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Gross’ Congecture for Extensions
Ramified over Three Points of P!

By Michael REID

Abstract. B. Gross has formulated a conjectural generalization
of the class number formula. Suppose L/K is an abelian extension of
global fields with Galois group G. A generalized Stickelberger element
0 € Z[G] is constructed from special values of L-functions at s = 0.
Gross’ conjecture then predicts some I-adic information about 6, where
I C Z[G] is the augmentation ideal. In this paper, we prove (under a
mild hypothesis) the conjecture for the maximal abelian extension of the
rational function field Fy(X) that is unramified outside a set of three
degree 1 places.

1. Introduction

Let K be a global field, i.e. either a finite extension of QQ, or a finite,
separable extension of Fy(X). Let S be any finite, non-empty set of places
of K. We also require, in the number field case, that S contains all the
archimedean places. We consider the S-zeta function

(s(s)= ) (Na)™,

aCOg

where the summation ranges over all ideals a in the ring Og of S-integers.
This series definition makes sense only for R(s) > 1, where the series con-
verges absolutely. However, it is well-known that this function has an ana-
lytic continuation to the whole complex plane, with only a simple pole at
s=1.

In the Taylor series expansion for (g(s), at s = 0, the leading term has
a very simple form. Specifically, we have

hsRs
———s

4+ O(s"™™)  near s =0,
wg

(1.1) (s(s) =
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where hg is the class number of Og, Rg is the S-regulator, wg is the number
of roots of unity in Og (which does not actually depend upon S) and n =
#S—1, which is the rank of the unit group, O%, by Dirichlet’s unit theorem.

In order to state Gross’ conjecture, we need a formula such as (1.1)
above, but which has no denominator. Towards this end, we introduce an
auxiliary set, T', of places of K. For now, we only insist that 7" is finite and
disjoint from S, but we will make further restrictions below. We introduce
the modified zeta function

Csr(s) = Cs(s) [T (1 —Ng' ).

q€T

The auxiliary factors are all regular and non-zero at s = 0. We will see
that the leading term of the Taylor series of (g 7(s) also has a simple form,
namely

hsTR
(1.2) Csr(s) = (—1)#T_1MS" +O(s"™)  near s = 0.
ws,T

Each term in this formula has an interpretation analogous to the corre-

sponding term in formula (1.1). Here hg is the order of the ray class group

modulo 7" (i.e. modulo the conductor which is the product of primes in T'),

Rgs 7 is the regulator of Ugr, the subgroup of units that are = 1 mod T’

(i.e. are congruent to 1 modulo every place in T'), and wg r is the number

of roots of unity in Ug 7, or equivalently, the order of its torsion subgroup.
To prove formula (1.2) above, note that we have an exact sequence

1 — Usy — Us — [[ #(a)" — Clsz — Clg — 1
qeT

where k(q) is the residue field at q, Clg is the class group of Og, and

hs,T

Clgr is the ray class group modulo 7. This shows that (Ug : US,T)W =
[I4er(Ng — 1). Moreover, we have (Us : Usr) = Asr . ws = Thege last

Rs  wsT
two equations, along with (1.1) and the definition of (g1 give (1.2).
Thus, to achieve a formula without a denominator, we need only insist
that wsr = 1, which imposes only mild conditions on 7". Henceforth we

make this assumption on 7.
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Gross’ Conjecture

Let L be a finite abelian extension of K with Galois group G. Consider
S as in the previous section, but now we will impose another condition,
namely that S contains all places of K that ramify in L. For any character
X € @, we define the L-function

Ls(v.s) = 3 X(a)(Na)™,

aCOg

where X is defined by X(p) = x(pp) for prime ideals, and extended to
integral ideals by multiplicativity. Here ¢, denotes the Frobenius element
at p. We define modified L-functions in a manner analogous to the modified
zeta functions. Specifically, if T is finite and disjoint from S, we define

Lsr(x,s) = Ls(x,s) H (1= x(pq)(Ng)' 7).
€T

Next we introduce the opposite Stickelberger element, éS,T. This is the
element of C[G] characterized by the property that

x(0sr) = Ls1(x,0) for all characters x € G.

We use this terminology because it seems traditional to call the Stickel-
berger element the element that, under y, maps to the value of the L-
function for the conjugate character, Y. There is also the opposite Stickel-
berger element fg, which is characterized by the property that

x(0s) = Lg(x,0) for all characters y € G.

The element fg nominally lives in C[G]. However, it actually lives in
Q[G]; in the number field case, this is a consequence of a famous theorem
of Seigel, in the function field case, it follows from Weil’s work. Moreover,
with our assumptions on 7', §S7T lies in Z[G]. In the function field case, this
again follows from Weil’s work. In the number field case, it requires the
p-adic congruences first proved by Barsky and Cassou-Nogues, and later by
Deligne and Ribet.

