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Borel Summability of Divergent Solutions for Singular
First Order Linear Partial Differential Equations with
Polynomial Coefficients

By Masaki HIBINO

Abstract. This paper is concerned with the study of the Borel
summability of divergent power series solutions for singular first order
linear partial differential equations of nilpotent type. The conditions
under which formal solutions are Borel summable are given by ana-
lytic continuation properties and growth (or decreasing) estimates for
coefficients.

1. Introduction and Main Result

In this paper, we are concerned with the Borel summability of the for-
mal solution for the following singular first order linear partial differential

equation of nilpotent type:
Pu(z,y) = f(z,y),

(1.1) P=1+{a+bzx+c(z,y)lyDy + {d + e(z,y)}y* Dy,

where z, y € C, D, = 0/0x, Dy = 0/0y, and a, b and d are complex
constants, and f(x,y) is holomorphic at the origin. ¢(x,y) and e(z,y) are
polynomials of at least degree 1 with respect to y, that is, ¢(z,y) and e(z, y)
have following forms:

p1
(1.2) c(z,y) = Z cp(2)y?,
pP=po
q1
(1.3) e(z,y) = Z eq(x)y?,
q=qo
where 1 < py < prand 1 < qo < q1. cp(z) (p = po, po+1, ..., p1) and
eq(x) (¢ = qo, @0 + 1, ..., q1) are holomorphic at the origin. Throughout
this paper, we always assume that
(1.4) a # 0,
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(1.5) cpo(x) Z0 unless ¢(z,y) =0,
and
(1.6) eq(x) Z0 unless e(z,y) =0.

1.1. Motivation
In the paper Hibino[5], we studied the following more general equation:

P()’U,(.T,y) = f(x,y),

1.7
(L7) Py =1+ {a(z,y)y + b(z,y)zy + c(z,y)y*} Dz + d(z,y)y* Dy,

where the coefficients a, b, ¢, d and f are holomorphic at the origin with
a(0,0) # 0.

First, in order to state the problem and the result in [5], let us introduce
some notations.

DEFINITION 1.1. (1) O[R] denotes the ring of holomorphic functions
on the closed ball B(R) := {z € C; |z| < R}.

(2) The ring of formal power series in y (€ C) over the ring O[R] is de-
noted as O[R|[[y]]: O[R][[y]] = {u(x,y) = 2550 un(x)y"; un(x) € O[R]}.

(3) Wesay that u(z,y) = >250Z ua(2)y”™ € O[R][[y]] belongs to O[R][[y]]2
if there exist some positive constants C' and K such that max|, < |un(2)| <
CK"™n! for all n € N.

(4) For 0 € R, a > 0 and 0 < p < 400, the sector S(6,c,p) in the
universal covering space of C \ {0} is defined by

(6
(18)  S@ap) = {u Juse) -6 < 5. 0<lul <p}.

(5) Let u(z,y) = > prgun(z)y™ € O[R][ly]]2 and let U(z,y) be a holo-
morphic function on X := B(R) x S(0, a, p). Then we say that U(z,y) has
u(z,y) as an asymptotic expansion of Gevrey order 2 in X if the following
asymptotic extimates hold: For any o/ and p' (0 < &/ < «, 0 < p/ < p),
there exist some positive constants C' and K such that

N—

(1.9) ‘1:32)}(% U(z,y) — Z un(2)y"| < CKNNyN, ye S0,d,p);
= =0

—_

3

N=12....
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Then we write this as

U(z,y) =2 u(z,y) in X.

Now we already know that the equation (1.7) has a unique formal power
series solution in O[R|[[y]]2 for some R > 0 (see Hibino[4]). The main
problem in [5] was the existence of holomorphic solutions U(x,y) on some
X = B(R) x S(0,a, p) such that U(zx,y) =2 u(x,y) in X. [5] proved that
this problem was solved positively if o < m:

THeEOREM 1.1 (Hibino[5]). Let u(z,y) = >orogun(z)y™ € O[R][[y]]2
be the formal solution of the equation (1.7), and let  be an arbitrary real
number. Let us assume that 0 < « < w. Then there exist some posi-
tive constants o, pa and a holomorphic solution U(x,y) of (1.7) on X, =
B(ry) x S(0,a, pa) such that U(z,y) = u(z,y) in Xo. Such asymptotic
solutions U(x,y) exist infinitely many.

Let us remark that we do not require any additional condition for coef-
ficients.

Theorem 1.1 does not necessarily hold when o > 7. When we con-
sider an open disk (see Definition 1.2) instead of a sector also, we can not
unconditionally expect the existence of asymptotic solutions as the above.
However, in these cases, if there exists such an asymptotic solution, then we
see that it is unique by a general theory of Gevrey asymptotic expansions
(cf. Balser[1][2], Lutz-Miyake-Schéfke[8] and Malgrange[9]). Such a solution
is called the Borel sum of the formal solution. In the paper Hibino[6], we
studied the condition under which the formal solution is Borel summable in
the case where the region is an open disk. Since it is difficult to obtain such
a condition for the general equation (1.7), [6] restricted that the coefficients
a, b, c and d are constants. In this paper, we give one of the generalizations
of [6].

