+

∫ t

0
S(t− s)σ(ξ(s;h(ε)))

(
ḣ(ε)(s) − ḣ(s)

)
ds

+

∫ t

0
S(t− s)

(
σ(ξ(s;h(ε))) − σ(ξ(s;h))

)
ḣ(s)ds.

Therefore there exists a constant C > 0 independent of ε such that

sup
0≤t≤v

‖ξ(t;h(ε)) − ξ(t;h)‖

≤ C
{

(1 + ess. sup
0≤t≤T

‖ḣ(t)‖U0)

∫ v

0
‖ξ(s;h(ε)) − ξ(s;h)‖ds

+

∫ T

0
‖ḣ(ε)(s) − ḣ(s)‖ds

}
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for any v ∈ [0, T ]. Applying the Gronwall inequality, we get

sup
0≤t≤T

‖ξ(t;h(ε)) − ξ(t;h)‖

≤ CeC(1+ess.sup0≤t≤T ‖ḣ(t)‖U0
)T

∫ T

0
‖ḣ(ε)(s) − ḣ(s)‖ds.

Using Equation (7.1), we see

lim
ε↓0

sup
0≤t≤T

‖ξ(t;h(ε)) − ξ(t;h)‖ = 0. �

Let δm = T/m for m = 1, 2, . . . . We define real-valued stochastic pro-

cesses (Bj
m(t))t∈[0,T ], j ≥ 1, m ≥ 1 by

Bj
m(t) = Bj(kδm) +

t− kδm
δm

(
Bj((k + 1)δm) −Bj(kδm)

)
(7.2)

if kδm ≤ t < (k + 1)δm, k = 0, 1, . . . ,m− 1. For each m ≥ 1 and r ≥ 1, let

(Bm,r(t))t∈[0,T ] be the U0-valued stochastic process defined by

Bm,r(t) =
r∑

j=1

Bj
m(t)gj

for t ∈ [0, T ].

For each r ≥ 1, let (Xr(t))t∈[0,T ] be the H-valued continuous

(F(t))t∈[0,T ]-adapted stochastic process which is the unique mild solution

of the stochastic differential equation

dXr(t) = AXr(t)dt + (b− ρ + ρr)(Xr(t))dt

+
∑r

j=1 σj(Xr(t))dB
j(t),

Xr(0) = x0.

(7.3)

From theorem 2.1, we have the following proposition.

Proposition 7.2. For any p > 1,

lim
m→∞

E
[

sup
0≤t≤T

‖ξ(t;Bm,r) −Xr(t)‖2p
]

= 0
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for all r = 1, 2, . . . .

Proposition 7.3. For any p > 1,

lim
r→∞

E
[

sup
0≤t≤T

‖Xr(t) −X(t)‖2p
]

= 0.

Proof. We have

Xr(t) −X(t) = J1,r(t) + J2,r(t) + J3,r(t) + J4,r(t),

where

J1,r(t) =

∫ t

0
S(t− s)

(
b(Xr(s)) − b(X(s))

)
ds,

J2,r(t) =

∫ t

0
S(t− s)

(
σ(Xr(s)) − σ(X(s))

)
PrdB(s),

J3,r(t) = −
∫ t

0
S(t− s)(ρ− ρr)(Xr(s))ds,

J4,r(t) = −
∫ t

0
S(t− s)σ(X(s))(I − Pr)dB(s)

and Pr : U0 → U0 is a orthogonal projection to the subspace spanned by

{g1, g2, . . . , gr}.
By the Lipschitz continuity of b, we have

E
[

sup
0≤t≤v

‖J1,r(t)‖2p
]
≤ CE

[∫ v

0
‖Xr(s) −X(s)‖2pds

]
.

From Lemma 4.1, we have

E
[

sup
0≤t≤v

‖J2,r(t)‖2p
]
≤ CE

[∫ v

0
‖σ(Xr(s)) − σ(X(s))‖2p

L(2)(U0;H)ds
]

≤ C

∫ v

0
E
[
‖Xr(s) −X(s)‖2p

]
ds.

From our assumption, there exists a constant C > 0 which is indepen-

dent of k such that

‖(b− ρ + ρk)(x)‖ ≤ C(1 + ‖x‖)
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for all k = 1, 2, . . . and all x ∈ H. Therefore, from Section 7 in Da Prato

and Zabczyk [4], we have

sup
k1,2,...

E
[

sup
0≤t≤T

‖Xk(t)‖4p
]
< ∞.

From Lemma 2.8, we can choose an nondecreasing sequence of compact

subsets K1 ⊂ K2 ⊂ · · · ⊂ H such that limn→∞ P (Ωn) = 1, where

Ωn =
{
X(t) ∈ Kn for all t ∈ [0, T ]

}
.