Before introducing the Gross regulator, it is worthwhile to revisit the
usual regulator. We order the places in S as vg, v1,... ,v,. Let ui,uo, ...,
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Uy, be a Z-basis of the torsion-free group Ug 7, and consider the (n+1) xn
matrix (log|uj|,,). We obtain the usual regulator by deleting an arbitrary
row of this matrix, and taking the absolute value of the determinant. The
Gross regulator is intended as an algebraic analogue, however, there is no
algebraic analogue of the absolute value. For definiteness, we delete the
0-th row (corresponding to the place vg). Then we can say that

det (log ‘uj|vi)1§i,j,§n = +Rgsr

with the realization that the choice of sign depends upon the ordering of
places in S, as well as the orientation of Z-basis of Usr. We denote this
determinant above as detg(Ag7); then we have

Csr(s) = hgrdetg(Asr)s™ + O(s" L) near s = 0.

Let L/K be an abelian extension, unramified outside of S, with Galois
group G. Consider the (n + 1) x n matrix (r,,(u;)), where r,, is the local
reciprocity map at the place v; for the extension L/K. Now r,(u;) = 1 for
v ¢ S, since L/K is unramified outside of S, so the product formula tells us
that the product of the elements in any given column is the identity element
of G. Using the isomorphism G — I/I? as an analogue of the logarithm,
we define the Gross regulator to be

detg(As ) = det (ry, (u;) — 1) mod "+,

1<id,5,<n

This definition also depends upon the ordering of places in S, as well as the
orientation of Z-basis of Us 1, which may effect a change in sign. Otherwise,
it is well-defined, modulo I™*!.

Now we may state Gross’ conjecture.

CONJECTURE 1.3 (Gross’ Conjecture). With the notation above, we
have

9S,T = t+hgr detg(As, ) mod I”+1,

where the sign is chosen to agree with the sign in

Csr(s) = £hgrdetg(Asr)s™ + O(s" 1) near s = 0.
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The conjecture behaves well with respect to various functorialities, which
we note here.

PROPOSITION 1.4. Suppose that Gross’ conjecture holds for the exten-
sion L/ K with respect to S and T. Let L' /K be a subextension of L/K, S’
a superset of S and T a superset of T.

(a) Gross’ conjecture holds for L'/ K with respect to S and T.
(b) Gross’ conjecture holds for L/ K with respect to S" and T

(¢) Gross’ conjecture holds for L/ K with respect to S and T".

Part (a) is more or less obvious from the functoriality of the Stickelberger
element and the local reciprocity maps that comprise the Gross regulator.
Parts (b) and (c) are also straightforward. We refer the reader to Aoki’s
paper [1] where the proofs are given in some detail.

As Gross notes, the functoriality of part (a) allows a formulation for
infinite extensions by passing to the limit. The conjecture for an infinite
extension is equivalent to it holding for every finite subextension.

PROPOSITION 1.5.  Gross’ conjecture holds for an extension LK if and
only if it holds for each subextension of prime power degree.

We will prove this proposition in the next section.

We enumerate here some cases of Gross’ conjecture that have been
proven.

THEOREM 1.6. Gross’ conjecture holds in the following cases.
(a) S is a singleton.
(b) L/K is a constant field extension of function fields.

(¢) L/K is a p-power extension, or pro-p, and K is a function field of
characteristic p.

(d) L/K is an elementary abelian p-extension, and the class number of K
18 not divisible by p.

(e) K=0Q.
(f) S contains a place that splits completely in L.
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PrROOF. Part (a) is immediate from the formulation of the conjecture.
In this case, the conjecture becomes the usual class number formula.

For (b), the extension is unramified, so we may reduce S to a singleton.
Then it holds from part (a) and also 1.4(b).

Part (c) was proved by Tan [11].

Part (d) was proved by Lee [7].

Part (e) was proved by Aoki [1].

For part (f), the Stickelberger element is 0, because all the L-functions
for L/K vanish at s = 0. On the other hand, the Gross regulator vanishes
modulo I™*!, because the row of the matrix corresponding to the split place
also vanishes. [J

Statement of result

Let K = F4(X) be the rational function field over the finite field with
q elements. We will consider abelian extensions of K that are unramified
outside a set S of three degree 1 places of K. Let Kg be the maximal
abelian extension of K that is unramified outside of S.

THEOREM 1.7. IfT is any set of places, whose greatest common divisor

of their degrees is relatively prime to ¢ — 1, then Gross’ conjecture holds for
Kgs/K.

REMARK. The set T" should be considered secondary in the conjecture,
so the restriction placed on it is only a minor issue. Nonetheless, it would
be of some interest to eliminate this hypothesis.