1.2. Main Result

Now let us return to the equation (1.1) and let us consider the condition
under which the formal solution is Borel summable. First of all, let us give
the precise definition of the Borel summability.
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DEFINITION 1.2. (1) For # € R and T" > 0, we define the region
0(0,T) by
(1.10) 0(0.T) = {y; ly—Te"| <T},

where e! = expt.

(2) Let u(z,y) = Xoloun(z)y" € O[R][[y]la. We say that u(z,y)
is Borel summable in 6 if there exists a holomorphic function U(z,y) on
B(r) x O(6,T) for some 0 < r < R and T > 0 which satisfies the following
asymptotic estimates: There exist some positive constants C' and K such
that

N—
(1.11)  max |U(z,y) — Z un (2)y"| < CKNNy[N, y € 00,T);

jal <r —

[y

3

N=1,2,....

As mentioned in §1.1, when u(z,y) is Borel summable in 6, the above
holomorphic function U(x,y) is unique. So we call this U(z,y) the Borel
sum of u(x,y) in 6.

We divide the problem into the following four cases:

Case (1): b=d=0,

Case (2): b=0,d#0,

Case (3): b#0,d=0,

Case (4): b, d#0.

In order to state the main result, we introduce some notations. Let us
define the function @(z,n) by

z —an (Case (1))
v g log(1 + dn) (Case (2))
(1.12)  P(z,n) = <% n x) o _ % (Case (3))
(Z + x) (L+d) ™" =2 (Case (4))

and let us define the region 2,4, (k> 0) by

(1.13) 20 =1{P(x,n); |z| <7, ne EL(0,r)}.
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Here E (0, k) is a region defined by
(1.14) By (0,%) = {n; dist (1, Ree™) < i},

where Ry = [0,400). In order to ensure the well-definedness of 2,4 ., we
always assume the following:

(1.15) 0 # arg <—$> in Case (2) and Case (4).

In Case (3) and Case (4), {29, is usually a spiral region turning around
—a/b, and analytic functions on (2,4, have a branch point at —a/b in
general. Therefore in such cases we regard (2, ¢ , as a region in the Riemann

surface of log (:p + Z)

Under these notations, let us give the assumptions for the equation (1.1).

(A1) In each case, f(x,y) can be continued analytically to 2,4 . x {y €
C; |y| < '} for some r, k and 1.

(A2) f(z,y) has the following growth estimate on (2,9 . x{y € C; |y| <
r'}: There exist some positive constants C' and § such that:

Case (1):
(1.16) max | f(z,y)| < Cefl?l, z e 20,5

ly|<r’
( : )
exp | ——=x
a

log (a: + Z) ‘} , T E g

Case (2):

(1.17) max | f(z,y)| < Cexp {6
ly|<r’

} , TE 'QT,G,N;
Case (3):

(118)  max|f(z.)| < Cexp {a
y|<r’

Case (4):

( +a>—d/b
T

(A3) In each case, cp(x) and eqg(z) (p = po, po + 1, ..., P13 ¢ = qo,
go+1, ..., q1) can be continued analytically to 2, ¢ .

(1.19) max |f(z,y)| < Cexpqd
ly|<r’

} , T €E Qngﬁ.



284 Masaki HIBINO

(A4) In each case c¢p(x) has the following estimate on (2,9 ,.:
Case (1): cp(z) is bounded:

(1.20) M, := sup |cp(x)] < o0;

€82 0.k

Case (2): For some positive constants M, > 0 and 3, < p,

(&)
exp |~

Case (3): For some positive constant M, > 0,

B

(121) ‘Cp(x)’ < MP , TE 'QT,G,N;

a
(1.22) |Cp(x)’ <M, |z+ bl T € (2

Case (4): For some positive constants M, > 0 and 3, < p,

< +E>d/b
Ty

(A5) In each case e4(x) has the following estimate on (2,9 :
Case (1): For some positive constants N, > 0 and oy > 1,

Bp

a
T+ -

(123)  lepl@)] < M, .

, T € Qr,@,n-

N,

(1.24) leg(@)] < W

S Qr,@,n;

Case (2): For some positive constants N, > 0 and 3, < g,

(=)
exp | ——x
a

Case (3): For some positive constants N, > 0 and oy > 1,
Ny

{1-1— log(:z:-i—(;) } ’

Case (4): For some positive constants N, > 0 and 3, < ¢,

( +a>—d/b
S

Bq'

(1.25) leq(x)] < Ny , TE g

(1.26) leq(2)] < T € Dok

Bd'

(1.27) leg(x)] < Ny , T E Qg
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The main result in this paper is stated as follows:

MAIN THEOREM Under the assumptions (Al), (A2), (A3), (A4) and
(Ab), the formal solution u(x,y) of the equation (1.1) is Borel summable in
0, and its Borel sum is a holomorphic solution of (1.1).

REMARK 1.1. In Case (3) and Case (4), it depends on the values of
R(be') and R(b/d), respectively, whether the condition (A4) is a growth or
decreasing condition. For example, let us consider the equation

(1.28) {1+ (a+bx+cy)yD, + dyZDy}u(x, y) = f(x,y).