E
[

sup
0≤t≤T

‖J3,r(t)‖2p
]
≤ CE

[∫ T

0
‖(ρ− ρr)(Xr(s))‖2pds

]
≤ C

{
sup
x∈Kn

‖(ρ− ρr)(x)‖2p

+
(
E
[(∫ T

0
(1 + ‖Xr(s)‖)2pds

)2])1/2
P (Ω \ Ωn)1/2

}
≤ C

{
sup
x∈Kn

‖(ρ− ρr)(x)‖2p

+
(
1 + sup

k=1,2,...
E
[

sup
0≤t≤T

‖Xk(t)‖4p
])1/2

P (Ω \ Ωn)1/2
}
.

We also have

E
[

sup
0≤t≤T

‖J4,r(t)‖2p
]
≤ CE

[∫ T

0
‖σ(X(s))(I − Pr)‖2p

L(2)(U0;H)ds
]
.

Hence Gronwall inequality completes the Proof. �

Now we obtain the following proposition.

Proposition 7.4. L̄ ⊃ suppX(·)

Proof. By Proposition 7.2 and Proposition 7.3, there exist sequences

(mk)k and (rk)k such that

sup
0≤t≤T

‖ξ(t;Bmk,rk) −X(t)‖ → 0
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in probability as k → ∞. Then we get

P (X(·) ∈ L̄) ≥ lim k→∞P (ξ( · ;Bmk,rk) ∈ L̄) = 1. �

For each y = (y1, y2, . . . , ym) ∈ Rm, we define a mapping

ϕm( · ; y) : [0, T ] → R

by

ϕm(t; y) = yk +
t− kδm

δm
(yk+1 − yk)

for t ∈ [kδm, (k + 1)δm], k = 0, 1, . . . ,m− 1, where we have set y0 = 0.

We define a mapping Im : C([0, T ];R) → Rm by

Imf =
(
f(δm), f(2δm), . . . , f(T )

)
for f ∈ C([0, T ];R).

For j = 1, 2, . . . , r, we define a R-valued stochastic process (Zj
m(t))t≥0

by

Zj
m(t) = Bj(t) − ϕm(t; ImBj)

for t ∈ [kδm, (k + 1)δm], k = 0, 1, . . . ,m− 1. Then the processes

(Zj
m(t))t∈[kδm,(k+1)δm]

are pinned Brownian motions from 0 to 0 on each intervals [kδm, (k+1)δm],

k = 0, 1, 2, . . . ,m− 1.

We note that (Zj
m(t))t≥0, j = 1, 2, . . . , r, are not (F(t))t≥0-adapted. If

we let (Gm(t))t≥0 be a filtration defined by Gm(t) = F(t)∨ σ{B(kδm) ; k =

1, 2, . . .m}. Then (Zj
m(t))t≥0 are (Gm(t))t≥0-adapted processes.

Let

Wr(t) = B(t) −
r∑

j=1

Bj(t)gj .

for t ∈ [0, T ].

Let θ = (θ1, . . . , θr) be (Rm)r-valued Gm(0)-measurable random vari-

able. Let (X̂m,r(t; θ))t∈[0,T ] be the H-valued continuous (Gm(t))t≥0-adapted
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stochastic process which is the unique mild solution of the following stochas-

tic differential equation


dX̂m,r(t; θ) = AX̂m,r(t; θ)dt + b(X̂m,r(t; θ))dt

+σ(X̂m,r(t; θ))dWr(t)

+
r∑

j=1

σj(X̂m,r(t; θ))dZ
j
m(t) +

r∑
j=1

σj(X̂m,r(t; θ))ϕ̇m(t; θj)dt,

X̂m,r(0; θ) = x0.

(7.4)

Remark 7.5. Since the mild solution (X(t))t∈[0,T ] of Equation (1.2)

is (Gm(t))t∈[0,T ]-adapted, (X(t))t∈[0,T ] is also the mild solution of Equation

(7.4) for θ = (ImB1, ImB2, . . . , ImBr). Therefore, from the uniqueness, we

have

X(t) = X̂m,r(t; (ImB1, ImB2, . . . , ImBr))

for all t ∈ [0, T ] a.s.

Proposition 7.6. For any m ≥ 1, r ≥ 1 and θ ∈ (Rm)r, it holds that

supp X̂m,r( · ; θ) ⊂ suppX( · ).

Proof. Let w ∈ C([0, T ];H) \ suppX(·). Then there exists an ε > 0

such that

P ( sup
0≤t≤T

‖X(t) − w(t)‖ < ε) = 0.

From the remark 7.5, the left-hand side is equals to∫
(Rm)r

P
(

sup
0≤t≤T

‖X̂m,r(t, θ) − w(t)‖ < ε)P ((ImB1, ImB2, . . . , ImBr) ∈ dθ
)
.