2. Group Rings

In this section we develop some general results about group rings and
their augmentation ideals. Let G be a group, Z[G] the group ring, and
I C Z[G] its augmentation ideal. Our goal is a moderate understanding
of congruences modulo Ig, so that we may verify the congruence of the
conjecture. Of course, congruences modulo ]é are well-understood, so we
use that as our starting point.

In the following, when the group G is understood, we will write simply
I rather than the more cumbersome I5. The following lemma, whose proof
we omit, is entirely elementary.
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LEMMA 2.1. (a) Ifa,b€ I and a = a’ mod I? and b = ¥ mod I?, then
ab = a't/ mod I3,
(b)  Suppose G has exponent n. Then n annihilates 1" /I""1 for every
positive T.

We will use these two throughout the computation without mention.

LEMMA 2.2. Let g € G have order dividing n. If n is odd, then n(g —
1) =0 mod I3, and if n = 2m is even, then n(g — 1) = m(g — 1)? mod I3.

PrOOF. Wehaven(g—1)=n—(1+g+g¢*+ - +g" Hg—-1) =
@(g —1)2 mod I3. If n is odd, this is 0 mod I®, because n(g — 1) € I°.
If n = 2m is even, then this is m(g—1)?—mn(g—1)?> = m(g—1)? mod I3. O

LEMMA 2.3. Let G be the direct product of two cyclic groups of order n.
Ifn is odd, then y_  o(v—1) = 0 mod I3. Ifn is even, then dec(y—1) =
(c—1)2+ (0 —1)(r—1)+ (r — 1)>mod I3, where o and T generate the
2-torsion subgroup of G.

PrRoOOF. Let g,h be generators of the two cyclic components. Then
ly=D=0+g+++g" " —n)A+h+h+ -+ —n)
veG

tn(l+g+g®+-+g" P —n)+nl+h+h*++ " —n),

and note that
Q+g+g++g" ' =n)A+h+h+ +h" —n)
= (@(g — 1)> (—n(nz_l) (h — 1)) mod I3.

Also, n kills I2/I3, so that n(1+g+g¢*+- - -+¢" t—n) = n(@(g—l)) mod

I3. Moreover, n(g—1) = —@(9— 1)2 mod I3, as in the proof of Lemma

2.1, and since n(n — 1) kills I2/I3, this is also = 22 (g — 1)2 mod I3,

Thus n(14+g+g?+---+g" 1 —n) = (”(”2_1 )2(g—1)%2 mod I3, and similarly,
(n—1

)
n(l+h+h?+-- +h"1—n) = (5 1)2(h — 1)2 mod I3, so that

S =1 = (M5) (g~ 12+ (g~ 1 — 1) + (b~ 1)%) mod I
veG
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2
If n is odd, then (@) is divisible by n, and therefore kills I2/13,
so the sum in question vanishes modulo I3.
2
On the other hand, if n = 2m is even, then (@) = m? mod n, so
that

YD (r=1=m*g -1+ (g - D=1+ (h=1)?%
veG

(g™ — 1) 4 (g™ — 1)(h™ = 1) + (h™ — 1)? mod I°.

The proof concludes by noting that ¢ and h'™ generate the 2-torsion in
G. O

REMARK. Inthelemma, if n is divisible by 4, then the sum >~ (g—1) =

2
0 mod I3, since (@) is divisible by n. However, we will not need this

below.

Let Gy [respectively Gg] be a finite group of exponent n; [respectively
ny], where (n1,n2) = 1, and let G = G; x Go. Let m; : G — G; be the
natural projection and ¢; : G; — G the inclusions defined by ¢1(g) = (g,1)
and 12(g) = (1,g9). Let Ig C Z[G] denote the augmentation ideal, and
similarly for I, C Z[G;].

LEMMA 24. Ifn € Ig, then n = t1(m1(n)) + t2(m2(n)) mod I, for any

PRrROOF. First consider an element of the form n = g — 1, for some
g € G, and let g; = 1;(mi(g)) for i = 1,2, so that ¢ = gi1g2. Then we
have n — t1(m1(n)) — ta(ma(n)) = (g1 — 1)(g2 — 1), so we must show that
this element is in I/,. Since n; and ng are relatively prime, we may write
ainy + asng = 1 for some integers a; and as. Let

0=ai(n—(1+g +g% + - -~|—g’fl*1)) +az(ng — (1+ g2 _|_g§ 4. ._|_gngl)>,
which is visibly an element of I. Since g; — 1 annihilates 1+g; + g2+ -+

g7, we have 6(g1—1)(92—1) = (a1m1+azn2)(91—1)(92—1) = (91—1)(g2—
1). Thus, for any r, we have (g1 — 1)(g2 — 1) = 0" 2(g1 — 1)(g2 — 1) € I%,,
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as desired. This proves the result for elements of the form n = g — 1. The
result now holds for arbitrary n € Ig by Z-linearity. [J