This is the case where ¢(z,y) = cy (c1(z) = ¢) and e(x,y) = 0. In Case (3),
if R(be?) > 0, our condition (1.22) is the decreasing condition. Therefore
a constant ¢ which satisfies such a decreasing condition is exactly zero.
Similarly in Case (4), if ®(b/d) > 1, we see that a constant which satisfies
the condition (1.23) for p = 1 is exactly zero. Let us remark that in Case
(3) (resp. Case (4)) if R(be?) < 0 (resp. R(b/d) < 1), the condition (A4) is
always satisfied for (1.28). Therefore for the equation (1.28), our condition
(A4) can be written as follows:
Case (3):
c=0 or R(be) <0;

b
= - 1.
c=0 or %(d)<

In [6], the equation (1.28) is studied in detail, and we see there that the
above conditions are not technical but essential.

Case (4):

Finally, we give some remarks on the precedent results.

On the problem of the existence of Gevrey asymptotic solutions for di-
vergent formal solutions, there are many results in the theory of ordinary
differential equations, which can be seen in Balser[1][2]. On the other hand,
in the theory of partial differential equations, such studies started recently,
and there are not so many articles. On the existence of Gevrey asymptotic
solutions in small sectors, such as in Theorem 1.1, we can find some inter-
esting results in Ouchi[11], where very general nonlinear partial differential
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equations are dealt with. In Ouchi’s results and our Theorem 1.1, in order
to prove the existence of Gevrey asymptotic solutions, the Gevrey version of
Borel-Ritt’s theorem (cf. Balser[1][2]) plays a fundamental role (on the orig-
inal version of Borel-Ritt’s theorem, see Wasow|[12]). Moreover, we remark
that the existence of Gevrey asymptotic solutions in small sectors is assured
without any global condition for coefficients. Unfortunately, the theorem of
Borel-Ritt is not useful in the argument of Borel summability. Being dif-
ferent from small sector cases, in order to assure the Borel summability of
formal solutions the global conditions, such as in our main theorem, are
demanded despite that the domain O(6,T") of the Borel sum is local. Lutz-
Miyake-Schéfke[8] and Miyake[10] gave the necessary and sufficient condi-
tions for the Borel summability of formal solutions for non-Kowalevskian
equations with constant coefficients like heat equations. Balser-Miyake[3]
dealt with more general equations with constant coefficients and gave the
sufficient conditions for the Borel summability. The equation which is stud-
ied in this paper is the one with variable coefficients and is a different type
of equation from theirs.

2. Formal Borel Transform of Equations

Before proving the main theorem, we give some preliminaries. First, we
remark that if the formal solution u(z, y) of (1.1) is Borel summable, then it
is easily proved that its Borel sum U(z,y) is a holomorphic solution of (1.1)
as follows: Since U(x,y) is the Borel sum of u(z,y), it follows that PU (x,y)
is the Borel sum of Pu(x,y). On the other hand, it is clear that f(x,y) is
the Borel sum of Pu(z,y). Therefore it follows from the uniqueness of the
Borel sum that PU(z,y) = f(z,y).

Thus in order to prove the main theorem, it is sufficient to prove that
the formal solution wu(z,y) is Borel summable under the conditions in the
theorem.

When we want to check the Borel summability of the formal power
series u(x,y) = Y oo un(x)y™ € O[R][ly]]2, the following theorem plays a
fundamental role in general.

THEOREM 2.1 (Lutz-Miyake-Schéfke[8]). In order that a formal
power series w(x,y) = Y.,—gun(z)y™ € O[R][[y]]2 s Borel summable in
0, the following condition (BS) is necessary and sufficient: Let B(u)(x,n)
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be the formal Borel transform of u(x,y) defined by

(21) Bl = - wn(e) .
n=0 ’

which is holomorphic in a neighborhood of the origin. Then the condition
(BS) is stated as follows:

(BS) B(u)(x,n) can be continued analytically to B(rg) x E1 (0, ko) for
some rg > 0 and ko > 0, and has the following exponential growth estimate
for some positive constants C' and 6:

(2.2) max |B(u)(xz,n)| < el ne By (0, k).

|z|<ro
When (BS) is satisfied, the Borel sum U(z,y) of u(x,y) in 0 is given by

(2.3) Uz, y) = ; I B )y

It is thus sufficient to prove that the formal Borel transform B(u)(z,n)
of the formal solution u(z,y) satisfies the above condition (BS) under the
conditions in the theorem. In order to do that, firstly let us write down the
equation which B(u)(z,n) should satisfy. By the formal Borel transform,

n
the operators y and D, are transformed to the operators Dn_jL = / dn and
0

DynD,, respectively. They are easily seen from the following commutative
diagrams:

y" Borel tr. 7]_' y" Borel tr. 77_'
n: n:
(2.4) yl an71 Dy annDn
1 —1
n+1 nnJr n—1 nn
Yy s ny n .
Borel tr. (n + 1)' Borel tr. (n — 1)'

Therefore we see that B(u)(z,n) is a solution of the following equation:

p1
(2.5) {1 + (a+bx)Dy "Dy + Dyt Y p(2) Dy P D,

P=po

T
+ dD,flnD?7 + D,fl Z eq(:c)annDn}v(aj,n)

9=q0

= B(f)(z,n),
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where B(f)(z,n) is the formal Borel transform of f(x,y) = Y72 fu(x)y",
that is,

2n) =3 fulz)
n=0

Furthermore by operating D,, to the equation (2.5) from the left, we see
that B(u)(x,n) is a solution of the initial value problem of the following
integro-differential equation:

(2.6) Lv(x,n) = -— { Z cp(x)Dy P D, + Z eq(:U)Dn_ann} v(z,n)
p=po 9=q0
+ g(x,n),

’U((L‘, 0) - f(w, 0)7

where
(2.7) L= (1+dn)D,+ (a+bx)D

and g(wv 77) - D"IB(f)(xv 77)
Here it follows from an integration by parts that

—q n [si Sg—1
D, mDyv(z,n) = /0/0 /0 Sq - Up(x, 54)dsg - - - dsadsy

n 51 Sq—1 d
= / / / Sq - —v(x, 84)dsg - - - dsadsy
0o Jo 0 dsg
n S1 Sq—2
= / / / Sq—1 - v(x, 5q—1)dsg—1 - - - dsadsy
/ / / v(z, 54)dsg - - - dsads;.