Therefore we have

P ( sup
0≤t≤T

‖X̂m,r(t, θ) − w(t)‖ < ε) = 0

for a.e. θ ∈ (Rm)r with respect to the Lebesgue measure. For any θ ∈
(Rm)r, there exists a sequence (θn)n∈{1,2,... } in (Rm)r such that

lim
n→∞

|θn − θ|(Rm)r = 0
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and

P ( sup
0≤t≤T

‖X̂m,r(t, θn) − w(t)‖ < ε) = 0

for all n. Then by using Theorem 3.2,

P ( sup
0≤t≤T

‖X̂m,r(t, θ) − w(t)‖ < ε)

≤ lim
n→∞

P ( sup
0≤t≤T

‖X̂m,r(t, θn) − w(t)‖ < ε) = 0.

This means w �∈ supp X̂m,r( · ; θ). �

Let h : [0, T ] → U0, be infinitely continuously differentiable mapping

such that h(0) = 0, which has an expansion h(t) =
∑∞

j=1 h
j(t)gj . Let

(ηr(t;h))t∈[0,T ] be an H-valued continuous (F(t))t≥0-adapted stochastic pro-

cess which is the unique mild solution of the stochastic differential equation


dηr(t;h) = Aηr(t;h)dt + b(ηr(t;h))dt + σ(ηr(t;h))dWr(t)

−ρr(ηr(t;h))dt +

r∑
j=1

σj(ηr(t;h))ḣj(t)dt,

ηr(0;h) = x0.

Let

Xm,r(t;h) = X̂m,r(t; (Imh1, Imh2, . . . , Imhr))

for t ∈ [0, T ].

From Theorem 3.3, we have the following proposition.

Proposition 7.7. For any p > 1, we have

lim
m→∞

E
[

sup
0≤t≤T

‖Xm,r(t;h) − ηr(t;h)‖2p
]

= 0.

Proposition 7.8.

supp ηr( · ;h) ⊂ suppX( · ).
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Proof. From Propositions 7.6 and 7.7, we have

P
(
ηr( · ;h) ∈ suppX( · )

)
≥ limm→∞P

(
Xm,r( · ;h) ∈ suppX( · )

)
= 1. �

Proposition 7.9. For any p > 1, we have

lim
r→∞

E
[

sup
0≤t≤T

‖ηr(t;h) − ξ(t;h)‖2p
]

= 0.

Proof. We write

ηr(t;h) − ξ(t;h) = I1,r(t) + I2,r(t) + I3,r(t) + I4,r(t),

where

I1,r(t) =

∫ t

0
S(t− s)

(
b(ηr(s;h)) − b(ξ(s;h))

)
ds

−
∫ t

0
S(t− s)

(
ρr(ηr(s;h)) − ρr(ξ(s;h))

)
ds

+
r∑

j=1

∫ t

0
S(t− s)

(
σj(ηr(s;h)) − σj(ξ(s;h))

)
ḣj(s)ds,

I2,r(t) =

∫ t

0
S(t− s)(ρ− ρr)(ξ(s;h))ds,

I3,r(t) =

∫ t

0
S(t− s)σ(ηr(s;h))(I − Pr)dB(s),

and

I4,r(t) = −
∫ t

0
S(t− s)

∞∑
j=r+1

σj(ξ(s;h))ḣj(s)ds.

Here Pr : U0 → U0 is a orthogonal projection to the subspace spanned by

{g1, g2, . . . , gr}.
There exists a constant C > 0 independent of r such that

E
[

sup
0≤t≤v

‖I1,r(t)‖2p
]
≤ C

(
1+ sup

0≤t≤T
‖ḣ(t)‖U0

)
E
[∫ v

0
‖ηr(s;h)−ξ(s;h)‖2pds

]
.



310 Toshiyuki Nakayama

We immediately have

sup
0≤t≤T

‖I2,r(t)‖2p ≤ C
(∫ T

0
‖(ρ− ρr)(ξ(s;h))‖ds

)2p
→ 0, r → ∞.

By Lemma 4.1, we have

E
[

sup
0≤t≤T

‖I3,r(t)‖2p
]
≤ CE

[∫ T

0

( ∞∑
j=r+1

‖σj(ηr(s;h))‖2
)p

ds
]
→ 0, r → ∞.

It follows readily that

E
[

sup
0≤t≤T

‖I4,r(t)‖2p
]
≤ CE

[(∫ T

0
‖

∞∑
j=r+1

σj(ξ(s;h))ḣj(s)‖ds
)2p]

→ 0, r → ∞.

Therefore, from the Gronwall inequality, we complete the proof. �

Proposition 7.10. We have

ξ( · ;h) ∈ suppX(·).

Proof. From proposition 7.8 and proposition 7.9, we have

1 = lim r→∞P
(
ηr( · ;h) ∈ suppX(·)

)
≤ P

(
ξ( · ;h) ∈ suppX(·)

)
. �

Proposition 7.10 implies L∞ ⊂ suppX(·), and therefore, from Lemma

7.1, we get the following proposition.

Proposition 7.11. L̄ ⊂ suppX(·).

From Proposition 7.4 and Proposition 7.11, we obtain Theorem 1.1.
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