COROLLARY 2.5. Letn € Z[G]. Thenn € I, if and only if m1(n) € I,
and m2(n) € I,

PROOF. The “only if” part is trivial, and the “if” part is immediate
for r = 1. Now suppose that » > 1, and that n € Z[G] has the property
that m;(n) € I, for i = 1,2. Then n € Ig, so from Lemma 1, n =
v1(m1(n)) + ta(m2(n)) mod If,. Finally, v;(mi(n)) € ui(lg,) C I, for i = 1,2,
so that n € If,, as desired. [J

PrROOF OF PROPOSITION 1.5. This follows easily from Corollary 2.5
and the functoriality of both sides of the conjecture, as in 1.4(a). O

3. Extensions Ramified over Three Points of P!

Let K = Fy(X) be the rational function field over a finite field with ¢
elements, and S = {0, 1, 00} a set of three degree 1 places of K. Also let p be
the characteristic of K. Let Kg be the maximal abelian extension of K that
is unramified outside of S. The Galois group Gal(Ks/K) factors canonically
as the product of its prime-to-p part and its p- power part These correspond
to linearly disjoint subextensions, K / K and Ky (notp) /K. From Corollary
2.5, to verify Gross’ conjecture for KS JK, it is sufﬁment to verify it for
Kép)/K and Kgmt p)/K. Tan’s result (1.6(c)) handles the extension Kgp)/K.
Thus our task is to verify Gross’ conjecture for KénOtp ) /K; in fact, we
will do slightly more. Let Kgame be the maximal abelian extension of K
that is unramified outside of S and is only tamely ramified. Then clearly
K gnOtp ) C K#me. We will verify Gross’ conjecture for K#™¢/K.

PROPOSITION 3.1. K{¥me =T (“VX, /X —1).

Proor. Let Jx denote the idele group of K. We have a short exact
sequence

1— H k(v)*/image of(F,) — Jx /(K H Uy % H uh

veS vgS veS

— Jg /(K HU
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Moreover, Jx /(K* - [[,U,) = Pic(K) = Z, since Pic’(K) is trivial. The
middle term of the exact sequence corresponds to the extension K§™¢/K,
under classfield theory, so we get another short exact sequence

1 — [] s(v)*/image of(F}) — Gal(K™/K) — Z — 0,
vES

where the quotient Z is the Galois group of the constant field extension
F,(X)/K. This sequence splits (non-canonically). It is easy to see that
[Toes #(v)* /image of(F%) = (F%)?, and then it is straightforward to identify
K("VX, "X —1) as a complement. (]

In order to prove Theorem 1.7, we will use the following calculation.

THEOREM 3.2. Let L = Fum( VX, "V/X —1), S = {0,1,00} as
above, and let T contain a single place of degree d. Then Gross’ conjec-
ture holds for L/K when both sides are multiplied by (¢* —1)/(q — 1), in
other words, we have the congruence

(1+g+@*+ - +¢" Hosr = 1+g+¢*+ - -+¢" 1 )hgrdete(Asr) mod I

Before proving Theorem 3.2, we will show how to prove Theorem 1.7
from it.

PrROOF OF THEOREM 1.7. As remarked above, we need only prove
Gross’ conjecture for K§™¢/K. Moreover, from 2.5, we may work one
prime at a time.

Let ¢ be a prime. If ¢ does not divide g — 1, then the /-power part of
K™ /K is the constant field extension F e (X)/K, and Gross’ conjecture
is known for constant field extensions.

Now suppose that ¢ divides ¢ — 1. By hypothesis, T contains a place
whose degree is not divisible by ¢. Let a € T be such a place, of degree
d, and let Ty = {a}. Also let L,, = Fym( VX, “v/X — 1). Theorem 3.2
shows that Gross’ conjecture for L,,/K holds when multiplied by (1 + ¢ +
q® + -+ + ¢%1). The functoriality of the conjecture then implies that the
same is true for any subextension of L,,/K, in particular, the ¢-power part
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of it, L%)/K. But then Gal(L%)/K) is an (-group, so I"/I™*1 is >°-torsion.
However, 1 + ¢+ ¢®> + -+ ¢* 1 = d # 0 mod ¢, because ¢ divides ¢ — 1,
but not d. In particular, multiplication by (1 + ¢+ ¢ + --- + ¢%~1) is an
automorphism of I /I"*!. Therefore, the conjecture itself holds for L,(f;) /K.
Moreover, the compositum of L%) over all m is the /-power part of ngame,
since the compositum of all such L,, is K&™¢. Thus the conjecture holds
for the (-power part of K#™°/K, with respect to Ty, and therefore also

with respect to 1. This proves the theorem. [

Now we return to prove Theorem 3.2. Let L = Fym( VX, VX - 1),
and G = Gal(L/K). Let Eg = Fym(X) and By = F,(‘“VX, “VX — 1) be
the given intermediate fields, and G; = Gal(L/E;), so that G = Gy x G.