Therefore we see that B(u)(z,n) is a solution of the following initial value

problem:
3

(2.8) Lo(z,m) = ; Lv(z,m) + g(x,n),

U(QZ,O) = f((L', 0)7

where each operator [; is given by

p1
Lv(xz,n) = — Z cp(x / / / (x, sp)dsp - - - dsadsy,

Pp=Ppo
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Lo(z,n) = =) eqlx)

9=q0

n S1 Sq—2
5 /O /0 . /0 Sq—1 - v(x, Sg—1)dsg—1 - - - dsadsy,

q1 n s1 Sq—1
Isv(z,n) = Z eq(:n)/ / / v(x, 8¢)dsg - - - dsadsy.
0 Jo 0

9=q0

The main theorem will be proved by showing that the solution v(x,n)
of the equation (2.8) satisfies the condition (BS).

We will prove this fact in the next section. If ¢(x,y) = >°PL c,(z)y? =0
or e(x,y) = 3IL  eq(z)y? = 0, the proof becomes easier. Therefore in the

following we consider only the case ¢(z,y) Z 0 and e(z,y) #Z 0. In this case,
we remark that cp,(xz) # 0 and eg,(z) # 0 by the assumptions (1.5) and
(1.6).

The proof will be done only in Case (4). Since the proof for other cases
can be seen in Chapter 5 of author’s doctoral thesis Hibino[7], here we only
remark the following: Case (1) and Case (3) are proved by an essentially
same method. On the other hand, Case (2) and Case (4) are proved by an
essentially same method different from the one used in the proofs of Case
(1) and Case (3). For details, refer to [7].

3. Proof of Main Theorem (Case (4))

Let us prove that the solution v(z,n) of the equation (2.8) for b, d # 0,
satisfies the condition (BS) in Theorem 2.1. Firstly we remark that in
general the solution w(x,n) of the initial value problem of the following first
order linear partial differential equation

{(L+dn)Dy + (a + bz) Dy yw(z,n) = k(z,1),

(3.1) w(z,0) = I(z)

is given by

w(z,n) = 1 ((% + m) (14 dy) /4 — %)
(3.2)




290 Masaki HIBINO

PROOF OF MAIN THEOREM (CASE (4)). First, let us transform (2.8)
into the integral equation. It follows from (3.2) that the equation (2.8) is
equivalent to the following equation:

a _ a
n a 1+dn —b/d g, 1
+/og<(b+$>(1+dt) B e
3. m a 14dn “bd g 1
I; - - —,t dt.
+Z;/0( v)<<b+x><1+dt> b >1+dt

n AN 1
Let us transform/o (I1v) ((Z —I—x) (1—:—d7t7> - Z,t) 1+dtdt' This

is given by

xdsp - - - dsadsy 1

SR (G G )

P=po

a 1+dn —b/d g,
X Uy <(b+x> (l—l—dt) — 5 1+dtdtd$p -dsodsy.

(by Fubini’s Theorem)

Here we remark that

[o(Gra) (553) )
((5) () e ) e
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_ e N va (7 ((a L+dn\ ™" a
- E<E+x> (1+dn) /Slc” (E+x>(1+dt> b
! a 1+d77 ~b/d
b/ 4 a
x (14 dt) dt{v<(b+m>(1+dt

Therefore by an integration by parts and Fubini’s Theorem again, we see
that (2.8) is equivalent to the following integral equation:

(3.3) w(x,n) = f<<%+x> (1+dn)‘b/d—%,0)

6
+ Z JZ"U(JT, 77)7

1=1

where each integral operator J; is given by

le(fﬁﬂl)
- 1<a+ >1pzl(1+d)”/d
AV "

p=po

n _ a 1+dn —bjd
< [l anr e, ((50) (L) -
1+dn “bid
A (( ) (Trie) o) deduds,

Jov(z,m)
1 1 Pl
= -3 <b _|_g;> ep( / / / (x, sp)dsp - - - dsadsy,
P=Po
JSU(UU;H)
a 1 m .
- — <g+x> > (1+dn)

P=Ppo

Jrrinr, (o) (L))
L () () )
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1
X d8p+1'-'d821+d81d81,
J4U(‘Ia77)
LG G5 )
= Cp —_
p=po 70 b 1 +ds
s —b/d
1 a a
A R (R C I
1
X d8p+1'-'d821+d81d81,

1
X dsg - ds21+ds S1,
Jov(x,n)
n a 1+dn “bd g 1
— I had _ -
/(J(3U)<(b+$)<1+dt> b1+ dt
Lo a 14dn —bd
= > [al(Ge) (5a) 3
4=q0 "0 + dsy
y /51 /sq <CL+ 1+d77>b/d a
0 o C\\o ) \1T1ds, p St
1
X d8q+1 d821—|—d1 S1,
de
h / P
where ¢,’(z) = da:( x).