The group G is cyclic of order m, with a canonical generator, the “arith-
metic” Frobenius, F', which acts on constants via the ¢g-th power map.

Standard Kummer theory shows that Gy = (IF:‘I)Q. For a, 3 € Iy, let
T(a, B) € Go be the element that acts via

7@, B)("VX)=a VX and 7(a,8)("VX —1) =B VX — 1

and acts trivially on constants. For notational convenience, we will let
6(a, B) denote the group ring element 7(a, 3) — 1.

For a place v ¢ S of K, let ¢, denote its Frobenius element for the exten-
sion L/K. This is characterized by the condition that ¢, (z) = z™N?
for all x that are integral at v. We will only need to determine these Frobe-
nius elements for degree 1 places.

mod v

LEMMA 3.3. Let f(X) € F,[X] be a monic irreducible polynomial of
degree d. Then f(X) divides XUrare? g™t (—=1)%£(0) and also (X —
1)1+q+q2+--~+qd‘1 — (=1)2f(1).

PROOF. Let a be a root of f(X) in Fe; then the other roots are

al, oﬂ2, oﬂg, . ,oﬂd_l. The product of these roots is (—1)?f(0). Therefore,
over Fa, f(X) divides

2 d—1 2 d—1 2 -t
D G A s A e A O A S A ()]

The same divisibility then holds in F,[X], and the second divisibility follows
in a similar way. [J
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LEMMA 3.4. Ifa¢ S is a degree d place, which corresponds to a monic
irreducible polynomial f(X), its Frobenius element is given by
Filr((=1)4£(0), (=1)?£(1)). In particular, the Frobenius element of the de-
gree 1 place at b # 0,1 is given by F'r(b,b—1).

Na

PrOOF. For a constant o € Fy, we have p4(a) = N = a? mod a,

and since ¢q(a) is also a constant, we have pq(e) = a4’. Furthermore,
pa TVX) = (XMt (/X = (—1)4(0)(“V/X) mod a.

Since @q( “V/X) is a constant times “+/X, this congruence is in fact an
equality. Similarly, oq( VX —1) = (—=1)4f(1)( “v/X —1). This proves

the first statement, and the second is a special case. [

Next we determine the Stickelberger element. Let 7" be a singleton {a}
where a ¢ S is a place of degree d which corresponds to the monic irreducible
polynomial f(X).

PROPOSITION 3.5. Os7 = (1—q%pa)(1+ > ¢p)+ F>(1+qF +¢*F>+

b£0,1
"'+qd_1Fd_1) Z q.
g€Go

PROOF. Let = (1 = qpa)(1+ Yz b) + F*(1 4+ qF + ¢*F* + - +
i ) >_geG, 9> and let x be a character of G. We aim to show that
x(n) = Lsr(x.0). Note that Ls(x:s) = Y570 4" Ygegon X(b), where
the inner sum is over effective divisors of degree n with support outside
of S. In general, if x is non-trivial on the subgroup corresponding to the
maximal constant field extension, then this expression is a polynomial in
q~ %, of degree 2g — 2 + deg f, where g is the genus of the base field and § is
the conductor of x (see [12, Chapter VII, Theorem 6]). In our situation, we
have g = 0 and degf = 3, so the inner sum vanishes for n > 2. Therefore,
if x is non-trivial on Go, then Lg(x,s) =1+ ¢7° > ;.01 X(¢p). Now, still
assuming that y is non-trivial on Gg, we have

Lsr(x,0) = (1 = gx(pa))(1+ > x(#s)) = x(n),
b£0,1
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since x(>_g, 9) = 0.
On the other hand, if y is trivial on Gy, it is easy to calculate

Lsr(x,s) = (1= x(F)g~°)”
% (14 X(E)g ™ + (F)g ) 4+ () )

so that
Lsr(x.0) = (1 — x(F)?(1 + qx(F) + ¢*X(F?) + - + ¢ x(F)).

Moreover, since x is trivial on Gg, we have x(pq) = x(F%) and x(pp) =
X(F), so that

x(n) = (1 = ¢"x(FY) (1 + (¢ — 2)x(F))
+ (g = 1*X(FH) (14 qx(F) + @x(F?) + -+ ¢ '\ (F 1Y),

which equals the value of Lgr(x,0) above. This shows that x(n) =
Lsr(x,0) for all x € G, so = s, as claimed. O

Now we attempt to compute the Gross regulator. In general, we do not
know enough units to compute it exactly, but we can compute some multiple
of it. The unit group Ug is generated by F;, X and X —1. We easily identify
two independent units in Ug,7, namely, ug = X1Hata*++a"" /(1) f(0))
and u; = (X — 1)tete®+=+a""" /((—1)df(1)). For notational convenience,
we let a denote (—1)?f(0) and 8 = (—1)?f(1). Let V be the group gener-
ated by ug and uy. The index (Us: V)is (1+q+¢*+---+q7H(g? - 1),
whereas (Us : Usr) = (¢% — 1)/hgr. Therefore (Usz : V) = (1+q+ ¢* +
<o+ ¢4 Yhgr, whence

(3.6) (1+q+@F 4+ q¢"Hhgrdetg(\s,r)

_ ro(uo) =1 ro(ur) — 1
= det <7“1(U0) —1 ri(ug) - 1> mod I%

where rg and rq are the local reciprocity maps at 0 and 1 respectively.
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ProprosiTIiON 3.7.  We have the following values of the local reciprocity
maps:

ro(ug) = F=UHata++a" D ((_1yda=1 (~1)d)
ro(u) = 7((-1)4871,1)

r1(ug) = 7'(1,04_1)

ry(uy) = -ttt qydg-ty

PROOF. On constants, ro(ug) acts as F~°rdo(uo) = p—(+ate’+-+¢™h)
For its action on “v/X and “+v/X — 1, we use the “tame symbol” (see Serre
[9, Chapter XIV, Proposition 8]). We calculate

(1o, X)o = (—1)1+Q+q2+”'+qd71uo/Xl+q+q2+...+qd71

(—1)%a~! mod py

and

(g, X — 1)g = (—1)%u§ /(X — 1)1+a+a™ 40" = (1) mod po.

Thus ro(ug) = F~Otare®++a"Hr((~1)dq=1 (=1)), as claimed. The
other values are similar computations. [

In order to simplify (3.6) above, we need a lemma.

LEMMA 3.8. For z,y € F, we have 6(z,1)6(1,y) = 6(y,1)é(1, 2) mod
3.

PRrROOF. We use the fact that Fy is cyclic; let ¢ be a generator. Then
t"™ = z and t" = y for some integers m,n. Then we have 6(x,1)6(1,y) =
mé(t,1)né(1,t) mod I3, and similarly, §(y, 1)6(1,z) = né(t, 1)mé(1,t) mod
3.0

PROPOSITION 3.9. We have
(I4+q+¢+-+ ¢ Hhsrdeta(As)
=(14+q+¢++q¢PF -1

+(1+q+q +-+¢"HF-1s((-1)%, B)
+ds(—1,-1)6(1, (=1)¢3) mod I*.
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Proor. From 3.7, we have
ro(ug) = 1= —=(1+q+¢* + -+ ¢ H(F -1) = 6((-1)"a, (~=1)?) mod I,

as well as 7g(u1) —1 = —6((—1)8,1) mod 12, r1(ug) —1 = —6(1, a) mod I?,
and

r(u)—1=—-14+q¢+@P+-+¢"H(F-1)—6(1,(-1)¢3) mod I
Now it follows that
(L+q+q* + - +q" Hhsrdeta(Asr)
=(l+q+@+-+q¢" )(F-1)
+(L4q+ ¢+ 4+ g (F = D((=1)%a, (=1)7) +6(1, (=1)75)]
+8((=1)%, (=1)1)6(1, (~=1)"8) — 8((=1)8,1)5(1, @) mod I?,

from equation (3.6) above. We also have
(F = 1)[8((~1)%a, (~1)%) + (1, (~1)*8)] = (F — 1)5((~1)%a, 8) mod I,

and, using the lemma,

5((=1)%a, (=1)H)8(1, (1))
= [6((=D)% (=) + 8(a, D]8(1, (-=1)70)
ds(—1, =1)6(1, (=1)*B) + 6((~1)"8,1)6(1, @) mod I°,

from which the result follows. [

We now return to consider the Stickelberger element. To simplify the
expression for this, we need a few easy lemmas.

LemMa 3.10. We have 3 o (9 — 1) = 6(=1,1)* +6(1, =1)6(~1, —1)
mod I3.

PROOF. If ¢ is even, then the left hand side vanishes modulo I3, from
Lemma 2.3, while the right hand side vanishes because —1 = 1. If ¢ is odd,
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then it also follows from Lemma 2.3, by noting that 7(—1,1) and 7(1, —1
generate the 2-torsion in Gy, and also that §(—1,1)8(1,—1) + §(1,—1)? =
6(1,—1)6(—1,—1) mod I3. O

LEMMA 3.11.  For any x € F;, we have (¢ —1)6(x,1) = 6(x,1)6(—1,1)

mod I3, and (¢ — 1)6(1,z) = 6(1,2)6(1, —1) mod I3.