In order to prove that the solution v(z,n) of (3.3) satisfies the condi-
tion (BS), we employ the iteration method. Let us define {v,(z,7)}>2, as
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follows:

For n > 0,

(3.4) vnt1(z,n) == vo(x,n) + Z Jivp(x,m).

i=1
)Inzo by wo(z,m) = vo(z,n) and wy(z,n) =
1

Next, we define {wy,(z
n > 1), and define {Wy,(x,n,t)}>2, by

on(2, 1) — vn—1(z,m) (
(3.5) Wiz, m,1) = wy, ((%er) Giﬁfw—%,t).

DEFINITION 3.1. (1) For A > 0 and € > 0, U.[0, )] denotes the e-
neighborhood of [0, \] in C.
(2) For n € C, we define the function G,(7) by

)1
>

Fetarg(n) C
Gn(r) = L+ d(|n| — 7)etare()’ TeH
and define G, and QZ as follows:
Gy = {G,(R)€C; 0<R<|nl},
G, = {G,(r) € C; 7 € U[0, n|]}.

Now let us define C,(z,n) by

Cp(z,m) :==cp <<% + x) (14 dn)~% — %) .

It follows from the assumptions (A3) and (A4) that C,(x,n) is holomorphic
on B(r) x E,(0, k) with the estimate

(3.6) max (1 + dn)"Cy (2, m)| < M, (1 + |n), 1€ EL(0,r),
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for some positive constant M. Therefore by Cauchy’s integral formula, we
see that for k' := K /2 there exists a positive constant M," such that

(3.7)  max|(1+dn)""Cpp(x, )| < My"(L+ ), 0 € E(0, ),

||

aC
where Cp,(z,1) = —2(z,7).
p77( ) an( )

Similarly, let us define &;(z,n) by

Eq(x,m) == eq <<% + x) (14 dn)~% — %) .

Then it follows from the assumptions (A3) and (A5) that & (z,n) is holo-
morphic on B(r) x E, (6, k) with the estimate

(33) max |€(,m)| < NJ/(L+ n)*', 5 € B4 (6,5),

||

for some positive constant Nq/.
Next, we take a positive constant K so that
1 < ‘ 1 ‘ <KL
L+n ~— |1+44dn L+ |n]
and we define g > 0 by

3.9 K' (€ K), 1€ EL(0,r),

(3.10) B=min{p— By, ¢—Bys p=po.po+1,....p1
and ¢ = qo,q0 + 1,...,q1}.

Finally let us define L > 0 by

(3.11) L:max{%, l—i-%}.

Under these preparations, let us take a positive constant A so that

M/Kp+2-maxl<a+x)_1 <A M'Kp-maxl(a—l—x)_l <A
P lz|<r | b \ D - P lz|[<r |b \ b -
-1 -1
1
M,'KP*! - max (9 + a:) <A, M,KP max|- (9 + a:> < A,
lz|<r |\ b lz|<r |6 \ b

(p = po,po + 17 7p1)a
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N/K <A, (g=q0,90+1,...,q1),

and let us take a monotonically decreasing positive sequence {g,,}2°, satis-

fying

o
(3.12) Ri=rK =) e, >0.
Then we obtain the following lemma:

LEMMA 3.1. Wy (z,n,t) is continued analytically to {(x,n,t); |z|
r,om € Ey(0,5 =30 o¢j), t € Gon}. Furthermore on {(w,n,t); ||

<
<

r, € B (0,8 =Y ge5), t € Gy} we have the following estimate:  For

some positive constants C1 > 0 and 61 > 1,
n

(3.13)  [Wa(2,n,Gy(R))|
1#lm)
(+!n| WZ() ’

|
where & = min{po, qo} and w = max{p1,q1}.

< CieMl(AL)"

> —;
e 017

If we admit Lemma 3.1, the theorem is proved as follows: It follows
from Lemma 3.1 that w,(x,n) (= Wy(z,n,n)) is continued analytically to

B(r) x E4(0,k" — %)} with the estimate

wn(z,m)| = [Wa(z,1,G,(1n])]

Z ] () 1+|n|>
p’—f k=0

Hence on B(r) x E4(0,K) we obtain

< CieMl(AL)"

Z |wn(z,n)] < Cy el Z (AL)"

i_ ]Z(Z) 1+|n|>

n=0 k=0
! n|)*¥
Y1 n 1+|n
_ b1n|
= (Cie™t go Ek (AL)" ;ﬁ 6#’} f I .
n p'=¢

Since £ > 1, we may take 01 so large that
Y1
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which implies that

00 w " n oo ) A k

Therefore on B(r) x E,(0,K) it holds that

> lunle) < ipe mmz{A’él (1+ [n)}*

Ched's
= ol + Al

This shows that v, (z,n) (= Y p_owk(z,n)) converges to the solution
V(z,n) of (3.3) uniformly on B(r) x E,(0,K). It is clear that V (z,n) is an
analytic continuation of v(x,n) and that

A61

<
gllgfl‘/(ﬂf T

exp((81 + A'é1)[nl], n € E4(0,F).

It follows from the above argument that v(z,n) satisfies the condition (BS).
The theorem is proved. [J

Therefore it is sufficient to prove Lemma 3.1.

ProOOF OoF LEMMA 3.1. It is proved by the induction. Since the case
n = 0 have been already proved in [6], we assume that the claim of the
lemma is proved up to n and prove it for n + 1.

By (3.4) and (3.5), we have the following relation between W,, and Wy, 41:

6
(314) Wnﬂ(%ﬁ»t) = Z\Z(xvnvt)v
i=1
where
Ji(x,m,t)
- (9+x>_1 i(ler yord
b \b g

P=po
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¢ ~ 1+dp\ 7% a
(5 ()
X /O( +dsy) cp< b—i-x 1+ dsy b

S1 Sp—1

></ /p Wn($7C(Ua5175p),3p)d3p"'ds?dsl’
0 0

\72(1‘77]71:)

1/a -1 P b a 1+dn —bd
b<b+x> > (1+dn) cp<<b+$><1+dt) b

P=Do

—b/d t S1 Sp—1
1 4 dt) / / . / Wi (z,¢(n,t,sp), sp)dsp - - - dsadsy,
0 Jo 0

~(§+e) S aran

P=Po

t B 1+4+dn “bd

e e ((G0) ()

X /O( +dsy) cp< b—i-x 1+ dsy b
1

S1 Sp
% /0 .. ,/0 Wiz, {(n, s1, sp+1), sp+1)dsp+1 <o~ dsy i d51ds17
j4($, 7, t)

i/tc/ (a+x>(1+dn)_b/d_a
0 » b 1+d31 b

P=Po

1

S1 Sp
% /0 /0 Wn(;p,((n,sl,sp+1),sp+1)dsp+1-..d321+d51ds17
75($,Uat)
a ot 1+ dn\ /4
Sl ()
q=qo /0 T
S1 Sq—1 1
« /0 /0 Sq.Wn(x,g(n,sl,sq),sq)dsq...d321+d S1,
jﬁ(manat)
q t a 1+dn b g
> LG o) -3
a=q0 /0 T
S1 Sq 1
o /0 /0 Wn(l",4(77751’5q+1)’8q“>d8‘1+1"‘d821_|_d31d51’
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where ( is defined by

(1 +dn)(1+dv)
1+4+du

(3.15) = 1+4d¢(n, p,v).

Let us prove that each J;(z,n,t) is well-defined on {(z,n,t); |x| <r, n €
E. 0,k — Z?I& £j), t € G;""'} by taking suitable integral paths. Let us
write t € Gy as t = Gy(7) (7 € Us,,., [0, [n]]).

On Ji(x,n,Gy(7)): Let us take integral paths as

B 1 +d(|77| —gl)eiarg(n) (01 S [O,T])’

(316) 81(0'1)

and

11 d([n] — o1)ei e

(3.17)  sj(0j) = (0j €0,05-1]) (1=2,...,p).

Then we have ((n,s1(01),55(0p)) € E4(0,6 — X7 _e;) and sy(0p) €
g . Hence Wy(x,{(n,s1(01),5p(0p)), sp(op)) is well-defined.

¢(m,s1(01),5p(0p))
(a+ )(Hdn)"’/da
P\\b ") T+ dsi(on) b

It 1s clear that
o (G +2) {1+ dla] - on)essmyvia - )
is well-defined. Therefore Ji(z,7,G,(7)) is well-defined.
On Ja(z,m,Gy(7)): Let us take integral paths as

Lt d(jn] - r)eterst

(3.18)  s5(0y) (0 €0,051]) G=1....p),

where og := 7. Then we have ((1,G,(7),s,(0p)) € E4 (0, — 3 7_o¢e;) and

sp(op) € ngmgn(T),s (o)) Hence Wi (x,¢(n,Gn(7), sp(op)), sp(op)) is well-
defined. It is clear tha

b/
(e ()™ )
( a

S ( + a:> (14 d(|y| — r)ei memy—b/d _ b)

S
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is well-defined. Therefore Ja(z,7,G,(7)) is well-defined.
On j3(x7 m, gT](T>)a j4(.’13‘, m, gTI(T))v j5<$, m, gT)<T)) and jﬁ(xa mn, gn(T))7

we only state the integral paths. The suitable integral paths are as follows:

On J3(x,n,Gy(7)) and Ja(z,n,Gy(7)): (3.16) and

(3.19)

D) = Tl = opyermen (71 € [0-0i1)

(1=2,...,p+1).
On J5(x,n,Gy(7)): (3.16) and

o jetare(n) )
320) 55(03) = g gy 1€ 005D G=200000)

On Js(x,n,Gy(7)): (3.16) and

(3.21)

. o'jeiarg(”?) ' |
N 1+ d(|’l7| — O-l)eiarg(n) (UJ € [070']71])

(j=2,...,q+1).