PROOF. We prove the first statement; the second is similar. If ¢ is
even, then the left hand side vanishes modulo I? by Lemma 2.2, while the
right hand side vanishes because —1 = 1. If ¢ is odd, then Lemma 2.2 shows
that (¢ — 1)6(z,1) = %(5(1’,1)2 = §(x,1)8(z"1/21) mod I*. Thus we
must show that §(x,1)8(—2@~1/2 1) = 0 mod I*. If x is a square in F, say
x = y?, then §(z, 1)§(—x0V/2 1) = §(y%,1)6(—1,1) = 26(y, 1)8(—1,1) =
6(y,1)6(1,1) = 0mod I?. On the other hand, if = is not a square, then
§(—z@=D/2 1) =6(1,1) = 0. O

Now we return our attention to the Stickelberger element.

ProrosiTioN 3.12.  We have the congruence
Osr=0+q+q +-+q¢")(F-1)?

+ (F = 1)8((-1)%, ) + 8(ar, )6(—1, —1) mod I3,

Proor. We begin with the expression in Proposition 3.5, and write

(1= q%a)(1+ > @)

b£0,1
=(@-1D)1-¢)—qg-D(pa— 1)+ 1 =¢) D> (-1
b£0,1
¢ ea—1) D (pp—1)
b£0,1

and now consider each term individually. The term (¢ —1)(1 —q%) does not
require any simplification.
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Firstly, we have

—¢"(g = D(pa— 1) = —=¢"(¢ = )(F'r(a, B) = 1)
= —¢*(q— D((F* — D)d(a, B) + (F* ~ 1)
+6(o, 1)6(1, 8) + 6(er, 1) + 6(1,8))
= —q*(¢—1)((F* = 1) 4+ 8(, 1) + 6(1, 8)) mod I3,
because (¢— 1) kills 6(c, 8), 6(av, 1) and §(1, 3), modulo I2. Also, from 3.11,
we have
—q%(q—1)é(a,1) = —¢%(a, 1)8(—1,1) = —8(a, 1)8(—1,1)
= 6(a,1)6(—1,1) mod I*

1,—1) mod I?. Expand (F?—1)

and similarly, —¢%(q —1)6(1, 8) = 6(1, B)8(
= d(F—1)+ 4D (F—1)2 mod I3.

in powers of (F —1) to see that (F'¢—1)
Therefore we get
(3.13)
—q%(q = 1)pa — 1) = —dg(g = D(F 1) = L52g" (g~ 1)(F — 1)*
+ 6(,1)6(—1,1) + 6(1, 8)6(1, —1) mod I*

Secondly, we have

(1—¢%) > (pp—1)

b£0,1
=(1—q¢) > (F-1)8(b,b—1)+ (F—1)+6(b,b— 1))
b£0,1
=(@-2)(1—¢H)(F-1)+(1—q%) > 8(b,b—1),

b£0,1

because (¢ — 1)8(b,b — 1) € I?. Moreover, we have 2 bz010(0:0— 1) =
6(—1,1) mod I?, from Wilson’s Theorem, and because (¢—1) kills 13 /I3, ,
we have

(1 - qd) Z 6(b7 b— 1) = (1 - qd)é(_la 1)

b£0,1
~( g+ g+ gt (1,1
dé(—1,1)? mod I3,
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also using 3.11. Therefore we have

(3.14) (1-¢%) > (o —1) = (¢—2)(1 — ¢*)(F — 1) + ds(~1,1)* mod I°.
b£0,1

Thirdly, we have

(pa—1) Y (pp—1) = [d(F — 1) +6(e, B)] Y [(F —1) +6(b,0—1)]

b£0,1 b£0,1
= [d(F — 1)+ 6(a, B)][(q — 2)(F — 1) + 6(—1,1)]
d(g —2)(F —1)* = (F = 1)§((-1)"a, §)
+ 6(ar, 3)8(—1,1) mod I3.

Multiply by —¢¢ to get

(3.15)

—q"(pa—1) Y (pp — 1) = =dg*(q — 2)(F — 1)* + (F — 1)§((~1)"a, B)
b£0 1

+ 6(ar, 3)8(—1,1) mod I3.

Lastly, since > ., 9 = (¢— 1)24+6(-1,1)24+6(1,-1)6(—1,—1) mod I3,
we get

F2(1+qF+q2F2+___+qd71Fdfl) Zg
g€Go

= (q_ 1)2F2(1+QF+Q2F2+ —i—qd_le_l)
+(1+Q+q2+"‘+qd_1)(5(—1,1)2+6(1,—1)6(_1’_1)) mod 13.

We also have

(I+g+®+--+¢"H)E(-1,1)2 + 6(1, -1)6(~1, -1))
=d(6(—1,1)* + 6(1,-1)6(—1,—1)) mod I®.