By taking the above integral paths, we see that each J;(x,n,t) (there-
fore Wy y1(z,n,t)) is well-defined on {(z,n,t); |z| < r, n € EL(0,k —
Z?iolaj), t € G,""'}. Moreover on {(z,n,t); |x| < 7, n € Ei (0,5 —
Z?’i& €j), t € Gy} we have the following representations:

jl(xv UR gn(R))

sj(o;)

s (54e) [0 dlnl = Roet )i o, ] — Ry)etereo)
0
Rq Ry
></ / Wi (z, 1, Ry, Ry)dR, - - dRy
0 0

(1+ dn){ei arg(n)}p
. dR
“ Tt d(ln] — Ry)eioretn st 0

jg(.’L‘, UR gn(R))

P=Dpo

{1+ d(n] — Ryerersn)s

L (a & iar b/d iar
= 5 (Fre) X Qdlnl = Ry o (] — Ryl )
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Rq Rp_1
/ / / $ U,Rl,R )dRp'-'dRQde,

j3(:1: nagn(
-1 Dp1 )
= —(§+2) Z/ (Lt d(jn] — Ry)er sty
b P=Ppo
x Cp( (|?7| Ry)e'@reln)
R1
/ Wn(x, n, Ry, Rpy1)dRpy1---dRy

{ iarg n)}p—l—l
[+ d(n] — Ry)erwstm i

de )

Ja(w,n,Gy(R))
1

-1 M
= —— targ(n)1b/d
(Gre) X [T dinl - Ry

Pp=po

X Cpn(@, (In] — Ry)e' &)
R R,
x/o [ Wl B, By)aRy R,
iarg(n)1p+1
R G
{1+d(|n| — Ry)etarem)}p

dRy,
TIs5(z,1, Gn(R))

= =3 [Mee ol - Ry

9=qo0

R1 Ry
X / / Wa(z, 1, R1, R))RydRy - - ARy
0 0
{ iarg n)}q-i—l
[ d(nl = Ry}t

dev
jﬁ(m m, gn( ))

-y / 4l (1] = R)e7200)

9=a0
Ry
/ W (z,n, R1, Rg41)dRgq1 - - dRy

{ iarg n)}q—l—l
* L+ d(ln] = Ry)eismyat

de ;
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where W, is defined by

(3'22) Wn(CL', 5 Ky V) = Wn(xv (’77| — K + V)eiarg(n)’ g(\n\—u+u)e" arg(n) (V))

Let us estimate each J;(z,n, G,(R)).
First, we prepare the following lemma. We omit the proof.

LEMMA 3.2. For 6 >0, it holds that

R Ry Rp—1 1
/ / / AR, AR Ry < e (R 0)
0

On Ji(z,n,Gy(R)): It follows from the assumption of the induction
that

(323) |Wn($, 7, Rla RP)’
Y1

(1+|n| — R+ Ry)*
XZ() il ’

“o1
2 57

p'=¢

1

< C 61|n| ,—61R1 .61 Rp AL
=~ 1€ € e ( ) (1 4 |?7| _Rl +Rp_Rp)nﬁ

IN

Cyet 1l g=61F1 001 By (AL)"

XZ() +\n|)’

which implies that

|~71 (.23, m, gﬁ(R))‘

(1 +[n| — R1)"?

< AL A

ii i<n>6ﬁ<1+mr>k+l
| i \k k!

e 011

x Z / 1+ |77| _Rl)nﬁ+p—ﬁp+1

p=Ppo
R R,
x / 1/ " RdR, - dRydRy.
0
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Here it follows from
1 < 1
(0 + Tl = By #7551 = (4 g = By Do)

and Lemma 3.2 that
e—5lR1

R
/O (1 + || — Ry)"B+p—5n

f ot iR
+1/0 /0 AR, - dRydR,

< ! /R L dR

= 571 Jo (1 + || — Ry)(n DA+ 1

< 1 1 1

e (n+ 1B (14 [n| - R) DS
1 1 1 1

< =

= B (it - R k1

(k=0,1,2,...,n).

Hence we obtain

|‘-71(x7 T,) gn(R))
< CredhlAL)”

4
g

S [ e

n n 61k+1(1+m’)k+1
()
n+1
Y1 1
254 (L o[ = B)T+D7

p=¢ 1

n+1 k k
n \ 61" (14 |n|)
<D (k: _ 1) B

On Jy(x,n,Gy(R)):  Since a similar estimate to (3.23) holds for
\Whp(x,n, Ri, Rp+1)| (let us consider R, instead of R,), we have

Yo1 " n\ 6% (1 + k
Z 5 p’] Z (k) ( k! w)

AN
Q
@)

>
s
I
S/
3

< CreM(AL)" A
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6—51 Ry

" Z/ (T4 Inl = Ry 75

P=Dpo

Ry
X / .. / e‘isP“dRerl - dRodR;.
0 0

Here it follows from
1 < 1
(L4 [l = R)™Hp=0 = (1 + n| — Ry)(n+1A
1+ [n|
(L+[n] = Ry)(m+DB+L?

0 >1

and Lemma 3.2 that

R —5131 Ry 6 R
p+1dq R --dRydR
/o (1 + |n| — Ry)nf+r= ﬁp/ / i TR

L+ |n| /R 1
< dR
T o Jo (L4 fnl = Ry)eOAE

< Ll 1 1
T 5P (n+ 1)B (1 + |y — RS
11 1 1
< Ul (k=0,1,2,...,n).