Expand (q — 1)2F?(1 + qF + ¢*F? + - -- + ¢* ' F971) in ascending powers
of (F —1) to see that it is congruent to cg 4 ¢y (F — 1) + co(F — 1)? modulo
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I3, where the coefficients are ¢g = (¢ — 1)(¢? — 1), ¢1 = (d + 1)¢?*! — (d +
2)q? — ¢ + 2, and

co=14+qg+¢@+-+q¢71— (d+3)q + (d+1)qd+1‘

Putting these together, we obtain

(3.16) F2(1+qF +@F*+- + ¢ F ) Sy
9€Go

=cotci(F—1)+c(F—1)2+d(6(—1,1)> +6(1,-1)6(—1,—1)) mod I°.
Now add together equations (3.13) through (3.16) to obtain
Osr = (1+q+¢*+ - +¢ ) (F-1)2+(F-1)6((—1)%, B) +8(c, B)6(—1,1)
+ 8(e, 1)8(=1,1) + 6(1, B)6(1, —1) + d6(1, —1)6(—1, —1).
Finally, we have
O(a, B)0(—1,1)+6(cr, 1)6(—1,1) + 6(1,8)6(1,—1) + dé(1, —1)6(—1, —1)

6(1,3)6(—1,1) +6(1,8)8(1, —1) +dbé(1, —1)6(—1, —1)
= 6(1,8)6(—1,—1) +dé(1, —1)6(—1, 1)
=6(1,(-1)¢3)8(—1,—1) mod I3,

which proves the required congruence. [
Finally, we complete the proof of Theorem 3.2.

PrROOF OF THEOREM 3.2. Start with the congruence of Proposition
3.12, and multiply by (14 ¢+ ¢?+--- + g% 1). Note also that

(L+g+¢*+--+¢" 81, (=1)?8)s(~1, -1)
= d&(1,(—1)4B8)6(—1, —1) mod I3,

because (¢ — 1) kills I(Q;O /1 go. Now the theorem follows by comparing with
the congruence in Proposition 3.9. [

Acknowledgments. This paper grew out of, and considerably extends
results obtained in my Ph.D. thesis [8]. I would like to give my heartiest
thanks to my advisor, Michael Rosen, for all his guidance and encourage-
ment. I am also grateful to David Hayes for many helpful conversations
and insights.



138

Michael REID

References

Aoki, N.; Gross’ Conjecture on the Special Values of Abelian L-Functions
at s = 0, Commentarii Mathematici Universitatis Sancti Pauli 40 (1991),
101-124.

Barsky, D., Fonctions zeta p-adiques d’une classe de rayon des corps de nom-
bres totalement réels, Groupe d’étude d’Analyse ultramétrique (5e année:
1977/78) Exp. No. 16, 23 pp., Secrétariat Mathématique, Paris (1978).
Cassou-Nogues, P., Valeurs aux entiers négatifs des fonctions zéta et fonctions
zéta p-adiques, Inventiones Mathematicae 51 (1979), no. 1, 29-59.

Deligne, P. and K. A. Ribet, Values of abelian L-functions at negative integers
over totally real fields, Inventiones Mathematicae 59 (1980), no. 3, 227-286.
Gross, B. H., On the values of abelian L-functions at s = 0, Journal of the
Faculty of Science. University of Tokyo. Section TA. Mathematics 35 (1988),
no. 1, 177-197.

Hayes, D. R., The refined p-adic abelian Stark conjecture in function fields,
Inventiones Mathematicae 94 (1988), no. 3, 505-527.

Lee, J., On Gross’s Refined Class Number Formula for Elementary Abelian
Extensions, Journal of Mathematical Sciences, University of Tokyo 4 (1997),
373-383.

Reid, M., Investigations into Gross’ Generalized Class Number Formula and
the p-adic Stark Conjecture, Brown University Ph.D. Thesis, (May 2000).
Serre, J.-P., Local Fields, Graduate Texts in Mathematics, 67, Springer-
Verlag, New York, 1979.

Siegel, C. L., Uber die Fourierschen Koeffizienten von Modulformen,
Nachrichten der Akademie der Wissenschaften in Gottingen. II. Mathe-
matisch-Physikalische Klasse 3 (1970), 15-56.

Tan, K.-S., On the special values of abelian L-functions, Journal of Mathe-
matical Sciences, University of Tokyo 1 (1994), 305-319.

Weil, A., Basic Number Theory, Die Grundlehren der Mathematischen Wis-
senschaften in Einzeldarstellungen, volume 144, Springer-Verlag, New York,
1967.

(Received June 17, 2002)

Department of Mathematics
University of Arizona

Tucson, AZ 85721, U.S.A.
E-mail: reid@math.arizona.edu