86 (o= R) k41

Hence we obtain

|*—74(x’ UB gﬁ( ))|

n+1
A 1 1
< A= ,
e M(AL)" pgé 5.7 ] (1+ [ — R)»+D5
Y "“( n >6lk<1+|m>k
2 \k—1 Rl

On J5(x,n,G,(R)): Let us consider R, instead of R, in (3.23). Then
we have

|T5(,1,Gy(R))]

< CreM(AL)" A
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‘121 /R e~ 1R
S o (Ut fnl = Rayroa=ai s
f Rot i
X / et qquRq"'ngde.
0 0

Here it follows from
1 1
< <
Rl)nﬁJrq By +1 — (1 + m’ R1) (n+1)5+1 Ry <1+ ’77|,

(1+[nl -
and Lemma 3.2 that
R —01k Ry Ry_1
/ e ; / / 4 e‘isqquRq---dRQde
o (1+ |77] — Ry)nB+a—h+1
1+ |n| 1
= dR
= 57 Jo (14 | — Ry)rDsr
11+ n| 1 1
8 k=0,1,2,...,n).
T B6T 1+ |n - R)HDAE + 1 ( ,1,2,...,n)

Hence we obtain

| T5(2,m, Gy (R))

< Clet?llnl(AL)né
B
X i Z 1
61 =30 61 1+ ’77| — R)(”""l)ﬁ
Z n) 6" (1 + \n!)’““
P (k+1)!
A n+1
w 1 1
< Cyethlanyn= .
< CreM(AL) Z:g 5.7 ] (1+ 7] — R)+15

= (L + |nl)*
8 Z ( 1) Ko
By the above argument, it holds that

(3.24) > 1 Ti(x,n,Gy(R))]

i=1,4,5
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< Credlilany ! {Z =
r—¢ U1

n+1
1
P (14 |n| = R)(n+1)8
n+1 k k
n \o1"(1+|n|)
X kz::l (k: _ 1) A

On Jo(x,n,G,(R)): Let us consider R instead of R; in (3.23). Then we
have

| Ta (2,1, Gy (R)))|

< CreMlAL)™ A
k=0

< G B[ RdR, . dRydR
P
A AR,

Here it follows from (1 + || — R)"?*P=% > (1 + |n| — R)™*t18 and Lemma

3.2 that
e hf o "R AR, - - dRadR
P
AT nﬂwp// [ 2R

1
817 (L+[n| — R)(w+DB”

o1 ] & (n) 8 )
z_:(slz)] Z(/c)l k!n

Hence we obtain

| Ja(,1,Gy(R))]
1

Y1
Z 51 ] |$po 6P ] 1+ ‘7)‘ — R)("+1)5
5 ( ) e \77\)

IN

Crel(AL) A

1

Y
p'=¢ 61

n+1
. 1
< CreMI(AL)"A p] (1+ |n| — R)(»+DA

" (0 8171+ [n))*
< 3 ()
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On J3(x,n,G,(R)): Let us consider Ry, instead of R, in (3.23). Then
we have

| T3(z,m,Gy(R))]

< CremlAL)" A

Xw:i i(n)élk(1+‘n‘)k
o | = \k k!

P1 R e 011
X
2%4 (T ol — By A

Ry R
X / . / ’ eélRp+1dRp_|_1 -~ dRodR;.
0 0

Here similarly to the calculation for Ji(x,n,G,(R)), we have

R 6—5131 Ry R, P
thp+1q R ...dRodR
/0 (1+ ‘77’ _Rl)nﬁ+p—ﬁp+1/0 /0 € p+1 2t

1 1 1 < 11 1
0" (n+1)B (1+[n| = R)+DE = 56,7 (1+ [n| — R)+DF”

which implies

| T5(;m, Gy (R))|

n+1
s~ L !
&7 | (- B

OI] j6(x7 777 gﬁ(R

we have,

~

): Let us consider R, instead of R, in (3.23). Then

| Ts(z,m,Gy(R))]

< CremlAL)" A

ii i(n)élk(1+‘n‘)k
o | = \k 3]

qzl R e 0111
x / :
d=a0 0 (1 —+ ’77| — Rl)nﬁ"ﬂl—ﬁq +1

R1 Ry
X / o [ e BertdR, Ly - dRodRy.
0 0
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Here similarly to the calculation for J3(x,n,G,(R)), we have

R e~ 01R1
)y G Ry
[
B (1+ |n| — R)( 1B

Rl... Rqe5qu+1dR .o dRodR
+1 0 q+1 2 1

which implies

| Ts(z,m,Gy(R))

n+1
A 1 1
E Z _] (1 + ’77’ _ R)(n—&-l)ﬁ
1 (

3 <k> ol

k=0

< CrehlALyr

By the above argument, it holds that

(3.25) > |Tix,n,Gy(R))]

i=2,3,6

n+1
i 1 1
57| (L g~ R)HDP

" n\ 6% (1 k
Z@ )

k=0

< 01651|77| (AL)"+1

Therefore it follows from (3.24) and (3.25) that
‘Wn—kl (J;v 7, gT](R))‘

6
> _|Ti(z,n,Gy(R))l

=1

n+1
C1e61|77|(AL)n+1 |:Z 1p/]
p'=¢ 61

1 sy 2 (n\ | &R (1 + n))*
* U+ [ - R 0P {kz (k— 1) 1;0 <k>}k'

IN

IN
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n+1
Y1 1
- C 61|m| AL n+1 .
AT 2 S| T B
n+1 k k
" Z n+1\6"1+|n|) ,
prr k k!

which implies the lemma for n + 1. The proof is completed. [J
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